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Alexander’s projective capacity
for polydisks and ellipsoids in CV

by MIECZYSEAW JEDRZEJOWSKI (Krakéw)

Abstract. Alexander’s projective capacity for the polydisk and the ellipsoid in cVis
computed. Sharper versions of two inequalities concerning this capacity and some other
capacities in cN are given. A sequence of orthogonal polynomials with respect to an
appropriately defined measure supported on a compact subset K in cV s proved to
have an asymptotic behaviour in CY similar to that of the Siciak homogeneous extremal
function associated with K.

1. Introduction. Let S be the unit sphere in CV. Let o denote the
Lebesgue surface area measure on S. Let

SN ::fdo.
S

Let H, = H,(CY) denote the set of all homogeneous polynomials of
degree n (with complex coefficients) of N complex variables.
Let K be a compact subset of CV. Let

1flx :=sup{|f(2)| : z € K},
where f: K — C is a continuous function.
DEFINITION 1.1 (see [1], [6]). Alexander’s projective capacity v(K) is
V() = lim 7y, (K)"" = infy, (K)'/",
n—o0 n

where

T (K) := inf{[|Ql[x },
the infimum being taken over all homogeneous polynomials Q € H,,, nor-
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malized so that
1
— [ 10g(IQ()[V") do(2) = .
SN e

where

= [ toganldo(z).
S
It is known that

z

FﬂH

-1

1
KRN — — -
J

<
Il
—

Let a;j >0 and R; >0 (j =1,...,N). In this paper Alexander’s pro-
jective capacity for the polydisk {(z1,...,2n) € CV : |21] < Ry,...,|2n] <
Ry} and the ellipsoid {(z1,...,2n) € CN car|z)? + .. Fan|an]? < 1) s
computed.

~—

2. Preliminaries. Let K be a compact subset of CV.

DEFINITION 2.1 (see [4]-[6]). The Siciak homogeneous extremal function
lpK is
U(z) = Uk (z) = lim ¥,(2)"", zeCV,

where
W (2) := sup{|Q(2)[},
the supremum being taken over all () € H,, normalized so that ||Q| x = 1.
PROPOSITION 2.2 (see [4], p. 304). If R; >0 (j=1,...,N) and P is

the polydisk

P .= {(21,...,,21\/) S CN : |Zl‘ < Rl,...,|ZN| < RN},
then

Wp(21;...,28) = max{|z1|/R1, |22|/Ra, ..., |2n|/ BN}

PROPOSITION 2.3 (see [5], p. 342). If a; >0 (j =1,...,N) and E is
the ellipsoid

E:={(21,-.-,2n) €CN s ay|z1]* + ... +an|zn]? < 1},
then
Wg(z1,...,28) = (a1]z1)? + ...+ an|an )2
DEFINITION 2.4 (see [6], p. 53). The constant 7(K) is

F(K) = exp < _ ;V Sf log W (2) do’(z)).

THEOREM 2.5 (see [2]). If K is a compact subset of CV then
V(K) = "™V (K).
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3. Main result
THEOREM 3.1. If a; >0 (j=1,...,N) and E is the ellipsoid
E:={(z1,...,2n) € CN 1ay|z1]? + ... +an|zn]? < 1},

1 1 2N=1Logzdz
E) = .
(E) eXP( 5 27rié[( )

then

z—ay)...(z—an)
where C' is any contour in the right half-plane {z € C: Rez > 0} enclosing
all the points a1, ...,an and Log z is the principal branch of the logarithm.
In particular, if a; # ay for j # k, then
N N-1

A(E) = exp < B %Z a; " loga; >

N
j=1 Hk:l,k;ﬁj(aj — ak)

If ay=...=ay =1/R? (R >0), then
1311
v(E) = Re™ = Rexp(— 5 ]231 j>'
THEOREM 3.2. If R; >0 (j =1,...,N) and P is the polydisk
P:={(z1,...,2ny) € CY : |z1] < Ry,...,|2n| < Rn}
then

