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Classification of function spaces
with the pointwise topology determined
by a countable dense set

by
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Witold Marciszewski (Warszawa)

Abstract. We are concerned with C'4(X), the space of continuous real valued func-
tions on X considered with the topology of pointwise convergence on A, where A is a
countable dense subset of X. We focus on the Borel and the topological classifications of
the spaces C'4(X). For example, we prove that for countable nondiscrete X, C4(X) is
homeomorphic to ¢*, the countable product of o = {(z;) € R | ; = 0 a.e.}, provided
CA(X) € Fys.

1. Introduction. All spaces under consideration are completely regu-
lar. For a space X, Cp(X) denotes the space of all continuous real valued
functions on X with the pointwise convergence topology. If A is a dense
subset of X, then by C4(X) we denote the space of continuous real valued
functions on X with the topology of pointwise convergence on A. Hence, we
have Ca(X) = {f|A | f is continuous on X} C R4 and Cx(X) = Cp(X).
Throughout this paper we will assume that A is countable; consequently,
Ca(X) is a dense linear subspace of R*, a countable product of lines.

Recently, a lot of work has been done on the topological classification
of Borel and projective function spaces Cp,(X) for countable spaces X (for
references see [DMM)] and [CDM]). It has been shown that C,(X), while
Borel, is always of an exact multiplicative class [CDM] and it is conjectured
that the topological and the Borel classifications coincide [DMM]. For the
countable spaces X the spaces C4(X) seem to be a natural generalization
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of the spaces Cp,(X). This paper is to initiate an investigation on the Borel
complexity and the topological classification of the spaces C'4(X). The Borel
structure of the spaces C'4(X) seems to be much more complicated than in
the case of C,(X). However, we are able to indicate some similarities between
the topological classifications of the spaces C'4(X) and Cp(X).

The spaces C4(X) also allow us to use some methods of descriptive set
theory and infinite-dimensional topology (applicable for separable metriz-
able spaces) for the investigation of the function spaces on uncountable
separable spaces. In this context the spaces C'4(X) have appeared in the
literature in several natural situations. Before we describe some of them we
have to recall a few notions.

A map f: M — N between separable metrizable spaces is of the first
Baire class if f~1(U) is an F,-subset of M for every open U C N (if N is
additionally a linear space then this means that f is the pointwise limit of
a sequence of continuous maps M — N). Let P be the space of irrationals.
It turns out that compact spaces that can be embedded in By (P), the space
of real valued first Baire class functions on P with the topology of pointwise
convergence, are of great importance in topology and Banach space theory
(see [BFT] and [Ne, Section 1]); they are called Rosenthal compacta. The
following result of Godefroy [Go, Theorem 4] shows how C4(X) spaces are
involved in dealing with Rosenthal compacta.

1.1. A separable compact space K is a Rosenthal compactum if and only
if for every countable dense subset A of K the space Cx(K) is analytic (i.e.,
a continuous image of P). m

The problem of Borel classification of the spaces C4(K) for separable
Rosenthal compact spaces K has been disscussed in [Mal].

Another important fact involving C'4(X) spaces is the following factor-
ization result [Mal, Lemma 3.4]:

1.2. Let X and Y be separable spaces and ¢ : Cp(X) — CL(Y) be a
homeomorphism. For any countable sets C C X and D C Y there exist
countable dense sets A C X and B CY such that C C A, D C B and the
map mppma~t 1 Ca(X) — Cp(Y) is a homeomorphism (w4 : Cp(X) —
Ca(X) and g : Cp,(Y) — Cp(X) are the standard projections). m

This result shows that the problem of the topological classification of the
function spaces C,(X) for separable spaces X is related to the problem of
the classification of the spaces C4(X).

Let us observe that the topology of C'4(X) is precisely the weak topology
on Cp(X) induced by the family of evaluation functionals at a, a € A; this
family is countable, consists of continuous linear functionals, and separates
points of C,(X). Any continuous linear functional on C,,(X) is a linear com-
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bination of finitely many evaluation functionals (at € X). The following
example shows that the weak topology on Cp(X) induced by a countable
family of continuous linear functionals which separate points of Cp(X) is
not necessarily that of C'4(X) for some countable dense A C X.

1.3. EXAMPLE. Let {g,}5%; be an enumeration of the rationals in the
line R. The sequence {p,}72, of continuous linear functionals on Cp,(R)
given by ¢, (f) = f(qn) + flgn +7/n), f € CP(R)’ n=1,2,..., separates
points of C,(R). However, every evaluation functional on Cp(R) is discon-
tinuous in the weak topology induced by {¢,}o2; on Cp(R). =

Recall that if M is a separable metrizable space and « is a countable ordi-
nal then A, (M) (resp., M, (M)) denotes the family of subsets of M that are
Borel of additive (resp., multiplicative) class a. By A, (resp., M,) we de-
note the class of spaces that are absolute Borel of additive (resp., multiplica-
tive) class a. If A € Ao\ M (resp., Mo\ Aq or AsNMa\Ug, (AgUMp)),
then we say that A is of the exact additive (resp., multiplicative or ambi-
guous) class a. By P, n > 0, we denote the nth projective class. A map
f : M — N between separable metrizable spaces is Borel of class « if
7Y U) € A,(M) for every open U C N (this means that f is Borel of class
a = 1 precisely when f is of the first Baire class). The above terminology is
that of [Kur].

In Section 2 we address some questions concerning the Borel (projective)
structure of spaces C'4(X). For instance, fixing X, we wonder how the Borel
(projective) class of C'4(X) will change when varying A. The following in-
teresting question arises. What is the relationship between the exact Borel
(projective) classes of Cp(X), Ca(X) and C,(A) for countable X7 For each
countable ordinal «, we provide an example of a countable space X, and a
dense subset A, so that Cp(X,) € Mg and Cy_ (Xa) & M, (see 2.6).

In Section 3 we deal with spaces X with exactly one nonisolated point.
Such spaces can be identified with Ny = N U {oco} topologized by isolating
the points of N = {1,2,...} and using the family {AU{oc} | A € F} as a
neighborhood base at oo, where F' is a filter on N. In our considerations, if
F'is a filter on a countable set T', then we usually identify 7" and N and most
often we let T'=w = {0,1,...}. We will always assume that F' contains the
Fréchet filter Fy consisting of all cofinite sets in w. We will write

cr ={f €R” | V(e > 0) (f'((~¢,¢)) € F)}
and
Cr={feRY |z ecRV(E>0) (f((z—cz+e))cF)

It is known [Ma2, Lemma 2.1] that cp is (linearly) homeomorphic to C,(Np).
The space Cr can be identified with C,,(Ng). Moreover, we have

Cr={feR”|V(e>0)3(Aec F)V(ar,a2 € A) (|f(a1) — fla2)| <)}
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In these definitions the space w can be replaced by any countable infinite
set T. A filter F on T will be treated as a subset of 27, a copy of the Cantor
set. We address the following question. What is the relation between the
Borel (projective) exact class of F' and that of Cr? Our answer is contained
in 3.4 and is less satisfactory compared to the case of cp (see [DMM]).

Section 5 is devoted to the topological identification of F,s-spaces Cs (X).
The main result states that for countable nondiscrete X and dense A C X,
the space C4(X) is homeomorphic to o“ provided C4(X) € Fys; here
o= {(z,) € RY | ,, = 0 a.e.}. (This fact for A = X is the main result
of [DMM].) The same result holds for (not necessarily countable) Fréchet
spaces X. Let us recall that X is a Fréchet space if given a subset Y C X
and a point & € Y there exists a sequence of elements of Y that converges
to . The main tool to obtain these identification results is the method
of absorbing sets (belonging to infinite-dimensional topology, see [BM]).
An application of this technique to function spaces was initiated by van
Mill in [vM]. We do not explicitly refer to this method; instead, we use
some factorization facts and rely on results of [CDM]. However, we were
not able to avoid another notion of infinite-dimensional topology: so-called
Zy-spaces. We devote Section 4 to Z,-spaces C'4(X). Many of our results
concern also spaces C%(X), subsets of C4(X) consisting of all bounded
functions.

In Section 6 we settle the case of metrizable X. It turns out that for
a metrizable X, C'4(X) is analytic only if X is o-compact (and then, it is
homeomorphic to o*).

