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by linear recurrences

by

TAKA-AKI TANAKA (Yokohama)

1. Introduction. Let {ax}r>0 be a linear recurrence of nonnegative
integers defined by

(1) Aktn = C1Akyn-1+ ...+ cpar (E=0,1,2,...),

where ag,...,a,—1 are not all zero and cy,...,c, are nonnegative integers
with ¢, # 0. Put

(2) PX)=X"—c X"~ —c,.

In what follows, Q and Q denote the fields of rational and algebraic
numbers respectively. In 1929, Mahler [4] proved the following theorem: Let
{ar}r>0 be a linear recurrence satisfying (1). Suppose that ¢(X) is irre-
ducible over Q and the roots g1, ..., 0, of @(X) satisfy g1 > max{1,|o2],...
..y |on|}- If v is an algebraic number with 0 < |a| < 1, then the number
> e @® is transcendental.

In this paper, we establish two theorems on the algebraic independence
of the values of power series generated by linear recurrences with conditions
on @(X) weaker than those of Mahler (see Remark 1 below).

Let {ax}r>0 and {bx}r>0 be linear recurrences satisfying (1). We write
{ak}r>0 ~ {bk }x>0 if there is a nonnegative integer [ such that

ak:ka(OSkSn—l) or bk:akH(OSkSn—l).

Then ~ is an equivalence relation. Its negation is written as {ax}r>0 %
{br}r>0. We denote by f()(z) the Ith derivative of a function f(z).

THEOREM 1. Let {G,(f)}kzo (t=1,...,s) be linear recurrences satisfying
(1). Suppose that ®(+1) # 0 and the ratio of any pair of distinct roots of
&(X) is not a root of unity. Let

L) =3 (<i<s)

k=0

(177]
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and let o be an algebraic number with 0 < |a| < 1. Then {fi(l)(a)}lggs,lzg
are algebraically independent if and only if {a,(gl)}kzo b {a,(j)}kzo (1<i<
J<s).

THEOREM 2. Let {aj }r>0 be a linear recurrence satisfying the same con-
ditions as in Theorem 1. Suppose that {aj}r>0 is not a geometric progres-

sion. Let
flz) =) ="
k=0

and let aq, ..., a, be algebraic numbers with 0 < |a;| <1 (1 <i <r). Then
the following three properties are equivalent:

(i) {f(l)(ai)}lgigr,lzg are algebraically dependent.

(ii) 1, f(aq),..., f(ay) are linearly dependent over Q.

(iii) There exist a nonempty subset {ca;,,...,a; } of {a1,...,a.}, roots
of unity Ci,..., (s, an algebraic number v with a;, = ¢y (1 < q < 5), and
algebraic numbers &1, ...,&s, not all zero, such that

Z €qCq" =0
q=1

for all sufficiently large k.

Remark 1. Since we do not assume that ¢(X) is irreducible over Q,
our assumption on ¢(X) is weaker than that of Mahler, because of the
following fact: Suppose that the polynomial ®(X) defined by (2) with n > 2
is irreducible over Q. Then the roots g1, . .., 0, of &(X) satisfy the condition
01 > max{l,|o2|,...,|on|} if and only if none of 0;/0; (i # j) is a root of
unity. (A proof of this statement will be given in Section 2.)

Remark 2. In the case where {ay}1>0 is a geometric progression, Lox-
ton and van der Poorten [3] obtained the following result: Let f(z) =
ZZO:O zdk, where d is an integer greater than 1, and let aq,...,a, be al-
gebraic numbers with 0 < |a;| < 1 (1 < ¢ < r). Then the following three
properties are equivalent:

(1) {fW(as)}1<i<r1>0 are algebraically dependent.

(ii) 1, f(a1),. .., f(a,.) are linearly dependent over Q.

(iii) There exist a nonempty subset {a;,,...,a;_ } of {a,...,a,}, non-
negative integers k1, ..., ks, roots of unity (i, ..., (s, an algebraic number ~
with ozgl:q = (47 (1 < ¢ < s), and algebraic numbers &, ..., &, not all zero,
such that

Yoel =0 (k=0,1,2,..).
qg=1
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Remark 3. As a special case of the result of Nishioka [6], the three
properties (i)—(iii) in Theorem 2 are equivalent also for gap series Y ;- , 2%,
where {ay}r>0 is an increasing sequence of nonnegative integers such that
limy o0 @x41/ar = oo. In the case of a linear recurrence {ay}r>o satisfy-
ing the conditions of Theorem 1, we have limy o axt1/ar = 0 > 1 (see
Remark 4 in Section 2).

