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Hausdorff dimension and measures on Julia sets
of some meromorphic maps

by

Krzysztof Baranski (Warszawa)

Abstract. We study the Julia sets for some periodic meromorphic maps, namely the
maps of the form f(z) = h(exp %z) where h is a rational function or, equivalently, the

maps f(z) = exp(2Fh(z)). When the closure of the forward orbits of all critical and
asymptotic values is disjoint from the Julia set, then it is hyperbolic and it is possible
to construct the Gibbs states on J(?) for —alog |}/| For a = HD(J(?)) this state is
equivalent to the a-Hausdorff measure or to the a-packing measure provided « is greater
or smaller than 1. From this we obtain some lower bound for HD(J(f)) and real-analyticity
of HD(J(f)) with respect to f. As an example the family f)(z) = Atanz is studied. We
estimate HD(J(fy)) near A = 0 and show it is a monotone function of real .

1. Introduction. In the recent years some work was done in the dy-
namics of meromorphic (non-rational) maps (see [BKL], [DK], [K]). One of
the basic differences which appear in this case compared with the rational
one is that not all points have well defined forward orbits—the preimages of
the poles after some time reach infinity, where the function is not defined.
However, there are many similarities to the dynamics of rational and entire
functions.

Let f:C — C be a meromorphic map with an infinite number of poles.
Denote by N(f) the set of points z € C such that for some neighbourhood
U of z the sequence { fﬁ‘]}neN is defined, meromorphic and forms a normal
family. The Julia set J(f) is the complement of N(f) in C. We assume
oo € J(f). J(f) is a compact perfect set and z € J(f) iff f(z) € J(f) or
z = 00. As in the rational case, J(f) C cllJ,,~o f7"(2) for all z € C except
for at most two singular values in C with finite inverse orbits. Moreover, the
Julia set is the closure of the periodic repelling points (see [BKL.I]).
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In this paper we shall deal with meromorphic maps of the form
f(2) = h(e ),

where h is a rational function (not a polynomial) with all poles in C\ {0}
and T' # 0 is a complex constant. These maps are periodic with period T
Our basic assumption is that the closure in C of the forward orbits of all
critical and asymptotic values of f is disjoint from J(f) (we do not treat
infinity as a critical value). Note that the critical values of f are critical
values of h (and vice versa, except for 0), so there are a finite number
of them. There are at most two asymptotic values h(0), h(co). From the
Fatou—Sullivan classification the complement of J(f) is the union of a finite
number of basins of sinks. Here are some examples of maps which satisfy
our assumptions.

Remark 1.1. Consider a particular case when all critical and asymptotic
values lie in the immediate basin of attraction of one sink. Then there exists
a topological disk U containing J(f) N C such that for all £ all branches of
f~F are defined on it and for some n, f~"(U) C U. Hence the Julia set is
a Cantor set and flrfj( £ is conjugate to the shift on the space of one-sided
sequences with infinitely many symbols supplemented with finite sequences
corresponding to the preimages of the poles. Such a situation occurs in
Examples 1.2 and 1.3.

EXAMPLE 1.2. Suppose h is a homography. Then f has constant Schwar-
zian derivative. Such maps were studied in [DK]. They have two asymptotic
values and no critical values. Take
z—1
z+1
and T' = 7. Then f(z) = Atan z. For A\ € Rwith 0 < |A| < 1 both asymptotic
values lie on the imaginary axis, f maps this axis into itself and all points
from it are attracted to 0. More generally, let

b
h(z):aiz+
Z+c

with a,T € R\ {0}, b € R, ¢ > 0, b # c and 7la||b — ¢| < 2|T|c. Then the
picture is the same. For the tangent family, if A € C with 0 < [A\| < 1 then 0
is still a fixed sink and both asymptotic values are attracted to it. For these
A all the maps are quasiconformally conjugate (see [DK]). This family will
be studied in Section 4.

h(z) = —\i

ExaMpPLE 1.3. It is easy to check that the dynamics described in the
previous example is the same when h(z) = ip(z)/q(z), degp < deggq, p and
q have real coefficients, ¢ has no non-negatives roots, all critical points of h
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are real and T is real and sufficiently large. For instance, take
(z+a)™

h(z) =i—

(2) =i CTb)

with m <[, a € R, b > 0. In particular, if

h(z) = (—Aiz;)p,

|A| < 1, p some positive integer, T'= 7 then f(z) = (\tan z)?.

EXAMPLE 1.4. In the case when f has more than one sink, the Julia set
is no longer a Cantor set. For f(z) = Atanz with A € R, |A| > 1, we have
J(f) = RU {oo} and there are two sinks on the imaginary axis attracting
the upper and lower half-planes. The same is true for h(z) = aii—fc’ with
a, T € R\ {0}, b € R, ¢ > 0, b # c if there is a fixed source on the
imaginary axis, and for some parameters in the families from Example 1.3.
Like previously, for Atanz, A € R, |A| > 1 for small perturbation of A there
is a quasiconformal conjugation between the maps. The Julia set is then a

quasi-circle.

Changing variables we assume T' = 27i to simplify notation. We are go-
ing to study measures on the Julia set using the thermodynamic formalism.
However, because of the periodicity of f the Perron—Frobenius—Ruelle op-
erator for the function —«alog|f’| is infinite. To avoid this we shall consider
the map f(z) = exp(h(2)). It is holomorphic on C except for the poles of h
where it has essential singularities. The definition of the Julia set of fis the
same as for meromorphic maps. Let J = J(f) and J = J(f). We have

(1) exp(f™(2)) = f"(exp(2))
so exp(JNC) C J C exp(J N C) U {0, 00}. By assumption h(0), h(co) & J,
hence 0, co ¢ J. Consequently,

(2) J =exp(JNC).

