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A note on the number of solutions of the generalized
Ramanujan–Nagell equation x2 −D = kn

by

Maohua Le (Zhanjiang)

1. Introduction. Let Z, N be the sets of integers and positive integers
respectively. Let D be a nonzero integer, and let k be a positive integer such
that k > 1 and gcd(D, k) = 1. Further let N(D, k) denote the number of
solutions (x, n) of the generalized Ramanujan–Nagell equation

(1) x2 −D = kn, x, n ∈ N.
There have been many papers concerned with upper bounds for N(D, k).
Let Ci (i = 1, 2, . . .) denote effectively computable absolute constants. The
known results include the following:

1 (Apéry [1, 2]). If D < 0, k is a prime and (D, k) 6= (−7, 2), then
N(D, k) ≤ 2.

2 (Beukers [3]). If D < −7, then N(−23, 2) = N(−2r + 1, 2) = 2 for
some r ∈ N, otherwise N(D, 2) ≤ 1.

3 (Le [10]). If D < 0, k is an odd prime and |D| > C1, then N(−3s2 −
1, 4s2 + 1) = 2 for some s ∈ N, otherwise N(D, k) ≤ 1.

4 (Xu and Le [15]). If D < 0, 2 - k and |D| > C2, then

N(D, k) ≤




2ω(k)−1 + 1 if D = −3s2± and kr = 4s2 ∓ 1
for some r, s ∈ N,

2ω(k)−1 otherwise,

where ω(k) is the number of distinct prime factors of k.
5 (Beukers [3, 4]). If D > 0 and k is a prime, then N(D, k) ≤ 4.
6 (Le [9]). If D > 0, then N(22r − 3 · 2r+1 + 1, 2) = 4 for some r ∈ N,

otherwise N(D, 2) ≤ 3.
7 (Le [8]). If D > 0, k is an odd prime and max(D, k) > C3, then

N(D, k) ≤ 3.
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8 (Chen and Le [6]). If D > 0, 2 - k and max(D, k) > C4, then N(D, k) ≤
3 · 2ω(k)−1 + 1.

So far we have not been able to find references to the case where 2 | k
and k is not a power of 2. In this note we prove the following general result:

Theorem. Let ω(D) be the number of distinct prime factors of |D|.
Then

N(D, k) ≤
{

2ω(D)+1 if D < 0,
2ω(D)+1 + 1 if D > 0.

2. Preliminaries

Lemma 1. If D > 0 and D is not a square, then (1) has at most one
solution (x, n) with kn <

√
D.

P r o o f. By [7, Theorem 10 · 8 · 2], if kn <
√
D, then x/1 must be a con-

vergent of
√
D with x/1 >

√
D. Notice that

√
D has at most one convergent

p/q satisfying q = 1 and p/q >
√
D. The lemma is proved.

Lemma 2. If k is not a square and the equation

(2) X2 − kY 2 = D, X, Y ∈ Z, gcd(X,Y ) = 1

has solutions (X,Y ), then all solutions of (2) can be put into at most 2ω(D)−1

classes. Moreover , every solution (X,Y ) in the class T can be expressed as

X + Y
√
k = (X0 + δY0

√
k)(u+ v

√
k), δ ∈ {−1, 1},

where (X0, Y0) is a fixed positive integer solution in T , (u, v) is a solution
of the equation

(3) u2 − kv2 = 1, u, v ∈ Z.
P r o o f. This is a special case of [11, Theorem 2] for D1 = 1 and z = 1.

Lemma 3. For 1 ≤ D ≤ 5, the equation

X2 +D = Y n, X, Y, n ∈ N, gcd(X,Y ) = 1, n > 3

has no solutions (X,Y, n).

P r o o f. This follows immediately from the results of [5], [12] and [13].

