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Minimal multipliers for consecutive Fibonacci numbers
by

K. R. MATTHEWS (Brisbane)

1. Introduction. The Fibonacci and Lucas numbers F),, L,, (see [2]) are
defined by

Fi=Fy=1, Fpo=Fu1+F, n>1;
Li=1, Lo=3, Lpyo=Lni1+Ln, n>1.
Since
(1) F, 1F, —F, oF,,1 = (-1)",
it follows that
ged (Fry Frg1ye ooy Frugm—1) =1 for all m > 2.
Consequently, integers x1, ..., T,, exist satisfying
o1 Fp +xoFni1+ .o e Faim—1 = 1.
We call (x1,...,2y) a multiplier vector. By equation (1), one such vector is
(2) M, = ((-1)"F,_1,(-1)""F,_5,0,...,0).
The problem of finding all multiplier vectors reduces to finding a Z-basis
for the lattice A of integer vectors (x1,...,x,,) satisfying

o1 Fn 2o+ e Fgm—1 =0.

It is easy to prove by induction on m that such a lattice basis is given by
Mo, L1,...,Lpy—2, where

£1=(1,1,-1,0,...,0),
Ly =(0,1,1,-1,0,...,0),
(3)

Lo =(0,...,0,1,1,—1).
Hence the general multiplier vector has the form
Muy+yilr+ .o+ Yym—2Lm—2 + Ym—1Mnpq2,

where 41, ...,ym_1 are integers.
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Table 1. Least multipliers, m = 4,5, 2 <n <20

n Least multipliers, m = 4 n Least multipliers, m =5
2 1 0 0 0 2 1 0 0 0 0
3 -1 1 0 0 3 -1 1 0 0 0
4 2 -1 0 0 4 2 -1 0 0 0
5 -3 1 -1 1 5 -3 1 -1 1 0
6 4 -3 2 -1 6 4 -3 2 -1 0
7 -7 4 -3 2 7 -7 4 -3 2 0
8 11 -7 5 -3 8 11 -7 4 —4 1
9 —18 12 -7 4 9 —18 12 —6 5 -1
10 30 —18 11 -7 10 29 —-19 10 -9 2
11 —48 30 -—18 11 11 —47 31 -—16 14 -3
12 78 —48 29  —18 12 76 —50 27 —22 4
13 —126 77 —48 30 13 —123 80 —44 37 -7
14 203 —126 78  —48 14 200 —129 70 —59 11
15 —329 203 —126 78 15 —323 209 —114 96 —18
16 532  —329 204 —126 16 523 —338 184 —155 29
17 —861 533 —329 203 17 —846 548 —297 250 —47
18 1394 —861 532 —329 18 1368 —887 482 —405 76
19 —2255 1394 —861 532 19 —2214 1435 —779 655 —123
20 3649 —2255 1393 —861 20 3582 —2322 1260 -—1061 200

A recent paper by the author and collaborators [1] contains an algo-
rithm for finding small multipliers based on the LLL lattice basis reduction
algorithm. Starting with a short multiplier, we then use the Fincke-Pohst
algorithm to determine the shortest multipliers. When applied to the Fi-
bonacci sequence, this experimentally always locates a unique multiplier of
least length if n > 1. For m = 2, it is well known that the extended Euclid’s
algorithm, applied to coprime positive integers a, b, where b does not divide
a, produces a multiplier vector (x1,x3) satisfying |z1| < b/2, |z2| < a/2,
which is consequently the unique least multiplier. With a = F,,11, b = F),,
n > 3, this gives the multiplier vector M,,.

However, for m > 3, the smallest multiplier problem for F,,, ..., Fj,1m—1
seems to have escaped attention. (Table 1 gives the least multipliers for
m=4and 5,2 <n <20.)

In this paper, we prove that there is a unique multiplier vector of least
length if n > 2, namely W, ,,, where

(4) Wn,m - (_1)n n,m — (_l)n(Wn,l,ma _Wn,Z,ma B _Wn,m,m)a
which is defined as follows, using the greatest integer function: Let
(5) ,Pn:(anly_anQ)Oa‘-'aO)v

(6) Vn,m = 7)n - Gn,l,m£1 + Gn,2,m£2 — ...t (_1)mGn,m—2,m£m—27

where the nonnegative integers G, 1,m, - .., Gpnm—2,m are defined as follows:
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Let

Frr(Fon- F,
Hn,r,m:\‘ (F2+ )J7 1<r<m.
m

Then for m even,

. a | Hyrm if2<r<m-—2, reven,
(7) T, Hy 1yp1m f1<7r<m-—3, rodd,
while for m odd,

®) @  Hpprm—1=Gnrm—1 if 2<r<m-—3, reven,
e Hn—l,r—i—l,m—i—l = Gn,r,m—i—l if 1 S r S m — 27 r odd.

