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Congruence of Ankeny—Artin—Chowla type modulo p?
for cyclic fields of prime degree |

by

STANISLAV JAKUBEC (Bratislava)

Introduction. Let p =1 (mod 4), let T+U,/p > 1 be the fundamental
unit, and let h be the class number of Q(,/p). The following congruence
(Ankeny-Artin-Chowla congruence) holds:

U
h? = B(p—1)/2 (mod p).

For a cubic field K € Q(¢,+¢, '), p=1 (mod 3) the analogous congruence
was proved by Feng Ke Qin in [1]. In general, for fields of the ith degree,
the analogous congruence is proved in [5].

The aim of this paper is to prove a congruence of Ankeny—Artin—Chowla
type modulo p? for real Abelian fields of a prime degree | and a prime
conductor p. The importance of such a congruence can be demonstrated by
the following example. Let K be a cubic field. In [5], the following congruence
is proved:

(1) hiS1S2 = =5 B(p-1)/3Bap-1)/3 (mod p).

As is well known, hy < p for a cubic field. If By,_1)/3B2p-1)/3 = 0
(mod p), then S1.55 =0 (mod p), hence the congruence (1) does not provide
any information about hx. Note that such a prime exists, e.g. p = 5479. We
have

B(pfl)/?) = B1826 =0 (mod 5479)

In this paper two applications of the main theorem (Theorem 1), for a
quadratic and for a cubic field, will be given.

Let [ and p be primes such that p =1 (mod ) and let K € Q((p 4+ ¢, ')
with [K : Q] = . Let a be a primitive root modulo p. As is well known, the
conjugates of the unit
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p

generate the group of cyclotomic units C'(K) of K. Consider the unit
= No,ey )G+ G

It is easy to prove that if 2 is not an {th power modulo p, then the conjugates
of the unit 7o generate the group C'(K). Let (¢) be the group generated by
all conjugates of the unit e.

According to ([3], Lemma 1, p. 69) for a cyclic field K with [K : Q] =1,
there is a unit § such that [Ug : (§)] = f, where (p, f) = 1.

The following is taken from [5]. According to [8] and [9] (see also [10],
p. 284), we have hx = [Ux : C(K)|, where C(K) = (n2) is the group
of cyclotomic units of K. From [Ux : (6)] = f we have nf € (5). Let
[(8) : (nd)] = e. Clearly [(o) : (n3)] = f'~ .

Consider two towers of groups

() C () C Uk, (nf) C (m) C Uk,
This implies ef = hx f'~' and hence e = h f~2. Let
g = 0%a(6)° ..o T2(8) 2.
It is easy to prove that

e = Noy/olco +eag+ ...+ Cz—zC;72)~

Note that a unit § for which f =1 is called a strong Minkowski unit. As is
well known, a strong Minkowski unit exists for a cyclic fields K with [ < 23.
The problem of existence of a strong Minkowski unit for cyclic fields of small
non-prime degree is solved in [7].

Let a be a fixed primitive root modulo p, let x be the Dirichlet character
of order n, n|p—1, x(z) = ¢(\"d®, Let g be such that g = a»~Y/" (mod p)
and ¢g" =1 (mod p?). Denote by p a prime divisor of Q(¢,) such that p|p
and 1/g = (, (mod pP).

Define the rational numbers Ag(n), A1 (n),..., A,—1(n) in the following
way:

Ao(n) = —1/n,
(2)

PO = 0 A ()" () (mod 92, Ai(m) = I anod ),
where 7(x) is the Gauss sum.
Put m = (p—1)/2, and

G,(X) = Ag(m) X7 + Ay(m)X7 ™1 + ...+ Aj(m),

; 1 ; 1 ; 1
= X7+ X+ X772 44 : :
(p—1)! (p+1)! (p+3)! (p+2j—1)!
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Define
E2n
E: =
" (2n)!
where Fs, are the Euler numbers, i.e. Fy =1, B, = —1, E4 =5, Eg = —61,
Eg = 1385, Eyg = —50521, Eyy = 2702765, F14 — —199360981, . ..
Consider the formal expressions G;(E*) and Fj(E*), where
(E*)* = E;.