In the last section we provide examples of spaces C'r with arbitrarily high
Borel complexity. This is achieved by employing filters F' previously used in
[CDM]. Here, as in [CDM], not only do we show that for every a > 2 there
exists a filter F' such that Cr € M, \ A, but actually it follows that Cp
is an absorbing set for the class of M,. Hence, Cr is homeomorphic to the
standard, M-absorbing model (2, (see [BM]).

2. C4(X) versus Cp(X). How much can they differ? For a space
X and countable dense subsets A and B of X, we will be interested in how
much the Borel (projective) classes of C4(X) and Cp(X) can differ. The
following estimate was established in [Mal, Theorem 2.2].

2.1. PROPOSITION. Let X be a Fréchet space and let A, B C X be count-
able dense sets. For every countable ordinal o and every n € w, we have:

(a) if Ca(X) € My, then Cp(X) € Mita,
(b) if Ca(X) € A,, then Cp(X) € A1ta,
(c) if Ca(X) € Py, then Cp(X) € Py,.
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In particular, for infinite ordinals o and n € w, the exact Borel (projective)
classes of Ca(X) and Cp(X) coincide. m

The following example shows that for non-Fréchet spaces X the gap
between Borel classes can be as big as we wish (for a space Z, 3Z denotes
the Cech—-Stone compactification of Z).

2.2. EXAMPLE. We have

(a) C,(Bw) € A1\ M (actually, C,,(Sw) can be identified with the space
Y ={(zn) € RY | (z,,) is bounded}),

(b) if p is an ultrafilter on w (i.e., p € fw\w), then C,yqpy (Bw) & P1UP,
(actually, Cyup}(Bw) contains a closed copy of the ultrafilter p). =

The statement of 2.2(b) can be reversed in the following way.

2.3. PROPOSITION. Let X be a compact space. Assume there are count-
able dense sets A, B C X such that Ca(X) is analytic and Cp(X) is non-
analytic. Then X contains a copy of fw.

Proof. Write S = C4(X) and consider i : X — R defined by
i(z)(f) = arctan(f(x)), fe€S, veX.

It follows that ¢ is an embedding and i(K') is norm-bounded (here, we con-
sider the sup norm on the space of bounded functions on S). Moreover,
for a € A, i(a) is continuous on S. Using the Godefroy characterization of
Rosenthal compacta and our assumption, we get i(K) ¢ Bq(S). Now, our
result is a consequence of the following statement from [P, p. 34] (see also
[BFT]): “For an arbitrary norm-bounded sequence {f; | j € w} of continu-
ous functions on P (or, more generally, on an analytic space X ) one and only
one possibility occurs: either all pointwise accumulation points of {f;} are
of first Baire class, or there exists a subsequence {f; | j € w} which behaves
on some Cantor set T"in P like the sequence of projections p; : w* — {0,1}
(in particular, in the second case, all accumulation points of {f; | j € w} are
non-Borel and the pointwise closure of the set {f; | j € w} is homeomorphic
to the Cech-Stone compactification of the natural numbers”.

To get our assertion, enumerate A = {a; | j € w} and apply the above
statement to the sequence {i(a;) | j € w}. m

The following result is a direct consequence of 2.3 and 1.1.

2.4. COROLLARY. Let X be a compact space and let A be a countable
dense subset of X. If Cx(X) is analytic then either X is a Rosenthal com-
pactum or else X contains a copy of fw. m

It has been shown [CDM, Theorem 5.1] that for every countable space
X, the space Cp(X), when Borel, is of an exact multiplicative class. In
connection with this and 2.2(a) we ask:
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2.5. QUESTION. Is there an example of a (countable) space X such that
Ca(X) € Ay \ M, a > 1, for some countable dense set A C X7

Next we show that the gap between Borel classes of Cp(X) = Cx(X)
and C4(X) can be large even for countable X.

2.6. PROPOSITION. For every countable ordinal o, there exists a count-
able space X, and a dense set A C X, such that Cp(X,) € My and
CA (Xa) g Ma-

Proof. We will use induction on «. Set Xg = A = w + 1. It is obvious
that Cp(Xo) € Ma; by [DGM, Corollary 1.2], C,(Xy) is homeomorphic to
o0“ and hence it belongs to Ms \ As. Let us distinguish xg = w € Xy and
By = w; note that By is the set of all isolated points of Xy and A = BoU{x}.

Suppose the spaces X g have been constructed (for all 3 < «), sets Bg of
all isolated points of X3 and points 23 € X3 \ Bg have been determined so
that Ag = Bg U {3} is a countable dense subset of Xz so that Ca,(Xp) ¢
M, and C,(X3) € M. For every n € w, let a,, = 8 provided o = f+1. If o
is a limit ordinal, fix a sequence of ordinals {ay, } neo, With o, < a, n € w, and
sup,, &, = . Form a direct sum Y, = (U,,c,{n} X Xa,,) ® (w+1). Consider
an equivalence relation R on Y, which identifies (n,z,, ) with n € w + 1.
We set X, = Y,/R to be the quotient space. Write ¢ : Y, — X, for the
quotient map. We let

B, ={z € X, | = is isolated in X, }

and z, = q(w), where w € w + 1. By the construction By = |J,,¢,, ¢({n} x
B,,). Finally, we let A, = B, U {z,} and observe that A, is countable
and dense in X,. (Note that X; and A; are the Arens spaces described in
Examples 1.6.19 and 1.6.20 of [En], respectively).

Observe that f is continuous on X, if and only if flg({n} x X,,) and
flg(w+1), n € w, are continuous. It then inductively follows that C,(X,) €
M. We now show that Cy_ (X, ) & M,. Consider the following subspaces
E, and F, of Cp_(X,):

Eo = {f € Cp.(Xa) N{0,1}% | f(za) = 0},
Fo ={f € Cp,(Xa) N{0, I}Ba | f(za) =1}

Cramm. Write G, = Eo U F,. The pairs (Go, Ey) and (G, Fy) are
Wadge (2, Ay UM (2¥))-complete (i.e., for every C' € Ay, UMy (2) there
exists a map ¢ : 2¥ — G4 so that ¢~ (E,) = C or ¢~ }(F,) = C, respec-
tively).

We will provide an inductive proof. If @ = 0, then Fy and Fy are copies of
the rationals and both Ey and Fjy are dense in Gg. Let C' € My(2¥) (i.e., C
is a closed subset of 2¥). Pick a sequence {z,}72; C Ey such that limz,, =
zo € Fp. Find a map ¢ : 2¥ — {z,, | n € w} such that o~ 1({zo}) = C. If
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C € Ap(2¥) (i.e., C is open in 2¥), apply the same argument interchanging
the roles of Fy and Fy. Let C € A, and pick C,, € M, , C,, C Cpy1,
n € w, so that C' = (J,,c,, Cn. We have E, = FP(G,,,E.,) and F, =
FP(G,,,, Fa, ), where for a sequence {(X,,, A)}new of pairs of spaces

FP(X,, An) = {(xn) e [[ Xu | 2n €A, a.e.}

necw

(notation of [CDM, Section 8]). Using the inductive assumption, we can
find ¢, : 2¢ — G,, C RPen such that ¢, 1(E,,) = C,. Take p = Agp, :
29 — RYBen given by ¢(p) = (¢n(p)) and observe that ©(Upew Cn) C
FP(Ga,, Ea,) and o2\ U, e, Cn) C Il,co Fan C Fo (cf. [CDM, Proof
of 8.1]). This settles the case where C' € A,. By symmetry the same argu-
ment works for C € M,,.

An easy application of the Claim yields F, &€ M, U A,. Since E, can

be identified with the set
{f € Ca,(Xa) N{0,1}4 | f(za) =0},

a closed subset of Cy_(X,), our assertion follows. m

2.7. Remark. Let us note that even for a compact X the Borel class of
Ca(X) can be as high as we wish. Such spaces X can be taken as Rosenthal
compacta and were provided in [Mal]. Let us indicate another way of finding
such X. By [LvMP, Theorem 4.1], there exists a countable regular space A
with exactly one nonisolated point such that the Borel class of C,(A) (and
hence, of C;(A)) is as high as we wish. Let X = $A and observe that
Ca(X) = C;;(A). n

2.8. Remark. Consider X = Ny for a filter F' on w. Applying 3.3, we
see that C,(Np) = Cr contains a closed copy of F; and hence can have
as complicated Borel structure as we wish. At the same time Cp(w) = R¥

EMi. m

The statements 2.6 and 2.8 show that, within the Borel hierarchy, the
Borel class of C'4(X) cannot be estimated by either the class of Cp,(X) or
Cp(A).

