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E. CRETOIS (Grenoble)

ESTIMATION OF REDUCED PALM DISTRIBUTIONS
BY RANDOM METHODS FOR COX PROCESSES
WITH UNKNOWN PROBABILITY LAW

Abstract. Let N;, i > 1, be i.i.d. observable Cox processes on |[a,b]
directed by random measures M;. Assume that the probability law of the M;
is completely unknown. Random techniques are developed (we use data from
the processes Ny, ..., N, to construct a partition of [a,b] whose extremities
are random) to estimate

L(u, 9) = E(exp(—(N(g) — u(9))) | N — p > 0).

1. Introduction. Let [a,b] be a compact interval of R and N a Cox
process on [a,b] directed by a random measure M on [a,b] (see [3]-[5] for
detailed definition).

In [4], A. F. Karr gives state estimators E(e=M () | FY) where

FY = o(N(gla) : g €Cy)
and C4 denotes the set of nonnegative continuous functions on [a, b].

In the case of a Cox process, he proves, by means of Proposition 2.2
recalled in Section 2, that it is sufficient to estimate the Laplace functionals
L(p, g) of the reduced Palm process of N (see [4] and [5] for detailed defini-
tions). A. F. Karr constructs an estimator En(u,g) of L(u, g) by means of
fixed partitions. He shows that, under some conditions, for each compact
subset K of C; and each compact subset K’ of M,

sup sup |Ln(1t,9) — L(p, g)] — 0 almost surely,
geEK neK’

where M,, denotes the set of finite, integer-valued measures on [a, b].
We construct in Section 3 an estimator L,(u,g) of the same Laplace
functional L(u,g) using random partitions, and we study its behaviour in
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Section 4. The interest of this partition is that it takes into account the
number of points of the copies to construct locally the estimator.

2. Notations and results. Let N be a simple point process on [a, b]
and let @’y be the measure on M,, defined by

Qn(I) = kz:k' <[f1r<26 NG (da) ).

where ¢, is the point mass at 2 and N*) is the factorial moment measure

N®(dz) = N®) (day, ..., dxy,)
— N(dz1)(N — e5,)(dzs) . ( Zszl) (dzy,).

We define similarly a measure @), with
M"(dz) = M(dzy) ... M(dzy,).

The compound Campbell measures of N and M are respectively the measures
Cy on M, x M, and C; on M), x M (M is the set of finite, not necessarily
integer-valued measures on [a, b]) given by

f e~ M) g—v(9) C’f\; (dp, dv)
[a,b]

o
=S L E[e N [ et Shaste) NG (qr)],
k=0 [a,b]

f e~ () g—v(9) ng (dp, dv)
[a,b]

:Zi [ N [ e l:1f<wi>ef2?:19<m”M‘f(df@]
k:Ok [a,b]

Assume that for each k, the mean measure of N*) is finite. Then there
exists a disintegration of C with respect to @'y, that is, a transition prob-
ability Qn from M,, into itself such that

Ci(dp, dv) = Q' (dp)Qn (u, dv).

The probability distributions {Qn(,-) : p € M,} are the reduced Palm
distributions of N.

A point process N with probability law Qn(u,-) is called a reduced
Palm process of N.
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Under the assumption that each M* admits a finite mean measure there
exist Palm distributions Qs (u, dv) satistying

Chy(dp, dv) = Q) (dp)Qn (i, dv).
A random measure M (*) with distribution Q »s (u, ) is termed a Palm process
of M. For further details on Palm distributions see [5].
In the context of Cox processes a key result is the following (see [4]):

PROPOSITION 2.1. Let M be a random measure on [a,b] with finite mean
measure and let N be a Cox process directed by M. Then almost everywhere
on M, with respect to Q';, the reduced Palm process NW s a Cox process
directed by the Palm process M),

Under the same notations, we have (see [4]) the following proposition
which allows us to deal with state estimation.

