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Oscillation of a logistic equation with delay and diffusion

by SHENG L1 XIE (Jinzhou) and Sul SUN CHENG (Hsinchu)

Abstract. This paper establishes oscillation theorems for a class of functional parabolic
equations which arises from logistic population models with delays and diffusion.

1. Introduction. This paper is concerned with a parabolic differential
equation with delays which can be used to model the dynamical behavior of
a population density governed by a logistic law with time delays and spatial
diffusion. Assuming a positive stationary state of the population density,
we are interested to seek conditions under which every possible evolution
oscillates about it. Similar problems have been dealt with in a few recent
studies (see e.g. [2, Chapter 6], [8, 6, 4, 7], [5, Chapter 4] and [3]). The
literature is, however, quite limited.

Let 7;(t), 1 < i < n, be positive continuous functions defined on [0, c0)
such that 7 = max;{max; 7;(t)} < co. Let 2 be a bounded domain in R™
with a smooth boundary 0f2 and let v be the outward unit normal vector.
As usual, let A be the Laplacian:

0? 0?

Consider the following functional parabolic differential equation:

ou(z,t)

L) ot

= d(t) Au(z, t) + c(t)u(z, t){a(t) =S bi(t)ula, t - T,-(t))},
i=1

where (x,t) € 2x(0, 00), a(t), c(t), d(t), bi(t), ..., b, (t) are positive, bounded

and continuous functions on [0,00) and 0 < dy < d(t), 0 < by < ¢(t)b;(t) for

some i € {1,...,n} on [0,00). We will consider boundary conditions of the
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form
(2) aqi(;/’t) =0, (z,t) € 92 x (0,00),
(3) u(z,t) = ¢(x,t), (z,t) € 2 x[-7,0],

where ¢(x,t) is a non-negative and non-trivial continuous function.
Existence and uniqueness theorems for solutions of (1)—(3) follow from
the existence of a unique “heat kernel” g(z,t,§, 1) associated with the dif-
ferential operator L[u] = u; — d(t)us, and the boundary condition (2). By
means of this kernel (1)-(3) can be transformed into an integral equation
which is well posed and can be solved by the “method of steps”. For details,
see Kreith and Ladas [7], and [9, 1, 10]. In what follows, by a solution of (1)—
(3), we mean a function u(z,t) which is continuously differentiable on the
closure of {2 x [—7,00) and twice continuously differentiable on {2 x [—7, 00).

We will further assume that there is a positive constant v* such that
n
(4) > bt =alt), >0,
i=1

so that u(z,t) = u* is a stationary solution of (1).

Let u(z,t) be a real continuous function defined on £2 x [tg, 00). Suppose
there is some T' > ¢ such that u(z,t) > 0 on 2 x [T,00). Then u(x,t)
is said to be eventually positive. An eventually negative u(x,t) is similarly
defined. The function u(z,t) is said to be oscillatory on 2 X [tg,00) if it
is neither eventually positive nor eventually negative. Equation (1) is said
to be oscillatory about u* if for every positive solution u(x,t) of (1) which
satisfies the boundary conditions (2) and (3), the function w(z,t) — u* is
oscillatory on 2 x [—7,00).

2. Non-existence criteria. We first derive a necessary condition for
the existence of a solution u(x,t) of (1) such that u(z,t) — u* is eventually
positive.

LEMMA 1. Suppose (1)—(3) has a solution u(x,t) such that u(z,t) — u*
s eventually positive. Then the first order delay differential inequality

(5) Y1) < =) ute®)bi(t)y(t — 7(1))
i=1

has an eventually positive solution.

Proof. Suppose there is a positive number ¢; such that u(z,t) —u* > 0
on {2 X [t1,00). For convenience, let w(x,t) = u(x,t) — u*. Then from (1)
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and (4), we have

(6) 8w((9:§,t)

= d(t) Aw(z,t) — c(t)[w(z,t) + u*] Z bi(t)w(z,t — 1 (t)).
i=1
Integrate both sides of (6) with respect to x over {2 to obtain

(7) jtg’w(az,t)dxzd(t)bfm(x,t)dx

n

—c(t) [ [w(z,t) +w] > bi(t)w(x,t - 75(t)) da.

(7} =1

By the Green formula and the boundary condition (2), we obtain

(8) f Aw(z,t)dx = f (9w(§la/:,t) ds = 0.
2 00

Pick a number to > ¢t; + 7. Then w(x,t) > 0 and w(x,t — 7;(t)) > 0 for
(x,t) € 2 X [tg,00). In view of (7) and (8), we have

% [ t)de < —c(t) [w Y bit)w(z,t—7(t) de, t>to.
2 (% =1

We have thus shown that

y(t) = f w(z,t) dx, t > o,
Q

is an eventually positive solution of (5). The proof is complete.