2.9. QUESTION. Let X be a countable space and let A be a dense subset
of X. Is the Borel (projective) class of C,(X) (resp., Cp(A)) determined by
that of C'4(X)? Is Cp(X) Borel (analytic) if C'4(X) is? Can the exact Borel
(projective) class of C},(X) be greater than that of C'4(X)?

2.10. Remark. Let m4 : Cp(X) — Ca(X) be the projection map. Since
Ca(X) = ma(Cp(X)) and 74 is injective, C4(X) is Borel provided Cp,(X)
is (see [Kur]). We claim that also Cp,(A) is analytic provided C'4(X) is. The
latter can be shown as follows. If C'4(X) is analytic, then for every accumu-
lation point a € A the filter F, = {YNA|Y € 2X\Ma} and a € Int(Y U{a})}
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is an analytic filter on A\ {a} (cf. the proof of [DMM, Corollary 3.6]). If
now by Agr, we denote the space A topologized by isolating the points of
A\ {a} and by using the family {A U {a} | A € F,} as neighborhood base
at a, we have C,(A) = ({Cp(AF,) | a is an accumulation point of A}.
Since each Cp,(Ap,) is analytic, so is Cp,(A) (this argument was taken from
[DMM, Lemma 4.3]). =

Let us notice that the last two questions of 2.9 have negative answers for
bounded function spaces.

2.11. EXAMPLE. For any ultrafilter p € fw \ w we have, C*(w U {p}) =
Y e A\ My and CS(CUU {p})) € P1UP;. =

Observe that, for every p from Example 2.11, we also have C,(wU{p}) &
P1 U P,. Hence, we see that the gap between Borel classes of C%(X) and
Ca(X) can be as big as we wish.

3. Borel type of spaces Cr. For the Fréchet filter Fjy on w we use the
classical functional analysis symbols ¢y and c¢ to denote the spaces cp, and
Cr,. The spaces ¢y and ¢ considered as Banach spaces (with the sup norm)
are linearly isomorphic. The following fact shows a dramatic difference if
one considers ¢y and ¢ as subspaces of R“.

3.1. PROPOSITION. The spaces cg,c C RY are not linearly isomorphic.

Proof. Assume T : ¢y — c establishes a linear topological isomorphism
of ¢ onto c. Let || - || be the sup-norm on ¢ (and ¢y). First we note that the
graph of T,

I'={(z,Tz) |z € co} C o X c,
is closed in the norm topology. This follows from the obvious fact that I is
closed with respect to the coordinatewise topology on ¢ X ¢ and the fact that
the latter topology is weaker than the norm topology on ¢ x c. Consequently,
by the Closed Graph Theorem, T establishes a linear isomorphism of (co, ||||)
onto (c, |- ).

Consider the continuous linear functional ¢ : (c,|| - ||) — R given by
((zy,)) = limz,. It follows that £oT" : (¢, ||-||) — R is continuous and £oT" #
0. This obviously implies that ¢ o T is continuous with respect to the weak
topology w on ¢g. Consequently, for every convex closed neighborhood U of
0 € (co, ||-]]), ker(£oT)NU is closed in the w-topology, and ker(¢oT)NU # U.

Let B ={y € c| |ly]| <1} be the unit ball in ¢. We will show that for
U=T71B), ker({oT)NU is dense in U in the w-topology, contradicting
the above fact. To this end, first notice that given y € B, there exists a
sequence {yn tnew € B MNco so that {y, }new converges to y in R¥. We see
that {T "y, }neo converges to T~y in R¥ and T~ 1y, € ker(¢ o T). Since
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the w-topology coincides with the R“-topology on bounded sets, it follows
that {T~'y,} converges to T~y in the w-topology. m

Before we enter a discussion on Borel types of Cr, let us formulate the
following general fact which will be employed later on; its proof can be
obtained easily by using the argument of the proof of [Ma2, Lemma 2.1].

3.2. LEMMA. Let F be a filter on w which is not the Fréchet filter. Then
Cr is homeomorphic to the product Cp x R*. m

We identify a filter F' on a countable set T" with a subset of a Cantor set
27, As shown in [DMM, Lemma 4.2] the exact Borel class of cp is entirely
determined by that of F in 27. Here we try to recover this result for the
space Cp. The first result shows that Borel (projective) classes of C'r and
C} are not lower than that of F'.

3.3. PROPOSITION. Let F be a filter on a countable set T'. For every
countable ordinal o and n € w, we have:

(a) if Cp € Mg, then F € M,

(b) if Cp € Ay, then F € A,,

(¢c) if Cp € Py, then F € P,,.

In (a)—(c), the space Cp can be replaced by C}. provided F is not an ultra-
filter.

Proof. We may assume 7" = w. Consider
Z={f€Cr|¥new) (f(n)=0or f(n) =n+1)},
a closed subset of Cp. The map (z,,) — ((n+1)(1 — x,)) embeds 2¢ in R*
and sends F onto Z. Thus, the Cp-part of our assertion follows.
Assume that F' is not an ultrafilter on w (see 2.11). There exists a subset
M C w such that neither M nor N = w \ M belongs to F. Consider the
filters
G={ANM|Ae€F} and H={ANH|A€F}
induced by F' on M and N, respectively. The sets
Vi ={fe€Cprn{0,1}* | fIN =0},
Yo ={f € Crn{0,1}* [ fIM =0}
are closed subsets of C. It is clear that G and H are homeomorphic to
Y1 and Y5, respectively. Finally, since F' can be identified with the product
G x H, our assertion follows. m

Here is our counterpart of [DMM, Lemma 4.2] for spaces C.

3.4. PROPOSITION. Let F' be a filter on w. For every countable ordinal
a>1 andn € w, we have:
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(a) if F € Aq, then Cp € Mgyqq,
(b) if F € Mg, then Cp € Myy1 N Ani1 (more exactly, Cr is a differ-
ence of two sets belonging to M),

(c) if F € Py, then Cp € Py,

Proof. First we provide an argument which shows (a) and (c). Then we
adapt this argument to check that whenever F' € M, then Cr N [0,1]% €
My, Finally, since Cr is homeomorphic to

{feCr|V(new) (f(n) € (0,1) and lilrwnf(n) €(0,1))}

=(CrnI0,1]*)N(0,1)¥\ (crU (1 +cp)),
the space Cr is a difference of two sets belonging to M, (by [DMM, Lem-
ma 4.2], ¢y and hence 14+cp = {(z,, +1) € R¥ | (z,,) € cr} belong to M,).
Assume F € A, (resp., F € P,). For n € w and k € Z, write
2k 2k +1
Tn,k = ) .
2n+2 2n+2
Set T, = Upez Tk For m € N and [ € Z, define

. l 1
Sm,l,n = U {TnJg dlst (m7Tn7k> S m}

k
Let 0mi: [1,,c, Tn — 2% be given by

new - "
. 1 lf f(n) (S Sm,l,na
Qm,l(f)(n) - { 0 otherwise,

for f € [],,c, Tn- One can check that o, is continuous. We claim that

[e.e]
1) Cen I 70 = () U enhi.
new m=11€Z

(If f = (f(n)) € [],,c, T and there exists x € R such that for all € > 0
we have f~1((z —e,2 +¢)) € F, then for every m > 1 one can find | € Z
so that |z —I/m| < 1/(2m) and check that {n | f(n) € Sy} € F; this
shows g,,.1(f) € F. Conversely, if for every m > 1 one can find [ € Z so that
{n ] f(n) € Smin} € F, then there exists A € F' so that whenever i,j € A
then |f(i) — f(j)| < 4/m; this implies f € Cp.)

