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1. Introduction. Let F := (Fy,...,F;) : C* — C* be a polynomial
map with
deg Fo > degF3 > ... > deg F, > degF1 >0
and G a polynomial in n variables such that G|F~1(0) = 0. The Hilbert
Nullstellensatz guarantees the existence of polynomials Ay, ..., A such that

(11) GS:AlFl—l-—l-Aka

where s is an integer > 0. In the usual proofs of this result, one is not con-
cerned with estimates about the degree of the A;’s and the exponent s. This
question was considered by Brownawell [Brl] and later by N. Fitchas [Fi]
and Kollar [K]. Kollar got the best estimates under the technical hypothesis
deg F; # 2 for j > 1. Namely, it is possible to solve (1.1) with the estimates
min(k,n)
max(deg A;F;) < (14 deg@) H deg Fj,
(1.2)

min(k,n)
s < H deg F;.
j=1
The result of Brownawell-Kollar is in fact a result about homogeneous ideals
which has also an interpretation in algebraic geometry. This was pointed out
by Brownawell [Br2] (see also [T]) as follows:

Let Py,...,Pm be the isolated prime components of the homogeneous
ideal U := (PFy,. .., F}) where "F is the homogenized version of F. Then,
if deg F; # 2 for i > 1, there exist integers ey, ..., e, (depending on the
decomposition of U) such that

min(k,n)

(1.3) Zezg H degF;, Pi'n...NnPo CU.

[165]
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If G =0 on F71(0), then "G € Py n...NP,, where Py,...,P, are the
isolated prime components which do not contain Xy; it follows from (1.3)
that, if

q m
S1 = E €;, SS9 = E €,
i=1 i=q+1

then
"G X e (PP N... NP N (P N...nPyr) CU.

This implies, if one restricts the situation to Xg =1,
k
G =Y AjF,
j=1

(1.4) deg A;F; < s1deg G + s2 < (51 + s2) max(deg G, 1)
min(k,n)

< max(deg G, 1) H deg Fj.
j=1

Note that the value of the exponent s in (1.1) (namely s = s1 +s2) which
is provided that way depends on the decomposition of the homogeneous
ideal.

On the other hand, in the particular case where #F~1(0) < oo, there is
another version of the Nullstellensatz following the work of M. Noether. For
any a € F~1(0), let

Vo (F) :=min{p € N, (\/F1O4 + ... + FLO)P C FiOf + ...+ F1.O,},

that is, the local Noether exponent of the map F' at a. It is well known [GH]
that

Va(F) < pa(F) = dime <F1(9a +?ﬁ+ Fk0a>'
If G =0 on F~1(0), then
(1.5) G" € (Fy,...,Fy)
where
v:= max U,(F).
acF-1(0)

Nevertheless, this result, which provides an exponent

Y i e ) S (G e )

depending only on the ideal (F4,..., F)), does not give any information on
the degree of the A;F}’s where

k
(1.6) GY =Y A;F;.
j=1
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The main objective of this paper is, under the hypothesis #F~1(0) < oo, to
find some balance between good estimates for s (that is, estimates depending
on the affine situation and not on the projective one) as in (1.6) and good
control on the degree of the A;F}’s such as in (1.4).

In order to do that, we consider two different approaches.

e The first one works only if k = n, #F 1(0) < oo, and the map
(Fy,...,F,) is dominant (that is, [C(X1,...,X,) : C(Fy,...,F,)] < oo,
or also Fi,..., F, are algebraically independent over C). It uses essentially
two ingredients.

Primo, some variants (which will be detailed in Section 2) of the fact
that for any G € C[X], the map

GdX; N...NdX,

Rrg:w—
’ Fl—wl,...,Fn—wn

(where [ ] denotes the total sum of residues in the sense of Grothendieck)
is a rational map.

Secondo, some very classical combinatory argument due to Perron [Pe],
and which is also a basic tool in the work of Jelonek, Ptoski and P. Cassou-
Nogues ([Je], [CN], [CNP1], [P11], [P12]). This first approach allows us to
deal with three particular situations:

(a) (Fi,...,F,) is a proper map;

(b) (Fy,..., F,) is a proper map over the origin;

(c) (Fy,..., F,) satisfies some “separation condition” (as in [P1T]) over
the origin.

(a) In case (a), Rp ¢ is in fact a polynomial, with degree controled by
the Lojasiewicz exponent > 0 of the map (F1,..., F),), defined as

§ :=min{r > 0 : liminf || F({)||/|I<||"} > 0.