The author is grateful to Prof. K. Nishioka for her valuable advice.

2. Lemmas. Let {2 = (w;;) be an n X n matrix with nonnegative integer
entries. Then the maximum o of the absolute values of the eigenvalues of
(2 is itself an eigenvalue (cf. Gantmacher [2, p. 66, Theorem 3]). If z =
(#1,...,2,) is a point of C"™ with C the set of complex numbers, we define
a transformation {2 : C* — C™ by

n n
_ W1j Wnj
(3) Qz—< zjj,...,sz J).
j=1 7j=1
We suppose that the matrix {2 and an algebraic point & = (aq,...,ay),
where «; are nonzero algebraic numbers, have the following four properties:

(I) £2 is nonsingular and none of its eigenvalues is a root of unity, so
that in particular o > 1.
(IT) Every entry of the matrix 2% is O(o*) as k tends to infinity.

(I1I) If we put 2* o = (agk), cee aglk)), then
log |a§k)] < —co® (1<i<n)

for all sufficiently large k, where c is a positive constant.

(IV) If f(z) is any nonzero power series in n variables with complex
coefficients which converges in some neighborhood of the origin, then there
are infinitely many positive integers k such that f(£2¥a) # 0.

We note that the property (II) is satisfied if every eigenvalue of (2 of
absolute value p is a simple root of the minimal polynomial of (2.

Let K be an algebraic number field. In what follows, the rings of poly-
nomials and formal power series in variables z1,..., 2z, with coeflicients in
K are denoted by K|z1,...,2,] and K[[z1,...,2,]], respectively.

LEMMA 1 (Nishioka [7]). Assume that f1(z),..., fm(2z) € K[[z1,- .., 2n]]
converge in an n-polydisc U around the origin and satisfy a functional equa-
tion of the form

fi(z) f1(£22) b1(z)
(4) | =4 : +1 5|

fonl2) fn($22) b (2)
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where A is an m X m matriz with entries in K and b;(z) € Klz1,..., 2]
(1 < i < m). Suppose that the n X n matriz 2 and a point & whose
components are nonzero algebraic numbers have the properties (I)—(IV) and
xcU. If fi(z),..., fr(z) (r <m) are linearly independent over K modulo
Klz1,..., 2], then fi(x),..., fr(x) are algebraically independent.

In what follows, Ny denotes the set of nonnegative integers.

LEMMA 2 (Skolem—Mahler—Lech’s theorem, cf. Cassels [1]). Let C be a
field of characteristic zero. Let g1,...,0q be nonzero distinct elements in
C and Py (X),...,Pa(X) nonzero polynomials of X with coefficients in C.
Then

(5) R={keNo|f(k) =§ja<k>gf — o0}

is the union of a finite set and a finite number of arithmetic progressions. If
R is an infinite set, then p;/0; is a root of unity for some distinct i and j.

LEMMA 3 (Masser [5]). Let £2 be an n x n matriz with nonnegative inte-
ger entries for which the property (1) holds. Let & be an n-dimensional vec-
tor whose components a1, ...,q, are nonzero algebraic numbers such that
2% — (0,...,0) as k tends to infinity. Then the negation of the property
(IV) is equivalent to the following:

There exist integers i1, .. .,1, not all zero and positive integers a, b such
that

(™) (@P)i =1
forallk=a-+1b(1=0,1,2,...).

