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A free group acting without fixed points
on the rational unit sphere

by

Kenzi Sato (Tokyo)

Abstract. We prove the existence of a free group of rotations of rank 2 which acts
on the rational unit sphere without non-trivial fixed points.

Introduction. The purpose of this paper is to prove that the group
S0O3(Q) of all proper orthogonal 3 x 3 matrices with rational entries has a
free subgroup F5 of rank 2 such that for all w € F5 different from the identity
and for all 7€ S2NQ? we have w(7) # 7 (Theorem 2). The question if such
a group exists was raised by Professor J. Mycielski. Theorem 2 has the
following corollary. The rational unit sphere SN Q? (= {#€ Q3 : || = 1})
has all possible kinds of Banach—Tarski paradoxical decompositions, e.g. a
partition into three sets A, B, and C such that

AxBr~(C~AUB~=BUC=CUA,

where &~ denotes congruence by a transformation of Fy (such a partition is
called a Hausdorff decomposition). The proof of this corollary of Theorem 2
is well known (see e.g. [W, Cor. 4.12]). Moreover, since in this case the
space S? N Q? is countable, the proof does not require the axiom of choice.
A Hausdorff decomposition is not possible for the real sphere S? (= {7 €
R3 : || = 1}) relative to SO3(R) (= the group of all proper orthogonal
matrices) since every rotation of S? has fixed points (thus C ~ AU B
cannot hold). However, it is possible if reflections are allowed (see [A] or
[W, Theorem 4.16]).

Other constructions of free subgroups of SO3(Q) are known. S. Swiercz-
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kowski ([SwO0], [Sw1]) has shown that the transformations

cos¢ —sing 0 1 0 0
sing cos¢ 0 and 0 cosp —sing
0 0 1 0 sing cos¢

are free generators if cos¢p € Q \ {—1,—-1/2,0,1/2,1}. But of course these
generators have fixed points in S? N Q3.

Theorem 2 gives a concrete example of a pair of free generators of a free
group acting without non-trivial fixed points, namely

1(6 2 3 1(2 63
b=z 2 3 -6 and v = - 6 3 2
-3 6 2 -3 2 6

Preliminaries. Thus our aim is to prove that:

For every non-empty reduced word w in {u=t, vt u,v}, the rotation

w € SO3(Q) is not the identity and its azis intersects the sphere S? at
wrrational points.

We will use Hamilton’s quaternion field R x R? with *, where
(c,s) % (c,5) = (de—§ -5 cs + 5+ 5 x 7).
If c e R, € R?and ¢® + |§|> = 1, then the pair of quaternions +(c, )
represents a single rotation  on S? (see also [Sa]). The rotation v € SO3(R)
is the identity rotation iff § = 0. Otherwise v is determined as an anti-

clockwise rotation on S? around the vector 5, whose angle 6 is such that
c = |sin(6/2)|/ tan(0/2), i.e.,
Y(7) =2(5-7)5+ (¢ — |5)*)F 4+ 2c5 x 7 for 7 € 2.

We denote the pair which represents the rotation v by %(c, 55). The pair of
quaternions +(cg, §3)*(cq, 5o ) represents the rotation Foa, since (0,v(7)) =
(Cy, 8)%(0,7)%(cy, —3,) for all ¥ € S%. And v~ is represented by +(c,, —§,).

The two rotations p,v € SO3(Q) defined above are represented by the
quaternion pairs

1 2e
i(cua,gﬂs) == i\/ﬁ 37 3 and
0
1 0
+(cys,55)=x—=[3,| ¢ ,

+
V14 25

where €, € {—1,1}. Let |w| be the length of the word w, i.e., the number
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of occurrences of =1, v=!, u, and v in w. Then it suffices to show that if

Xuw
Cor | Y || = VId" (co, 50) € Z x 7
Z

then the integer X2 + Y2 + Z2 is not a square. We will show more: X2 +
Y2 + Z2 is not a square mod 7. To prove this, we define an equivalence
relation = on Z x Z3. We write

X X'
C, | Y =|C,|Y
Z A

ifC=C"X=X,Y=Y' and Z = Z’', where p = ¢ means that p — ¢ is
divisible by 7. Notice that (Z x Z3) /= is not a field but a (non-commutative)
ring. Thus we have to prove that X2 + Y2 + Z2 is not a square mod 7. We
shall use an additional simplification. We write

X X’
C,| Y =|C, Y
A A

if there exists t € {—3,—2,—1,1,2,3} such that

X X’
C, | Y =t|C, | Y
Z A

An easy calculation shows that if

X X’
C, | Y =|C,|Y
Z A

then X2 +Y?2 + Z? is not a square mod 7 iff X'?2 4+ Y2 4+ Z'? is not a square
mod 7. Thus in our computation of w we do not have to worry about = but
only about =.

Main result. First, we get the following lemma.

LEMMA 0. Let w be a non-empty reduced word in {u=t, vt p,v}.
o If w= p°* then

X
Cuw, | Yo = |3, ¢
L 0

g
[\
™
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o If w=1% then

where £,0 € {—1,1}, k,1 € N\ {0}.
° Ifw — MEWLkTYL 1/67vzl77z e M60k0 V50l0 then

Xuw —Em + 2€m 00
Cuw, | Yo = | 2—emndo, | 3em + 300 + 3emdo ,
Zw —(50 +2Em(50
where m € N, €, 0, ..., €0,00 € {—=1,1}, ki, iy - - ., ko, lo € N\ {0}.