Thus the local geometric properties of J and J are the same. _
The plan of the paper is as follows: in the next section we show that f

and thus f is expanding on the Julia set and prove the “bounded distortion”

lemma. In Section 3 we study the Perron-Frobenius-Ruelle operator £, on
C(J) for ¢ = —alog|f'|. It is well defined for « greater than g = p/(p+1),
where p is the highest degree of the poles of h. The topological pressure P
is finite if and only if @ > «ag. The Gibbs state u, on J is constructed in
the standard way. The Hausdorff dimension HD(J) = HD(J) is equal to &
which is the unique root of P. Consequently, it is greater than cp. From
the perturbation theory for £, we obtain the real-analyticity of HD(J) with

respect to f Moreover, HD(j ) equals the packing and box dimensions of J.
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However, the a-Hausdorff measure A5 and the a-packing measure Il5 on
J are not always equivalent to pg. For HD(J) < 1 we have ITg ~ pa and
As = 0, for HD(J) = 1 all three measures are equivalent, and for HD(J) > 1,
Ag ~ g and Il = oo. In Section 4 these results are applied to the family
fa(z) = Atanz for A € C, 0 < |A| < 1, and A in the neighbourhood of
R\ [~1,1]. We show that HD(J(f)) = 1/2 + O(y/[\]) for A — 0 and that
it is strictly increasing with respect to A € R for 0 < A < Ag.

Recently R. D. Mauldin and M. Urbanski ([MU]) have studied the limit
sets for so-called conformal iterated function systems (c.i.f.s.), i.e. countable
families of conformal contractions on some compact subsets of R™. Such
objects appear in various situations, e.g. the limit sets of geometrically finite
Kleinian groups and the Julia sets for parabolic rational maps. Using the
thermodynamical formalism they prove existence of an invariant probability
measure, give a formula for the Hausdorff dimension and conditions for the
behaviour of the Hausdorff and packing measures. For the meromorphic
maps considered in this paper the situation when the Julia set is a Cantor
set is a particular case of the general theory of [MU].

The family Atan z and other families of meromorphic maps were studied
by J. Kotus in [K]. She considered a measure on J(f) which is the limit of
a sequence of measures p, distributed on the sets of the nth generation A,
from the construction of the Cantor set J(f) proportionally to (diam A,)®.
Then she used the Frostman lemma to estimate HD(J(f)). Some results
from that paper and from the present one are similar.

Acknowledgements. The author would like to thank J. Kotus, F. Przy-
tycki and A. Zdunik for their helpful suggestions.

2. Preliminary lemmas. Recall that we study the maps f (z) = h(e?)
for which J NS = (), where S is the closure in C of the forward orbits of the
critical and asymptotic values of f. From (1) and (2), J is disjoint from S
which is the closure of the forward orbits of the critical and asymptotic values
of f. Note that if |[Re(z)| is large, then f(z) lies in a small neighbourhood of
one of the asymptotic values which are outside J. Thus J N C is contained
in a strip {|Re(z)| < a} for some a and J is contained in an annulus {b=! <
|z| < b}. As in the rational case, our assumption implies expanding on the
Julia set.

LEMMA 2.1. There existn > 1 and ¢ > 1 such that |(f")'(x)| > q for all
x € J for which f" is defined. The same is true for f and J.

Proof. For f the proof is the same as for a rational function. The
derivative of f™ at the point z differs by a bounded factor from the derivative
of f” at the point exp z. This gives the proof for f u
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Now we estimate the distortion of the branches of f_". Let us remark
that constants ¢, ¢; etc. have different values depending on the context.
Recall the Koebe distortion lemma (see e.g. [G]).

LEMMA 2.2. For every 0 < § < 1 there is a constant cs > 0 such that for
every univalent function f on the open unit disk,

1| f(=)

f'(y)

Cs
for every x, y such that |z, |y| < . Moreover, cs — 1 asd — 0. m

< Cs

LEMMA 2.3. Let o > 0. Then there exists a constant ¢ > 0 such that for
every x,y € J and every n > 0,

1_Zeir Y )
Zzef—n(y) [(f)'(2)
if one of these sums is finite. Otherwise they are both infinite.
Proof. Recall that C \ J is a finite union of the basins of sinks, so C \ S
is connected. Hence we can assume that x,y are some points from a small

ball B, (£) such that all branches of f~" are defined on Bz, (). Then it is
sufficient to use the Koebe lemma. =

<c

’—a
‘7o¢

LEMMA 2.4. The series S(x) = 32 c 1) |F/(2)|7 is (uniformly) con-
vergent for x € J if and only if o > v, where ag = p/(p+1) with p denoting
the highest degree of the poles of h.

Proof. By definition

S(x) =" > [f () (=),
k€Z zeh—1(log z+kT)

where we choose log z lying in the strip {z : 0 < Im(z) < 27i}. Denote by
bi,...,bs the poles of h and let p; be the degree of b;. If |k| is large, then
the set h™!(logz + kT) consists of d = deg h points lying at small distances
to the poles. For z € h™!(log z + kT') which is close to b; we have

cl_l‘k-‘(pj‘f‘l)/l’j < |h’(z)\ < Cl‘k‘(pﬁl)/m.