Pick a map 1, : T,, — R that transforms T, j, affinely onto [221?2’ gﬁig] ,
k € Z. Letting ¥ = [],,c, ¥n : [1,,eo, Tn — RY we see that ¢ is a perfect
map and that

(2) Crn [[Tn=v""(Cr).

new

Applying (1), Cr N [],c,, Tn € Maq1 (resp., Cp NI, c, Tn € Pn)- By (2)
and a result of Saint Raymond [SR1], Cr € My41 (resp., Cr € Py,).
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Now, let F € M,. We must show that Cr N [0,1]* € M,. Using the
sets T}, , we define

n—1
T, = | Ton-
k=0

With these T),, as previously, define for m € N and | € {0,...,m} the sets
Sm.i,n and maps g, ;. One can check

(1) Cen 7= Ueni(®).

new m=11[=0
Let ¢, : T, — [0,1] be a map such that T, ; is affinely transformed onto

[23%, giig] Letting ¢ = [],,c., ¥n : [1hew Tn — [0,1]¢, we have

(2) Crn [[Tn=v " (Crn[0,1)*).

ncw

Using (1)', Cr N[],co, Tn € Mq. As above, by (2)’ and a result of Saint
Raymond [SR1], Cr N [0,1]“ € M,. =

3.5. QUESTION. Let F' € M, be a filter on w. Is Cr € M7

Let F' be a filter on w. Identify the space Cr with C,(Ng). Using this
identification, let £ : Cp — R be given by ¢(f) = f(co0). We see that ¢ is
well defined and can be viewed as ¢(f) = limp f(n).

3.6. PROPOSITION. For a filter F € A, U My, and a countable ordinal
a,a>1,f:Crp — R is Borel of class a.

Proof Let U C R be an open set. We must show that ¢~1(U) €
A (CF).

We shall use some of the notation employed in the proof of 3.4. For n € w
and m € N, let

P = | J{T | V(t € T ) (dist(t, R\ U) > 1/m)}.

Recall that T;, = (Jcy, Tnr and define G, @ [],c., Tn — {0,1}“ by letting
for f € ]1,ce Tn>

Cn(m) = { 1 S € P,

0 otherwise.
Clearly, (,, is continuous, m > 1. Let v : [],., Tn — R* be that of the
proof of 3.4.
Suppose F € A,. Consider S = |Jo-_, (.} (F). We see that S € A, (S €
Ai1(IT e, Tn) for o = 1). We claim that ¢~ (¢/(5)) = S. Let f,g € [1,,c, Tn
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be such that g € J>_, ¢, (F) and ¢(f) = ¥(g). Since ¥(f) = ¥(g), we
have [g(n) — f(n)| < 1/n. Take mg such that g € (,1(F). If n > 2my

and g(n) € Py m,, then f(n) € P, om,. It follows that Cam,(f) D Cme(9) \
{0,1,...,2mp}; and hence (o, (f) € F. This shows that f € C;nlLO(F) CS.

Suppose F' € M. Let 7 = {A Cw |w\ A € F} be the dual ideal of F};
J is homeomorphic to F. Consider T' = (Hnau T\ ooy 6 H(T). We see
that 7 € A,. We claim that ¢~ (¢(T)) = T. Let f,g € [],e., Tn be such
it 1 15 ot () and 007)  ls). Take g ovehs thec T ¢ ).
If n > 2mg and f(n) € Py m,, then g(n) € Py, 2m,. As previously, it follows
that Cam,(g) € J; hence g € T

We now claim that

1) CFﬁS:Ome:(HTn>ﬂ£‘1
necw

Namely, we have f € S (resp., f € T') if and only if there exists m > 1 such
that f € (' (F) (resp., f & (' (J)). Suppose f € ([T,en, Tn) N HU)
and f(oco) = x € U. Let ¢ = dist(z,R\ U). For m,n > 4/¢ we have
(x —¢/2,x +¢/2)NT, C Puy. It follows that f € (,,'(F) and hence

f & ¢HT). Suppose now that f € Cp and f € ¢} (F). Since f & (.1 (J)
the set R = {n | f(n) € P, n»} is not in J. Take x ¢ U. Then for every
n>1, (x—1/(2m),x +1/(2m)) N P, = 0. Therefore for Q@ = {n | f(n) €
(x—1/(2m),z+1/(2m))} we have RNQ = (). Since R ¢ J, we have Q ¢ F.
It follows that f(o0) # z, so f(o0) € U

Since lim,, (f(n) =9 (f)(n)) = 0, one sees that limg f(n) = limpg (f)(n);

and consequently
- ¢(( I1 Tn> mfl(U)>.
ncw

This together with (1) and the fact that ¢~ (Cr) = Cp N[], ¢, Tn yields
1 U) =4(Crn S) = Cr N(S),
(71 U) =9(CrNT) = Cr N (),

The facts that ¥ =1(¢(S)) = S and ¥~ (¢(T)) = T together with a result

of Saint Raymond [SR1] show that, under our assumption, Cr N ¢(S) and
Cr N e(T) belong to A, (Cr). =

The following is a partial answer to Question 3.5.

3.7. COROLLARY. Forn € w, let F), be a filter on w with F,, € Uz, A,
a > 1. Then for the filter F =[] . F, onw X w, we have Cp € M,.

necw

Proof. We obviously have
F={ACwxw|V(new) {m]|(m,n)e A} e F,)}.
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Moreover, for f = (f(m,n)) € R“*¥ f € Cp if and only if f(-,n) € CF,,
n € w, and limp, f(-,n) = limp, f(-, k) for n,k € w. Now our assertion
follows by application of 3.4 and 3.6. =

The assertion of Proposition 3.9 below shows that the result of [DDM,
Lemma 4.2] is fully recovered for the spaces C}.. The proof of 3.9 requires a
particular case of the following general fact.

3.8. PROPOSITION. Let X be a separable metrizable space such that X =
Uoo, X, Xy € My, a > 2 and X, € Ag(X), where < . Then X € M,.

Proof. Let Y be a metrizable compactification of X and let Y;, € Ag
be such that Y,, N X = X,,. Consider Z = Uzozl Y, € Ag C M,. We have
Y, \X, € Ag; hence, |, (Yu\X,) € 4y and X = 2\, (Yo\X,) €
M, =

3.9. PROPOSITION. Let F' be a filter on w, a be a countable ordinal,
a>1, and let n € w. We have:

(a) if F € Ay \ Mg, then Cj € Moy \ Aat1,

(b) if F € My \ Aq, then Cj € My \ Aq,

(c) if F € MaN Ao \Ugco(AgUMp), then Cr € Mg \ Aa,
(d) if F € Py, then C}. € Py,

Proof. The proof of the second part of 3.4 yields that whenever F' €
Mgy, Cp N [—n,n]* € M, for n > 1. Since C = U, —,(Cr N [-n,n]*)
and each Cp N [—n,n]¥ is closed in C}, it follows from 3.8 that Cj €
M, (observe that here o« > 2 since there are no filters of class M;y). If
additionally F' € A, then, by 3.3, Cj € M, \ Aq; hence (b) follows. Assume
F e MaNA\Ugco(AsUMg). Consider the decomposition ' = G'x H of F
into filters G and H described in the proof of 3.3 (obviously, being Borel, F is
not an ultrafilter). We may assume that G € Mo NAs\Ug., Mp (if not, H
has this property). Recall that X' = {(z,,) € R¥ | (z,) is bounded}. Applying
[DMM, Lemma 4.2(3)], we find that c¢ € M, \ Aq. Since ¢ = cg N X and
¢ is homeomorphic to ¢ N (—1,1)*, we conclude that ¢, € M, \ A,.
Finally, since C7}, contains cf, as a closed set, it follows that Cj. € M, \ Aqy;
this shows (c).

To get (a), suppose F' € A, \ M,. Since C} = Cp N X, 3.4(a) yields
Crh € Mg41. Considering, as previously, F' = G x H, we may assume
G € A, \ M,. By [DDM, Lemma 4.2(4)], c¢ € May1 \ Aat1- As before,
this implies that ¢, € Mq41 \ Aq41 and consequently Cj € Mgt1 \ Aat1-

The assertion (d) follows from 3.4(c) and the fact that Cf =CrN Y. =

We now provide a counterpart of [DMM, Lemma 4.3]. Let X be a count-
able space. For every accumulation point a of X we consider the filter F,
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on X \ {a} consisting of all neighborhoods of a; hence
F,={Y e 2Ma} | g e Int(Y U {a})}.

3.10. LEMMA. Let X be a countable space and A C X be a dense set.
If there exists a countable ordinal o, « > 1 (resp., an integer n € w) such
that for every accumulation point a € X the filter Fy is in Ay, U M, (resp.,

F, € Pp), then Cy(X) € Mu41 (resp., Ca(X) € Pp).