Lemma 4. For r, r′ ∈ N with r < r′, let S, S′ be the sets of positive
integer solutions (u, v) of (3) satisfying

(4) kr | v, gcd(k, v/kr) = 1,

and

(5) kr
′ | v, gcd(k, v/kr

′
) = 1,
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respectively. If S 6= ∅, S′ 6= ∅, (U, V ) and (U ′, V ′) are least solutions of S
and S′ respectively , then

(6) U ′ + V ′
√
k = (U + V

√
k)k

r′−r
.

P r o o f. Since (U, V ) is the least solution of S, U + (V/kr)
√
k2r+1 is the

fundamental solution of the equation

(7) u′2 − k2r+1v′2 = 1, u′, v′ ∈ Z.
Further, since (U ′, V ′/kr) is a positive integer solution of (7), there exists a
suitable t ∈ N such that

U ′ +
V ′

kr

√
k2r+1 =

(
U +

V

kr

√
k2r+1

)t
,

whence we get

(8) U ′ + V ′
√
k = (U + V

√
k)t.

Let s = [(t− 1)/2]. From (8), we get

(9) V ′ = V

s∑

i=0

(
t

2i+ 1

)
U t−2i−1(kV 2)i.

Notice that r < r′, kr |V , kr
′ |V ′ and gcd(k, V/kr) = gcd(k, U) = 1. We see

from (9) that k | t and

(10)
V ′

V
=

s∑

i=0

(
t

2i+ 1

)
U t−2i−1(kV 2)i ≡ 0 (mod kr

′−r).

Let k = pα1
1 . . . pαmm be the factorization of k, and let pβjj ‖ t for j =

1, . . . ,m. Further, let pγijj ‖ 2i+ 1 for any i ∈ N and j = 1, . . . ,m. Then we
have γij ≤ (log(2i+ 1))/ log pj < 2i, and hence,

(
t

2i+ 1

)
U t−2i−1(kV 2)i = tU t−2i−1

(
t− 1

2i

)
(kV 2)i

2i+ 1
(11)

≡ 0 (mod p
βj+1
j ), j = 1, . . . ,m.

By (10) and (11), we get kr
′−r | t and t = kr

′−rt1, where t1 ∈ N. Therefore,
by (4), if (U ′, V ′) satisfies (6), then it is the least positive integer solution
of (3) satisfying (5). The lemma is proved.

Lemma 5 ([14, Theorem I·2]). If k is not a square and (x, n) is a solution
of (1) satisfying kn ≥ 41+s/rD2+s/r for some r, s ∈ N, then

∣∣∣∣
x′

kn′/2
− 1
∣∣∣∣ >

8
2187kn(3+ν/2)

(
81kn

4

)1/s

k−n
′(1+ν)/2

for any x′, n′ ∈ N with 2 -n′, where ν satisfies knν = 9(81kn/4)r/s.
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Lemma 6. If k is not a square and (1) has a solution (x, n) such that
kn ≥ max(105, 43D4), then every solution (x′, n′) of (1) with 2 -n′ satisfies
n′ < 39n.

P r o o f. Let (x′, n′) be a solution of (1) with 2 -n′. Then

(12)
∣∣∣∣
x′

kn′/2
− 1
∣∣∣∣ =

D

kn′/2(kn′/2 + x′)
<

D

kn′
.

Since kn ≥ max(105, 43D4), by Lemma 5, we get

(13)
∣∣∣∣
x′

kn′/2
− 1
∣∣∣∣ >

8
2187kn(3+ν/2)

(
81kn

4

)1/2

k−n
′(1+ν)/2,

where

(14) ν =
log 9

log kn
+

log(81/4)
2 log kn

+
1
2
< 0.8215.

The combination of (12) and (13) yields

(15)
D

kn′
>

8
2187kn(3+ν/2)

(
81kn

4

)1/2

k−n
′(1+ν)/2.

Since D ≤ (kn/64)1/4 and kn ≥ 105, from (5) we get

(16) kn(6+ν)/2 > 60.75Dkn(5+ν)/2 > kn
′(1−ν)/2.

This implies that

(17) n′ <
(

6 + ν

1− ν
)
n.

Substituting (14) into (17), we obtain n′ < 39n. The lemma is proved.