Moreover, b=! < |f(2)| < b. Therefore, if p is the maximum of the p;, then
R < T P < ok WD,
z€h—1(log z+kT)

Hence, the convergence of S(z) is equivalent to the convergence of
Sre k= (PTYa/P The uniform convergence follows from Lemma 2.3. =

Remark. These estimates are similar to the ones for the jump map
for parabolic rational maps (see [DU]). Both cases are geometrically very
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similar so one can obtain the same results for the Hausdorff and packing
measures on J (see Section 3).

3. Thermodynamic formalism and measures on the Julia set.
Let ¢ = —alog|f’] for some a > 0. We are going to study the Perron—
Frobenius-Ruelle operator £, = L, on the space C' (j ) of real continuous
functions on .J. By definition,

(3) Lot(z)= Y )IF(2)]

zef~1(x)

Note that ¢ has singularities in J. However, Lemma 2.4 shows that the

operator is well defined on C(J) for a > .

Let a > ag. The proof of the existence of the Gibbs state on J for p is
the same as in the case of the hyperbolic Julia set of a rational function.
It is sufficient to make use of the lemmas from the previous section. The
details are in e.g. [B1], [P], [PP]. The topological pressure equals

_ 1 1 ny/ —a
(4) Pa)= lm ~log 3 I(7")()
zef~m(z)
for any z € J. Denote the Gibbs state for the function © by pto. From the
construction we have

PROPOSITION 3.1. Fiz some small numbers rq < r1. There exists a con-
stant ¢ > 0 such that for every B = B,.(y), y € J, ro <r <ry, everyn >0
and every branch f; ™ on B,

L _ ol (B
cTE @

<c

for everyx € B. m

It is easy to see that for & > «ap the function a — P(«) is strictly
decreasing, convex and P(a) — oo as a — af . Knowing that P is differ-
entiable (we shall prove it later) one can easily check that P'(a) < ¢ < 0.
Hence there is a unique o > o such that P(a) = 0.

Now we compare the invariant measure pug with some measures on J
which are defined in a geometric way. We shall consider the a-Hausdorff
measure Ag and the a-packing measure IT5. In the case of rational func-
tions Ag is equivalent to the Gibbs measure so HD(J) = a (see [R]). In
our situation Ag is equivalent to pg only if HD(J) > 1. Else Ag(J) = 0.
Examples of both cases will be given in Section 4. On the other hand, the

a-packing measure is equivalent to the Gibbs state for HD(J) < 1 and
is infinite in the other case. In particular, all three measures are equivalent
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when HD(J) = 1. However, the Hausdorff dimension of J (of course it equals
HD(J)) is always equal to a. Moreover, it coincides with the packing and
box dimensions.

Recall the definitions. Let A be a subset of a metric space. Let o > 0.
The a-Hausdorff measure of A is defined as

o . o
Aa(4) = linyinf { U;{(dlam )},
where the infimum is taken over all countable coverings I/ of A by open sets
of diameters less than e.
A countable family of open balls {B,,(z;)} is called a packing of A if
x; € A for every i and dist(x;,x;) > r; +r; for any ¢ # j. For a > 0 we

define
IIN(A) = glir(l)sup { Zri },

where the supremum is taken over all packings of A by balls B, (z;) with
radii less than . The a-packing measure of A is defined by

Mo(4) = inf { 3TIT(A)],

where A; are arbitrary subsets of A.
The Hausdorff dimension of A is

HD(A) = sup{ar > 0: A, (A) = oo} = inf{ax > 0: A,(A) = 0}.

The packing dimension PD(A) is defined in the same way.
Let N.(A) be the minimal number of balls of diameters € needed to cover
A. Define the lower and upper box dimensions as

BD(A) = liminf w, BD(A) = limsup M.
e—0 — IOg € e—0 - log €
In the above definitions N, (A) can be replaced by N/(A) equal to the max-
imal number of elements of any packing of A by balls of diameter ¢.

If the lower and upper box dimensions are equal, their common value is
the bozx dimension BD(A).

Now we recall the theorem which enables us to compare the Hausdorff
and packing measures with other measures on compact sets in R", i.e. the
stronger version of the Frostman lemma and its analogue for the packing
measure. This theorem follows from the definition of the Hausdorff and
packing measures and the Besicovitch covering theorem.

THEOREM 3.2. Let A be a compact set in R™ and let u be a finite Borel

measure on A. Then there exists a constant C depending only on n such
that for every Borel subset E of A:
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o If for every x € F,
lim sup (B, (2))/7* > a

r—0

then for every Borel subset D of E,
Aq(D) < 2%Ca™ (D).
o If for every x € F,
limsup (B, (2))/r® < a

r—0

then for every Borel subset D of E,
Ao (D) > 2% (D).
o If for every x € E,
lirTrLiélfu(BT(x))/ra >a
then for every Borel subset D of E,
11,(D) < a~' (D).
o If for every x € E,
hmmfu( (1)) /1Y < a

then for every Borel subset D of E,
II,(D)>C 'a (D). m

Since the measure p4 is invariant, we have ,ua(U S (h™1(c0))) = 0 so
it is sufficient to compare the measures on J \U " (h~1(c0)). (The points
from this set have well-defined forward orbits.) Take a point = from this set
and a ball B = B,(f"(z)), ro < r < r (see Proposition 3.1). Taking the
branch of f~'*" specified by the trajectory of z and using Proposition 3.1 and
the fact that the distortion is universally bounded we can find a ball centered
at x whose p, measure is comparable up to a universal (i.e. independent
of x, n) constant to its radius. As n — oo, by expanding the radii of these
balls tend to 0. Hence using Theorem 3.2 we obtain

PROPOSITION 3.3. There exist constants c1,co > 0 such that
Ay <cipag and Iz > copg.