A(P) = (ﬁ iy
k=1

where
k
M= ] ( R?j).
=1

1<i1<...<ix<N  j
We first prove some lemmas. Let

Z
IV
vO
[]=
=
LN
I
[—
et

D=DN-1.= {(rl,...,rN)E]RN:rl20,...,1"

N
5= N1 {(61,...,9N)€]R{N:91 >0,...,08 >0, Zajzl}.
LemMA 3.3. If f: D — R is a continuous function then

;V ff(!zlr,-.-,\zzvbda(z):mll@) J F0r - VON) dw(9),
S b))

where w is the Lebesque surface area measure on the hyperplane {(01,...,0N)
N
e RV : >_j=1 65 =1} and vol(X) := [ dw(9).
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Proof. Our proof starts with the observation that

(31 — [ f(zhlzal . lx]) do(2)
SN 5

1 .
= ff(rl,...,TN)rl...rNda(r),
SN D

where & is the Lebesgue surface area measure on the unit sphere in RY and

gN Z:frl...Tng(T‘).
D

Indeed, consider the following coordinates in CV (z; = z; + iy, for j =
1,...,N):
xj=rjcostj, y; =rjsiney; (r; >0, 0<¢; <2w, j=1,...,N),

where

1 = T COS (1,
ro = 7 Sin ¢1 COS Pa,

r3 = 7 Sin ¢1 sin ¢ cos @3,

rN—1 = 7 sin (;51 sin gf)g ...sin ¢N—2 COS d)N—lv

rN = TSin¢1 Sin¢2. ..sin(;SN,g Sin(ZSNfl
(r>0,0<¢; <m/2, j=1,...,N—1).

It is easy to see that
dey...deydy,...dyy=7r1...rydri...drydyq...dYyy
and
dry...dry =7V lsginV 2 o1 sinV 3 Go...sinpn_odrdp;...doy_.
Therefore
dey...deydy,...dyy = 2N =1 cos ¢y sin®Y 73 ¢y cos g sin?N 70 ¢y
.. CO8SPN_18iNPN_1drddy...dopy_1dy...dYy,

where
r>0, 0<¢;<n/2 forj=1,...,N—1,
0<9¢; <27 forj=1,...,N.

Hence
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2N—5 .
P ...COSPN_18INPN_1

Aoy ... ddy_idiby...doy.

do = cos ¢1 sin®V 73 ¢ cos ¢ sin

In the same manner we can see that
do =sinV "2 ¢y sinV P o .. sindn_ody .. ddn_q,

where 0 < ¢; <m/2,j=1,...,N — 1.
Now it is easy to see that (3.1) is true.
It remains to prove that

(3.2) :;v f f(ri,...,rn)r1 ...y do(r)
D

_ 1 [ 101, Vo) dw(0),

vol(X) g
which is equivalent to the equality
(3.3) Ay = A,
where
~ 1 N-1 N\ 1/2
A1 = f f(?“l, ey TN—1, (1 — Z Tj> )7"1 ...TN-1 drl .. .drN_l,
5N p, j=1
~ 1 NoLo (12
A= s Ef f(\/ﬁ,...,\/eN_l, (1 _ ]Zl ej) >d91...d9N_1,

*

D* = {(Tla"'7TN—1) GRN?l ' ZO""’rN_l ZO’ZT? Sl},
j=1

e = {(91,...,01\[_1) € RVNL . 0, >0,...,08_1 >0, Hj < 1},
J=1
87\[ = le...TNfldrl...dTNfl,
D*

and vol(X,) := [ 5, d01...d0n_1. Indeed, consider the following parametri-
zation of D:

N-1 1/2
ri=r; forj=1,...,N -1, TN:(l_ZT?) ’

j=1

and the parametrization of the simplex X"

N—-1
0;=0; forj=1,...,N—1, Oy=1-) 0,
j=1
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Obviously,

and
N—-1 90n\ 2 1/2
dw = (1 T <N> > doy...d0Nn_1 = VNdb,...dOxn_;.
=1

Now it follows easily that (3.2) is equivalent to (3.3). Therefore it suffices to
prove (3.3). We change the variables:

rj=+/0; forj=1,....N—1.
Clearly,
dfy...dOn_1
2N-1 (91...(9]\]71'

We see at once that (3.3) is true, which completes the proof.

d?“l .. -dTN—l =

LEMMA 3.4 (see [3], Lemma 6.3). If ai1,...,an € R and a; # aj for
j #k, then
al 1
(3.4) N =0,
j=1 Hk:l,k;ﬁj(aj —ay)

N —
a1

(3.5) > J =1.