3. Proof of Theorem. By the known results of [1]–[4], we may assume
that k is not a prime power.

If k is a square, then from (1) we get x+ kn/2 = D1 and x− kn/2 = D2,
where D1, D2 are integers satisfying D1D2 = D, gcd(D1, D2) ≤ 2, D1 > 0
and D1 > D2. Notice that there exist at most 2ω(D)−1 such pairs (D1, D2).
So we have N(D, k) ≤ 2ω(D)−1 in this case. From the above, we may assume
that k is not a square. Similarly, we see that (1) has at most 2ω(D)−1 solutions
(x, n) with 2 |n.

If (x, n) is a solution of (1) with 2 -n, then the equation (2) has a solution
(X,Y ) = (x, k(n−1)/2). By Lemma 2, all solutions (X,Y ) of (2) can be put
into at most 2ω(D)−1 classes.

First we consider the case D > 0. We now suppose that (1) has five so-
lutions (xi, ni) (i = 1, . . . , 5) such that n1 < . . . < n5, kn1 <

√
D, 2 -ni (i =

1, . . . , 5) and (X,Y ) = (xi, k(ni−1)/2) (i = 1, . . . , n) belong to the same class
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T of (2). By Lemma 2, there exists a fixed positive integer solution (X0, Y0)
of (2) which satisfies

(18) xi + k(ni−1)/2
√
k = (X0 + δiY0

√
k)(ui + vi

√
k),

δi ∈ {−1, 1}, i = 1, . . . , 5,

where (ui, vi) (i = 1, . . . , 5) are solutions of (3). We find from (18) that

(19) xj+1 + δj+1k
(nj+1−1)/2

√
k

= (xj + δjk
(nj−1)/2

√
k)(u′j + v′j

√
k), j = 1, . . . , 4,

where (u′j , v
′
j) (j = 1, . . . , 4) are also solutions of (3). Since x1 < . . . < x5,

we see from (19) that

(20) xj+1 + k(nj+1−1)/2
√
k

=

{
(xj + k(nj−1)/2

√
k)(u′′j + v′′j

√
k) if δj = δj+1,

(xj − k(nj−1)/2
√
k)(u′′j + v′′j

√
k) if δj 6= δj+1,

j = 1, . . . , 4, where (u′′j , v
′′
j ) are positive integer solutions of (3). Notice that

xj+1 > xj and

xj+1

xj
>
xj+1 + k(nj+1−1)/2

√
k

xj + k(nj−1)/2
√
k

(21)

>
xj+1 + k(nj+1−1)/2

√
k

xj − k(nj−1)/2
√
k

> 0, j = 1, . . . , 4.

From (20) and (21), we obtain

(22)
xj+1

xj
> u′′j + v′′j

√
k, j = 1, . . . , 4.

On the other hand, by (20), we get

(23) k(nj+1−1)/2 = xjv
′′
j ± k(nj−1)/2u′′j , j = 1, . . . , 4.

Since gcd(D, k) = gcd(xj , k) = 1 (j = 1, . . . , 4), we see from (23) that

(24) k(nj−1)/2 | v′′j , j = 1, . . . , 4,

and v′′j /k
(nj−1)/2 is a positive integer satisfying

(25) k(nj+1−nj)/2 = xj
v′′j

k(nj−1)/2
± u′′j , j = 1, . . . , 4.

Since gcd(u′′j , k) = 1 (j = 1, . . . , 4), from (25) we get

(26) gcd(k, v′′j /k
(nj−1)/2) = 1, j = 1, . . . , 4.

For j = 1, . . . , 4, let (Uj , Vj) be the least positive integer solution of (3) such
that k(nj−1)/2 |Vj and gcd(k, Vj/k(nj−1)/2) = 1. By Lemma 4, we deduce
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from (22), (24) and (26) that
xj+2

xj+1
> u′′j+1 + v′′j+1

√
k(27)

≥ Uj+1 + Vj+1

√
k = (Uj + Vj

√
k)k

(nj+1−nj)/2

, j = 1, 2, 3.