Proof (cf. [DMM, Lemma 4.3]). Let a be an accumulation point of X.
Define a filter on A by letting

G, ={YNA|Y eF,}.
The filter G, is homeomorphic to
{YeF,| X\ (AU{a}) C Y},

a closed subset of F,,. Therefore G, € A, UM, (resp., G, € P,). Let X, be
the space AU {a} topologized by isolating the points of A\ {a} and using
the family {Y U{a} | Y € G,} as a neighborhood base at a (it may happen
that a € A). Then either C4(X,) is isomorphic to c¢g, (in case a € A),
or else C4(X,) is isomorphic to Cg, (in case a ¢ A). From Proposition
3.4 and [DMM, Lemma 4.2] (see also [CDM, Corollary 5.3(d)]) it follows
that in both cases Cx(X,) € My (resp., Ca(X,) € Pn). Now, 3.10 is a
consequence of the following observation:

Ca(X) = ﬂ{CA(Xa) | a is an accumulation point of X}. m

3.11. Remark. Let X, be the space from Proposition 2.6. Then Cp,(X,)
€ F,s5. Moreover, according to Lemma 3.10, there exists a € X, such that
F, & U6<a Az U Mg; in fact, one can show that a = z, has this prop-
erty. (As shown in [DMM, Corollary 3.6] the filters F, are analytic provided
Cp(X) is analytic.) Observe that the filter F, has a base which is of the
F,s-type. Namely, the filter base {Y C X \ {a} | Y U {a} is a clopen subset
of X containing a} is homeomorphic to

{fe Cp(Xa) N Ao, 1}Xa | f(a) =1},
a closed subset of Cp,(X,). m

4. Z,-property of C4(X). We recall that a closed subset A of an
absolute neighborhood retract M is a Z-set if every map f : K — M of
a compactum K into M can be approximated by maps f : K — M \ A.
A space which is a countable union of its own Z-sets is called a Z,-space.
Obviously, every Z,-space is of the first category. It is a well-known fact
that a dense convex subset of a convex Z,-space is itself a Z,-space. Since
Ca(X) is dense in R? and since ¥ = {(z,) € R¥ | (z,,) is bounded} is a
Zs-space, we have:
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4.1. LEMMA. Let X be a space and let A be a countable dense subset
of X.

(a) The space C%(X) is a Z,-space.

(b) If X is compact, then Ca(X) is a Z,-space. m

4.2. PROPOSITION. Let X be a countable nondiscrete space and let A

be a dense subset of X. If Ca(X) is analytic, then Ca(X) and Cp(X) are
Z 5 -SPaces.

Let us recall that a filter ' on a countable set T is of the first category
if F" belongs to the o-field generated by the open sets and the first category
sets of 27. We need the following fact.

4.3. LEMMA. Let F be a first category filter on a countable set T'. Then
for every 0 < r < oo the space Cr N [—r,r]¥ is a Z,-space.

Proof. By a result of Talagrand [Ta, Theorem 2.1] there exists a se-
quence of pairwise disjoint finite sets A,, C T such that every A € F meets
all but finitely many A,,, n € N.

For finite r, let

X, ={feCprn[-rr]*|V(k>n)I(me Ax) (|f(m)| <2r/3)}
and

Yo={feCprn[-rr]?|V(k>n)I(me A) (|[f(m)| >r/3)}.
An argument of the proof of [DMM, Proposition 3.3] shows that each X,
and Y,,, n > 1, is a Z-set. Moreover, Cp N [-r,7]* = J,_, X,, UY,,.

For r = oo, let

Xng={f € Cp |V(k>n)I(m e Ag) (|f(m)| <D}
As previously, each X, ; is a Z-set in Cp and Cp = Uf:’lzl Xni. m
Proof of 4.2. 1° Assume A has an accumulation point a € A. Consider
E={fe€Ca(X)n{0,1}"| f(a) = 1},

a closed subset of C'4(X). The space E can be identified with F,, = {UNA | U
is clopen and a € U}. Let F' be the filter on A \ {a} generated by F,, i.e.,

F={BcA\{a}|3(f€BE) (f~'({1}) c Bu{a})}.
By an argument of [DMM, Corollary 3.6], F' is an analytic filter and con-
sequently it belongs to the o-field generated by the open sets and the first
category sets of 24\ By 4.3, Cr is a Z,-space. Since C'4(X) is a dense
linear subspace of Cr x R € RAMe} x R = R4, C4(X) is a Z,-space.
2° Assume A is discrete. For every z € X\ A,let F, = {UNA |z € IntU}
be a filter of neighborhoods of x.

CLAIM. There exists xo € X \ A such that F,, is of the first category.
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Suppose F) is of the second category for every z € X \ A. By a result of
Talagrand [Ta, Proposition 23], the filter

F=({F|zeX\A}

is also of the second category. We have F' = {UNA |V(z e X\ A4) (xz €
IntU)} ={UNA| X\ ACIntU}, a filter of neighborhoods of X \ A. Let
A ={a, |n € w} and set

S={feCsX)|V(new) (fla,) =0o0r f(a,) =n+1)}.

It is clear that S is a closed subset of C'4(X); consequently, S is analytic.
The map f — f~({0}) establishes a homeomorphism of S onto F. This
yields a contradiction.

Continuing the proof of 4.2, let Fy,, be a first category filter. By 4.3, CF,
is a Z,-space. Since C4(X) is a linear dense subspace of C ., the latter is
also a Z,-space.

Since C,(X) is a dense linear subspace of a Z,-space C4(X) x R¥\A it
itself is a Z,-space. m

Example 2.11 shows that our Claim fails to hold under a weaker hypothe-
sis that C% (X) is analytic. Observe also that, in Example 2.11, the suitable
spaces Cx(X) and C,(X) are not Z,-spaces (they are not first category
spaces).

Using the full strength of 4.3 and the fact that dense convex subsets of
a convex Z,-space are Z,-spaces we obtain:

4.4. Remark. For a countable nondiscrete space X and a dense subset
A of X such that C4(X) is analytic, the space C o (X)N[—r,7]4 is a Z,-space
for every r > 0. m

5. Topological identification of F,s-spaces C4(X). Let us recall that
the main result of [DMM] states that for countable nondiscrete X the space
Cp(X) is homeomorphic to 0% provided it is of F,s-type. In this section we
extend this result to some spaces Cs (X).

5.1. PROPOSITION. Let X be a space and let A be a countable dense set
in X. If Ca(X) € Fys (resp., Cy(X) € Fy5) and A contains a nontrivial
sequence convergent in X, then Ca(X) (resp., C4(X)) is homeomorphic
to o“.

Proof. Fix a sequence {z,}%2, C A, limz, = z¢ and z,, # x,, for
n #% m. Using the fact that X is completely regular, we find a sequence
of continuous functions f, : X — [0,1], n > 0, such that f(x,) = 1 and
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F7H(0,1) N £,5((0,1]) = 0 for m # n. For t = (t,,) € co define

QO(t) = Z tnf2n-
n=1

Since the series converges uniformly, p(t) € Cp(X). Clearly, ¢ maps cg injec-
tively into Cp,(X). Here is how the image ¢(co) can be linearly complemented
in Ca(X). For f € Ca(X), define (t]) € co by letting

th = f(x2n) = f(220-1)-
The map f — ((t]),f — @((tf))) splits Ca(X) into ¢y x Z, where Z =
{f —o((tf)) | f € C4(X)}. Since Z is a closed linear subspace of C4(X)
and since ¢ is homeomorphic to ¢, [BM, Corollary 5.4] implies that C4(X)
is also homeomorphic to o%“.
Note that, in fact, for every t € co we have p(t) € C;(X). Therefore, the

above splitting determines a similar splitting of C;(X). Hence, the assertion
for C% (X)) follows as well. m

5.2. COROLLARY. Let X be a nondiscrete Fréchet space. For every count-
able dense subset A of X such that Ca(X) € Fy5 (resp., C4(X) € Fps), the
space C'a(X) (resp., C% (X)) is homeomorphic to o*. m

The following lemma provides examples of spaces C4(X) that are of
F,s-type.