N
j=1 Hk:l,k;ﬁj(aj — ak)

Proof. Let W(x) := -1+ Zévzl W;(x) and

=

N
V(e):=—a" 14 Y af T'Wy(z), where Wj(e):= [ 5]__22

j=1 k=1

It is clear that W(z) = Zf\!{)l Bix' and V(z) = Z;V;()l Cja? (where B;,C;
€ R). We see that Wj(a;) =1 and Wj(ay) = 0 for k # j. Hence W(a;) =0
for j=1,...,N and V(a;) =0 for j = 1,..., N, which implies W = 0 and
V = 0. Therefore By_1 = 0 and C'y_1 = 0, which is the desired conclusion.

LEMMA 3.5 (see [3], Lemma 6.2). If f : YN~ — R is a continuous
function, then

1

WN_I)ENflf(el,...,eN)dw(e) = (N —-1) Of:nN_QL(x)dx,
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where

L() valm [ f&m, . naa 1 — 2) di(©),

EN 2
w is the Lebesgue surface area measure on the simplex
N-1
oN-2 {(51,...,§N_1) RN >0, ,6v120,) &= 1}
j=1
and vol(XN=2) = [, dw(€).
Proof. As in the proof of Lemma 3.3, we obtain
dw(0) = VN dby...dONn_1.
Therefore
V012N1 [ £Or,...,08) dw(0)

ENI

N-1
~ vol( ZN D) f f(el""’eN—lyl - ]Zl 0j>d91...d9N_1,
where vol(2,) = sz* d91 ...dfn_1. We change the variables:
N-—-2
0; =&z forj=1,...,N—2, Oy 1= (1_ Zﬁa)%
j=1

where 0 < z < 1 and (§1,...,&v_2) € N2, Tt is easy to check that
dfy...d0n_y = 2N "2dzd¢, ... dE . Therefore

N—-1
VOl EN 1 ff(ela"'aeN—lal_j;ej)del...dej\]_l

1 N—-2
vol(XN 1) Of

N-2

x [ f(am o enam (1= & )a 1 — ) de, . déy pda
nN-2 j=1
_vol(ZN?) o 1
= e

ol(ZV2)
N

-2

)
f f(flxv'--,fN—zﬂf, (1 — Z

SN-2 =1

5j)x, 1— x) de, .. .dgN_2> da
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(N =2t : N2
“e

X (vol(zNz [ f(&m,. . &N ow,En 12,1 — 1) d&(g)) dz

EN2

-1) ij_2L($) dzx,
0

which completes the proof.

LEMMA 3.6. If a; >0 for j=1,...,N, then

1
(36) —— [ log(arfy + ... +anBy) dw(6)
vol(XN-1 El:fl
ey 1 2N=1Logzdz
;+27rif(z—a) (2 —an)’
= & 1) ... N

where C' is any contour in the right half-plane enclosing all the points
ai,...,ayn and Logz is the principal branch of the logarithm. In particu-

lar, if a; # ay for j # k, then
1

(37) vol(XN-1)

f log(ai10; + ... +anfn) dw(f)

EN 1
B 1y 1, ajvfl log a;
] j=1 Hk 1 k;s](aj —ak)

If ap = ... = ay = 1/R* (R > O), then the above integral is equal to
—2log R.