Now we show when the Hausdorff and packing measures are equivalent
to the Gibbs state. First we prove a useful lemma.

LEMMA 3.4.
pa({z € J : limsup |h(f™(z))| < co}) = 0.

n—oo
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Proof. It is sufficient to prove the lemma with oo replaced by koT" for a
fixed ko. Let D,, = {x : |h(f"(x))| < koT'}. We prove that ua([) D;)=0

for every ng. From compactness of J and Proposition 3.1,

wa(Nzea Y 1T EI

izno

zef ()
no+j » 3
AR D SR (L O
i=no zef " (x)

|h(f*(2))|<(ko+1)T
1=ng,...,n0+Jj

where c1, co are independent of z, j. Using the chain rule and Lemmas 2.3
and 2.4 we get

no+j > L—(+D)a/pN J
|k|<(ko+1) j
a Di)< - < ¢3¢’
il [ —03( S ez k- @FD ) e

i:no

for some g < 1. Hence pa() D;)=0.m

1>ng

We shall also need the following:

LEMMA 3.5. For every a;, a > 0,

(Zai)a < Zaf‘ if and only if o < 1.

%

Proof. If @« <1 then

(3

For o > 1 we proceed analogously. =

THEOREM 3.6. Ag is equivalent to ug if and only if HD(J) > 1. Other-

wise Ag(J) = 0.

Proof. To prove the theorem we must look closer at the geometric
structure of the Julia set. First consider J. Fix a > 0 such that JNC C {z:
|[Re(z)| < a}. Let Epr = {2 : |[Re(2)| < a, Im(z) > M (resp. < M)} provided
M >0 (resp. M < 0) and let J, = JN{z: kT <Im(z) < (k+ 1)T}. For
sufficiently large |M | the branches of f~! are defined on Ej;. For the branch
f; 1 on Ej going to the neighbourhood of some pole b the modulus of its
derivative on Jj is comparable with |k|~®TD/P where p is the degree of b
(see Lemma 2.4). There are 2p such branches going to the neighbourhood
of b. Thus J close to b consists of 2p sequences of sets f, 1(Jx) of diameters
comparable with |k|~(®+1)/P and converging to b like {|k|~%/?} as k — oo
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A detail of the Julia set for f(z) = 0.7(tan z)>

or —oo. The ratio between the diameters of the sets and their distances to
b tends to 0 and the sequences form 2p equal angles around b.

By (2) the Julia set J in the neighbourhood of the poles of h consists
of 2p sequences of sets jsk = exp(f;1(Jy)) for s = 1,...,p, k € Z, with
the same asymptotic behaviour. This picture is transferred with bounded
distortion by f_" to the neighbourhood of the preimages of the poles of
h. Note that by Proposition 3.1, the measure ug of the set J?l,_”(jsk) is
comparable with its diameter to the power a.

Assume a < 1. We want to show Ad(j) = 0. From Proposition 3.3, A4 is
absolutely continuous with respect to 115. Hence by Lemma 3.4 it suffices to
prove that As(K) = 0, where K = {z € J : limsup,,_, . |h(f™(z))| = oo}.
Take x from K. There exists a sequence k,, — oo such that fk" (z) lies in a
small neighbourhood of some pole b of h and belongs to exp(f~1(J;,)) with
|l,| — cc. Let f,*n be the branch on By = By, ji, (I)l(fk" (z)) specified by
the trajectory of z. Let B = B, f-U—kn(Bl)(ﬂf). By bounded distortion and
Proposition 3.1,

1ia(B) - Zzoillnl L—(+1)a/p

= =z C1 £3 _ - > 62|l |1_d
e S, e - ol

for some universal constants ci, co. Thus limsup,._ g pa(B,(x))/r% = co and
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from Theorem 3.2, A5(K) = 0.
Now assume a > 1. We show Az > cus (Proposition 3.3 gives the

inverse inequality). Fix some small ¢ > 0 and large C, M > 0. Take z € J
and B = B, (x) for a small r. We prove

() pa(B) < err®

for some universal constant c;. Like previously we can assume that x has
a well-defined forward orbit. Set G,, = f,"(B,(f"(x))) for the branch f,"
specified by the trajectory of x. Let B’ = Bey-(z) and let ng be the smallest
integer such that G,, C B’ (it exists by expanding). This implies

L.
(6) r> 20 diam Gy, .

If we take C large enough then B C G,,—1 by bounded distortion. Now
there are two possibilities:

(i) |h(f~Y(x))] < M. Then |f'(f" ()| < ¢y for a universal
constant ¢ so diam G,—1 < cgdiamG,,. Hence pus(B) < pa(Gno—1) <
c4(diam G, ). From (6) we have (5).