5.3. LEMMA. Let M be a compact space and let A be a countable subset
of Cp(M).

(a) If A is dense in a compact set K C RM | then Ca(K) is an F,s-set.

(b) For every countable set X C Cp(M) such that A C X and A is dense
in X, the space Cx(X) is an Fys-set.

Proof. The assertion (a) is that of [Mal, Theorem 2.3]. Here is a modi-
fication of this argument to justify (b). We have ¢ € C'4(X) if and only if for
every f € X and for every p € N there exist n € N, k € Nand mq,...,my €
M so that whenever gi,g2 € A and maxi<;<g |g;(m;) — f(my;)] < 1/n,
j=1,2, then |p(g1) — ¢(g2)| < 1/p. By the compactness of M and the fact
that X C C,(M), each set

{o € R | 3(ma,...,mx € M)V¥(g1,92 € A)
(i Jgy(my) — f(mo)] < 1/m) = lo(gn) — ola2)| < 1/])
je{1,2}
is closed in R“. Hence, the assertion (b) follows. m

5.4. Remark. The compactness of M can be replaced by o-compact-
ness. However, the result cannot be extended beyond the class of A;. There
exists a countable set A C C,(P), where P is the space of irrationals, so
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that C,(A) is non-Borel. Namely, by [LvMP, Theorem 4.1] there exists a
countable regular space A (with exactly one nonisolated point) such that
Cp(A) is analytic and non-Borel. Write Y = C},(A) and take any surjection
a : P — Y. Then o* given by o*(f)(a) = f(a(a)), f € Cp(Y), defines
an injection of Cp,(Y') into C,(P). Since evidently A embeds in C,(Y) =
Cp(Cp(A)), A embeds in Cp(P). m

Recall that every compact K consisting of first Baire class functions (i.e.,
a Rosenthal compactum) is a Fréchet space [BFT, Theorem 3F]. Below we
include examples of such spaces K.

5.5. ExaAMPLE. (a) The Helly space consisting of all nondecreasing func-
tions f of [0, 1] (cf. [E, Exercise 3.2.E]).

(b) The space of functions from [0, 1] into [0, 1] of total variation < 1 in
[0, 1](0:11,

(¢) The unit ball (Bgs=«,w*) of the second dual E** with the weak*-
topology, where E is a separable Banach space which does not contain an
isomorphic copy of /. m

All of the above examples contain countable dense subsets consisting of
continuous functions. In this case the estimation of the Borel class of the
space C'4(X) can be obtained via 5.3(a). Let us describe another example of
Rosenthal compactum X for which the function spaces C'4(X) is of F,s-type.

5.6. EXAMPLE. Let X be the well-known two-arrow space, i.e., X =
[0,1] x {0,1} with the order topology given by the lexicographic order

(t1,61) < (t2,€2) if t; <tgor (tl =ty and g1 < 62)
(cf. [E, Exercise 3.10C]). (It is clear that X is separable and first countable.
Since X can be identified with the space of nondecreasing functions f :

[0,1] — {0, 1}, it is easily seen that X is compact.) In the lemma below we
evaluate the Borel class of the space C4(X).

5.7. LEMMA. For every countable dense set A C X the space Ca(X) is
an F,s-set.

Proof. For x € X, let {Ug}new be a base of neighborhoods of the
point z. Using the fact that X is first countable, we see that f € Cy(X) if
and only if

(%)  for every sequence {z,}52, C A, z, # x, n > 1, with limz,, =z €
X, the limit lim f(x,) exists, and for given x € A and a sequence
{zn}52, C A with limz,, =  we have lim f(z,,) = f(x).

Obviously, the second part of (%) holds if and only if for every z € A
and every m > 1 there exists n € w such that whenever y € AN U,, then

|f(z) = fly)l < 1/m.
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For f € R4 consider the following property:

(#¢) V(m>1)3In>1)V(z1 <...<zpandz; € A, 1 <j<n)
1 <i <n) ([f(2:) = f(@ig2)] < 1/m).

We will show that (sx) holds for f € C4(X) and that (sx) implies the first
part of (x).

Suppose f € C4(X). Then for every m > 1 there exists a finite open
cover {Uy,...,Uyp} of X such that diam(f(U; NA)) <1/m,1<j<n. We
may assume that U; is an interval with respect to the order <, 1 < j < n.
Consider z; € A, 1 < j < n+1, with 1 < ... < x,41. There exist 4, k,
1<i<k<n+1,and j, 1 <j <n,such that z;, z;, € Uj. It follows that
xip1 € Uj. Hence |f(z;) — f(zit1)| < 1/m and (xx) is satisfied.

Now, suppose (xx) is satisfied. We will show that for every z € X and
{zn}52, C A, x, # x, n > 1, and such that limx,, = z, lim f(z,) exists.
Assume, to the contrary, that lim f(x,,) does not exist. Then there exist m >
1 and an increasing (if z = (¢,0) for some ¢t € [0, 1]) or decreasing (for z of the
form (t, 1)) subsequence {x,, } of {x,} such that |f(z,,)—f(2n,,,)| = 1/m.
This clearly contradicts ().

It is now clear that f € Cx(X) if and only if

(#xx)  [V(m>1)3(n > 1)V(r1 < ... <zpand z; € A, 1 < j <n)
1 < <n) (If(z:) = fwip)| < 1/m)] &
[V(z € A)¥(m = 1)3(n € w)¥(y € ANUs,n) (If(x) = f(y)| < 1/m)].

The formula (s#*) shows that the space C4(X) is an F,s-set. m

5.8. COROLLARY. For each space X from 5.5 (resp., for the space X
from 5.6) and every countable set A consisting of continuous functions and
dense in X (resp., every countable dense subset A of X), the spaces Ca(X)
and C*%(X) are homeomorphic to c*. m

We can also apply 5.1 and 5.3 for the spaces which lack the Fréchet
property.

5.9. EXAMPLE. Let A be the set of all continuous functions from the
Cantor set 2 into {0,1} and let B be a countable norm dense subset of
the space of continuous functions from 2 into [0, 1]. Obviously A and B are
countable dense subsets of the products {0, 1}2" and [0, 1]2”, respectively. By
Lemma 5.3(a) the spaces C4({0,1}?") and Cp([0,1]?") are Fjs-sets. Since
A and B contain nontrivial convergent sequences, from Proposition 5.1 it
follows that C4({0,1}2") and Cp([0,1]*") are homeomorphic to o*. Let us
point out that 1.1 implies that it is also possible to find countable dense
subsets C' C {0,1}?" and D C [0,1]*" such that the spaces C({0,1}>")
and Cp([0,1]?") are not analytic. =
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The following result generalizes the main result of [DMM].

5.10. THEOREM. Let X be a nondiscrete countable space and let A be
a dense subset of X such that Ca(X) € Fy5. Then Ca(X) and C%(X) are
homeomorphic to o“.

5.11. Remark. Let us point out that there exist spaces X satisfying
the assumptions of Theorem 5.10 which are not Fréchet spaces (compare
5.10 and 5.2). For example one can easily check that for the filter

F:{ACN‘ > 1/n<oo}:U{AcN’ > l/ngk}eFa

neN\A kEN neN\A

the corresponding space Nr does not contain any nontrivial convergent se-
quence. From Proposition 3.4 and [DMM, Lemma 4.2] it follows that both
spaces Cp(Np) and Cn(Np) are Fjys-sets. The space from [DMM, Example
7.1] also has similar properties.

The proofs of Theorem 5.10 and a few of our next results on the topo-
logical identification of C'4(X) spaces rely more directly on the absorbing
set method than the proof of 5.1. However, we decided to avoid presenting
the details of this method. Instead, we formulate two consequences of this
method which we will employ.

We say that a space Y is M -universal, where « is a countable ordinal,
a > 1, (resp., Pn-universal, n € w) if every A € M,, (resp., A € P,,) embeds
onto a closed subset of Y. We will make use of the M -universal space (2,
a > 1, and the P,-universal space II,, n > 1; these spaces are known as
M-absorbing and P,,-absorbing sets and were constructed in [BM] and [C],
respectively. We have (2, € Mo\ Ay, a > 2, and II,, € Pp\U,o,, Pr, 0 > 1.
Obviously, Y is M-universal (resp., P,-universal) if and only if {2, (resp.,
I1,,) embeds onto a closed subset of Y. We just have 25 = o¥.