Let B, B1,-..,81—1 be the integral basis of the field K formed by the
Gauss periods. Let

forn=1,2,3,...,

0 =x0fo + 101+ ... +x1-181-1-
Associate with the unit § the polynomial f(X) as follows:
FX) =X+ d X2 do X3 L dy
where
xo + xlgi + $292i +...+ xl,lgi(l_l)
To+T1+ ... +2x—1

d; = —1A;(1)
fori=1,...,1—1. Put
S; = 8;(d1,...,di—1) = sum of the jth powers of the roots of f(X)
for j=1,...,2] — 1. Hence
Sy =—di, Sy;=d?—2dy, S3=—d>+3didy—3ds, ...

Define the numbers 17, ...,T5_1 as follows:

1 A A
T, = = qilp=1)/I=19ilp-1)/I_1\RB
(i — /1)1 ( )
fori=1,...,1—1, and

1—gqo or—1 _ 1
=—3 where ¢ = ——,

1
(p—1+i(p—1)/1)!

X Bp—1+i(p—1)/1)

+ ( + Z)Fi(pl)/(zl)(E )

P .
i-1/1~ 1 G-/ 20 (E7)

T;

Tiri = — 2p—1+i(p—1)/l—1(2p—1+i(p—1)/l —1)

2 21

fori=1,...,1—1.
Define

o; = Co + clgi + 029% + ...+ Cl_gg(l72)i

fori=1,...,2— 1.
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Let X1,...,X9_1 € Q and let
g(X) =X v X2 Yy
be a polynomial such that
X, = sum of the jth powers of the roots of g(X).
Define the mapping @ : Q*~! — Q' as follows:
(X1, Xo1) = (1 —pY1, Y1 —pYiqr,..., Y1 — pYo_1).
Now the main theorem of this paper be formulated.

THEOREM 1. Let | and p be primes with p = 1 (mod ) and let K C
Q¢ + ¢, ") with [K : Q] = 1. Suppose that 2 is not an I-th power mod-
ulo p. Let § be a unit of K such that [Ux : (0)] = f, (f,p) = 1. Let
775 = §%0(6) ...t 72(6)%2 and a; = co + 19" + ... + ci_2gtD for
i=1,...,2l — 1. The following congruence holds:

To+ 21+ ... +x1
3
@ (P

(e7]
> D(a1 Sy, ..., a-15-1)

= (2 + 2p)f(p—1)/(2l)¢(le, SRR fT2l—1) (mOd p2)a
where ¢ = £1.

Remark. The class number hx appears in the preceding congruence
implicitly, via the congruence

hef2=ar...a;_1 (mod p?).

This congruence can be proved in the following way:
We have the congruence 1/g = (; (mod pP) and hence

o_1(co+eilf+...+ cl,ggl(l_Q)i) = «a; (mod p?);
this yields
hgfl2=e= Noy/olco +arG+ ...+ cl,gg‘ll_z) =ay...0—1 (mod p2).
The congruence (3) gives [ congruences (one in each component). If
B(p-1)1Ba-1)/1- - Bu-1)p-1)1 # 0 (mod p),

then from the congruence (3), the numbers ay,...,a;_; modulo p? can be
calculated. Using the congruence

hef2=ay...a11 (mod p?),
also hx can be calculated modulo p?. If
Bp—1)/1B2(p-1)/1 - - - Bu-1)p-1)/1 = 0 (mod p),

then the numbers a4, ..., a;_1 and hence also hx can be calculated at most
modulo p.
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Before proving Theorem 1, we show its applications to quadratic and
cubic fields.