Let {a}r>0 be a linear recurrence satisfying (1). We put

cc 1 0 ... 0

C2 0 1 :

(6) 0= .
. 1

¢, O 0

LEMMA 4. Suppose that ®(£1) # 0 and the ratio of any pair of distinct
roots of ®(X) is not a root of unity. If o is an algebraic number with 0 <
la| < 1, then the matriz {2 defined by (6) and & = (1,...,1, &) have the
properties (I)—(IV). —

n—1

Proof. The property (I) is satisfied, since the characteristic polyno-
mial of the matrix (2 defined by (6) is @(X). Let o1, ..., 04 be the distinct
eigenvalues of (2. Since every entry of (2 is nonnegative, we may assume
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01 > max{|oz|,...,|e4|} and then g > 1. For each i (0 < i < n —1), we
define the sequence {a;(;)}kzo by

o) =cal), A ted)  (k=0,1,2,..)

with
a(()i) =0, ..., agi_)l =0, al(-i) =1, agi)l =0, ..., ag)_l = 0.
Then
oty e
ok = (k=0,1,2,...).
O L ®

Since each a,(j) can be expressed as an f(k) in (5), the sequence {a](;)}kzo

has only finitely many zeros by Lemma 2. Hence the entries of £2* are

positive for sufficiently large A. By Perron’s theorem (cf. Gantmacher [2,

p. 53, Theorem 1]), it follows that g; is a simple root of #(X) and has the

property 01 > max{|oa|,...,|04|}. Therefore the property (II) is satisfied.
We can write

(7) ag) =0 +o(of) (0<i<n-1),

where at least one of () is not zero. Since a,(:) >0 (k=0,1,2,...), all the
b are nonnegative. Noting

(n—1) (n—1)
Aoy cee gy
(0) (0)
Apyp o Qppg
C1 1 0 0
(n—1) (n—1)
co 0 1 ak+n71 k
(0) (0)
1 Apip1 Qg
¢, O 0
we have

agj_l = cn_iaénfl) + agfl) (1<i<n-1), ‘IIE:OJZl = cnag%l).

Thus
b Doy = b 400D 1 <i<n—1), Do =, bV,
so that
b >p /o 1<i<n—1), b >pm"Y /g
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This implies that b(*) > 0 for any i, since at least one of b(*) is positive. Put
ko = (a(k) e ,a[()k)). Then

n—19

al(k) _ (a(i)

n—13""

Lafhra=at (0<i<n-1).

Hence the property (III) is satisfied.
Assume that there exist integers ig,...,%,_1 not all zero and positive
integers a, b such that

(ap) )t (e =1
forall k =a+1b(1=0,1,2,...). Let {a} }x>0 be a linear recurrence defined
by (1) with ap =ig,...,an—1 = ip—1. Then
% = (ip_q,...,00) 2% =1,
namely a; =0 for all k =a+1b (I =0,1,2,...). Since {a} }i>0 is nonzero
linear recurrence, there are distinct 4 and j such that p;/; is a root of unity

by Lemma 2. This contradicts the assumption in the lemma. Therefore the
property (IV) is satisfied. This completes the proof of the lemma.

Remark 4. Let {ag}r>0 be as in Theorem 1. Then we have
ar = boy + o(a}),

-1 : . -1 i
where b= """ a;b'" > 0, since aj, = S, aiag) and ag,...,a,_1 are not
all zero.

Proof of the statement in Remark 1. We only have to prove
that none of p;/o; (¢ # j) is a root of unity if o1 > max{1,|oz|,...,|onl},
since the converse is already proved in the proof of Lemma 4. Suppose that
0i/0; is aroot of unity for some distinct ¢ and j. We choose an automorphism
o of the field Q such that 07 = 01. Then o1/ 0] is a root of unity, and so
01 = 07|, which contradicts the inequality o1 > max{1, [oal,...,|on|}.

LEMMA 5. Let {a;(j)}kzo (1 = 1,2) be linear recurrences satisfying (1).
Suppose that ®(£1) # 0 and the ratio of any pair of distinct roots of ®(X)
is mot a root of unity. Denote by {a,(;)}}zzo the set of numbers appearing in
{ag)}kzo, so that {ag)}}zzo (1 = 1,2) are infinite sets by Lemma 2. Then

{ag)}zzo N {a,(f)}zzo is an infinite set if and only if {ag)}kzo ~ {al(f)}kzo.