The definition of G, ;. , extends naturally to r = —1,0,m — 1, m:
Gn—1m=Fu-3, Gnom=Fu-2 Gnm-im=GCnmm=0.
Then equations (4)—(6) give
(9) Whrm =Gnr—2m + Gnr—1.m — Gnrm.

It was not difficult to identify these multipliers for 2 < n < 2m + 2 (see
Table 2). It was also not difficult to identify them for m even, n arbitrary,
though the initial form of the answer was not elegant. However, it did take
some effort to identify the case of m odd, n arbitrary. This was done with
the help of the GNUBC 1.03 programming language, which enables one to
write simple exact arithmetic number theory programs quickly.

To prove minimality of length, we use the slightly modified lattice basis
for A,

[’17 cee 7£m—27 Wn+2,m7

which is the one always produced by our LLL-based extended gcd algorithm.
We then have to prove that if n > 1,

||:L'1[/1 +...+ $m—2£m—2 + $m—1Wn+2,m - VVn,?TLH2 Z ”W’I’L,m||2

for all integers x1,...,%;,m_1, with equality only if z1 = ... = z,,_1 = 0.

The proof divides naturally into two cases. If x,,,_1 is nonzero, the coef-
ficient of 22, _; dominates. For this we need Lemmas 5 and 11.

If ,,—1 = 0, the argument is more delicate and divides into several
subcases, again using Lemma 5. The other lemmas play a supporting role for
the derivation of Lemmas 5 and 11. In particular, Lemma 2 is important, as
congruence properties in Lemma 4 reduce the calculation of the discrepancies
for general n to the case n < 2m + 2, where everything is quite explicit.

2. Explicit expressions for W,, , . For later use in the proof of
Lemma 11, we need the following simpler form for W), ; ,, in terms of the
least integer function:
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LEMMA 1.

Fn+m73 - Fm72
Fr,
Fn+m—2 - Fm—l

-‘ if m is even,

Wn,l,m =
if m is odd.
[ Fri -‘ d

Proof. The identity Frim—3 = FrnFn_1 — F_2F,_3 follows from the
well known identity
Fa+b - Fan+2 - Fa—2Fb7
with a = m and b = n — 3. Consequently, if m is even,

Fa(Fp—3+1
Wn,l,m = Fp_1— Gn,l,m =F, 11— \\ m 2(Fn 3 )J
m
= — _Fn+m_3 + P2 — Fn+m—3 —F_0
Fon o :

and similarly if m is odd.

The W, ;. mm with m even and 3 < n < 2m + 2 have an especially simple
description in terms of Lucas numbers and play a central role in the proof
of Lemma 5:

LEMMA 2. (See Table 2, which summarizes (a) and (c).)
(a) Let 3 <n <m-+2, m even. If n is odd,
Ly o if r<n-—3,
an,ﬂ,m:{l if r=n—2,n-—1,
0 if T>n.

If n is even,
Ln,r,Q Zf r<n-— 4,

)2 if r=n—3,
Warm = 1 if r=n-—2,
0 if r>n—1.
(b) Let 3 <n <m+2, m odd. Then
Wn,r,m = Wn,rm-—1, 1<r<m-—1, Wn,m,m =0.
(c¢) Let 3+m <n <2m+ 2. Then

W I I if r#2m—n+ 3,
WMl Ly + 1 if 7 =2m —n+ 3.