Next we derive a necessary condition for the existence of a positive so-
lution u(z,t) of (1) such that u(z,t) — u* is eventually negative.

LEMMA 2. Suppose (1)—(3) has a positive solution u(x,t) such that u(z,t)
— u* is eventually negative. Then for any p € (0,1), the first order delay
differential inequality

(9) y'(t) < — Z w* pe(t)bi ()y(t — 75(t))

has an eventually positive solution.

Proof. Suppose there is a positive number ¢; such that u(z,t) —u* <0
for (z,t) € 2 x [t1,00). Let

p(a,t) = In (

u(x,t)
u*

) <0, (a,1)€0x[t,o0).
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We assert that
y(t) = [ —pla,t) dv
(9]

is an eventually positive solution of (9). To prove this, note first that from
(1) and (4) we have

op(z,t)
ot

(10) = d(t)e P@H AeP@b) 4 c(t){a(t) -3 bi(t)u*ep(’“"’t’”(t))}
=1

n
= d(t)e PEDAPED —uelt) 3 by(t){er T — 1),
=1

Integrate the above equality with respect to x over {2 to obtain

11 i p(x,t)dxr = d(t e~ P(@:t) AeP(x:t) g0
dt
2 Q

—u*e(t) Z bi(t) f {eP@t=mi() _ 1} dy.
i=1 Q

Since
9 +p(z,t)y +p(z,t) ap(:r:, t)
(12) %{6 } = *+e T, (x,t) € 082 x [tl,oo),
(13) op(x,t) _ 1 ou(x,t) _o
o |yo ulzt) v |z,
and

eP(ﬂ?,t)Ae_p(ﬂi,t) — |vp(33,t)|2 _ Ap(l',t), (ZL‘,t) c0x [tl,OO),
we obtain

(14) f e P(@t) AeP(@t) 10 — f (@) Ap=P@t) gy
N

:f |Vp(x,t)\2dx—f Ap(x,t) dx
Q Q

:f \Vp(z,t)|* de — f apél‘,t) ds
15 oo Y

= [ |Vp(a,t)* dx.
2

From (11) we also obtain
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(15) dif (z,t)d
2

= —d(t) [ [Vp(x,t)]?de+uct) Y bit) [ {0 — 1} da

Q i=1 2
< u'e(t) Z bi(t) f {eP@t=m() _ 1} dy.
i=1 2

To complete the proof, it suffices to show that for any p € (0, 1), there
is some Ty such that

eP(@:t=Ti(t)) _ 1 < pp(z,t — 7(t)), t > Tp.

In order to do this, pick t2 > t; + 7 so that p(z,t) < 0 and p(z,t — 7;(t)) <
0 for (z,t) € £2 X [t2,00). For (z,t) € 2 X [t2,00), consider the positive
functional V' defined by

p(z,t)
= f f —1)dydz.
By (10) and (12)—(14), the derivative of V' with respect to (1) satisfies

ap(x t)
— o * p(x t)
U ;2[ 5 dx

= u*d(t) f AeP@Y) g — oy *d(t) f e P AeP(@:8) g
I?)

Zb f{ep(l‘t) 1}{ep(zt () _ 1} dzx

< —wurd(t) f Vp(x,t)|? dx

2
)Y bi(t) [ {er™D — 13 {ertt =) 1} da.
= 2
Note that from (1),
d
G [ty [ 2
2 2
= f d(t)Au(z,t)d

2

—i—fu( Zb (u* —u(z,t —7(t))) dx
Q
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n

= f u(x,t)c(t) sz(t)(u* —u(x,t—7(t)))de >0,
Q

i=1
thus
[ (u(a,t) = u(z,t — 7)) dz > 0,
2
which implies
f {eP(@t) — 1} {eP@t=Ti(t) _ 1} gy
Q
— f {eP@D) — 1} dg 4 f {eP@t) _ 1} {epl=Ti(0) _ eP(#:0Y gy
2 2

= f {eP@t) —1}2 do + (u}‘)? f (u(x,t) —u*)(u(z,t — 7:(t)) — u(x,t)) dz
Q Q

> f {ep(x’t) — 1} dz,

0
by the first mean value theorem for integrals. As a consequence, we see that
(16) < —wrdty [ (Vpla, )P da
0
= (u)?e(t) Y bit) [ {er™ — 1} da
i=1 0
= —u'd(t) [ |Vp(z,t)] da