5.12. PROPOSITION. Let Y be a linear dense subspace of R¥, « be a
countable ordinal and n € w. Assume that

(i) Y is homeomorphic to Y x R¥,
(i) Y is a Zy-space,
(iii) Y is My-universal and Y € Mg, a > 2 (resp., Y is Pp-universal
andY € Pp, n > 1).
Then'Y is homeomorphic to §2, (resp., II,,).
Proof. Apply [CDM, Theorem 3.1] and results of [BM]. =

We will also need the following specific fact which is a slight modifi-
cation of a particular case of [DMM, Lemma 5.2] (for the proof, see also
[CD, Proposition 3.6]).
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5.13. LEMMA. Let X; and Y; be dense linear subspaces of RY)Y; C X,
1 € N. Assume that

(iii)" 0¥ is embeddable in Y; as a closed subset of X;, i > 1.

Then every Z,-space X which is an absolute F,5-set and satisfies

{(371‘) € ﬁYz

18 homeomorphic to c*. m

[o.0]
z; =0 a.e.} CXC HXi
i=1

Now we are ready to provide the proof of 5.10. First we settle the case
of Cr and C% spaces.

5.14. PROPOSITION. Let F be a filter on w. If Cp € Fys, then Cp is
homeomorphic to “.

Proof. For the Fréchet filter Fy, we have Cr, = ¢; according to [DM,
Theorem 4.2], C', is homeomorphic to .

Assume F is not the Fréchet filter. By 3.2, Cr is homeomorphic to
Cr x R¥, and in view of 3.3 and 4.3, Cr is a Z,-space. Now, Proposition
5.12 is applicable (the case of a = 2) provided Cr contains a closed copy of
o%. This is shown in the lemma below. m

5.15. LEMMA. If F' is a first category filter on w, then cp (resp., c})
contains a copy of o* that is closed in Cp (resp., in C}).

Proof. By [Ta, Theorem 2.1] there exists a sequence of pairwise disjoint
finite sets A,, C w such that every A € F meets all but finitely many A,
n > 1. Let Ny = ;o Aok, and No = w \ Ny. Define E = {f € Cp | (f| N
=0) and V(k € N) (f is constant on Asy)}, a subset of cp closed in Cp. We
see that F is isomorphic to ¢y and our assertion for Cr follows. The same
proof works for C%. =

In view of 3.9, the following result is a counterpart of 5.14 for C. spaces.

5.16. PROPOSITION. If F' is an F,s-filter on w, then C}, is homeomorphic
to o®.

Proof of 5.16. Applying [DMM, Proposition 2.4], we decompose w
into infinite sets NV;, ¢ € N, such that F; = {ANN,; | A € F'} is an F,s-filter
on N;. For the natural isomorphism h : R¥ — []2, R we have

{(SCZ) € ﬁc} ‘ x; =0 a.e.} C h(Cyp) C ﬁC’}‘;
i=1

i=1
By 4.1 and 3.9, the space C} (and hence h(C})) is a Z,-space and is an
absolute Fis-set. Now, 5.13 is applicable with X = h(C}), X; = C} and
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Y; = ¢k, because, according to 5.15, ¢} contains a copy of o which is closed
inCgr,i>1 =

Proof of 5.10. According to [DMM, Proposition 6.1] either

(1) there exists Y C X such that Y is clopen with exactly one nonisolated
point, or

(2) X = U,,co, Xn, where each X,, is a nondiscrete clopen subset of X
and X,, N X,, = 0 for n # m.

If (1) happens, then C4 (X) is homeomorphic to the product Cany (Y') X
Cay (X \Y). Since Y can be identified with a space N for some filter F,
by 5.14 and [DMM, Theorem 1.1], Cany (Y') is homeomorphic to ¢¥. By
[BM, Corollary 5.4], C'4(X) is also homeomorphic to o*. With the help of
5.16, the same argument yields the case of Cj(X) (here we need the fact
that F'is an F,; filter, which follows from 3.3).

If (2) happens, then C4(X) can be identified with [] 7 | Canx, (X,).
Since X, is not discrete, 4.2 is applicable and each C'anx, (X, ) is a Z,-space.
By [DM, Corollary 2.7], the product [],>; Canx, (X») is homeomorphic
to o%.

The case of C%(X) needs some adjustment. We have

{(2) € T Cinx, (X) | fa=0ae.} € Ca(X) [T Clnx, (X0).
n=1 n=1

According to 4.1 and our assumption C% (X) is a Z,-space which is an abso-
lute F,s-set. Now, 5.13 is applicable provided we show that each Cx (X))
contains a closed copy of o“. To show the latter, first we rearrange indices
in order to get that each X, satisfies (2). It is now enough to check that
whenever X satisfies (2), then C% (X) contains a closed copy of o*.

To see this consider [[)7 | Chx, (Xn) N [=1,1]47%" a closed subset
of C%(X). Since X, is nondiscrete, by 4.4, Chx (X,) N [—1, 140X =
Canx, (Xn)N[=1,1]4"%" is a Z,-space. Now applying [DMM, Lemma 5.3,
we deduce that []7; Chny, (Xn) N [=1,1]47X" contains a closed copy of

c¥. m

5.17. Remark. Our Theorem 5.10 recovers Theorem 1.1 of [DMM]
which was formulated in both absolute and bounded cases. As was kindly
brought to our attention by Jan Baars, the proof of the bounded case was
not exactly the same as that of the absolute case (as suggested in [DMM)]).
This is why we included a detailed proof for the case of C%(X) here. m

6. Analytic C'4(X) for separable metrizable X. Let X be a separa-
ble metrizable space. The main result of this section is Theorem 6.2 which
contains a complete topological classification of the analytic spaces Cs(X)
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and C%(X). The case where X is discrete is obvious; simply C4(X) and
C% (X) are isomorphic to R¥ and X, respectively.

We start with the observation that C4(X) is an absolute Fjs-set for
every g-compact X.

6.1. LEMMA. Let X be a o-compact metrizable space. For every countable
dense set A C X, Cy(X) is an absolute F,s-set.

Proof. Let X =
metric on X. We have

Ca(X)={f e R |V(n € w)V(m e N)I(l € N)V(a,b € A)
[(d(a,b) < 1/l and dist(a, X,,) < 1/1) = |f(a) — f(b)| < 1/m]}.
This shows that C4(X) is an absolute Fjs-set. m

new Xn, where X, are compacta, and let d be a

Here is our main result.

6.2. THEOREM. Let X be a separable metrizable nondiscrete space and let
A be a countable dense subset of X. The following conditions are equivalent:

(a) X is o-compact,

o
N—
Q
b
~.
»
)
3
=)
f=p)
w»
=
IS
~
(e
i
(o9
%
[eM)
u@h

(

( (X)

(d) Ca(X) is homeomorphic to o,

(e) CH(X) is an analytic set,

( (X) is an absolute F,s-set,
(X) is homeomorphic to o*.

Proof. Note that the implications (d)=-(c)=(b) and (g)=(f)=(e) are
obvious, (¢)=(d) and (f)=-(g) follow from 5.2, and (a)=(c) and (a)=(f)
are consequences of 6.1. The implication (b)=-(e) follows from the fact that
C%(X) is an F,-subset of Cs(X).

Here is the proof of the remaining implication (e)=-(a). If the space
C*%(X) is analytic then its closed subset S = C4(X) N [~1,1]* is also ana-
lytic. Let (Y, d) be a metric compactification of the space X. By K (Y \ X) we
denote the space of all compact subsets of Y\ X equipped with the Vietoris
topology. K (Y \ X) is a separable metrizable space (cf. [Kur, §17,42]).

Consider the map @ : S — K(Y \ X) defined by

(f) ={y €Y |V(n e N)3(a,b € A) (d(a,y) <1/n,
d(b,y) <1/n and |f(a) — f(b)] > 1)},
for f € S. One can easily check that @(f) is a closed subset of Y disjoint from
X, therefore @ is well-defined. The map @ is onto. Indeed, for given compact

K C Y\ X take a dense subset {y; | k£ € w} of K. Let {(ki,n;) | i € w}
be an enumeration of w x N. By induction choose points a;,b; € A such
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that d(a;,yk,) < 1/ni, d(bi,yr,) < 1/n; and dist(a;, K) > dist(b;, K) >
dist(a;+1, K) for i € w. Let g : (0,00) — [—1,1] be a continuous function
such that g(dist(a;, K)) = 1 and g(dist(b;, K)) = —1 for i € w. For the
function f : A — [—1,1] defined by the formula f(a) = g(dist(a, K)) for
a € A, we have f € S and &(f) = K.