Proof. We only have to prove that {ag)}kzo ~ {Cl;f)}kzo if {ag)}2>0 N
{a,(f)}*,;>O is an infinite set. Assume that there are infinitely many pairs k;

and ks such that a,({ll) = a,(i). By Remark 4, we have

ol =0k +o(eh)  (1=1,2),
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where 9 > 1 and b b > 0. For any positive number ¢ there is a non-
negative integer kg = ko(e) such that
(b —e)ok <al? < (O +e)ok  (i=1,2)

for all £ > kg. Then we have

O —e)olt < 0 +e)okr, (b — ) < (0O +€)oy
for infinitely many &y, ks > ko. Choosing ¢ < min{b("), b2}, we get
b(l) — & ko—Fk1 b(l) +¢€
@ re = S

Hence there are infinitely many pairs k1 and kg such that ko — k; = [ for
some integer [. Letting

b =a) —al), (k> max{0,~1}),

we see that the linear recurrence {b;} satisfies (1) and has infinitely many
zeros. By Lemma 2, by = 0 for any k£ > max{0, —l}, and the lemma is
proved.

0<

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. We only have to prove that {fi(l)(a)}lgigs,lzo
are algebraically independent if {a;(;)}kzo o {a,(j)}kzo (1<i<j<s). Let

a® a(i) ]
Pi(z)=2z""". .. 200 (1<i<s)

be monomials of z1,..., z,, which we denote similarly to (3) by
(8) Pi(z) = (s, ... a5 )z.

By (3) and (8), we get

(i) a(i)

Pi(2%z) = 2z (k=0,1,2,...),
where 2 is the matrix defined by (6), and then define the power series

gi(z) = > Pi(2%2) (1<i<s).
k=0

Then f;i(z) = gi(1,...,1,2) and g,(z) satisfies the functional equation
9i(z) = gi(22) + Pi(z) (1<i<s).

Letting
0
Dy =22 ... Dy =z,
1 Z1 621 ) ) z aZn
we see that D¥ ... DFrgi(z) (k1 + ... + k, = L) is a linear combina-
tion of {D'* ... Dlrg;(22)}1,1...41,—1 over Q modulo Q[z1, ..., z,]. Hence
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(DY ... Db gi(2)} gy v sk <p satisfy the functional equation of the form
(4) for any nonnegative integer L. By Lemma 4, the matrix {2 and o =
(1,...,1,) have the properties (I)-(IV). If {fi(l)(a)}1§i§570§l§L are al-
gebraically dependent, then so are {Dflgi(cx)}lgigs,oglg 1. It follows that
{D! g;(z)}1<i<s,0<1<1 are linearly dependent over Q modulo Q[z1,. .., 2]
by Lemma 1. Thus there are rational numbers &; (1 <1i <s,0 <1 < L),
not all zero, such that

s L
h(z) = ZZ&IDLQZ-(Z) € Qlz1, .-+, 2n)-

i=1 (=0
Letting
L
Ri(X)=> &X' (1<i<s),
1=0
we get
S [ee] (z) Sl ) a(i)
h(z) = ZRz( Rz n
1=1 k=0
Put

S={ie{l,...,s}| Ri(X)#0}.
Then S is not empty. For any i € S, Ri(a,(j)) # 0 for all sufficiently large
k, since {a;(j)}kzo is strictly increasing ultimately. Hence, if S has only one
element, h(z) ¢ Q[z1,...,2,]. This is a contradiction. Suppose that S has
at least two elements. Since h(z) € Q[z1,..., z,], there are distinct i,7 € S
such that {a,(;)}};>0 N {a,(j)}zm is an infinite set, where the notation is the

same as in Lemma 5, thereby we have {a](:)}kzg ~ {a,({j)}kzo. This completes
the proof of the theorem.

Proof of Theorem 2. Obviously (iii) implies (ii), and (ii) implies
(i). We only have to prove that (i) implies (iii).