Proof. A trivial verification shows that the lemma is true if a1 = ao
.=ay = 1/R? (R > 0). This result can also be obtained from ( 6) ( N
the residue theorem), because (V=Y (z) = (N — 1)!(Log z + Zj Y1/4) if
g(2) == 2N "1 Logz.
Let us prove (3.6). Both its sides are continuous functions of the param-
eters a;. Therefore it suffices to prove (3.7). The proof is by induction on N.
It is easy to check the case N = 2:

1 1
17 f log(a161 + ass) dw(f) = —1 + 41708 4 + 12 08 02

vol( a; — as as —ay

Assuming (3.7) to hold for N — 1 (INV > 3), we will prove it for N, applying



Alexzander’s projective capacity 253
Lemma 3.5. We first compute (with f(6) := 10g(2§\[:1 a;0;)):

vol(ZN "2 L(z) = f f(&z,... . &vaz, 1 —2) dw(§)

2N72
N-1
= [ toa (X asggr +an(i - 2)) d5(©)
oN-2 =1

We have an(1 —z) =an(l —x) Zj\[:_ll ¢; on XN=2. Therefore

N-1
vol(ZV2) L) = [ log (Y 48 di€),

oN-2 j=1
where A; = Aj(z) == any + (a; —an)z for j =1,..., N — 1. By assumption,

L@ = s S log(gAjaj)da@)

2N72
1 N’21 A
_ Z n Z og A;(z)
—J j=1 IT= 1k¢J(A( z) — Ag(z))
ST N (a0 — o)) log(aw + (a4 — ax)a)
=7 = Hk 1, k;é](aj ak)T
Applying Lemma 3.5 we obtain
1 N 1
N—2 _
Vol(ZN-T) / 10g<za ) = (N=1) [ 2" *Lz)dz = G1+Gs,
oN-1 Jj=1 0
where
1 N-2 N-2
oominnn foo e B
0 j:l j j:l ’]
N—1 (1
Gyim (N—1) Y Jolan F L —an)e )N *log(an + (a; — an)z) dx.

j=1 Hk 1, k#j (aj —ax)
Integrating by parts the integral in Go, we obtain Gy = Z; + Z5, where

N-1 aN 1 N—-1

1 i _-aN
Zl = Z N] ’
N-1 j=1 [T k:;éj(aj — a)
a - loga]—aN logaN

j=1 Hk 1 k;é]( — ar)

N-1
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Applying (3.4) and (3.5) (see Lemma 3.4) we get

N-1 N—1 N—1
=51 X = e ! )
- _ N N N
N -1 j=1 Hk:l,k;ﬁj(aj — ak) j=1 Hk:l,k;éj(aj — ax)

N-1 N-1 N—
_ 3 % L an
N-1

j=1 H;::Lk.—,éj(aj — ag) kN:_ll(aN —ag)
- N_ljglnjkvzl,k;éj(aj_ak)_ N-1
By (3.4),
N-1 -1 N—1
Zy = Naj.v log a; — a%_l logan Z = 1
j=1 Hk:l,k;ﬁj(aj —ay) j=1 Hk:Lk;éj(aj — ax)
B — a;\/—1 log a; aNtlogay
- j=1 HszLk;éj(aj — ag) H;]j:_ll(aN —ay)

B ﬁ: a;-v_l log a;
= ~ .
j=1 Hk:l,k;éj(aj — ak)
Thus G1 + Z1 + Z» is equal to the right-hand side of (3.7), which proves the
lemma.

LEMMA 3.7. Let {g1,...,qi} and {h1,..., i} be two sets of integers.
Let by, > 0 for j = 1,...,1. Let S((g),(h)) be the set of all bijections
{91,---vq1} = {h1,...,y}. Then

Hl‘:1 bo(g;)
(3'8) Z 1 b ]b / b = ]_-
oest@ .y 1Li=1(0a(g1) + bo(g) -+ + bo(g;))
Proof. We proceed by induction on [. The lemma is true for [ = 1.