These formulae follow from explicit expressions below for G, ;. , in terms
of the Fibonacci numbers, when m is even:

LEMMA 3. (a) Let 3 <n <m+ 2. If r is even,

a _JFhr2 ifr<n-—2,
meme 0 ifr>n—1.
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Table 2. The Wy »m, 1 <n < 2m+ 2, m even

n Wn,l,m Wn,2,m Wn,B,m Wn,4,m Wn,S,m
1 0 1 0 0 0
2 1 0 0 0 0
3 Lo—1 1 0 0 0
4 Ly +1 Lo—1 0 0 0
5 Lo Ly Lg—1 1 0
6 L3 Lo L1 +1 Lo—1 0
7 Ly L3 Lo Ly Log—1
m—1 Lip—a L5
m Lip—3 Lim—4q
m+1 L2 L3
m+ 2 L1 Lip—2
m+3 Lm L
m+4 L1 L,
m+5 L2 L4
m+6 Lm+3 Lm+2
2m Lom—3 Lom—a  Lom-5+1
2m + 1 Lom—2 Lom-3+1 Lom—4
2m+2 | Lom—1+1 Lom—2 Lom—3

Table 2 (cont.)

n Wn,6,m LR Wn,m—l},m Wn,m—Q,m Wn,m—l,m Wn,m,’rn
1 0 0 0 0 0
2 0 0 0 0 0
3 0 0 0 0 0
4 0 0 0 0 0
5 0 0 0 0 0
6 0 0 0 0 0
7 1 0 0 0 0
m—1 e Lop—1 1 0 0
m ... Ly +1 Log—1 0 0
m+1 . Lo Ly Log—1 1
m+2 Lg L2 L1+1 Lo—l
m+ 3 e Ly L3 Lo Li+1
m+ 4 . Ls Ly Ly+1 Lo
m+5 L. Lg Ls+1 Ly L3
m+ 6 o L7z +1 Lg Ls Ly
2m . Lyp41 Lm Ly—1 Ly—2
2m + 1 o Lm+2 Lm+1 L L1
2m + 2 e Lm+3 Lm+2 Lm+1 Lm
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If r is odd,
a _ Fro oy ifr<n-3,
o 0 ifr>mn—2.
(b) Let m+3 <n <2m+2. If r is even,
a I I ifr <2m-—n-+2,
e Froro—Fy omir—2 if r >2m—n+ 3.
If r is odd,
a I I ifr<2m-—-n-+1,
B N Fromir—2 ifr>2m—n+2.

(c) Ifn=10r2 Gyrm=0 for1 <r <m.

Proof. We assume r and m are even, as the case of odd r depends
trivially on this case. We start from the following identity, valid for a even:
(10) ForFy — FuFyp = (—1)"Fy_ o F.

Then
P Fy o—F,F,_ . 9=—F,__oF,.
Hence
(11) Fp—w(Fh—o+E)=FnFor—o+ (Fp_r — Fhom_2)F;
=Fnbn o+ (Fnr+ (=1)"Frnny2)Fr

and
Fm—r(Fn—2 + Fr) (Fm—T - Fn—m—2)Fr
12 n,r,m — =Fnpro
(12) G = | P22t B | Ly | e
For + ()" Fy—ni2) Fr
(13) e |

(a) Assume 3 < n < m + 2. First suppose r < n — 2. Then m —r >
m —n + 2 > 0 and hence

0 S Fm—n+2 S mer
and
0 S Fm—T + <_1)nFm—n+2 S 2Fm—r-

Hence

(Fm—r + (_1)nFm—n+2)Fr < 2Fm—'rFr
Fr, - By
as 2F,,_,.F, < F,,, if 2 <r < m — 2. Hence

{(Fmr - (—1)"an+2)F'“J —0

0< <1,

FTIL

and equation (13) gives Gy, p.m = Fri—p_2.
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Next suppose r > n — 1. Then
0< mer(anQ + Fr) < mer(Frfl + Fr) _ merFr+1
- Fn - Fn Fr,
where we have used the inequality F,Fp, < Fy4p—1 if 2 < a,1 < b. Hence
Gn,r,m =0.
(b) Assume m + 3 < n < 2m + 2. First assume r < 2m — n + 2. Then
m—r>n—m-—22>0 and

mer Z anmf2 2 0

<1,

and as seen before, the second integer part is zero in formula (12) and
Gn,r,m =Furo.
Next assume r > 2m—n-+3. Again we use a special case of equation (10):
Fym—oF, — Fan—2m+1’—2 = (*1)nFm—rF2m—n+2-
This, together with equation (12), gives
Fm—r(Fr + (_1)n+1F2m—n+2)J
F., ’

But r > 2m —n + 3 implies F. > F5,,_nt2 > 0 and as before, the integer
part vanishes and we have G, . = Fri—p—2 — Fy_omir—2.