The quadratic case K = Q(/p), p =5 (mod 8). Let

-1+ -1-
0 =208 +x151 = o 2\/§+$1 2\/13>1
be a fundamental unit of Q(,/p). Then
To — T
dy = —2A4:(2 .
! 1( ):L‘o-f—$1
Hence
To — T1 9 (o — 361)2 3(mo — 371)3
S1=2A4:(2 So =4A,(2)  ———%, S3=84,(2)° —%.
1 1( )x[)‘i‘xl, 2 1( ) (.T0+.'13'1)27 3 1( ) (.’IZ’O+.’L’1)3

For A;(2) we have

r(0? = 4 (2P(p) (mod p?), Av(2) = LD (mod ).

((p—1)/2)!
Hence
A1(2)2 = —= (mod p?), A1(2) = (((]?;_—11))//22)' (mod p)
Therefore
=24 @R g o _@om Il gy gy @)
Ty + 1 (o + x1)? (zo + 21)3
Let

To + X1 x

=T+ UV > L.

It can be proved that [n2| = [Ny, 1) /00,5 (S + ¢, ')l < 1, hence it is
necessary to start from the unit 7' — U,/p. We have

U U? U3

Sl :2A1(2)T, SQZ—W, 53:—2A1(2)ﬁ
For the numbers 17,15, T3 we have

1 —1)/2—1/6(p—1)/2 p—1 *
T, = _mg(p )/ (2(10 )/2 _ 1)B(p_1y/2 — TG(p—l)/4(E ),
Ty = 3(1— q2),

1 3(p—1)/2—1(63(p—1)/2
Ty = _WQ (r—1)/ L(2 (r=1)/2 _ 1)Bs(p_1y2

+ B —1)/4) Fp—1)/a(E").
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It is easy to see that

X2 - X 1 1 1
B(X1, X0, X3) = (1 -p2 22 X —p — X+ X1 Xo — 2 X3 ).
2 6 2 3
Hence
+ “2 _
€<x0_ :::1) P(a1 51, 0255, a3S3) = (2+2p) P~ V/4P(Ty, Tp, T3) (mod p?).

Since (xg + z1)/(—2) =T and a1 = as = a3 = h, we get
eT"®(hS1, hSy, hS3) = (2 4 2p) P~ V/AB(Ty, Ty, T3) (mod p?),
where € = +1. It can be proved that e = (—1)!*", where r is the number of
quadratic residues modulo p in the interval (p/4,p/2).
The cubic case. Let p be a prime such that p =1 (mod 3), p # a? +27b?
and let

0 = 2000 + 101 + x22.
Then

2 2

To + T19 + T2g , d2:_3A2(3)x0+xlg —|—:Ugg.
Ty + X1 + T2 Ty + X1+ T2

For the numbers A;(3), A2(3) we have

dy = —34,(3)

(0P = 24,3 (—p) (mod p), A1(3) = LI o p),

((p—1)/3)!
_ _ (-1/3
7(x*)? = 27A45(3)%(—p)® (mod p*), Ay(3) = Qp-1)/3)! (mod p).

As is well known, 7(x)* = pJ(x, X), where J(x, x) is the Jacobi sum.
Let J(x,Xx) = a +b(3, a = —1,b = 0 (mod 3) and p = a® — ab + b
Hence
1 (r—1)/3
—a+b>527A 3)? (mod p?), A:(3) = —"—"— (mod p).
(a+00) =214, (mod ), v = (L2 mod p

The number A5(3) is determined by the congruence
p—1)/3
—1=272A,(3)345(3)® (mod p?), Ay(3)= (2((p—1>)//3)' (mod p).
For the numbers T, ...,T5 we have
1
(i(p—1)/3)!
for : = 1,2, and

T, =— Qi(Pfl)/3*1<2i(’P*1)/3_1)

D
Bip-1)/3—i—=5—

T3 = %(1 - Q2),
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1 . )
T ;= — 2p—1+z(p—1)/3—1 2p—1+z(p—1)/3 -1
R S RV VO] ( )
X Bp—1+i(p-1)/3)
+ <2 +16)Fi(p_1)/6(E )
fori=1,2.
It is easy to prove that for &(X,..., X5) we have
D(X1,...,X5)
1 1 1
= (1 —p< - EX% + §X1X2 - 3X3>>
1 1 1 1 1
- X1 —29<24XiL + §X1X3 + §X§ - ZX%Xz - 4X4>7
1 1 1 1
(X2 - Xo)—pl - —XP+ X1 Xu+ =X X
5 (X1 = Xe) p< 20t Tyt T g
1 1 1 1
—X3Xy — = X2X5 - - X1 X2 - =X5 ) ).
+121261381255>>
Hence