Assuming (3.8) to hold for [ — 1 (I > 2), we will prove it for [. Let k €
{1,...,1}. Let

Sk((9), (b)) :={e € S((9), (h)) : elgr) = ha}-

Let

1
T, = Hj:l bo(g,)
= E ; .
0€S%((9),(h)) Hjil(bQ(gl) T bg(ga) +o b@(gj))
It is easy to check that

-1
. bh, Z Hj:l bugy)
1—
by + o 40 S T (buggny + -+ buggy)

)
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where the summation extends over all bijections p : {g1,...,91-1} —
{h1,..., i} \ {ht}. By the induction hypothesis,
by
Ty = —F—vo.
b bh1 + ...+ bhl

Obviously, S((9), (h)) = Uj—y Sk((9), (b)) and
Si((9), () N S;((9), () =0 for i # ji

Therefore the left-hand side of (3.8) is equal to 22:1 Ty, = 1, which com-
pletes the proof.

Proof of Theorem 3.1. Applying Theorem 2.5, Proposition 2.3,
Lemma 3.3 and Lemma 3.6 gives

1
logv(E) = kny +1og7(E) = ky — . f log¥r(z)do(z)
N
S

1 1
:nN—E-— f 10g(a1|zl|2+...+aN|zN|2)da(z)
SN g
1 1
:HN_Q‘VOI(Z‘)! log(ai101 + ...+ an0y) dw(0)

1 1 N_11+ 1 [ N1 Logzdz
24~y 2 — j 27ric (z—a1)...(z—an)

The particular case a; # aj for j # k is an easy consequence of the
above formula (it suffices to apply the residue theorem).

Proof of Theorem 3.2. We have to show that

N
1 Y —
(3.9) log(P) = 5 > > (=1 log(be, + ...+ b)),
J=1 1<k1<...<k; <N

where b; := Rjz for j =1,..., N. We first observe that
(3.10)  log~v(P)

N-—-1
1 1 1 01 On
_ 1 _ I log 2. ... log XY .
2( 2T Nol(X) <°g b8 bN>d°"(9)>

Indeed, combining Theorem 2.5 with Proposition 2.2 and Lemma 3.3 gives

ng
=
©
>
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1
logy(P) = ky +1log7(P) = kN — . f log¥p(z)do(z)
N
s

1 |21 |ZN\>)
=KN — — log | max | —,...,— | |do(z
vy s (mes (BB ) oot

1
:KN_ES max(log@,...,log@)da(z)
N-1
1 1 1 1 ‘zl\z |zN|2
=-3 ) it A max(log Iz ,...,log I do(z)
Jj=1 S
N-1
1 1 1 0, Oy
=-| - - = log —,...,log — |dw(@) ].
it 2 vol<2>2fmax<°gbl’ )

Let S(IV) denote the set of all permutations of {1,..., N}. For p € S(N)
define

0 0
Ay = {(91,...,9]\1) e pN-1, 7 >...> Q(N)},
bo(1) bo()
Ho(1), . o(N)) = ——— [ max (log 21, .. log ) duo(6)
o\t),...,0 '_VOI(E)A gblv---a ng
1 9 (1)
= —— log —%~ dw(8).
vol(X) Af & bo) (6)
Obviously,
1 01 On
3.11 log—,...,log —
(3.11) vol(Z) Ef max( og ERREE og bN)dw(H)
= Y tlo(1),...,0(N))
0€S(N)
We next show that
(3.12)  t(e(1),...,0(N))
N N—-1
_ ITi=1 bo(i) (_ Z })
Hi]\i1<b9(1) +.oF b@(i)) j=1 J
N N
Y1y (TTi=1 bei)) 108 (bo(1) + - - - + bo())

, ~ ,
j=1 ( g:l(bQ(i) +... bg(j)))(Hi:jJrl(b@(jH) + . F b))

where [T 1 (bg(41) + - - + b)) == 1 for j = N.
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Without loss of generality we can assume that ¢ = g, where go(j) :=j
for j=1,...,N. Clearly,