Gn,nm =Ln—r-2— Fn72m+r72 + \‘

3. The discrepancies D,, ,,, and E,, , ,
LEMMA 4. Let Dy romp = Whr—om — Whr—1m — Whpm, 3 <17 <m.
(a) If n =t + 2Nm, m even,
F,=F, 4+ FnmLnm+t and Dy = Dipom.
(b) If m is odd, then
D _ {Dnmml zf r z:s even,
T m Dy, yom+1 if T is odd.
Proof. (a) Let n =t + 2Nm, m even. Then
Fo — Fy = Fiyonm — Fy = FNmtt+Nm — FNmat—Nm = ENm LNm+t,

as Nm is even. Noting that Fi,, =0 (mod F,), we have from equation (7)
and the definition of H,, , p:

Fm—rFNmLNm+t
Fin
merleNmLNert
Fy

Gt,r,m +

if2<r<m-—2, reven,
(14) Gnpm =

Giyrm + if1<r<m-—3, rodd.
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Hence, noting that Z = (FnmLNm+t)/Fm is an integer, we verify that
with r even, equations (7) and (9) give
W = Wirm + Fry2Z,
Wir—1m =Wirm — FprZ +2F,_ 427,
War—2.m = Wirm + F_ryaZ.
Hence
Dypyrm — Dty = (Frnersa — (—F—r + 2F_r42) — Fineyri2)Z
= (Fyer + Fooeypd — 3F_yi0)Z
= (F—r + Frp_yy3 = 2Fy_112)Z
= (Fper + Fooerp1 — Fi_yi2)Z = 0.

Similarly for r odd.
(b) Let m be odd. Then if r is even, equations (8) and (9) give

Wn,r,m - Gn,r—Q,m—l + Gn,r—l,m—‘,—l - Gn,r,m—h
Wn,rfl,m - Gn,rf?),m+1 + Gn,r72,m71 - Gn,rfl,m+17
Wn,rf2,m = Gn7r747m71 + Gn,r737m+1 - Gn7r727m71>
and consequently
Dn,r,m = 3Gn,7“—2,m—1 - Gn,r,m—l - Gn,r—4,m—1 = Dn,r,m—l-
Similarly when r is odd, we find Dy, ., = Dy rm1-

LEMMA 5. For each n, we have Wy, »_o.m = Wy r—1.m + Wy m, with at
most three exceptional r, which satisfy |Dy, rm| = 1.

Proof. If m is even, Lemma 4(a) reduces the problem to the range
1 < n < 2m, where it is evidently true, by virtue of the explicit formulae
for Wy, rm given in Lemma 2. We also observe that if m is even, then for
n even, there are at most 2 odd r and one even r for which |D,, ;.| = 1.
Then Lemma 4(b) gives the result when n is even. Similarly for n odd.

As a corollary, we have
LEMMA 6. For fited n > 1 and m > 3,
Wn,rfl,m > Wn,r,m Zf 2<r<m.

Proof. This is clear when n < m + 2, while for n > m + 3, it is a
consequence of the inequalities Wy, 1 > 1, Wy m—1.m > Wy m,m and
Wn,r—Z,m > Wn,r—l,m + Wn,r,m - 1, 3 <r<m.

We will need an alternative Z-basis for the lattice A.

LEMMA 7. The vectors L, ..., Lym—2, Wnia.m form a Z-basis for A.
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Proof. This is a consequence of the identity

Wn+2,m = n+2 + E n+2,i,m£i7

=1

which follows from equations (4)—(6).
LEMMA 8. Let By v = Gni2,r.m — Go1,r,m — Gnrom, where m is even.

(a) If n=1t (mod 2m), then Ey ym = Eiym.
(b) If n =1,2,m+1 or m+ 2, then E, ,,, =0 for1 <r < m. If
3<n<m andn is even,

Enrm:{l ifr:@—S,
” 0 otherwise.
If 3<n<m andn is odd,
Enrm:{l ifT:T.L_l’
” 0 otherwise.
If m+3<n<2m+2,
En'r'm:{_l ifr:@—2—m
” 0 otherwise.

Proof. (a) follows from equation (14), while (b) follows from the explicit
form of G, ., given in Lemma 3.

