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On character sums of rational functions
over local fields
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1. Introduction. Characters of (Z/mZ)* were introduced by Dirichlet
while studying the distribution of prime numbers in an arithmetic progres-
sion. Hecke generalized the notion of Dirichlet characters by interpreting it
as a collection of characters of local fields.

Let F' be an extension of QQ, of degree n. Let O be the ring of integers
and U be the group of units. Let P be the prime ideal and 7 be a prime
element. Denote the normalized valuation by | - |, and the ordinal by ord.
Let ¢ = NP be the norm of P. Let f(z),g9(x) € O[z] and d = deg f,
e = deg g. This paper studies the character sum

Y xUf@)x(g(),

xr mod P«

where Y is a character of U of conductor P%, which extends to O by extension
by zero. Let 4,0 € Z and

R(x) = f(x)/g(x),
0(i,8) = {x € O : Ptg(x),ord(RV(2)/j!) = o/ (j +1) (1 < j <),
ord(RW (z)/i!) = 6},

W={a €0 Prg(a),ord(RV(@)/j!) = a/(j +1) (j € N)}.
Let A be a fixed complete system of representatives modulo P<, and A(3, 6)
= ANO(i,6). By Lemma 1, ord(RY)(z)/5!) > 0 if Pfg(x). So

An{ze0:Plgx)}=AnW)ul ] |J AG90).

i>1 0<6<a/(i+1)

Hence we concentrate on the study of 3, c 4(; o) X(R(z)) with a > 1, 6 <
af(i+1).
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2. Main results
THEOREM 1.
‘ >, X(R(x))‘ <212[;H(d+e—1)g*?  if 6 <aj2
x€A(1,0)
THEOREM 2.
S X(B@)| <202 d e~ g2 if 0 < a3
z€A(2,0)
THEOREM 3. If 1 > 3, 0 = 0, then
> X(R(m))‘ <|iti — D5 Nd+ e — 1)gTel.
TEA(1,0)

Let

and
RU

Ml(i,O):{xEOzO ord( )Za—jﬂ(1<j<i)},
Ms(i,0) = O(i,0)\M:1(2,6), A;(i,0) =ANM;(%,0) (j=1,2).

THEOREM 4. Ifi > 2 and 0 < 0 < /(i + 1), then
> B@)| < il d+ e 1)g"
w€A; (i,0)
THEOREM 5. Let i > 2 and 0 < § < a/(i + 1). Suppose that
(1) x € A(i,0) & x+ P° € A(i,0).
Then

> x(B@)| < Gl (d+e = Deln,i = 1)go 070/,
x€A2(i,0)

where c(n,i — 1) is the constant in Lemma 5.

3. Lemmas

LEMMA 1. Let u(z),w(z) € Olzx], r(z) = u(x)/w(zx). Suppose that
Ptw(xg). Then

© D (g)
rao+y) =3 )i ¢ ol

=0 T
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Proof. Pfw(xo) implies that
r(xo +y) Z ajy € Olly

Differentiating term-by-term gives our result.
LEMMA 2. Let u(z) € F[z]. Let A\, p, k € Z be such that £ > 0 and X\ > p.
Let 7 = [(A— p+ k —1)/k] and B be a set of representatives modulo PT.

Then
uF) (z)
K!

#{xéB:PHu(az),P” < degu.

Proof. Let E be an extension of F' containing all roots of u. Let m =
degu and u(X) = a[[" (X — ;). Then

M) S W[ -

S jgs
where S C {1,...,m} runs through all subsets of cardinality k. So, if
ord(u(z)) > X and ord(u'®)(z)/k!) = u, then for some S,

ord <a H(X—aj)) <pu

JES

ord(H(x—aj)> >\ —pu,

JjES

and hence

which implies that ord(z — ;) > (A — p)/k for some j. Therefore
#{z € B : ord(u(z)) > A, ord(u®/k!) = u}

< Z#{x € B:ord(z — a;) > (A —p)/k < m}.
j=1
This completes the proof.
LEMMA 3. Let s(z) € Flz], w(x) € Olz] and r(z) = s(x)/w(z). Let
Ky A\ p,0 € Z be such that k > 0,0 > 0 and X > p. Let 7 = [(A—p+£r—1) /K]
and B be a set of representatives modulo P™. Then

(3+1)
#{xEB:PA 1"7'(:1:) 0<j<o),
7]
u+1&(0<'<ﬂ+g) pH riete (@) pwa(x)}
Mrtot+1) o =7 ’ (kto+1)
(k+o+1)!