(3.13) t(1,...,N f log—dw

Vol

where A := A,,.
We first prove that

(3.14) Vol f log b1

Hﬁ\;bi 1 f 1 <§: n; )d -
- 0g ——— )dw(n).
T2, (b + 40 vol(Z) 2\ bty

Let
N
Sy i= {2 o) RN i = 0,y 20, Yy <17,
j=2
1-5W 0,
/1(*)— (92,...,9N)€RN—1:A>9722 20 >0
bl b2 bN

Analysis similar to that in the proof of Lemma 3.3 shows that (3.14) is
equivalent to

1 1-N .0,
3.15 _— log —=2=2 = 4f, ...df
( ) VO](E(*)) f 08 b1 2 N
A
Hivzl bi L

T, (b + ...+ b) vol(Z)

X flog<2b1+b2+ b>d772 ..dnn,

2

N
where ny :=1—3"""» ;.
The proof of (3.15) is immediate. We change the variables:

N
by,
0, = —_—n,; fork=2,...,N
k ]Zkbl++b]n]’ or ) ) )
where (02,...,0n) € Ay and (12,...,9n) € Xy Obviously,

N
%:im
by j:1b1+"‘+bj
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and

H]'\il bi
dfy...doN = = dng . ..dny.
Y o+ tb) "
This establishes the formula (3.15). Hence (3.14) is also true.
Let us observe that the simplex A has the vertices
b b b
Ak:< ! , 2 K ,0,...,0)
(k=1,...,N) and 7ny,...,ny are the barycentric coordinates on A.
Let ¢j :==b1+...+bj and a; := 1/¢; (for j =1,...,N). Applying (3.13),
(3.14) and (3.7) (see Lemma 3.6) gives

Hf:l bi
[T, (b + .. +w>

(LSt

Hk 1, k;ﬁg(a]

(3.16)  t(1,...,N)=

We have, for j =1,..., N,

N—1
a; ~ -loga;

Hszl,k;éj(aj - ak)
_ (1/ej)N " log(1/c)
Tl iz (/5 — 1/ck)

_cé.v_l ﬁvzlci ‘ (1/¢;)N"1logc;
cf T TTiy e Tl wpy (L = 1/er)
N
(Hi:l Ci) IOg Cj

Gj - Hi]\il,i;éj(ci - ¢j)
([, (by + - + b)) log(by + ... +b;)
(=17 (T (b + -+ D)V gy (byr + -+ 82)

where Hl jr1(bjr1 4+ ...+ b;) =1 for j = N. On substituting the above
expression into (3 16) we obtain

— Hi]ilbi _N_ll
e )= Hivl(bl‘F...-i-bi)( ;J>

(H»N bi)log(by + ... + b;)
+Z i= 1(b -+ b; ))(Hﬁij+1(bj+l +...4+ b))

I
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and (3.12) is proved for g = go. In the same manner we can see that (3.12)
is true for each o € S(N).
By Lemma 3.7,

N
by
(3.17) }: - [Tiz1 be(i -1
500 T4 by -+ bogo)

Combining (3.10) with (3.11), (3.12) and (3.17) gives

1 1
og7(P) =~ 3 (X 5+ X telt)na)
j=1 J 0€S(N)
N-—1 N
_ 1( 1> (1 S L2 boci) )
- N
2 =17 0€S(N) [Tiz1 (bo(r) + -+ b))
1 N
-1
A5 S
j=1p€S(N)
y ([T, Do) 108 (Do) + - - + by(s)

(TT=1 (bo(iy + - + b)) T 41 (Boi1) + -+ boi))

| (T2 boco) 108 (o) + -+ o)
(T2 (boiy + - - + b))V 1 (i1 + - - - + by(iy))

N
1 -
— 5} § (=17 'B(ki, ..., k;)log(by, + ...+ bg,),

where
B(ki,...,kj)
=y [T:21 bt
0 (ngl(b@(i) +.ot b@(j)))(Hfin(b@(jH) t+...t be(i)))
and the summation runs over all permutations p € S(NN) such that o({1, ...
..,j}) ={k1,...,k;}. Every such permutation is a combination of a bijec-
tion

:u:{lw"?j}_){kla'-'akj}
and a bijection

vi{j+ 1. N} — {1, NI\ k.. k).
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Therefore
B(k1,....kj)
_ (Z ' ngl bui) ) <Z _ vazj—kl by (i) )7
o TLioi By + -+ 0u) / N7 Thim i (bugeny + -+ + o)

where the summation extends over all bijections u, v as above. By Lemma
3.7, both the factors in the above product are equal to 1. Hence B(k, ..., k;)
= 1. This establishes the formula (3.9), and the proof of Theorem 3.2 is
complete.