LEMMA 9. Let Ey, p = Whit2,m + Wag1i,m — Wa,m. Then
(15) E,\m=1(0,...,0) or £L; for some i.
Proof. By equations (4)—(6),

En,m — ( 1)71( n+2,m — n+1 m Vn,m)
—2

3

n
nrm T

T 1

If m is even, Lemma 8 gives the result directly, while if m is odd, we see
from equation (8) that

> | Enrm—1 if2<r<m-—3, reven,
T, m En—l,r+1,m+1 if 1 <r<m-— 2, r is odd.

Then Lemma 8, with m replaced by m — 1 and m + 1, respectively, gives
the result.

As a corollary, we have
LEmMA 10. For fized r and m,

Wn+1,r,m Z Wn,r,m-
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Proof. If n < m, the result follows from Lemma 2. If n > m + 1, m

even, or n > m + 2, m odd, we have W,, ,.,, > 1 and equation (15) gives
Wn+2,’r,m > Wn—l—l,r,m + Wn,r,m - 17

which gives the desired result. The remaining cases are simple exercises.

4. A size estimate for | W, 2|
LEMMA 11. If n > 5,
(16) [Was2,mll® > 2Wiiom - Wam + 18.
Proof. Whiom — Wanm — Wasgi,m = 0 or 7,L;, where 7, = 1. Hence
||Wn+2,mH2 - 2Wn+2,m ’ Wn,m + ”Wn,m||2
> [Watt,ml? = 2Wosrm - Li + 1£]12 2 [Wasamll* —
Hence the desired inequality will follow if we can prove
(17) Waial? > [Wa|* + 21.
But Wyt1,0.m = Wy rm > 0 and from Lemma 1, it is easy to prove that
Witi1,m > Whim +3

if n > 7. Then because Wy, 1., > 2 if n > 4, inequality (17) follows if n > 7.
Cases n = 5 and 6 of inequality (16) can be verified using the following

identities:
Ws m = (-3,1,-1,1,0,0,...), We.m = (4,-3,2,-1,0,0,...),
Wi m = (—=7,4,-3,1,-1,1,...), W m = (11,-7,4,-3,2,—1,...),

if m > 6. Also

5=(-3,1,-1,1,0), Wss5=(4,-3,2,—-1,0),
5=(-7,4,-3,2,0), Wsgs=(11,-7,4,-4,1),
a=(-3,1,-1,1), Wea = (4,-3,2,—-1),
4= (=174, 3 2) Wsa = (11,-7,5-3),
3=1(-3,2 0) Wes = (4,—4,1),
3=(-7,6,-1), Wg3 = (11,-10,2).

5. The proof of minimality

THEOREM. For all integers x1,...,Tm—1,
(18)  |[#1Lyi+ . -+ Tm—2Llm2+ T 1 Wni2.m — Wamll? = [Wamll?,
with equality only if v1 = ... = x;m_1 =0.
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Proof. Inequality (18) is equivalent to
(19) ||$1[,1 + ...+ J?mfgﬁmfg + Wn+27mxm—1 H2

m—2
-2 Z L;- Wmm T — 2Wn+2 : Wmm Tm—1 > 0.
i=1
The left hand side of this inequality expands to
m—2m—2 m—2
D> Li-Lijwiwy+ [Wasoml* o1 +2 ) Li- Wagom Titm1.
i=1 j=1 i=1
Now ¢; = L; - Wyym = (—=1)"Dy, iy2.m. But by Lemma 5, D,, ;.,,, = 0 for
3 < r < m, with at most three exceptional r, in which case D, ,,, = £1.
Also n; = L; - Wy42,m = 0, with at most three exceptions.
Also

3 ifi=j,
Jo o ifj=i+1,
LisLi=9_1 if j=i+2,

0 ifj>i+3.
Substituting all this in the expanded form of inequality (19) gives the
equivalent inequality

m—2 m—2
(20) Q = Ql + Axgnfl — 2Bz, 1+ 2 Z NiTiTm—1 — 2 Z g;x; > 0,
=1 i=1

where A = |[Wai2.mll% B = Wiia.m - Wim and

m—2 m—4
Q=3 Z xf -2 Z TiTit2.
i=1 i=1
Now let z1,...,z,,_o be integers, not all zero. We prove ) > 0.