There exist multiplicatively independent algebraic numbers (1, ..., Gm
with 0 < |8, <1 (1 <j < m) such that

a=G[[6" a<i<n),
j=1

where (1,...,(, are roots of unity and /;; (1 < i < r,1 < j < m) are
nonnegative integers (cf. Loxton and van der Poorten [3]). Let y;, (1 <j <
m,1 < p < n) be variables and let y = (Y11, Y1ns--sYmls-- -+ Ymn)-
Define
g:() = ¢ [yt (1<i<r).
k=0 j

Jj=1



Power series 185

Then we have

f( )_gz( "'717517"'7 7"'a1aﬁm) (1§’L§T)
W—/ ——
n—1 n—1
Take a positive integer N such that (iN =1fori=1,...,r. We can choose a

positive integer ¢ and a nonnegative integer u such that ax4; = ar (mod N)
for any k > u. Let

cgc 1 0 ... 0
C2 0 1 :
Q 0= .
1
¢, O 0
and set
(10) 2 = diag(£A,...,2%).
———
It follows that
Zg“k [Tyt (a<i<on).
Jj=1
Let
hily) =Y ¢ Tyt
k=u j=1
= > Iyt a<i<n).
k=t+u j=1
Then
t+u—1 m
gily) —hily) = 30 ¢ TL " yt)ts,
k=0 j=1
u—1 m
g:(02y) — hi(y) =D ¢ [T it oygnt ).
k=0 j=1
Hence
(11) 9i(y) —9:i(R2y) €Qly] (1 <i<r).

For each 14, there exists at least one of j such that [;; # 0, since || is less
than 1. Choosing such a j for each 7 and letting

_ 0 1 0

l yjl 8%1 cois Dipy = lij yjnT,

in
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we see that D' ... DFrgi(y) (k1 +... 4 k, = L) is a linear combination of
{Dﬁ - Déggi(ﬁy)}lﬁ,_,ﬂn:L over Q modulo Qly].
We shall verify that the matrix 2 defined by (10) and
B:(17"'?1?/617"'71?"'717ﬁm)
—— ———
n—1 n—1

have the properties (I)~(IV). By the proof of Lemma 4, the matrix {21 de-
fined by (9) has the property (I), its eigenvalues g1, ..., 04 satisfy o1 >

max{|oz|,...,|04|}, and g1 is a simple root of the characteristic polynomial
of it. Hence {2 also has the properties (I) and (II). Put
k k k
Qg =, s s8Ry (k=0,1,2,..).
Define {a,(:)}kzg (t =0,...,n—1) as in the proof of Lemma 4. Then we
have
(n—p)
BM =gt (1<j<m,1<p<n).
Since

at ™ =y P () o((0h)F) (1< p<n),

where b("~P) > 0 for every p, £2 and B have the property (IIT). Assume
that there exist mn integers 411,...,%1n,++,%m1,-- -, bmn, DOt all zero, and
positive integers a, b such that

[T -

j=1p=1
for all k = a+1b (I = 0,1,2,...). Let {a}rs0 (j = 1,...,m) be linear
recurrences defined by

a;(fin = Cm,?ln M R cna,(f) (k=0,1,2,...)

with a(]) = Ujn, .- a(jll =4j1. Then

H /Bakt _

holds for all k = a+1b (1 =0,1,2,...). Here {a;(gj)}kzo is nonzero for at least
one of j, and for such j there is a positive integer ko = a + lpb (Iy € Np)
such that a,(jo )t # 0 by Lemma 2. This contradicts the fact that £1,...,0n
are multiplicatively independent. Therefore the property (IV) is satisfied.

ST, USRS

{Dzngl( )hSZST:0§l§£ Hence {Dzngl( )}ISZST,OSISL are hnearly depen—
dent over Q modulo Q[y| by Lemma 1. Thus there are algebraic numbers
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&1 (1<i<r, 0<I1<L),not all zero, such that

r L
G(y)=>_> &uD}gi(y) € Qlyl.

=1 [=0
Letting
L
R;(X) :ZQIX (1<i<r),
=0
we get
Gly) =Y Ri(an)™ [ w5t gt
i=1 k=0 j=1
Hence
T o " m ll ak
(12) G(17 71791, 717 717ym) = ZRi(ak)Czk(Hyjj)
ne1 n—1 i=1 k=0 j=1
€ @[yla s 7ym]
Put

S={ie{l,...,r} | Ri(X) # 0}.
Then S is not empty. Suppose that A € S. Let
{in,..visy={i€S[l;=0; 1<j<m)}
We assert that

(13) SR, (ar)Cr =

tq

187

for all sufficiently large k. To the contrary we assume that there exist in-
finitely many & such that (13) does not hold. Then by (12), there exist some

index p € S\ {i1,...,is} and infinitely many pairs k1, k2 such that

“ Ixj Gky . " Luj Gka
( H Y; ) - ( H Y; ) :
j=1 j=1

Since Iyjar, = lyjar, (1 < j < m), either I; =1,; = 0 or ly;l,; > 0 holds

for each j. Put
T= {] S {1,...,m} ‘ l)\jluj > 0}.