1\ @8
:|:<3> (l’o+l’1 —|—:B2)°‘3<15(a15’1,...,a555)
= (2+2p)P~V/5p(Ty, ..., T5) (mod p?).

Proof of Theorem 1. Let ¢g1(X),...,-(X) be polynomials such
that ¢;(X) Z 0 (mod X). Let

9(X) = g1 (X)" . g (X)" (mod XM).
Let s; be the homomorphism defined in [4]. We have
85(9(X)) = b1s;(g1(X)) + bas; (92(X)) + . + by (g, (X)),
for j=1,...,M — 1. Define
Xj = b15j(g1(X)) + ba2s;(92(X)) + ... + brs;(gr (X))
forj=1,...,M — 1. Let
g(X)=Co+ C1 X + O X% + ...+ Oy XM (mod XM).

Consider the reciprocal polynomial

C Chr—
F(X):XM—1+5;XM—2+...+ A(,{Ol'
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By the definition of the homomorphism s; (see [4]) we have
X, = sum of the jth powers of the roots of F/(X).
The numbers C1/Cy, C3/Cy, . ..,Crr—1/Cp can be calculated by the Newton

recurrence formula.
According to [2] and [4] we have:

PROPOSITION 1. There is a number m € Q((, + ('), | p such that

) Nogesery/0m) = (1",

(ii) o(7) = g7 (mod m2mtl) g =a? (mod p?),

(ili) ¢ + ¢ ' = S Oa, t ( od ™) where 0 < a; < p and a; =
(2/(20)!) (mod p) fori=1,.

The numbers auy,+; for i = 1, ..., m, are defined by
—-1- +1)B,_
sy = 2P p(p+1)Bp
p
If 2 is a primitive root modulo p then the coefficients my2, Qmis, .-, Gom

are given by the recurrence formula

a — 1 4p(s+1)as+1 - bs—‘,—l
m—+1+4+s = 45+l _ 4 D

where bgy1 and by, 414 are the coefficients of X*T1 and X™T1+5 respec-
tively, in the polynomial

+ bm+s+1> (mod p),

2
2
<2+2|X+...+ Xm+am+1Xm+1+...+am+SXm+s>.-

2
(p—1)!

PROPOSITION 2. Let K C Q(Cp + ¢, ") with [K : Q] = n. There is a
number m € K with m|p such that

(i) Niq(m) = (=1)"p,

(ii) o(7) = gr (mod 7T”+1)7 g = a?®P= /" (mod p?),

(ii) Bo = S"yain’ (mod 72", where 0 < af < p and where
alf=((p—1)/n)/(i(p—1)/n)! (mod p) fori=1,...,n. =m

From now on we will use the following transformation. Let

y=co+em+eam .+ egqmdTh (mod 7r2l).

= —p (mod 72!) we have

From 7w
v = (co — per) + (e1 — perp)m + ...+ (ci—1 — pegg—1)m ™ (mod 721).
LEMMA 1. Let , 8 € K with a8 # 0 (mod 7). Let

a=ey+em+...+e_qmt (mod 7T2l),

B=by+bym+...+b_1m ! (mod 7r2l).
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Relate to the conjugation o'(c) the polynomial
filX)=eo+e1g' X +eg® X2+ ... + e XL
Let
F(X) = fo(X)°A(X) ... fia(X)72
=do+di X +...+dy_1 X! (mod X?).
Define X; = s;(F(X)). Then
ao(a) ... 072 (a)%2 = § (mod p?)
if and only if
do®@(X1, ..., Xoi—2) = (bo, b1, ...,b—1) (mod p?).
Proof. Clearly
a®o(a) ... o7 a)" 2 =dy +dim+ ...+ dy_ 1771 (mod 7).