9
— (W) 2e(®) > bit) [ {u(z,t) —u}da
i=1 9}

for t > to. Integrate both sides of (16), and recall the assumptions that
0 <dy<d(t) and 0 < by < b;(t)c(t), to obtain

t
Vi) > V() +udy [ [ |[Vp(x,t)]” dedy
to 2

+ (u*)?bg f f {u(z,y) — u*}? dx dy.
ta 2

Hence, by writing { [, | - |?dz}'/? = | - ||, we have

[ [ fula,y) —u Y2 dwdy = [ Jlue,y) — w2 dy < o

ta (2 ta
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and

[ [ 1Vp(,y)Pdvdy = [ |[Vp(z,9)]*dy < o,

ta 02 ta

so that ||u(z,y) —u*|| € L1(0,00) and || Vp(z,t)||? € L1(0,00). But from the
assumption that u(x,t) < u* for (z,t) € 2 x [t1,00) we have

1
WHVU(SW)II2 < [Vp(z, t)|?,

so that | Vu(z,t)||* € L1(0,0). Now
d
a7 LIvute )P

_ <aug’;’t) , —Au(ac,t))

= —d(t)]| Au(z, )|

+ (V{c(t)u(x, ) [a(t) - zn: bi(t)u(z, t — Ti(t))] } Vau(z, t))

=1

< — do]| Au(a, t)|* + cal Vu(z, 1)

+uteY bl Vale, t —ni()l[|Vale, )],
i=1
where |a(t)| < a, |c(t)] < ¢, [bi(t)] < b; for t > 0 (recall that a(t), ¢(t) and
bi(t) are bounded).
Integrate both sides of (17) from ¢ = ¢3 to t =T > ¢ to obtain

T
(18)  [IVu(x, T)|* = |Vu(e, to)| +do [ [|Au(z,t)]* dt

to

T n T
<ca [|Vu@,t)?dt+u e b [ [Vule,t—70)||Vule,t)] dt

ta i=1 ta

T
<ca [ [|Vu(x,t)|? dt

to
n T 12, 1 1/2
wured nd [ IVute,t—m@)lFaty "{ [ IVu(e. o)t}
i=1 to 2]

We may now infer from |Vu(z,t)||? € L1(0,00) and the above inequality
that || Au(z,t)||? € L1(0,00) and ||[Vu(z,t)||* is bounded on (t2,00).
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In a similar fashion, we obtain

T

d 2
t dt
S v

T T
<do [ Au(z,t)|*dt+ca [ |[Vulx,t)]?dt

to ta
n T T
rured n{ [ HVu(x,t—Ti(t))szt}l/Q{ [ |]Vu(x,t)H2dt}l/2.
i=1 t 2

Since ||[Vu(x,t)||?> € L1(0,00) and ||Au(z,t)||* € L1(0,00), we may deduce
the fact that (d/dt)||Vu(x,t)||?> € L1(0, 00).

We now make a few more deductions. First, from ||Vu(z,t)||* € L1(0,c0)
and (d/dt)||Vu(z,t)||> € L1(0,00), by integrating (d/dt)||Vu(z,t)||* from
a large but fixed number to infinity, we see that as t tends to infinity,
[Vu(z,t)||* tends to a constant which must be zero, i.e.

(19) Jlim [ IVu(z,)* dt = lim || Vu(z,)]* = 0.
2
Furthermore, since
1 d * (12
5%”“(%75) —u”|
= [ )~ ) 20 gy
2
=d(t) [ (u(@,t) - u")Au(z,t) do
2
— [ (u(z,t) = u)e(tyule, tule, £) Y bi(t) (ule, t —75(t) — u*) da,
(% =1
we have
1 d * (12
gt =
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and
T

J

t3

1d .
5 7l t) —u*|?

dt
2dt

< d{ fT | Au(z, t)||? dt}l/z{ f lu(, ) u*|2dt}l/2

t3 t3

n T 1/2
e S obd [ e, t) - |2 at}
i=1

t3

T 1/2
) { [ et = 7(0) = w2 dt}
ts
As a consequence, we have
d
(e, t) — w € Ly(0,00)

in view of the previously shown facts that ||Au(z,t)||> € L1(0,00) and
|lu(z,t) —u*||> € L1(0,00). By integrating (d/dt)||u(z,t) — u*|| from a large
but fixed number to infinity, we see that as ¢ tends to infinity, ||u(z,t) —u*||
tends to a constant which must be zero, i.e.