(i) |h(fm~1(z))| > M. Then fm0~1(z) lies close to some pole of h and
Jn Gro—1 has the structure described at the beginning of the proof. Let
L = {|k| : J, intersects Bg(fno_l(x)) for some s} and let i = inf L,
j = supL (j may be equal to infinity). One can check that the diameters

of sets Js 1 intersecting Bg(fno_l(x)) are less than csp. Then again using
bounded distortion and Proposition 3.1 we get

; J p—(p+D)a/p
pa(B) _ Sk

re = (I H/pya
Now (5) holds by Lemma 3.5.
Having (5) we can use Theorem 3.2 to end the proof. m

In the very same way one can prove the dual theorem about the packing
measure:

THEOREM 3.7. I is equivalent to pg if and only if HD(J) < 1. Other-

wise Ag(J) = oo. In particular, if HD(J) = 1 then all three measures are
equivalent. m

Remark. Theorems 3.6 and 3.7 hold in various situations, e.g. for
parabolic Julia sets of rational maps ([DU]) and limit sets of geometrically
finite Kleinian groups. The following lemma shows the geometric assump-
tions needed to prove the theorems. The proof is the same as previously.

LEmMA 3.8. Let J be a bounded Borel subset of C and let u be a fi-
nite Borel measure on J. Fiz ¢, > 0 and some positive integer p. Assume
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that for every x € J there exist a sequence r,, — 0, p, € {1,...,p} and
homeomorphisms hy, : By, = B, () — hy(B,) C Bs(0) such that

| (2 )|anrl < cdiam h,, (B )r"Jrl and

_ [Barn) — bl |/|h wl _
B ’$1—y1 \xz—yz -

for every x1, x2, y1, y2. Set gn(y) = 1/(hn(y))P~. Suppose that the following
holds:

(1) Fiz some a,b,T > 0 and let Ji, = {z : |Re(z)| < a, kT < Im(z) <
(k+1)T}. Then diam g,,(B,) > b, g,(J) C Uy Jk, and gn( )N J, # 0 for
every k.

(2) For every ball B = B,(2) C gn(By) with z € gn(J) and oo < 0 < 01
for some fized small g, 01 and for every component U of g, 1(B),

-1 w(U)

< —— <
= (diam U)o =9

for some fized a, c1.
(3) For p-almost every x € J there exists a subsequence ny such that

klim |gn, (x)] =00 and oo € g, (By,).

Then Theorems 3.6 and 3.7 hold for the measure p and for the a-Hausdorff
and a-packing measures on J. m

From Proposition 3.3 we have HD(J) = HD(.J) < &. Theorem 3.6 gives
the inverse inequality when & > 1. Now we shall prove it for & < 1. We
shall consider the map f and the Julia set J. Note that in this case the
complement of J is connected, because if there are two different compo-
nents of C\ J then the Julia set contains their borders and has Hausdorff
dimension at least 1. Thus all the critical and asymptotic values of f are
in one immediate basin of a sink s which is a fixed point (cf. Remark 1.1).
Join them to s by disjoint non-self-intersecting curves and take one more
curve v : [0,1) — C disjoint from the Julia set such that y(0) = s and
Re(y(t)) — oo as t — 1~ (it exists since J C {|Re(z)| < a}). The com-
plement of the union of all these curves in C is an open topological disk
containing J N C and the branches of f~! are defined on it. Hence J N C
consists of compact and pairwise disjoint sets Jy such that J, = Jo + kT

Now we define a sequence A,, of subsets of J such that HD(A4,,) — «
as m — o00. Let Cpy = Uy < Je and Ay = (1,59 /7" (Cn). The sets Ay,
are compact, forward-invariant and do not contain poles. Set V,, = {z :
dist(z, Ay,) < e}, with € so small that all branches f, " are defined on disks
contained in V;,, and |(f;")| < c¢”", ¢ > 1. The map fjy,, : Vin — Cis
holomorphic.



Julia sets of meromorphic maps 251

LEMMA 3.9. For large m the set A, is a mizing repeller for fyy, , i.e.

(1) there exist constants ¢ > 0 and g > 1 such that |(f™) ()| > cq™ for
every z € Ap,
(il) Ay ={z €V, : f(2) €V}, for every n > 0},
(iii) fiv,, is mizing, i.e. for every non-empty open set U intersecting A,
there exists n > 0 such that (fy, )" (U) D Ap
Proof. It is sufficient to use expanding, the density of the preimages of
the points from J and the fact that dist(C,,, J \ Cp,) > 0. m

Thus the sets A,, form a sequence of mixing repellers contained in J.
Fix some = € Jy with bounded trajectory. The topological pressure P, for
A, equals

Pol) = Tm log 3 (f) ()

zef " (x)
zEAL

and the Hausdorff dimension of A,, is equal to the unique root of P, (see
[B1], [B2], [R]). By periodicity of f,

.1 _
Pnfa) = lim —log > [(f") ()™
€1 7" (@)
z€EA,NJo

and from (3) and (1),

: 1 n —a
P(o) = lim Llog Y 1(7Y(2)
z€f " (x)
z€Jo

Hence P, () < Pp41(a) < P(a).
PROPOSITION 3.10. For a > o, P(a) = limy,— 00 P ().
Proof. Let ¢ > 0. Define

Skz,2) =Y > |f @I

k€Z zef~(x+kT)
z€Jp

w2 = 3 3 fE

|k|<m zef=Y (z+kT)
z€Jo

By Lemma 2.3 there is ¢ such that 1/c < S(k,z,2)/S(k,y,z) < c for every
x,y € Jo. Hence we can take m so large that Sy, (k,x,z) > (1 —¢)S(k,x, 2)
for every x € Jy. We have