The coefficients d; /dy, d2/dg, - . . ,d2;—1/do can be expressed using the num-
bers X1i,...,X9_1 by the Newton recurrence formula. Clearly

do+dim+ ...+ do_ 7?7t
= (do — pd;) + (d1 — pdjs1)m+ ...+ (dj—1 — pdgl_l)wl_l (mod 772l).
From the definition of the mapping @ it follows that
(do—pdy,di —pdis1, ..., di—1 —pdo—1) = do®(X1, Xa, ..., Xo_1) (mod p?).
Lemma 1 is proved. =
Proposition 2 gives
Bo=—1/l+ (a] —paj)m+ ...+ (a7, — paz;_y)r' " (mod %),

where 0 < af < p and af = ((p — 1)/n)/(i(p — 1)/n)! (mod p) for i =
1,...,0— 1. According to [4] we have

ai —paj; = A;(1) (mod p?).
Let 6 = xoB0 + 161+ ...+ x;_18;—1. Then

1
0= — 7(ﬂ70+x1+...+xl,1)
-1 - | |
+ ZA’(Z)(xO —+ 33192 + x292’5 4+ .+ xl_lgz(l—1)>ﬂ_z (mOd 71_2[).
=1
Let

5a(6) ... ot (6)a2 = ).
Then X corresponding to the product on the left-hand side is equal to

C()Sj((S) + Clngj((s) +...+ leggj(l_z)sj‘((s) = Oéij
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for j = 1,...,2l — 1. Hence the number corresponding to the left-hand
side is

To+2x1+...+x— X
< — _l : 1> P(a1 51, -, 21-1521-1).

Now we prove that the right-hand side is equal to
2+ 2p) = VIAB(FTy L fTo_y).

By Proposition 1 we have
2m
G+ Cp_l = Z a;m" (mod 7™y,
i=0

where 0 < a; < p and a; = (2/(2i)!) (mod p) for i =1,...,m, and hence
G+ ¢t =Ao(m) + Ai(m)m + ...+ A1 (m)7™ ! (mod 7).
Consider the polynomial
g(X) =Ag(m)X™ P+ A (m)X™ 2 4.+ Ao (m).
Now we shall calculate the numbers

s; = sum of the ith powers of the roots of g(X)

for i = 1,...,2m — 1 modulo p?. It is easy to see that for i > m — 1 it is
enough to determine s; modulo p. Let Wy, W5, ... be a linearly recurrent
sequence modulo p of order m — 1 defined by
1 .. .
W; = 2271220 —1)By; fori=1,...,m— 1.

(20)!

For ¢ > m — 1 we have

1 1 1
Wi=—=W;_1+ =W, o+...4 ——W,_, .
<2! T T “)
LEMMA 2. The following congruence holds:
-1 " n n+1 N
Sntl = mQQ 222 — 1) Bapyz — Gni1(E") (mod p?)

forn+1<m.

Proof. It is easy to see that Ag(m) =2+ 2p (mod p?). Clearly

1—
2+ 2p)Tp =1 (mod p?).

Consider the polynomial
G(X)= X" O X2+ O,
where

C; = 1%pAi(m) (mod p?).
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Obviously s, is equal to the sum of the nth powers of the roots of g*(X).
Write

Ci=ci+bp, Co=co+bap, ..., Cyo1=Cm—1+bp_1p.
It is known that there exists a polynomial f,(z1,...,x,) such that
Sp = fn(cl + blpa ceeyCn+ bnp)

Write s,, = 7y, + t,p. Clearly r1 + t1p = —(c1 + b1p). Put t; = —b;.
According to the Newton recurrent formula we have

T2 +tap + (c1 + bip)(r1 +t1p) + 2(c2 + pbz) = 0.
The last equation can be rewritten in the form
ro + c1r1 + 2¢2 + p(ta + city +r1by +2b2) = 0.