By Lemma 1, we have kn2 >
√
D. Further, since k(n2−1)/2 |V2, we infer

from (27) that

x2
3 > x2

2(U2 + V2

√
k)2 > 4x2

2k
n2 > 4x2

2

√
D.

This implies that

(28) kn3 = x2
3 −D > 4x2

2

√
D −D = 4(D + kn2)

√
D −D > 4D3/2 + 3D.

Since k ≥ 6, by the same argument, we can prove that

kn4 = x2
4 −D > x2

3(u′′3 + v′′3
√
k)2 −D ≥ x2

3(U3 + V3

√
k)2 −D(29)

= x2
3(U2 + V2

√
k)2k(n3−n2)/2 −D > x2

3(4kn2)k
(n3−n2)/2 −D

> 4D3/2(4D1/2)k −D > 47D9/2 −D > 43D4,

and

kn5 = x2
5 −D > x2

4(U4 + V4

√
k)2 −D(30)

= x2
4(U3 + V3

√
k)2k(n4−n3)/2 −D > kn4+n3k

(n4−n3)/2
.

We see from (29) that (x4, n4) is a solution of (1) with kn4 > 43D4. More-
over, if D ≥ 7, then we have kn4 > 105. Since k is not a prime power, k
has at least two distinct prime factors p with (D/p) = 1, where (D/p) is
Legendre’s symbol. So we have k ≥ 7 · 17, 11 · 13 and 11 · 19 for D = 2, 3
and 5 respectively. Since n4 ≥ 7, this implies that kn4 > max(105, 43D4).
Therefore, by Lemma 6, we get

(31) 39n4 > n5.

The combination of (30) and (31) yields

(32) 38n4 > n3k
(n4−n3)/2.

Since n3 ≥ 5, if n3 ≤ n4/4.6 then n4 ≥ 4.6n3 ≥ 23 and

38n4 > n3k
9n4/23 ≥ 5 · 69n4/23,

by (32). This is impossible for n4 ≥ 23. If n3 > n4/4.6, then from (22) and
(32) we get

174.8n4 > n4k
(n4−n3)/2 = n4

(
x2

4 −D
x2

3 −D
)1/2

> n4
x4

x3
> n4(U3 + V3

√
k)

> 2n4k
n3/2 > 2 · 65/2n4 > 176.3n4,
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a contradiction. Thus, the equation (1) has at most four solutions
(xi, ni) (i = 1, . . . , 4) such that n1 < . . . < n4, k

n1 <
√
D, 2 -ni (i =

1, . . . , 4) and (X,Y ) = (xi, k(ni−1)/2) (i = 1, . . . , 4) belong to the same class
of (2). By the same argument, we can prove that (1) has at most three solu-
tions (xi, ni) (i = 1, . . . , 3) such that n1 < . . . < n3, k

n1 >
√
D, 2 -ni (i =

1, . . . , 3) and (X,Y ) = (xi, k(ni−1)/2) (i = 1, . . . , 3) belong to the same class
of (2). Further, by Lemma 1, (1) has at most one solution (x, n) that satisfies
kn <

√
D. This implies that if D > 0, then (1) has at most 3 ·2ω(D)−1 +1 so-

lutions (x, n) with 2 -n. Recall that (1) has at most 2ω(D)−1 solutions (x, n)
with 2 |n. So we have N(D, k) ≤ 2ω(D)+1 + 1 for D > 0.

We next consider the case D < 0. By Lemma 3, if −5 ≤ D ≤ −1, then
N(D, k) ≤ 3. We may therefore assume that |D| ≥ 6. Notice that (1) has no
solution (x, n) satisfying kn < |D|. Therefore, by much the same argument
as in the proof of the case D > 0, we can prove that (1) has at most three
solutions (x, n) such that 2 -n and (X,Y ) = (x, k(n−1)/2) belongs to the
same class of (2). So we have N(D, k) ≤ 2ω(D)+1 for D < 0. The proof is
complete.
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