< (deg s+ degw — 1)

—-1/k (H+J+1)' sgn(k—1)
e

where /a is the radical of a and N denotes the norm.

o!
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Proof. Denote the set to be estimated by T'. The proof splits into two
cases, according to whether Lemma 2 can be employed or not.

Case 1: A < pu+ord((k+ 0 —1)!) —ord(o!). The trivial estimate yields
#T < q[()\—u+f<c—1)//-c} < q[(ord((n—i—a—i-l)!)—ord(a!)—&-n—l)//-c}

—-1/k (H,+O'—|—1)' sgn(k—1)
)

Case 2: A > p+ord((k + o — 1)!) — ord(o!). Since

(k+o+1)!
ol

(wZTJ)(m) m r(j+1)(w2)(m*j)
7' - iy Y )
m! = Jlm —j)!
we get, for x € T,
2.1\ (o) 2.1\ (k+0)
pr | W) g || )T @)
o! (Kv + o0+ 1)'

which is equivalent to

. ((w?r'><“+ﬂ> (=)

Kklo!

) =m +ord((k + o — 1)!) — ord(o!).

Hence, by Lemma 2 with u(z) = (w?)()(z)/0!,
#T < (degs + degw o 1)q'r/q[(ord((n+a+l)!)—ord(a!)—i—n—l)/n]

—-1/k (K+U+1)' sgn(k—1)
)

LEMMA 4. If ord(a) = h > «/2, then x(1 4 ax) is, with respect to x, an
additive character of conductor P,

(k+o+1)!

< (degs+degw —1) ;
o!

This completes the proof.

Proof. Obvious.

LEMMA 5. If @ is an additive character of conductor P!, u(x) =
S oaixt € Olz] and (a;,...,am) =0, then

> voen s

z mod P? (m th - 17
where c¢(n,m) > 1 depends at most on m and n.

Proof. See [1], [2].
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4. Proof of main results

4.1. Proof of Theorem 1. Grouping together elements of A(1,6)
whose images modulo Pl@+t1/2] are the same, we get

Y xR@)= > > xRy + R (yrltHR),

z€A(1,0) y€BNO(1,0) zeC(y)

where B is a fixed complete system of representatives modulo Plet1)/2],
and

Cly) ={z€0:y+7l@tV/2; c A1,0)},
which is a complete system of representatives modulo Pl*/2 if y € O(1,6).

(i) 0 < [/2]. The inner sum is 0 by Lemma 4 and the estimate follows.
(ii)) (¢ = 1)/2 = [@/2] = 0 < /2. We have
Y X(R@)=¢V2 N x(R().
x€A(1,0) x€BNO(1,0)

Grouping elements of BNO(1, ) according to their images modulo P(*~1)/2,
we get,

Y. x(R(x))

z€BNO(1,0)

yeCNC1 zeD(y)

where C is a fixed complete system of representatives modulo P(®~1/2 and
Cy={yc0: P V2R @y}

If P|R"(y)/2, then D(y) is empty or a complete system of representa-
tives modulo P. By Lemma 4, the inner sum is 0 and makes no contribution.

If PYR"(y)/2, then D(y) is empty or a complete system or a complete-
but-one system of representatives modulo P. By Lemmas 4 and 5, the inner
sum is < ¢'/2 4 1. It remains to bound #{y € C N C; : P{R"(y)/2}.