PROPOSITION 2.2. For each Borel subset A of [a,b] and each f € C4,
E(G_M(u)(A)e_M(u)(f))

E(e M) |

E(e M| FY) =

where Na denotes the restriction of N to A, and FY = o(N(gla):g € Cy).
We define

Ly (p f) = Blexp(=N"(f))),  Lar(p, f) = Lv(p, = In(1 = f)).
Thus, we only need to estimate Ly (i1, g) to estimate E(e™M ) | FI).

3. Definition of the estimator. Let Ny,...,N, be ii.d. copies
of a Cox process N on [a,b] assumed to satisfy E(N?)([a,b])) < co. N is
directed by a random measure M. The problem is to construct an estimator
L, (p, g) of the Laplace functional

L(p,9) = Ly (9) = E(exp(—~N®(g))),

which can be interpreted as

L(p, g) = E(exp(—(N(g) — u(9))) | N — pn = 0).
We construct, for each realization r of the variable

R, :ZNi([a,bD,

a random partition with fixed integers k(r) growing to infinity with r and
other fixed integers \;(r) satisfying

k(r)

DA =r+1.
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Let a =29 <21 <... <2 < xpp1 = b be the 7 ordered points of the
n realizations of the process, and let the integers v;(r),j = 0,...,k(r), be
defined by

vy =0, Vj(?“) :I/jfl(T’)—F)\j(T‘), j= 1,...,]€(’I”).
Then we have the random partition {A;(r):j =1,...,k(r)}, where
Aj (T) = [xuj_l(r) y xl/j (r) [
We study the estimator
n _N; k(Rnp
et 9 300 (e MO T L, (4, (R 24y ()

S T Ly Ry 2y (o))

4. Main result
PROPOSITION 4.1. Assume that:

(1) There exists t > 0 such that E(eM(+t)) < oo.
(2) For each g € C1, p — L(p,g) is continuous on M,,.
(3) For each k,

S

s
(4) lim  inf i(r) = 0.
r—00 j=1,...k(r) In(r)
Then for each compact subset K of C4 and each compact subset K' of M,,
the estimator Ly (i, g) satisfies
sup  |Ln(p,g) — L(p, g)| — 0 almost completely.
geEK, neK’

We mean that for all € > 0,

o~

Pl sup |Lyn(p,g) — L(p, g)| > €]
geEK, neK’

is the general term of a convergent series.

Proof. Let K be a compact subset of C; and K’ a compact subset of
M,. For each k, let M, (k) = {p € My, : p(la,b]) = k}. We can assume
that K’ is a subset of M, (k) for some fixed k. We form the decomposition

e Ble=NO T 10y 04, (o) 204, (o]

ETL(M) g) —
BT 1inay (o2 ca, (o]

n _N. k(R,
y (:LZi:le Na@) T 1 v, () Sy (Ra)))
_ k(R
Ele=NO T 1 nia, (o) sucay ()]
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k()
E[[T;2 1{N<A (Rn))>n(A; (Ra))}) >

1 Zz 1 H {NZ(AJ(RTL))Zl’L(A](R"l))}
= A, x( n/C’n)

and show that A,, — L(u, g), while B,, — 1 almost completely and C,, — 1
almost completely.
First, we need some lemmas.

LEMMA 4.2. If [ is the Lebesque measure on [a,b], then the random
variable sup;_y (g, l(A;j(Rn)) converges to 0 almost completely.

Proof

FIRST STEP. Let Zi,...,Z, be r i.i.d. copies of the uniform law on
[0,1]. Then the dzstmbutwn of v(A;(r))/v([a,b]) where v = E(M) is the
distribution of Z,,, () — Z

vi—1(r)

Proof. Conditionally on M, the distribution of the random variable
(random partition) M (A;(r))/M([a,b]) is the distribution of Z,, () =2, (r)
(see [1]). Then

P(dM)

WA () S, i) M ([, b
v(la,0]) M ([a, b])
and hence the distribution of v(A;(r))/v([a,b]) is the distribution of

fyi, M((a,b)) P(dM)
(ZV]‘(T) - Zijl(T)) v([a, b])

The result is proved.
Recall that R, = > | N;([a,b]).