We will show that @ is Borel (in fact of the second class). It is enough
to verify that for any given open set U C Y the sets

Vi={KeKY\X)|KcCU}
Vo={KeKY\X)|KnU # 0}
have Borel inverse images under @. We have
o '(V)={f€S|3(neNWV(a,bec A
[(d(a,b) < 1/n and dist(a,Y \U) < 1/n) = |f(a) — f(b)| < 1]} € A1(9),
o (Vo) ={f €S |3k eNV(necN)I(a,bec A)
(d(a,b) < 1/n,dist(a, Y \U) > 1/k and |f(a) — f(b)] > 1)} € A2(95).
The space K(Y \ X), being a Borel image of an analytic space, is also

analytic. By [SR2, Theorem 8] (see also [Ch, Theorem 3.3]), Y\ X is an
absolute G-set which means that X is o-compact. =

Let us mention that the equivalence of the conditions (a), (b) and (c)
of Theorem 6.2 was proved by O. Okunev [O, Theorem 2.1]. Also A.
Krawczyk (unpublished) obtained a partial result in this direction. It turns
out, however, that the main implication between these three conditions,
(b)=(a), was implicitly contained in the proof of [Ch, Theorem 3.7]; yet,
we were not able to use Chirstensen’s argument to prove the (stronger) fact
that the analyticity of C%(X) implies the o-compactness of X.

7. Spaces Cr of arbitrarily high Borel complexity. Let us recall
the inductive construction of filters F,, (o odd) and G, (« even) used in
[CDM, Section 8]; here « is a countable ordinal. Fix any filter F; € Aj;.
Suppose the filters Fjg3 have been defined for all odd 8 < a. If @ — 1 is not a
limit ordinal, put 3, = o —2, n > 1; if & — 1 is a limit ordinal, pick (3,) to
be a sequence of odd ordinals such that 1 < 8, < a—1 and sup 8, = a— 1.
We let

F, =TFP(2*, Fg,)
(see the proof of 2.6 for the definition of the symbol FP; here X, = 2,
n € N). For all even o, a > 0, define G, as follows. If a is not a limit

ordinal, we let G, = F3°,. If v is a limit ordinal, pick a sequence (3,,) of
odd ordinals such that 1 < 3, < a and sup 3, = «a, and let G, = [[°—, F,.

7.1. THEOREM. For every odd (resp., even) countable ordinal o, av > 1,
the space Cr, (resp., Cg,) is homeomorphic to 2o41 (resp., (2,).
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Proof. By [CDM, Lemma 8.6], for every a we have F,, € A, (actually,
F, € A, \ M,). This, together with 3.4(a) and 3.7, shows that for odd
(resp., even) o, Cp, € Myy1 (resp., Cq, € M,).

It follows directly from the construction of F, and G, that for a > 1
the filter F,, (resp., G,) can be identified with the product F, x F, (resp.,
Go X Gg) defined on the union of two disjoint copies of w. With this identi-
fication we see that Cr, «r, (resp., Ca,xq, ) contains cp, (resp., cg,) as a
closed subset (cf. the proof of 3.3). By [CDM, Theorem 8.7], c¢g, (resp., ca.,)
is homeomorphic to 2,41 (resp., 24). This shows that Cr_ «r, , and hence
Cr,, is Mq41-universal (resp., cg,_ xq. , and hence Cg_, is M-universal).
Obviously none of the filters F,, and G, a > 1, is the Fréchet filter; conse-
quently, 3.2 is applicable to deduce that Cg_ (resp., Cg, ) is homeomorphic
to Cp, x R¥ (resp., Cqg, x R¥). By 4.3, Cp, (resp., Cg,) is a Z,-space.
Finally, our assertion follows from 5.12. m

To provide spaces C'r homeomorphic to {2, for arbitrary o > 1, we shall
make use of filters F' = Fy, A C I¥, described in [CDM, Section 9]. In this
way, we also find filters F;, such that C'r, is homeomorphic to II,, n > 1.
First, let us recall the construction of filters Fy.

Let d be a metric on I¥ bounded by 1. Fix Q, a finite (1/k)-net in 1.
Assume {Q}72, is pairwise disjoint and let {g,}52; be an enumeration of
Ure, Qk. For k € N put Ny, ={n €w | ¢, € Qx}. For every g € I*, set

oo
By = | J{n € Ni | d(g, q.) < 2/k}.
n=1
Finally, for A C I¥ let F4 be the filter on w generated by the sets of the
form
w\ (Bg U...UDB,, US),
where n € w, ¢j € A, 1 < j <n, and S is a finite set. For A = I, we write
Fp=F.
According to [CDM, Proposition 9.2], F4 € M, (resp., P,) whenever
A e My (I¥) (resp., A € P,(I*)). The following lemma provides a positive
answer to 3.4 for filters Fy.

7.2. LEMMA. For every A € M(I¥) (resp., Pn(I*)), the space Cp,
belongs to M (resp., Pr).
Proof. First we extract ji € N, k € N, so that {ji} — oo in Np, for
every B C I¥. To this end, fix qp € I* and find j; € Nk so that
2/k < d(qo, q5,) < 4/k.

It is clear that for a given g € @, there exists ko so that d(q,q;,) > 2/k for
k > ko. It follows that ji € w\ By for k > ko; and hence {j;} — oo in each
Np,, B C I*.



60 T. Dobrowolski and W. Marciszewski

Recall Crp = Cjw. One sees that f € Cp if and only if, given ¢ > 0,
all n such that |f(n) — f(co0)| > € belong to By, U...U By, U S for some
qi,---,qr € I* and some finite set S. It follows that such an f € Cr belongs
to Cp, if additionally we may require that none of ¢i,...,q; belongs to
I¥ \ A. This happens exactly when for every ¢ € I“ \ A and every € > 0,
| f(n) — f(oo| < € for all but finitely many n € B,. Since {jz} — oo in Ng,,
the above statement is equivalent to requiring that for every ¢ € I¥ \ A and
every € > 0 there exists ky € w such that for k > kg and for all n € N, N B,
we have |f(jx) — f(n)| < e. For every ¢ € I, define

Cy={f €Cp|Y(e>0)3(ko € NV (k > ko)
V(n € Ny 0 By) (If() = f(n)] < e)}.
We have
Cry ={f €Cr|V(aeI”\A)(f €Ty}

Suppose now that A € M,, a > 2. Then we can write A = (\~_; B,
where B,, € Uz, As. We have

Cro={recr|¥(aem\ (B, (Fecy)

= (W{f€Cr|¥(aeI*\B.)(f €Cy)} = [ Cry,.
n=1 n=1
Applying [CDM, Proposition 9.2], we obtain Fp, € Uﬁ<a Ag. By 3.4,
CFp, € My; consequently, Cr, € M,.
The case where A € P, (I¢) follows from [CDM, Proposition 9.2] and
3.4(c). m

7.3. THEOREM. Let A € M (I*), a > 2 (resp., A € P,(I*), n > 1).
If A is M-universal (resp., Pn-universal), then Cr, is homeomorphic to
Q4 (resp., Cp, is homeomorphic to II,). In particular, for A = 2, C I¥
(resp., A = I, C I*), Cr,_ (resp., Cpy, ) is homeomorphic to {2 (resp.,
II,).

Proof. Lemma 7.2 implies that cp, € M, (resp., Cp, € P,). The
statement of [CDM, Proposition 9.1] easily guarantees that A can be em-
bedded onto a closed subset of C'r,. Consequently, Cr, is M-universal
(resp., Pp-universal). Since F4 is not the Fréchet filter, 3.2 is applicable;
and consequently C'r, is homeomorphic to Cr, x R“. If A is Borel then, by
application of [CDM, Proposition 9.1] and 4.3, the space Cr,is a Z,-space.
If A is merely projective, then Cr, is also a Z,-space because Cr, is a dense
linear subspace of the linear space C'r (recall F' = I*). Now, our assertion
follows from 5.12. =
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