If (¢ — 1)/2 > ord(2) so that we can make use of Lemma 3 with r(z) =
R(x), we have

#{y € CNCL: PYR'(y)/2} < (d+e—D2];".
If (¢ — 1)/2 < ord(2), the trivial estimate yields

#{y e CNCy: PR (y)/2} < @ V/2 <271
Therefore

Y x(R(x) < g2 P#{y e CNCy: PYR(y)/2)
z€A(1,0)
<2(d+e—1))2; ¢/

This completes the proof.
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4.2. Proof of Theorem 2. Grouping elements of A(2,60) according
to their images modulo Pl@—0+1)/2] e get

Y xB@) = Y Y X(B) + Ry,

zEA(2,0) y€BNO(2,0) zeC(y)

where B is a fixed complete system of representatives modulo Pl@—0+1)/2],
By Lemma 4, the inner sum is 0 unless ord(R'(z)) > a — [(« — 0 +1)/2].

Hence
> X(R(x)) = g0 Ny (R(x)),

TE€A(2,0) r€BNB;
where By = {y € O(2,0) : ord(R/(z)) > a — [(« — 0 + 1) /2]}.

(i) 6 = 0. In this case we can bound #B N By directly. If [(a + 1)/2] >
ord(2) so that we can make use of Lemma 3 with r(z) = R(x) an
[(a+1)/2], we have #BN By < (d+e—1)]2|; 1. If [(a+1)/2] <o
trivial estimate yields

#B N By < ¢t/ < g < 2|t
Hence
Y. x(B() < (d+e—1)2[; g2
z€A(2,0)

(ii) @ # 0. Grouping elements of BN B; according to their images modulo
_P[(O‘_‘g)/Q}7 we get

T X -y ¥ (ZR(”() '[(a—e>/21zj>,

r€BNB; yeCNB1 zeD(y) 7=0 ‘7

where C is a fixed complete system of representatives modulo Pl(@=0)/2],
and D(y) = {z € O : y + 7l(®=9/2 ¢ B By}, which is a complete system
of representatives modulo Ple—0+1)/2]=[(a=0)/2]

By Lemmas 4 and 5, the inner sum is < 2¢2((@=0+1)/2=[(a=0)/2]) 14
remains to bound #C N Bj.

Ifa—0—[(a—0+1)/2] > ord(2), so that we can make use of Lemma 3
with 7(x) = R(x), we have #C N By < (d+ e — 1)[2|; L.

If [(a — 0)/2] < ord(2), the trivial estimate yields

#C N By < gle=0/2 < 9|~

Hence

S w(B(@) < 23 (@02 l0=0/2 (g 4 ¢~ 1)[a); ge-le-0+1/2
z€A(2,0)

< (d+e—1)202];Lglet0/2,
This completes the proof.
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4.3. Proof of Theorem 3. We bound #A(i,0) directly.
If [(« +4—1)/i] > ord(i), so that Lemma 3 can be employed with
r(z) = R(z), § =i — 2 and k = 1, we have

#AG,0) < (d+ e = 1Dfii - 1)[; g oD/
< (d+ e = DliGi — DI g6/,
If [(a +i—1)/i] <ord(i), the trivial estimate yields
#A(Z,@) < qa < qa—[(a+i—1)/i]qord(i) < |z‘;1q[(z—1)a/z]
Theorem 3 now follows.
4.4. Proof of Theorem 4
(i) a/i < ord(i) + 6. Recall also 8 < a/(i + 1). Calculation shows that
[( — 0 +1i—2)/i] <iord(i). Therefore the trivial estimate yields
Z X(R(IL‘)) < qa < qa—[(a—9+i—2)/i}qiord(i) < |,L-|;iqo¢—'y‘
:CEAl(i,Q)

(ii) /i > ord(i) 4+ 0. Grouping elements of A;(i,0) according to their
images modulo PP, we get

Y x(R@)= > Y X(R(y+7"2)),
x€A1(4,0) y€EBNM;(3,0) zeC(y)
where B is a fixed complete system of representatives modulo P?, and
Cly)={z€0:y+n’z¢e A(i,0)},

which is a complete system of representatives modulo P*~# if y € M, (i, ).
Our [ is so chosen that a4+ > i+ (46 > «, and 6 < «/(i + 1) justifies
3B > « for j > i. Hence

Yo xR@) = D> D> x(Ry(2))
z€A;(i,0) yEBNM (i,0) 2€C(y)

where
1—1

Z_: R(]) w]ﬁzj

=0

Since y € M (i,0) implies that
Ry(2) = R(y) + R'(y)="'z (mod P%),

we have

Y. xR@)= Y > xR+ Ry

x€A1(1,0) yEBNM1(i,0) 2€C(y)
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By Lemma 4, the inner sum is 0 unless P*~# | R'(y). Hence
Y XR@)=¢"" > xR®)
where
D(i,6) = {y € BN Mi(i,6) : P*~7| R'(y)}.