Define F5 = r1b1 + 2by. Hence 7o + c171 + 2¢2 —|—p(t2 +cit1 + Fg) = 0. Put
ty = —(c1th + F3).
Further we have

r3 + t3p + (c1 + bip)(re + tap) + (c2 + bap)(r1 + t1p) + 3(cs + bsp) =0,
hence
r3 + c1re + cory + 3es + p(ts + cita + caty + byrg + bary + 3b3) = 0.
Define F3 = byry + bari + 3b3. Then we put
ts = t1(c3 — co) + 1 Fy — F3,
ty =t1(—c} + 2c1co — c3) — (] — ca)Fo + 1 F3 — Fy,
ts =11 (c‘lL — 3C%C2 4 2c1c3 + cg —cy) — (—ci{’ + 2c109 — c3) Fy
—(c? — o) F3 4 ¢, Fy — F.
Consider the numbers
Ko=—c1, Kyi= cf —cy, Kg= —c“i’ + 2cic9 —c3, ...
The numbers ¢q, ca, cs, ... are equal to 1/2!,1/4!,1/6!,... modulo p. Define
Ky, = K3, /(2n)!.

Then

K3 1 K 1 K3 1
noy o - _2n-2 0, - M2 =0,
2n)!  (2)! (2n—2)! (2n—2)! 20 (2n)!

1 . 2n\ .,
W<K2n+<2>K2n_2++1> :0,

and therefore K5, = Es,, the Euler number. Using induction by n we put

E2n E2n72
4 byl =t P22,
) e TP (2n - 2)! 1

hence
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where

Fy =byr1+2by, Fs3=0biro+bor1+3bs, Fy=0birg+bara+0bsri+4by, ...
Since t; = —by, we have

Eon  Eop—a
(2n)!  (2n —2)!
— o= (b1t barp—1+ ...+ (n+ D)bpir).

In the last equation we first cancel the brackets by multiplication and then

tny1 = — b1

make new brackets by factoring out b1,...,b,4+1. The summand obtained
by factoring out b; is
Esy, Eop o
5 b .
5) 1<(2nﬁ'+7“(2n-2y + '+T”)
According to [4, Lemma 3],
_ L 2162
r; = —(22,)!2 (2% — 1)Bg; (mod p).

By substitution into (5) we get the sum

Es, Eyppo 1_,.5 Eon—g 1 _5,.4
- C=2(22 - 1)By — —2272 . —923(2* —1)B
(2n)!  (2n —2)! 512 B2 (2n —4) 41 ( )B4
1 — n
_"'_WQ% 1(22" —1)By,.
The following identity holds:
Es, Eypo 1_,.5 Eon—y 1 _4,.4
6 — -—=2(2*—-1)By — — - —2°(2"—-1)B
(6) 2n)!  (2n —2)! 2120 )B2 (2n — 4)1 41 ( )Ba

1 E
N e DY M 1) =2
e JBon = (n+ D 5

This identity can be proved in the following way. For the functions sec z and
tan x, we have

Ey 2 E4 4_%:56

secle—jx +Z:E ol +...,
292 x 404 z?

tanz = 2%(2 —1)325—2 (2 _1)B4E+"'
Then

22(22 - 1) E2B922(22 —1) 242 —1)By\ ,
tanx-secm:mBgfv—< 2121 + o [ S
The identity (6) follows from the equation

d(secx)

= tanx - secx.

dx
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Using the identity (6), by induction (n +1 — 1) we have

E2n E2n72
7 thi1 = — Diby—+byo———+...+ by .
() +1 (n+ )(1(2n)!+ 2(2n—2)!+ + +1>
The numbers aq, ..., a,_1 from Proposition 1 are
2
a; = ehl (mod p), 0<a; <p.
Define the numbers D; as follows:
1—p 1 2
—a;+pD; = ; < D; ;
5 a +p @] (mod p*) 0 <p
hence
1 1 1—p
D, = p<(2i)! - 2%) (mod p).