4. The capacities D and p. Let K be a compact subset of CV. Let
I/l x denote the supremum norm of a function f: K — C. For a nonnega-
tive integer s put

s+ N -1 s+ N
hs.—< N1 > and ms.—< N )

Let e1(2),e2(z),... be all monomials 2z := 27" ... 23" ordered so that the
degrees of the e;(z) are nondecreasing and the monomials of a fixed degree
are ordered lexicographically. For an integer j > 1 let a(j) := (a1,...,an),
where 27" ... 23" = e;(2). Put |a(j)| == a1 + ... + an. For an integer
E (1 <k < hg) let 5(s,k) := a(ms—1 + k), where m_; := 0, and put
es k(2) = ej(2), where j = my_1 + k. It is easy to check that eg1,...,esn,
are all monomials z* of degree s ordered lexicographically. Put

My . := inf{||ql|x : ¢ € Hs 1},

where

Hy —{esk +chesj CJE(C}

i<k

N
:{9:(91,...,9N)E]RN:6’jZOforjzl,...,N; Zej:1},
=1

So=X)"1t={pec N0, >0forj=1,...,N}.

For 6 € X' let us define the directional Chebyshev constants:
T(K,0) = limsup{7s ; : s — o0, [(s,k)/s — 0},
(K,0) :=liminf{rs ; : s — o0, B(s,k)/s — 0}.

=
It is known (see [3]) that 7(K,0) = 7_(K,60) for each § € X and that
logT(K,0) is a convex function on Xj.
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DEFINITION 4.1 (see [3]). The homogeneous transfinite diameter D(K)
is

D(K) ::exp{V;Z f log?(K,Q)dw(ig)},

where vol X := [, dw(#) and w denotes the Lebesgue surface area measure
on the hyperplane {0 = (0y,...,0y5) € RY : Z;V:1 6; =1}.
DEFINITION 4.2 (see [6]). The Chebyshev constant o(K) is
o(K) = lim (os(K))"/*,

where 05(K) := inf{||Q||x }, the infimum being taken over all polynomials
Q) € H, normalized so that ||Q]|s = 1.

DEerFINITION 4.3. Let u be a positive Radon measure supported on K.
The pair (K, p) is said to have the Bernstein—Markov property if for every
A > 1 there exists an M > 0 such that for all polynomials p

degp 2 1/2
Ipllc < MXCEplla,  where [iplla == ([ Ipdu)
K

A few examples of pairs with the Bernstein—-Markov property can be
found e.g. in [7] and [8].

DEFINITION 4.4. K is called unisolvent with respect to homogeneous poly-
nomaals if no nonzero homogeneous polynomial vanishes identically on K.

5. Orthogonal polynomials associated with K. Suppose that the
pair (K, ) has the Bernstein—-Markov property. For two integers s,k (s > 0,
1<k < hy) put

Cs,ip :=1nf{||pll2 : p € Hs 1}

It is easy to check that there exists at least one polynomial A ;(z) € Hy j
attaining the infimum. For each s, {As 1 (%) }k=1,... ». is obviously a sequence
of orthogonal polynomials in the space L?(K, u). If |Ag x|l2 > 0 then put

BSJC(Z) = ASJQ(Z)/HAS,]CHQ, A CN.

For an integer j > 1, let A; := A, ) and B; := B, 1, where the integers
s,k (s >0, 1<k < hg) are chosen so that j = ms_1 + k.