1
P(a) = lim —log Z ’f’(21)|7a5(k1,21,22)...S(kn_l,zn_l,zn),

n—oo N
z1€f 7 x)
z1€Jo
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and similarly for P,,(«) with S,, in place of S. Let
Z(Zj) = S(kj, Zjy Zj+1) v S(kn_l, Zn—1, Zn)
and define Z,,(z;) in the same way. We want to compare Z,,(z1) with Z(21).
From Lemma 2.3 we can assume 1/c < Z(z;)/Z(2}) < cfor every z;, 2} € Jo.
We know Z,,(2p—1) > (1 —€)Z(2,—1). We proceed by induction. Suppose
Zm(z;) > q;Z(z;) for some g;. Then
Zm(zj=1) q‘Sm(’fjthjthj)Z(zj)
Z(zj-1) 7 S(kj-1,2-1,2)Z(2))
_ (1 (5= Sm)(k:jl,zjl,zj)Z(zj)>
’ S(kj-1,2-1,2)2(2)
(S - Sm)(k"_l Z5—1, Z)
>q(1-c? 27 I2) > q;(1 = ce).
q]< S(kj-152j-1,2) u )
Hence Z,,(z1) > (1 — c?e)""1Z(21) and P,,(a) > log(1 — c*¢) + P(a) for
arbitrary e, which ends the proof. m

From this proposition HD(J) > sup,,, HD(A,,) = a. Hence we obtain

THEOREM 3.11. HD(J) = HD(J) = &. In particular, HD(J) > p/(p+1)
> 1/2, where p is the greatest degree of the pole of f. m

Remark. The above lower bound on HD(/J) is valid under weaker as-
sumptions about f. It is sufficient to assume that the closure of the forward
orbits of the critical and asymptotic values is bounded and disjoint from
the set of poles. Then instead of J we can study its subset J’ consisting of
points with forward orbits contained in a small neighbourhood of infinity.
In the same way we obtain the formula for the Hausdorff dimension of J’
and the inequality also holds for .J.

Now we show that the Hausdorff dimension of the Julia set is a real-
analytic function of f. This is so for hyperbolic Julia sets of rational functions
([R]). We use the perturbation theory for £,. Recall the suitable theorem
(see [PP]).

THEOREM 3.12. Let B be a complex Banach space and L : B — B be
a bounded operator. If X is an isolated simple eigenvalue for L then for L’
close to L there is an isolated simple eigenvalue N'. Moreover, the function
L' — N is analytic. m

In our case f and f are parametrized in C2d+l — R4d+2 The map
R*+2 5 t s —alog|f]| is real-analytic. We extend it for complex ¢ €
C**2 in the neighbourhood of & to an analytic map ¢(a,t). Regard L,
as an operator on the space of continuous complex functions on J. Then
(a,t) = Lya,) is analytic. For real ¢ the spectrum of the operator on the
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space of complex functions is the same as on the space of real functions.
A = exp P is an isolated simple eigenvalue for £,. Hence by Theorem 3.12,
(o, t) — P(a,t) is analytic for « in the neighbourhood of @, so for real «
and ¢ it is real-analytic. Recall that 0P/0«a < 0. From the implicit function
theorem the function R*¥*2 5 ¢ s & is real-analytic.

COROLLARY 3.13. HD(J) depends real-analytically on f.

Recall that from the definitions of the Hausdorff, packing and box di-
mensions it follows that

(7) HD(.J) < PD(J) < BD(J).

Now we are going to show that all three dimensions coincide.
THEOREM 3.14. BD(J) = a.

Proof. From (7), BD(J) > a. To prove the inverse consider two cases:

(i) @ < 1. In the same way as in the proof of Theorem 3.6 we find that
there exist ¢,e9 > 0 such that for every x € J and every ¢ < g9 we have

pa(Be(z))/e* > c. Hence if N!(J) equals the maximal number of elements
of packings of J by balls of diameter & then pg(J) > ce®N!(J). Thus

/
BD(J) = limsup log Ne()
e—0 - IOg €
(ii) @ > 1. Since BD(A4) = BD(cl A) it is sufficient to compute the box
dimension of H =, f_"(poles of h). Let B;, i =1,...,s, be small disjoint
balls centered at the poles of h. Let € > 0. We estimate the number N,
of balls of diameter ¢ needed to cover H. Note that it is sufficient to cover

only H = Ungno f~"(poles of h), ng = c1loge~! for some constant ¢; > 0,

Q.

IN

because by expanding all points in J are at a distance less than ¢ to H'.
Consider the branches f, " on B;. Let

VYV, = {]?;”(BZ) : diamf;”(Bi) <eg i=1,...,s},

W, = {f,(B;) : diam f,"(B;) > ¢, i =1,...,s},
and let V = |, <. Vi, W = U,<py Wa- Take W € W,,. The sets V' €
V,11 contained in W form 2p sequences converging to z € W which is the
nth preimage of some pole of degree p as was described in the proof of
Theorem 3.6. Hence it is possible to cover the point z and all sets V € V,, 1
which are contained in W by less than cye ™! diam W balls of diameter &,

where ¢y is independent of n, W, . Denote by U the family of covering balls
contained in all W € W. Now we prove that