(20) tlim |lu(z,t) —u*|| = 0.
Next, from u(z,t) < u* for t > t5 and the boundedness of ||Vu(z,t)|| on

(t2,00), we see that [|u(z,t) — u*||s and |[|[Vu(x,t)||s are bounded (where
|w]|so = esssup |w(x)|); then from the inequality

lwlle < Jlwll &7 )3’ for all o> 2
and (19) as well as (20), we obtain
(21) tll>nolo lu(z,t) —u*|, = tlgglo |Vu(z,t)||lc =0, o >m.
Next, from the Sobolev inequality, we obtain
(22)  flu(z,t) = v oo
< M(£2,m, o ){[Ju(z,t) — u"|o + [|V(u(z, 1) —u)llo},

where M (§2,m, o) is some positive constant.
Finally, from (21) and (22), we see that ||u(z,t) — u*|lcc — 0 as t — oo,
so that

tlim u(z,t) =v* uniformly in x € 2,
— 00

which implies

(23) tlim p(x,t) =0 uniformly in x € 2.
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Now for any ¢ > to and t3 > to,
eP@t=mi(®) _ oP(@ts) — [zt — 15(t)) — p(a, ts) }eP @m0
where eP(@:()) — 1 as t — oo. Thus for any u € (0,1), we can find ¢4 such
that
o< eP(@mi(t)) ~ 1, t>ty,
which implies
P@=TO) g < yp(x,t — 7(t), > ta,

as required. The proof is complete.

3. Oscillation criteria. In the last section, we have established neces-
sary conditions for the existence of eventually positive or negative solutions.
These conditions are related to delay differential inequalities. In order to
obtain oscillation theorems, we only need conditions under which these in-
equalities do not have eventually positive solutions. Such a technique for
obtaining oscillation theorems is standard (see for example [2, Chapter 6]
or [7]). For illustration, we now mention several examples.

LeEMMA 3 (Ladas and Stavroulakis [8]; see also [2, p. 199)). Let o1, ...,0%
be positive constants and let qi(t), ..., qr(t) be positive continuous functions
on [tg,00). Suppose

t
lim inf f gi(s)ds >0, 1<i<k,
t— o0
t*O’i/Q
and
lim inf f qi(s) ds > —  for at least one i € {1,...,k}.
t—oo t—o,

Then the differential inequality

+ZQz z(t—0;) <0

has no eventually positive solutwns.
In view of Lemmas 1, 2 and 3, we obtain the following oscillation theorem.

THEOREM 1. Suppose 71,...,T, are positive constants and a(t), c(t),
d(t), bi(t),...,bu(t) are bounded functions on [0,00) such that for t > 0,
0<dy<d(t) and 0 < by < c(t)b;(t) for some i € {1,...,n}. Suppose u* is
a positive constant such that (4) holds. If

¢

litm inf f c(s)bi(s)ds >0, 1<i<n,
t—Ti/2
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and
t 1
litm inf c(s)bi(s)ds > = for at least one i € {1,...,n}.
— 00 e
t—Ti
Then equation (1) is oscillatory about u*.

A result of Hunt and Yorke [6] states that if 7;(¢) and ¢;(¢), 1 < i < n,
are positive continuous functions on [0, 00) such that

(24) max max 7:(t) < o0,
and if

11££f2 ai()mi(t) > —,
then all solutions of

(25) +qu z(t —7:(t)) = 0

must oscillate. Another result in [5, Corollary 3.2.2] states that under the
same assumptions on 7;(t) and ¢;(t) as above, a necessary and sufficient
condition for all solutions of (25) to oscillate is that the inequality

+§:% z(t —7;(t) <0

does not have any eventually positive solution. In view of these two results
and our Lemmas 1 and 2, we obtain the following result.

THEOREM 2. Suppose a(t), c(t), d(t), bi(t),...,bn(t) and 71(t), ..., 70 (t)
are positive bounded continuous functions on [0, 00) such that (24) holds and
for t > 0,0 < dy < d(t) and 0 < by < ¢(t)bi(t) for some i € {1,...,n}.
Suppose u* is a positive constant such that (4) holds. If

n
o w1
lim inf c(t) Z; bi(t)ri(t)yu” > -,
then equation (1) is oscillatory about u*.
Other results can be obtained from corresponding oscillation theorems
for equation (25), which can be found, among others, in [5, Section 3.4].
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