PROPOSITION 5.1. For each 6 € X,
(K, 0) = im{([|4;]|2)1*D! 2 j — oo, a(j)/|a(5)| — 6}

Proof. This is an easy consequence of the Bernstein—Markov property
and the equality 7(K,0) = 7_ (K, 0) for § € Xy ([3], Lemma 4.1).

THEOREM 5.2. Let K be unisolvent with respect to homogeneous polyno-
mials. Then:
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(a) 14,2 > 0 for cach j,

(b) limjj oo (|| B[l ) /120 =1,

(c) Uk (z) = limsup;_, |B;(2)|V/1e@I] 2 e CN .

Proof. The theorem can be proved in the same manner as Theorem 1
of [8] (it suffices to replace e;(2) + >, _; ciei(2) by esk(2) + 32, bies,i(2),
where e, = e;). Zériahi’s result is true for z € CV \ [?, where K is the
polynomially convex hull of K, because for z € K one cannot prove that
the sequence (j4) in the proof of Theorem 1 of [8] is not bounded. In our
proof the sequence (j;z) must be unbounded for each z € CV, because we
deal with the homogeneous polynomials and their degrees must increase.

6. Comparison of the capacities D, o and . Let K be a compact
subset of the unit ball B := {z € CV : Zj\;l |z;|? < 1}. It is known that
o(K)/VN < D(K) < o(K)'/™
and
Y(K)/VN < D(K) < exp(—rn /N)y(E)Y
(see [3], Theorem 5.7 and Corollary 5.8). It turns out that the exponents

in the estimates above cannot be improved. This is an easy consequence of
(6.1), (6.3), (6.4) and (6.6) in the following theorem:

THEOREM 6.1. If € > 0 and C > 0, then there exist compact subsets K,
Ko, K4, K5 of the unit sphere S and compact subsets K3, Kg of the unit
ball B such that

6.1) D

(
(
(
(
(
(

D O O O O
O UL = W N

2)

3)

A4) D
5)

.6) D(Kg) < Cvy(Kg)'¢.

Proof. It is known that for every compact subset K of C¥,
Y(K) < o(K) < v(K) exp(—£n)
(see [6], Proposition 12.1). Therefore it suffices to prove (6.1)—(6.3). Let

P=P(r,...,r5) ={2€CN : |z =r1,...,|2x| = 7n},
where r1,...,ry are real positive numbers. It is known that
Up(z) = max(|z1|/r1,. .., |25l /rN), 2€CYN

(see [4], p. 304). For every compact set K we have o(K)™! = sup{Wx(2) :
z € B} (see [6], Theorem 8.2). Hence o(P) = min(rq,...,rN).
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It is also known that

D(P) = ( ﬁ rj) v
j=1

(see e.g. [3], Corollary 6.4). Therefore we can take

Kl SZP(T‘l,...,TN)
(where 11 = ... = ry_1 = (1/(N —1) = 82 and ry = ((N — 1)8§)"/2,
0<0<1/(N(N-1))),

K2 = P(Rl,...7RN)
(where Ry = ... = Ry_1 =672 and Ry = (1— (N —-1)8)"/2,0< § < 1/N)
and

Kg = P(Sl,...,SN)
(where sy = ... =sy_1 = sy =0/2,0< 3§ < 1/N). It is easy to check that
(6.1)—(6.3) are true if § > 0 is sufficiently small. This proves the theorem.

It is known that D(K) = v(K)'/? for every compact set K such that
K C {(2’1,22) € (C2 : ‘Z1‘2 + |2’2|2 = 1}

(see [6], Theorem 12.3). We can ask whether the following conjecture is true
for the unit sphere S c CV (N > 3):

There exist positive numbers §, m and M such that for every compact
subset K of S,

my(K)* < D(K) < My(K)°.
COROLLARY 6.2. The above conjecture is false for each N > 3.

Proof. Suppose that this conjecture is true for some N. Then § >
1—1/N by (6.5) and 6 < 1/N by (6.4). This is impossible for N > 3.
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