Then T is not empty. For any j € T', {lxjar}r>0 ~ {lyjar} x>0 by Lemma 5
and [;/l,; is equal to a constant c. Hence there exists a nonnegative integer

[ such that
a4+ =car,  (k=0,1,2,...).
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(We replace ¢ by ¢! if necessary.) If | = 1, then ay = aoc® (k=0,1,2,...).
This contradicts the assumption in the theorem. If we assume [ > 2, then
at least two of the roots of ¥(X) = X! — ¢ are those of ®(X). This also
contradicts the assumption, since the ratio of any pair of distinct roots of
¥ (X) is a root of unity. Hence [ = 0 and so ¢ = 1. Therefore l; =1,; (1 <
j < m), which contradicts the choice of . Hence (13) holds. Set

v=T18"
j=1

Then ~ is an algebraic number with a;, = (;,7 (1 < ¢ < s). Let

L= max deg R;, (X).

By (13), we have
L s
> (Y€t )ak =0
1=0 g=1

for all sufficiently large k, where §; ; = 0 if | > deg R;,. We rewrite the above
equation as follows:

s L-1 s
Snci == 30 (S )at
q=1 1=0 g¢=1
Then the right-hand side converges to 0 as k tends to infinity, but the left-

hand side takes only finitely many values. Therefore the left-hand side is
equal to 0 for all sufficiently large k. This completes the proof of the theorem.

4. Examples

EXAMPLE 1. Let {ag)}kzg (1 = 1,2,3,4) be linear recurrences defined
by

(14)  all, =all, +16al), +20a (k=0,1,2,...,i=1,234)
with

al’ =1, ai =3, o’ =33, o =0, o\’ =5, af?) =29,

af =2, a =3 a¥ =29, o =1, o\ =5, a{V = 25.
Then the polynomial

P(X)=X>—-X?-16X —20= (X —5)(X +2)?

satisfies the conditions in Theorem 1. By (14), we see that {a;(j)}kzo is a
strictly increasing sequence for each i. Hence {a,(f)}kzo & {a,(fj)}kzo (1<
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i < j <4). Define

(l) k
hie) = z SILAL
k=0
(2) k
fg(Z) Z 58 4 (k—1)(— 2)
k=0
(3) k
) = 3 = = 3,
k=0
> (4) k
fa(z) = 225 .
k=0

If o is an algebraic number with 0 < |a| < 1, then {fi(l)(a)}1§i§47120 are
algebraically independent.

EXAMPLE 2. Let {a;}r>0 be a linear recurrence defined by
Ay = 20542 + (m —1)(B3m + Dagyr +2m(m — 1)%ar (k=0,1,2,...)
with
a=1, a=m+1, ay=06m*—4m+2,

where m is an integer greater than 2.
Since we have

(15) ar, = (2m)* + k(1 — m)F,

the conditions in Theorem 2 are satisfied. Define f(z) = Y 7o 2% and
set ¢ = e2™V=I/m_If o is an algebraic number with 0 < || < 1, then
{f(l)(g“ja)}jzo,_,_,m,l,120 are algebraically independent. In fact, if this is
not the case, there are algebraic numbers &, ...,&,,—1, not all zero, such
that

(16) 3 ()™ =0
=0

for all sufficiently large k£ by Theorem 2. On the other hand, we see that
ar = k (mod m) for any k > 1 by (15). Therefore (16) holds only if & =
...=&n_1 = 0. This is a contradiction.

For any given distinct algebraic numbers ag,...,q, with 0 < |a;| < 1
(i = 1,...,7), we can choose an integer m greater than 2 for which the
linear recurrence {aj}r>o in this example does not have the property (iii)
in Theorem 2. Then the values {f(l)(ai)}i:L...,r,lzo defined by the power
series f(z) = Y ,o 2% are algebraically independent.
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