SECOND STEP. Let 0 < § < 1/2 and I, = [nv([a,b])(1 — n~%), nv([a, b))
x (14+n7%)]. Then P(R, & I,,) is the general term of a convergent series.

Proof. There exist random measures M; associated with the processes

N;. Conditionally on {M; : i =1,...,n}, R, is a Poisson random variable
with parameter > ; M;([a,b]). We can write
P(R, ¢1,)
pry f f Z e*Z;L:lMi([a,b]) (2121 M'L‘([a7 b]))r P(dMl)P(dMn>
7!
p T€In

This expression is bounded from above by

-7 M;([a (2?21 M;([a, b]))"
[ D] e FmaMlietd ; P(dM,) ... P(dM,)

{(My,....M,)¢E,} T&In

+P((My,...,M,) € E,),
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where FE,, is the set
By = {(Mi,..., M) : ’ZMi([a,b]) — n([a,B])| > vla,B)n' =7 /2}.

The second term of the sum is bounded from above by

Z o—r(ab]) (1-n=%/2) (nv([a, b])(ll— n=°/2))"
r<nw((a,b)(1-n—?) "

+ > o=t (1400 2) (W[4, b])(:r n=’/2))"

r>nw([a,b]) (14+n—9)
Using the Stirling formula, we obtain the bound

3 o—nw(lab))(1-n—0/2) (nev((a, o) (1 — n”°/2))"
r<nu(fa,b) (1-n~) "

n Z o (b)) (1403 /2) (nev([a, b])(lrJr n=°/2))" _

T

r>nv([a,b])(14+n=9%)

For large n, the first term is bounded from above by

) nv([a,b])(1—n"?)
oy —nw(jab])(1—n—%/2) (e(1 —n7°/2))
nv([a,b])(1 —n"%)e (1 —n 0)m (et

nv([a,b])(14+n"%)—2

o (ab) (1400 /2) (e(1+n"°/2))
(1+n—6)nu([a,b])(1+n_‘s)—2

" (nev([a, b])(1 +n%/2))2x?
5 .
Therefore the first term is the general term of a convergent series.

Now, to show the same for the second term, it is sufficient to see that
the assumption (1) implies (using the Bernstein inequality) that

X

= — —n(v(|la 2p 28
P<‘Z(Mi — u([a,b]))| > v([a, b])n 5/2) < e~ nw(lab])*n ™ /) /(A VAR(M))
i=1

if n is large enough since v([a,b))n"%/2 < VAR(M). Thus the proof is
complete since 0 < § < 1/2.

Proof of Lemma 4.2.

P( sup  U(A;(Rn)) > )

€
<P sup  v(A4;(R,)) > >7
<j1,...,k(Rn) ! SUPge[a,b] f(z)
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where f is the density of the measure v. Therefore
P( sup l(4;(Ry)) >¢)
j=1,....k(Ry)
k(r)

> . .
<227 ( 7 e F@ (@ b]))P (B =1).

reN j=1

Hence, the result follows from the proofs above (see [2]).
LEMMA 4.3. Under the assumptions of Proposition 4.1, for all € > 0,

P(sup sup |4, — L(p, g)| > ¢)
geEK neK’

is the general term of a convergent series.
Proof. Let us introduce
K, ={ne K :¥j=1,.. kR, n(A;(R.) <1},
Ky, ={ne K :Vj=1,.. k(Rn), p(4;(Rn)) > 1}.
We have the inclusion

{sup sup A, — Ly, )| > €}

geEK peK’
C {sup sup |A,—L(p,g)| >e}U{sup sup |A, —L(p,g)|>e}.
geK ueK{m geK uGKéyn

Remember that K’ is assumed to be a subset of M, (k) for some fixed k.
If p € K7, then

F(Ra)
I tovea,azua, oy
j=1
k(R.)
k
f IT s ey ranzua, (o V™ (d2)
[a b]k ] 1

so that, with I5,(u) = {c € M, : Hﬁ(j”) Le(a;(Ra)Z0(A; (R} = 1}

E(Rn)
k
( H L{N(A; (Ra) (A (R >>}) ( J 1, <u>(z€r )N( ) (de) )
[a,b]"
Hence

k(Rn)

E( 11 1{N(Aj<Rn))zu<Aj(Rn))}) = E(Q (In (1) N Mp(F))).