Let v,,+1 be the sum of the (n+1)th powers of the roots of the polynomial

1- 1-
)(m_1 + ?pale_z + ...+ 9 pam_l.

According to [4, Lemma 3], the sum of the (n + 1)th powers of the roots of
the polynomial

1 1 1
Xm—l 7Xm—2 7Xm—3 o -
T T Tt o oy

is equal to
-1
m22n+1(22n+2 _ 1)B2n+2-

Hence

-1
Un41 = ( 22n+1(22n+2 — 1)Bgn+2

2n + 2)!

Esy, Eop o
D22 D).
et TP Tt “)

+ p(n + 1) <D1
Therefore

(8) !

ST on 1 2)!

+p(n+1) <D1

22n+1(22n+2 - 1)B2n+2

E2n E2n72
D
) T 20 —2)

E2n—2
ot bnat ).
@n—oy "*1)

1/ 1 1-—
D; = - — — Jai ,
p \ (2i)! 2

|+---+Dn+1)

E2n
—p(n+1) <b1 (2n)! + by

Since
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from (8) we get

-1 (n+1)E2pt2
9 n — 227’L+1 22n+2 _ 1 B n _
) sn1 = Gy ( VBantz = 5 7
p—1 Eon Eop o
1 .
+(n+ ) 9 (al (2n)' +a2(2n_2)! + +an+1)
n+1 FEs, Eop_o
+p 9 <am+1 (217,)' + a2 (2n — 2)| + .ot Gmgnt |,
where a1, ..., Qm, Gm+t1, Am42, - - - are the numbers from Proposition 1. Since
A;(m) = a; — pam+;, from the equality (9) we get
_ 1 2n+1(02n+2 n+1 X
Sn+1 = m2 (2 — 1)B2n+2 - 9 Gn+1(E ) |
LEMMA 3. The following congruence holds:
1 ‘ .
Wiij = — 2p—1+21—1(2p—1+23 —1)By_142;

(p—1+42j5)!
+ (m+j)F;(E") (mod p)
forj=1,...,m—1.

Proof. Let n > 2p — 3. Consider the polynomial
1 1 1
hX) = X" 7Xn71 7Xn72
(X) LCTRT 2t

)t
Let W} be the sum of the ith powers of the roots of h(X). By [4, Lemma 3],
W* = _
’ (2i)!
The characteristic polynomial of the sequence W; is
1 1 1

—Xxm=r g _xm

o T Tt am o)

Hence W; is the sum of the ith powers of the roots of this polynomial.
Let

22’i—1 (221 _ ]-)BQ'L

mel

1
C1= 5 2= g e
Obviously
Wy =W, + mcp,
Wing1 = W1 +emWi + (m 4+ 1)cppr — cimey,.
We can write

Gm = mcp, Gmy1 = (m + 1)Cm+1 —c1Gp.
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By induction we can prove that
(10) Wingj = Wy pj + emWj + (Cmir + emEN)Wja
+ (ema2 + Cmp1 EY + e ES)W,_o + ...
+ (Cm+j,1 + Cm+j,2E'iK + ...+ CmE;_l)Wl + Gerj.

Now we rewrite the right side of (10). We cancel the brackets by multi-
plication and make new brackets by factoring out c,,, cmt1, - - -
E.g., the summand obtained by factoring out c¢,, is

em(Wj+ EYWi 1 + EsW; o+ ...+ E;_;W1).
From (6) we get
(Wi + EYWi 1 + ESW; o+ ...+ Ef_{Wh) = cnjEj.
By repeating this procedure with each summand we have
(1) Wiy,
=Wphy + jcmE;.‘ +(j— 1)cm+1E;f_1 + . Femyj1 BT 4+ Gy
By induction it is easy to prove
(12)  Gmyj=(m+Vemyj + (m+j = Demgj—1B] + ...+ mep B}
Substituting (12) into (11) we get
Wintj = Wiy + (m A+ 5)(Cmej + emij—1 BT + .+ e ). w
Since 1o = NQ(CP+C;1)/K(CP + ¢, ") we have