Since a/i > ord(i) + 0, we can apply Lemma 3 with r(z) = R(z), § = 0,
A=a—-0,k=i—1and p=0. Thus

#D(i,0) < qP(a—0=F+i=2)/(i=1)] |Z“;1/(i_l)N(\/ZT)(d +e—1)
< @i EINWi)(d + e - 1).
Therefore
Y x(B(@) < ¢* il OTINGi)(d+ e - 1),
2€ A (i,0)
This completes the proof.
4.5. Proof of Theorem 5

(i) a/i < ord(i) + 6. Recall also § < a/(i + 1). Calculation shows that
(a —6)/i < iord(i). Therefore the trivial estimate yields

Z X(R(ZE)) <q¢* < qa—(a—ﬂ—e)/(i—l)qiord(i) < ‘i’;iqa—(a—ﬁ—ﬁ)/(i—l).
IGAQ(i,@)

(ii) a/i > ord(i) + 0. Grouping elements of A3(7,0) according to their
images modulo PP, we get as in the proof of Theorem 4,

Ut gy +16) L
> xR@)= >, > x(ZRﬂ(y)W”zj),

x€A2(3,0) yEBNM»(i,0) zeC(y) j=0
where B is a fixed complete system of representatives modulo P?, and
Cly)={z€0:y+nlzec Ay(i,0)},

which by (1) is a complete system of representatives modulo P>,
Let 6 € Z and

As(8) ={y € BN My(i,0) : 6 = min {4+ ord(RY (y)/5)}}.

1<j<i—1
We can check that
BnMy(i,0)= |J As(9).
a/2<6<a
If y € A3(0), then by Lemmas 4 and 5, the inner sum is
< ¢(n,i — 1)ql@=D1=1/(=1)) o= ja=5
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Since a/i > ord(i) + 6, we can apply Lemma 3 with r(z) = R(z), 0 = 0,
A=d0—pF,k=i—1and y=0. Thus
#A3(6) < [il, OTIN(Vi)(d + e —1)g° /g0 PO/,
Therefore

> X(R@) < %\z’];l/“—l)N(\/z’)(d te— 1)ge(amB=0)/G=1),
€A (3,0)

This completes the proof of Theorem 5.

5. Corollaries
COROLLARY 1. If 0 <8 < a/(i+1),2<i<D5, then
S X(R@)| < S+ e~ De(ni — 1)ge (P06,
x€A2(4,0)
Proof. It suffices to check the validity of (1) in Theorem 5.

COROLLARY 2. If f(z) = Z?:o ajzd, g(x) = Z?:o bjzl, and Pfagby —
aibo, suppose that (1) in Theorem 5 holds. Then

‘ > X(R(x)))SOzcl(n,d~|—e)qa—(a—l)/(d-%e)’

r mod P%

where ¢1(n,d + €) is a constant depending at most on n and d + e.

Proof. Since
(R (™) B T RUHD (g2)(m=d)

m! _j:O gl m — )
and
<g2R/)(d+e—1)<x)
d =0
o < d+e— 1) ’

we have W = () and A(i,0) = 0 if i > d+e, and A(d+¢,0) =0 if § # 0.
Corollary 2 now follows.

COROLLARY 3. If f(z) = Z?ZO ajzl, g(z) = Z?:o bjzl, Ptaoby — aybo,
and d + e < 6, then

> X(R@)| < ac(n)g @D/,
z mod P«

where c(n) is a constant depending at most on n.

Proof. This follows from Corollary 2 and the validity of (1) in Theo-
rem 5.
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COROLLARY 4. If (a,b) = 0, then
Z x(az + bz~ )| < ac(n)qtb/3,

xr mod P«

Proof. This is a special case of Corollary 3.
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