Jj=1
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Similarly, if 4 € K7 ,, then

k(Rn)

e’b(g)E<€’N(g) 11 1{N(A.7-<Rn>>zu<Aj<Rn>>})
j=1

=5( [ QL)
T ()NMy (K)

and therefore

{sup sup |4, — L(u,g)| > ¢}

geEK uEKi,n
E(fp,( Q' (de) L(c, 9))
c w (WM, (k) I ’ - }
= {52%2‘;‘;’,“ B@Qy (MR N TGy U9 = e
and
{sup sup [An — L(p,g)| > ¢}

geK pGKi,n
C { s sup E(fr, onm, (v @ (de) [L(e, 9) = L, g)) - E}
-~ Uger peky, E(Qy (Mp(k) N Tn(p)))

Using the definition of I, (1), we obtain

L) 0 My(k) € B(p, - SHE(R )Z(Aj(Rn)))-

Now, by the assumption (2) and since for each measure yp € M, g — L(p, g)
is continuous on C., it follows that for all € > 0, there exists n > 0 satisfying

Vu € K’ (compact), Vg € K (compact),
c€B(u,n), g € Blg,n) = |L(c.g') — L(p, g)| <e.
Actually, for all € > 0, there exists n > 0 satisfying
Vu € K’ (compact), Vg € K (compact),
ce B(Mﬂ?) = |L(C,g) - L(H,g)| <e.
Finally, we get the inclusion

fsup sup Ay — Lipg)| >} C{=> b U sup  I(A;(Ra)) > ).
9eK peK; J=1,-.k(Rn)

By Lemma 4.2, for all € > 0,

P{sup sup |4, — L(u,g)| > ¢}
geK uEKijn

is the general term of a convergent series.
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‘We must now show that

P{sup sup |A, —L(p,g)| > e}
geK ,uEKé’n

is the general term of a convergent series. We will use the convention that
sup,ep la(x)| = 0. Thus, it suffices to show that P(Kj,, # () is the general
term of a convergent series. Recall that

Ky, ={pe K :3j=1,...,k(Ry), u(A;(R,)) > 2}.
Since p € M, (k), we can write p = 2221 €z, Where g, is the point mass

at x, and the z, are ordered on [a,b]. We set 29 = a and xp+1 = b. We
also define

inf(p) = inf (2, —zp_1).
Since K’ is a compact set and

K'C J Bluin(u)/3)
HEK'

there exists a finite set {y1,...,u;} of elements of K’ for which

l
K' € | Bl inf(r) /3).

r=1
Hence
l
K3, C | J(Bp,inf(ur)/3) N K3 ,).
r=1
We have
{K5, # 0}

l
= |J{3u € B(ur,inf(n)/3) and j € {1,..., k(Rn)} : p(A;(Rn)) > 2},

r=1

It is then straightforward to obtain
1
{Kp, 70y C UL sup  U(A;(Rn)) > inf(p,)/6}.
2 i=1 k(R
Lemma 4.2 completes the proof.
LEMMA 4.4. Under the assumptions of Proposition 4.1, for all € > 0,

P{sup sup |C,, — 1] > ¢}
geEK neK’

is the general term of a convergent series.
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Proof. There are k(R,)* possibilities to set k points of a measure of
My, (k) in the k(R,,) intervals A;(R,). Thus, we can write

k(Rn)®
Mp(k): U Iy,
=1

where the I,; are sets of measures having the same number of points in
each A;(R,). We then have

T Y Lner,
P{sup sup |C,, — 1] > ¢ SP{ ’ =1 ol —1‘>£}.
{geKuEK” o> IL:JI P(N € I',1)
Consequently,

P{sup sup |C,, — 1| > ¢}
geEK neK’

-1 7‘7/_ 1 , 4
ng(r)k5_4E<n Lict We““) P(R, =)