-1

n =ro+ Zri(pfl)/(Ql)Tri(pil)/(Ql) (mod 7*™),
=1

where rg = (2 + 2p)7 =1/ From Lemmas 1-3 we deduce that the right-
hand side is equal to

(2 + 2p)f(p_1)/(2l)¢(lea . 7fT2l—1)-

It remains to prove that 7; = (1 — ¢2)/2. From the proof of Lemma 3 we
have

1 p—1 1
Ti=—=207220"  —1)Byq + —— -
e T R R )
hence
1 =1 _ 1 p—1 1
T, = 2r—2 Bp_1+——- :
T -1 S T IV
From pB,_1 = —1 (mod p) the required congruence follows. Theorem 1 is

proved. =m
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ExaMPLE 1 (p = 13,1 = 3, K C Q(C13 + ¢;3'), [K : Q] = 3). By
Proposition 1 we have

Ci3 + (3 =2+ 7+ 1272 + 373 + 4n* + 97° 4+ 117° + 277
+ 1278 + 87% 4+ 107'° + 47! (mod 7'?),
hence
C13 + (gt = Ao(m) + Ay(m)m 4 ...+ As(m)r®
= 28 + 1447 4 2572 + 687> + 437* + 1267° (mod 7'2).
It is easy to see that
M = Ny, v (G + G )
= (28 + 1447 + 2572 + 687 + 437 + 1267°)
x (28 — 1447 + 2572 — 687> + 437 — 1267°)
= 56 + 8672 + 507* (mod 7'?).

The number 3y = (13 + (P53 + (%5 + (2 is the Gauss period. By Proposition 2
we have

Bo= -1+ A1(3)m + A2(3)7? (mod 7°)

(m is a prime divisor of the field K, [K : Q] = 3, w|p). For A1(3), A2(3) we
have

7(x)® = 274:(3)*(~13) (mod p?), A;(3) = — (mod 13),

—1=272A1(3)345(3)® (mod 169), Ay(3) =

4

41
4
sl (mod 13).

The number g satisfies g = 2413 = 146 (mod 169), and

() =pJ(x,x), T, X) = —4 - 3G
Hence A;(3) =4/4! =11 (mod 13). Thus

146

It follows that A;(3) = 50, A2(3) = 86.
The fundamental unit of the field K is 6 = (5. Hence

1
- < —4- 3> = 27(11 + 13k)® (mod 169).

dy = —3-50-146% = 80 (mod 169), do = —3-86-146 =19 (mod 169).
Therefore

S1=-80, Sy=109, S3=2, Si=5, S5=4.
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A calculation gives

Ty =154, To =109, T3=12, T,=12, T5=A4.

Clearly o = ag = a3 = a4 = a5 = 1, hence the relevant congruence is

1)\
i( - 3) B(—80,109,2,5,4) = 2824(154,109, 12, 12, 4)

= (56,86,50) (mod 169). m

ExaMPLE 2. We have

Car 4 (o7t = 2+ 7+ 3472 + 117° 4 227 + 67° + 327 + 1477
+ 978 +127° + 16710 + 57t + 23712 4 24713
+ 207 4+ 371° + 26716 4+ 33717 + 35718 + 25719
+ 2972 + 1172 4 10722 + 10773 + 1172* + 872
+ 8726 + 19727 + 20728 4+ 19720 4 873° + 3673
+ 12732 4+ 187% + 3173 + 357%° + 37%¢ (mod 737).

Therefore Ag(m) = 76, Ay(m) = 445, Ay(m) = 330, As(m) = 973,

A4(m) = 1021, A5(m
Ag(m) = 678, A1o(m

= 1005, Ag(m
= 645, A11 (m

= 994, A7(m) = 1087, Ag(m) = 1082,
= 671,1412(77”6) = 1096,1413(771) = 61,

~—~— —
~— —

A14(m) == 945, A15(m) == 706, A16(m) == 248, A17(m) = 107.

=

NS

SIS
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