(8) dist (H’, U U) < c3e

Ueu
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for some constant c3. Let v € H'. Then x € ]?_”(poles of h) for some n < nyg.
If z € W € W, then from the construction it is contained in some ball from
U. It remains to consider the case z € V € V,,. For j = 0,...,n let i; be

such that B;, contains the pole of h nearest to f7(z). Take the branch f, 7
specified by the trajectory of o defined on an open connected set containing
fi(x) and B;,. We also require that f/(z) and B;, can be connected in
this set by a curve of universally bounded length and that the distortion is
universally bounded. (It is possible to find such sets since all the critical and
asymptotic values are attracted by sinks.) Set

Dj = frj](BlJ)
We have Dy € W and D,, € V. Let jy be the smallest integer such that
Dj, € V. As in the proof of Theorem 3.6 we have two possibilities:

(a) |h(f7o~2(x))| < M for a large fixed M. Then we have diam Dj,—1 <

cq diam D, for a universal constant c4. Thus by bounded distortion,
dist(z, Dj,—1) < ¢s diam Dj, 1 < cqcs diam D, < cqcse.

From the construction there exists a ball from U contained in D;,_; and

diamDj,_; < cq€ so (8) holds.

(b) [h(fio~1(x))] > M. Then fio~!(x) lies close to the pole from B;,
and W, 2 Dj, C Dj,—1 € Wj,—1. Thus the balls from U cover D;, and
dist(z, Dj,) < cs diam D, < cse so we have (8).

By (8),

9) N, < cget Z diam W.
Wew

Note that for every n the sets W € W,, are pairwise disjoint. Hence using
Proposition 3.1 we obtain

Z (diam W)% < ¢; Z pa (W) = eq ZO Z pa (W) < cgng.

Wew Wew n=0Wew,
Therefore
(10) csno > Z (diam W)~ ! diam W > 97! Z diam W.
Wew Wew

From (9) and (10), N. < 0108&‘_;10g€_1 and from the definition we get
BD(J)<a. m

COROLLARY 3.15. HD(J) = PD(J) =BD(J). =

4. The family Atanz. Let us consider the family of maps
fa(z) =Atanz, AeC\{0}.
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The dynamics of this family was studied in [DK]. We recall some basic
properties:

e f\ has no critical values, there are two asymptotic values £\, if they
do not belong to the Julia set then all branches f, ! are defined on the
whole J(fy), (f;1)(2) = A/(A\% + 22), J(f\) is symmetric with respect to
the origin and J(f_x) = J(fx).

e If A€ R\ 0 then J(fy) NC CR, since J(f) =cllU,,>q [ "(0).

e If A\ € R and |A| > 1, then J(f\) = RU {co} and all points from the
upper and lower half-planes are attracted respectively to two sinks on the
imaginary axis.

e If A € Rand 0 < |\ < 1, then J(f\) N C is contained in pairwise
disjoint closed intervals Ji, k € Z (see Fig. 1).

A

Fig. 1

e For A\ € C with 0 < |A| < 1, the Julia set J(fy) is a Cantor set and all
[ are quasiconformally conjugate.
e For X\ = +1 the origin is a neutral point and J(fy) =R U {co}.

Recall that fy(z) = h(e?*?) for h(z) = —\i ;‘r} Note that degh = 1. For
0 < |A] < 1, XA € C, both asymptotic values lie in the immediate basin of
attraction of the origin. J(fx) N C is divided into compact disjoint sets Jj,
Jr = Jo + km. Denote by fl;l the branch of f~! leading to J, for k € Z
and define Ji, . = fk_l1 0...0 f,;bl_l(Jkn). Then Jy, ... ks
and f(Jk,,. k) = Jks,. .k, Every point x € J(f\) N C can be regarded
as the sequence (ki,...,kp,...) where z =~ k, oras (ki,...,ky)
when z = fk_l1 °0...0 fk_nl(oo). The dynamics of fy on J(f)) is equivalent
to the shift on the space of one-sided sequences with infinitely many sym-

-----
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bols supplemented with finite sequences corresponding to the preimages of
infinity.

Applying the results of the previous section we conclude that HD(J(fy))
> 1/2 for 0 < |A] < 1, A € C. Moreover, HD(J(fy)) is a real-analytic
function of A for 0 < |A\| < 1, A € C, and in the neighbourhood of |A| > 1,
A € R. We can compute how HD(J(fy)) behaves when A is near 0.

PROPOSITION 4.1. If 0 < |A| < b, A € C, then there exists a constant
c > 0 such that

1
S+ AM2 SHD(I(f) < 5 + el
Proof. We have
.1 , , _ o
P(a) = lim —log Z I(foto fkll 0...0 fknlil)/(x)] .

n—oo N

Since (f, ')'(2) = A/(A\? + 2?), there exists ¢; > 0 such that for every
ze J(fr)NCand a > 1/2,

a o o= 1
e Z <SG @R < SRS o
keZ k=1
for A in the neighbourhood of 0. Hence
log (Cl A Z k2a> < P(a) <log (Cl Al Zk2a>
k=1 k=1
SO
_a\ | z! |
log—=———— < P(a)<lo
og 5—1 < Pla) slog - —

for a > 1/2. From this one can easily get the deswed estimates. m

Note that HD(J(fx)) = & < 1 for A near 0, and so by Theorem 3.6 the
a-Hausdorff measure of J(fy) is 0.

Assume now A € R. Note that HD(J(f_x)) = HD(J(fx)). Now we prove
the following:

PROPOSITION 4.2. For 0 < A < Ao the function A — HD(J(fx)) is
strictly increasing.