Proof. To get the first two equivalence relations, we use the following
two equations respectively:

)G EG) ()
()G ) ()

We have the last equivalence relation from the following two:

2¢e 0
3,1 ¢ x 13,1 ¢
0 20
) €
=12—¢ed,| 3+ 30+ 3ed +711, | —€d ,
—0 + 26 )
—e' 4+ 2y —e+2ed
2 —¢'d, | 3¢’ + 36 + 3 x| 2—¢d, | 3e+ 36+ 3ed
-6 +2¢'¢ —d + 26

—&' +2¢'6
=2(1+¢ee—0e+d80—¢€ded) |2—€0,| 3¢’ +35+ 3¢ ,

-0+ 2’6

SO O M

[\

where €,6,¢’,6" € {—1,1}. We show the latter. Let

. -1 B 0 . 2
t=11 3 |, 7=\ 3|, and k=13 ].
0 -1 2
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Then we have

[i=10=-4, j.j=10=-4, F-k=17=3,
ij=j-i=9=2 {i-k=k-i=71=0, jk=FK-j=7=0
Lo L. -3 -7
ixj=-jxi=|-1]|=2k+|-7],
—3 _7
ixk=—kxi=

Hence we obtain

—' 4+ 278 —e+2¢8
2 —¢'d, | 3¢’ + 36 + 3" x| 2—¢d, | 3¢+ 36+ 36
—0" + 2¢'¢ —0 + 2¢6

(2—¢'8 i+ 87+ 8k)* (2 —ed,ei + 0] + edk)
= ((4—2e'6" —2e5+£'d'ed)
— ((—4e’e + 28" + 2¢'6 — 40'6) + 3€'d'€0),
(£'(2—ed)i+6(2—eb)j + 0 (2—ed)k)

+((2—€0)ei+ (2—€6)5) + (2 — £'6")edk)
+ (8'e(—2k) + €' 6'e(—i — 27) + £'6(2k)

+ &6 8(20 + ) + €26(i + 2) + 6'e6(—2i — §)))
= ((4+4e'e — 48" +46'6 — 4e'5'<0)

— (26’6 4 220 — 2¢"8"e0 + 2'6" — 20¢),

(26" + 22 — 268" + 2'8'5 — 20'€6)7

+ (20 + 26’66 — 28"20 + 20" — 2£'0'e)j

+ (26'6 + 26 — 26'8'6 + 26/ — 28'¢)k)
=2(14c'e—8ec+06—c0ed)(2—e6,T+ 6]+ 6k)

—e' +2¢'6

=2(1+ee—d0ec+dd—¢cd'ed) | 266, | 3¢ +35+ 34 . m
—0+26

Secondly, Lemma 0 implies

LEMMA 1. Let the word w be of the form pc*, v°, or psmFmydmbm ...

- peokoydolo Then X2 + Y2+ Z2 = —2,—1, or 3.
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Proof. If w = puf* then there exists t € {—3,-2,—1,1,2,3} (actually
t € {—1,1}) such that

Xuw 2¢e
Cuw, | Yo =t|3,| ¢
Zw 0

from Lemma 0, so
X2 +Y2+ 272 =t*((2e)* +2+0%) =5t = 5,20, or 45 = —2,—1, or 3.

If w = v then there exists ¢t € {-3,-2,—1,1,2,3} (actually ¢t €
{=1,1}) such that

Xuw 0
Cuw, | Yo =t|3,| ¢
Zw 20

from Lemma 0, so
X2+ Y2+ 722 =12(0% 4 6% + (20)?) =5t = 5,20, or 45 = —2,—1, or 3.

If w=psmFmydmlm ... gokoydolo then there exists t€{—3,—2,—1,1,2,3}
such that

X —&m + 2600
Cuw, | Yo =t|2—emdo, | 3em + 300 + 3e,mdo
Zw —d0 + 2emdo

from Lemma 0, so

X2+Y2+ 72
= 1?((—em + 26m00)? + (3em + 300 + 3emd0)? + (=50 + 261m60)?)
= t2((5 — 460) + (27 + 18¢,, + 183 + 18¢,,00) + (5 — 4ey))
= t2(37 + 14e,, + 140 + 18¢,,00) = (2 — 3e,m00)
= —t?or5t2 = —1,—4,-9,5,20, or 45=—2,—1, or 3. m

Lemma 1 implies the main result of this paper.

THEOREM 2. i1 and v are free generators of a free group acting on S?NQ3

without non-trivial fized points.

Proof. If a word w has no fixed point on S> N Q? then p~twpy, pwu=*,

v~ rwy, vwr~!, and w™! have no fixed point on S N Q3. So it is sufficient
to show that &, is non-zero and 5,,/|5,| does not belong to S N Q? for a
non-empty reduced word, w, of the form p*?! ... p*! (i.e., w starts with p*!
and ends with v*!) or simply a power of i or of v. For such a non-empty

reduced word w, we get X2 + Y2+ Z2 = —2,—1, or 3 from Lemma 1. But
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a? = =3,0,1, or 2 for a € Z. Hence /X2 + Y2+ Z2 ¢ N. Therefore we
obtain
5o 1 Xu
= = Yw
Sul  VXZHYZ+Z2\ 4

The following problems are raised by Professor J. Mycielski.

¢Q°. m

PROBLEM A. For n € N, n even, n > 4, does SO,(Q) have a free
non-abelian subgroup Fy such that all the elements of Fy different from the
identity have no eigenvectors in Q™7

PROBLEM B. Forn € N, n odd, n > 5, does SO, (Q) have a free non-
abelian subgroup Fs which acts without fized points on S*~' N Q" and is
such that if two elements f,g € Fy have a common eigenvector in Q™ then
fa=gf?

Both problems can be solved for all n except n = 5 provided one solves
Problem A for n = 4 and n = 6. Problem A can be easily solved for n =4
using Dekker’s method ([Dek]), but it does not seem possible to solve Prob-
lem A for n = 6 using Deligne & Sullivan’s method ([DelSul).
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