Case 1: x,,_1 nonzero. The coefficient of 22, ; dominates. For com-
pleting the square gives the equivalent inequality

m—2 m—2
(21) Q=Q2+ (A— ZU?)UC%@A—Q(B— Z&m)ﬂcm—1
i=1 i=1
m—2 m—2
+ (zi — € + Nim—1)” — Z g7 >0,
i=1 i=1
where Q3 > 0. Here
217 if m =3,
223 + 223 if m =4,

Q2 =

(v —x3)? + 22 + 223+ 23  if m =5,
THaz?+a+a2%_s+22_, ifm>6,
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where
m—4
(22) T = (JZZ — .’L‘i+2)
=1
But
m—2 m—2 m—2

Zﬁfﬁ?), n? < 3, ‘Zgi"?i

1 i=1 i=1

(21) holds with strict inequality, if we can prove
(A—3)22, 1 —3>2(B+6)|rm_1]

This will be true if A > 2B + 18 and this follows from Lemma 11 if n > 5.
Finally, only the case n = 4 needs any thought and this is straightfor-
ward, as Wa ,,, = (2,—-1,0,0,...,0), Wi, = (4,-3,2,—-1,...,0), if m > 4.

Case 2: x,,_1 = 0. The argument is more delicate. We start by assum-
ing m > 6. Then Q =T + Sy — U, where

So =222+ 202+ a5+ ... 422 _,+222 5 +222

<~

Hence inequalit

and

m—2
i=1
In what follows, we make use of the inequalities
x(x+1)>0, z(x+2)>-1 ifzelZ.

Clearly we need only consider T < 3.

Case 2(a): T=0.Then@Q = Sp—Uandz) =x3=..., To=x4=...
Hence one of x1, 22 must be nonzero and one of x,,_3, £,,_o must be nonzero.
Then a consideration of the possible terms in U shows that

Q=S —U=227+225+25+...+22,_,+2v2_5+222_,—U>1.

Case 2(b): T=1. Then Q@ =1+ Sy — U and there exists i such that

|.’E7; — ,CL‘Z‘J'_Q‘ = ]., while Tj = Tj42 lfj 7é 1.
A consideration of the possible terms in U shows that Sy — U > 0 and hence
Q=1+5-U2>1.

Case 2(c): T=2. Then Q =2+ Sy — U. If one of x1,x2, T3, Tim—2

is nonzero, then Sy > 2 and @ > 1. Suppose T1 = 9 = Zy—3 = Typ—o = 0.

Then

SOZ.’I,'§—|—..—|-[B%174.

If at least two of the variables are nonzero, then Sy > 2 and @ =
2+ Sy — U > 1. If precisely one variable z; has nonzero coeflicient, then



Minimal multipliers 217

So = x2. If |zx| > 2, we are done. However, if |x;| = 1, then nonzero
terms in U can contribute at most 33% + 2z, > —1 to Sy — U and we have
Q=2+S5-UZ>1.

Case 2(d). T=3. Then Q =3+ Sy — U > 0. Moreover, @@ = 0 implies
So—U = —3 and there exist indices I, J, K satisfying3 < I < J < K <m—4
with

J}[:E]:il, .%‘JZEJ::EL .rK:EK:ﬂ:l,
while x; = 0if ¢ # I, J, K. A consideration of cases shows this would in turn
imply T > 4.
Finally, there remain the cases m = 3,4, 5.

e m = 3: Here 23 > 0 and
Q =322 — 2111 = 27 — 221 (27 —£1) > 0.
e m = 4: Here 22 + 23 > 0 and
Q= Sx% + 33;% — 2e121 — 26929
=23+ 23 + 221 (21 — £1) + 222(22 — £2) > 0.
e m = 5: Here 22 + 23 + 22 > 0 and
Q= (z1— x3)2 + 21’% + 3:6% + 23;% — 26121 — 28929 — 26323
= (11 — x3)% + 25 + 221 (21 — 1) + 22 (20 — £2) + 2x3(x3 — £3) > 0.
Moreover, equality implies x1 = ©3 = €1 = €3 and 292 = 0. Then

0281*63 :(£1*£3)'W’n,5
= (1, 1,-2,-1, —1) . Wn75
=(=1)"(Wpis—Wnos+2Wh35+Whas—Wpis).

But Lemma 6 implies W,, ,_15 > Wy, ;.5 if n > 1, r > 2. Also Lemma 10
gives Wy 35 > Ws35 =1 if n > 5. Hence we get a contradiction if n > 5.
Also we cannot have n < 5, as (e1,e3) = (1,0),(0,0), (1,0) for n = 2,3, 4,
respectively.
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