Proof. We will show that for 0 < A < \g for every z € J(f\) NC, every
n > 0 and every branch f;",

-
(11) 75 (x ) () > 0.
Then A — Py(«) is strictly increasing and so is A — HD(J(fy)).
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Take a branch f; ™ and let g; = f/\_’(:v) for i =0,...,n. Then

n—1

9 0 . A1 gi2 _ 2)\91'89" — )2
o (@)= g 2 2 Z 2 2 :
OA Oz (N +g5)--- (N +g51) = A2+ g

It is sufficient to show that for every i we have g? — 2)\gi% — A2 > 0. Since

09i = 2 arctan gi—1
ox 0O\ A
we get by induction
891 1—1 )\i—l—jgj )
I fori > 1.
oA jz:; (/\2+gJ2)...(A2+gZ,2_1)

We have J(fy) C R\ (—0,9) where d cot d = A (see Fig. 1) so |g;| > d. Hence
it is sufficient to have

2 — NTg 2
7=0

It is easy to compute that this inequality holds for 0 < A < A\g where g is
0.402. .. Consequently, (10) holds for such A. This ends the proof. m

For A € R\ {—1,0,1} the Hausdorff dimension of the Julia set is a real-
analytic function of A. For |A| > 1, J(fx) = RU{oo} so HD(J(fy)) is equal
to 1. At the bifurcation point A = 1, HD(J(fx)) cannot be analytic since it
is not constant. However, it is continuous for A € R, i.e. HD(J(f))) — 1 as
Al =17, A€ R. Let A € (—1,1). Denote by I an interval of nth generation
in the Cantor set J(fy) and by Iy, k € Z, the intervals of (n+1)th generation
contained in I (see Fig. 2).

I Iy I euen-.

(G are the gaps between the intervals Ij). Denote the length of I by |I].

LEMMA 4.3. Let A € (—1,1)\{0}. Suppose that for some a, > oo [ 1k|* >

|I|* for all intervals I of nth generation and all n. Then HD(J(fx)) > a.
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Proof. In fact, this lemma is geometric but in our situation we can
prove it immediately:

1 1

P(a) = nh_{go Elog E 1] > nh—>n’olo Elog\JO]O‘ =0.m
I of nth
gen. in Jp

Now we can use the fact that in '\ (IoUI;) the geometry of the intervals
and gaps is universally bounded. More precisely, we have

LEMMA 4.4. There is a constant ¢ > 0 such that for every 0 < |A\| < 1,
every n, every interval I of nth generation and for all k € Z \ {0, 1},
T —20 - (el <6717T—2(5
20 |Gkl 26
where § = dist(J(fx),0) (see Fig. 1).

Proof. We have I}, = f, "(Ji) and Gj, = f/\_"(ék/) for some branch of

" Here Jj is an interval of length m — 26 and k' # 0,1, and G is a gap
of length 26. The trajectories of asymptotic values of fy are contained in
the imaginary axis. The distance between the imaginary axis and Jir U G
is at least m/2. Therefore from the Koebe lemma the distortion of f, ™ is

universally bounded on Jy U C:’k/. n
ProposITION 4.5. HD(J(f))) = 1 as A — 17

Proof. Let a« < 1. We want to use Lemma 4.3. From Lemma 3.5 the
assumption of Lemma 4.3 will be satisfied if for every I,

(12) >kl =1\ (IoUL)|*.
kez\{0,1}

By bounded geometry, |Ix| < b \cz 10,1y |1k, Where b < 1 is indepen-
dent of k and A. Thus

Sl = > T

keZ\{0,1} keZ\{0,1}
a—1 a
> > ml) Y m=rt (Y )
keZ\{0,1} keZ\{0,1} keZ\{0,1}
From this and Lemma 4.4,
ba—l
2 Le|* =2 ————5va I\ (To U I1)|™.
kEZ\{0,1} 1+ (e755°%)
Let a7 be such that
balfl

= 1.

L+ (em582)™
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Then (11) holds for a; and from Lemma 4.3, HD(J(f\)) > 1. It is easy to
compute that a; > 1—c¢19. We know that 6 — 0 as A — 1. This completes
the proof. m

COROLLARY 4.6. R 5 X\ — HD(J(fz)) is analytic for X # 0,£1 and
continuous for A #0. m

We end this section by giving an example of maps for which the Julia set
is a Cantor set and the Hausdorff dimension is greater than 1, so according
to Theorem 3.6 the a-Hausdorff measure is equivalent to the Gibbs measure.
Fix 0 < |A] < 1, A € C. Consider the map

fap(z) = (Atan z)?

for some large positive integer p. It is easy to see that fy , has the same dy-
namics as A tan z, expect that 0 is now a critical point. The set | J,.c,, f;; (z+
km) N Jo consists of 2p sequences converging to the pole of degree p with
asymptotic behaviour like {|k|~'/?}. For each branch fx }17,

[(Frn) ()] > e(\p~Hy|~ @02,

Moreover, for every p the Julia sets J(fy ) are contained in the same strip
{lIm(2)| < a}. Therefore

o0

ST Y @ km) = e (V) S kT > ey (N)pky

k€Z e f~1 (x+km) k=ko
z€Jo

for some kg independent of x, p. For large p the expression is greater than
g > 1. This implies P(1) > 0, so @ > 1. Hence we obtain

COROLLARY 4.7. For given 0 < |A\| < 1, XA € C, there exists po such that
HD(J(fxp)) > 1 for p>po- m
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