= P(N e I},)
and
t
P{sup sup |C, — 1] >} < Z k(r)kconzs P(R, =r).
geK peK’ reN n
Therefore
i
P{sup sup |C,, — 1| > ¢} < Z k:(r)kco}[;S PR, =)
QEK NEK/ rel, "
t
+ 3 k()2 P(R, = 1)
r<nv(la,b])(1—n—9%) "
const
+ > k(r)* 5 P(Ry =7).

r>nv([a,b]) (14+n~%)

Let us consider the first term of this sum. Since k(r) grows to infinity
(see the construction of the random partition), we can write

k([ (la, ) (1 +n70)]))

n2

t
Z k:(r)kC(;n; P(R, =r) < const
rel,

By the assumption (3), this is the general term of a convergent series.
For the second term of the sum, we can write

t k (1 —n=°
Z k(r)kcois P(R,, =r) < const ([nv([a, ])2( i )])
r<nv([a,b])(1—n—9%) n n

The assumption (3) shows that this is the general term of a convergent
series.
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For the third term of the sum, we have

3 k() S22 p(R,, = 1)

n
r>nv([a,b])(1+n=9%)

2
< Z k:(r)k cor;st o

r n?
r>nv([a,b])(14+n=9)

P(R,, =r).

Since k(r)*/r? decreases for large r, for n > ng we have
t
3 k() 22 P(R,, = 7)
r>nv([a,b])(1+n—9%)

const(k([nv([a, b])(1 + n_5)]))k 2 .
S e o S ALy

Using the fact that R,, is a Poisson variable with parameter nv([a,b]) we
obtain, for n large,

const
> k(r)® 3 PR =7)
r>nv([a,b])(1+n—9%)

const(k([nv([a, b)) (1 + n—*))))* 2
(Inw([a, b)) (1 4+ n~2)])2 (2v([a, b]))*.

By the assumption (3), this implies that the third term of the sum is the
general term of a convergent series.
This proves Lemma 4.4.

LEMMA 4.5. Under the assumptions of Proposition 4.1, for all € > 0,

P{sup sup |B, — 1| > ¢}
geEK peK’

is the general term of a convergent series.

Proof. Using the notations of Lemma 4.4 and the fact that K is a
compact set and hence is covered with a finite number of B(g, o), we obtain

P{sup sup |B, — 1| > ¢}
geK pekK’

S k(Rn)k

—P{U U sw

r=1 1=1 9€B(gr.a)

n Y e W1 (V)
. — 1| >e5.
E(e=N@1p, (N))

Thus
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P{sup sup |B, — 1| > ¢}
geEK pneK’

S kRn k
(i) (V)

€
-1 b
E(e~Ntor)1r, ,(N)) ‘ g 2}

‘ n Yy e Nilgr)1 L,

n~! Z?:l eiNi(g)lf'n,l (NZ)

E(e=NW@1r, (N))
n~! > iy eiNi(gr)lfn,z (V:) S 5}
E(e=N)1p, (N)) 2)

We show that the first term of this sum is the general term of a convergent
series exactly as in Lemma 4.4. For the second term, choose « satisfying

l—e 2 <e/4 and €**—1<¢e/4.
The second term is then bounded from above by

s k(Rn)k —1 n —N;(gr) .
p U nTly i€ 1r,,(N:)
E(eiN(gr) 1F7z,l (N))

+P{U U sw

r=1 1=1 9€B(gr,a)

r=1 I=1

>4
and thus by

k
P{ O k(Ry) 'n—l Z?:l e—Ni(gv‘)]_Fn?l(Ni) 1’ - 1}
=1 =1 E(e~NlaI1r, (N))

We complete the proof of Lemma 4.5 with the same method as in Lemma 4.4.

With Lemmas 4.3-4.5, the proof of Proposition 4.1 is complete.

5. Conclusion. We thus have a new estimator of the Laplace functional
L(u, g) which converges almost completely. The estimator of Karr converges
almost surely but the conditions are not the same. The condition

(b) max;<;, diam A, — 0 as n — oo
has been replaced by

(4) hmr~>00 infj:l,...,k(’l“) )‘j (T)/IH(T) = 0.
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