I<l—

There are in this subcase two different results; either one can profit from the
knowledge of § and get, using the Cauchy—Weil formula, that if G|F~1(0) =
0, then, if D := max;<;<y(deg F}), v := max,cp-1(0) Val(F),

k
GV — ZAij’
7j=1

deg A;F; < D<E(§(zn:degFj + udegG)) - n)
j=1

(where E(-) denotes the integral part); or one can essentially reinterpret
some algebraic method (already introduced in [CN], [CNP1]), which gives,
for some s < d (where d is the geometric affine degree d := [C(X4,...,X,) :

(1.7)
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C(Fy,...,F,)] of the map F),
(18) GS :ZAij’ degAij §degGHdegFJ

j=1 j=1
Such estimates were obtained by P. Cassou-Nogues in [CN]. One can com-
pare these estimates with (1.7) only if one has some estimate from below
for the Lojasiewicz exponent.

(b) In case (b), the method that leads to (1.8) works exactly the same
and provides exactly the same result (already obtained in [CNP1]). The
main difference with [CNP1] is that here we can extend the method to some
particular situation when the map is not proper at the origin, namely in
case (c).

(c) In this case, if G|F~(0) = 0, then, for some s < d (d being again
the geometric degree of F),

(1.9) G* = ZAij, deg A;F; <n(degG+1)(deg F} - ... -deg F,, + d).

j=1

e The second approach works in the general case where #F~1(0) < oo,
but it profits from the knowledge of the Lojasiewicz exponent ¢ at infinity
of the map (F1,..., F)); since the case of proper maps has already been
treated, this approach is interesting in the case when g < 0. Note that, from
Brownawell [Brl], we know that

min(k,n)

g>1—(n—-1) H deg F}.
j=1

One just interprets the condition
(1.10) IEON = «licl?, 1<l > 1,

as a condition on the map ("Fy,...,"F}) on the unit sphere S?"*!. The key
algebraic ingredient is the Briancon—Skoda theorem about integral closures
of ideals ([BS], [LT]); if G|F~1(0) = 0, then

k
(L.11) G = ZAij, deg A;F; < v(vdegG + D + max(—q,0)),
j=1

with

= mi 1,k = F D = deg F’;).
V= min( LK), vis max va(F). max (deg F;)
Moreover, this result can be improved if one assumes that the maximal ideal
(Xo,...,X,) is not an embedded prime component in the decomposition of
("Fy, ... BFy) (or the depth of BFy ., 1O¢ + ... + BFy 1100 is > 2); in this
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case, if G|F~1(0) = 0, then
k
(112)  G"=>_ A;F;, degA;F; <vdegG + n[D + max(—q,0)].

Jj=1

Note that such results englobe the result obtained in [CNP1] for “stably
inconsistent maps” in the sense of [Fi] (#{F~}(w)} = 0 for ||w| < 1).

In order to be able to compare the different versions of the Nullstellensatz
which we propose here, it is of course necessary to remark that estimates
(1.7), (1.11), (1.12) have the advantage of being much more precise than
(1.8) or (1.9), but need some a priori information about the Lojasiewicz
exponent (4 in the proper case, ¢ in the general case). Note that, if the map
(Fy,...,F,) is proper at 0, and if G|F~1(0) = 0, then one has from (1.11),

(1.13) Gntbv — ZAij, deg A;F; < (n+1)(vdegG + D),
j=1

which seems clearly in general better than estimates (1.8); this shows the
real power of the Briancon—Skoda theorem. We will see that, though the
first approach does not seem to lead to such estimates, it has the advan-
tage of being completely constructive (in terms of computations of total
sums of residues). Another interesting remark is that the methods in Sec-
tion 3 provide some effective Nullstellensdtze independently of the results of
Brownawell. Such methods could be a starting point to get some complete
analytic proof of the Brownawell-Kollar results. Note also that all the re-
sults here have been obtained in the case when the zero set of the entries
is discrete. This is a rather good situation for effectivity problems, since
one knows in this particular case that the Buchberger algorithm (to get a
standard basis for the ideal) runs in subexponential time (see [CoS]). The
search for estimates depending on the affine degree instead of the projective
one in such effectivity problems, dealing with the non-discrete situation, has
recently been investigated in [HGi].

Ackowledgements. Part of this work was inspired by discussions with
A. Ptoski and by a lecture he gave in Bordeaux as an invited Professor
in March 1995. We also would like to thank Pierrette Cassou-Nogues who
suggested in [CN] this kind of problems in relation with [BGVY]. This paper
was written while the third author was invited to the University of Calabria;
he would like to take here the opportunity to thank warmly this institution.

2. Newton sums and total sums of residues. Let f = (f1,..., fn)
be a polynomial map from C™ to C™ such that #f71(0) < oo. For any
r € C(Xy,...,X,) with no poles on V = f~1(0), one can define the total
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sum of residues of r with respect to f as

(=1)M=D/2(p — 1)1

rdX, AL NdX, ]
21) [ Froeoosfn ]'35% (2im)n
Z?:1(_1)jflfj(o Nz dfi(Q) Ar(Q)d¢
2 NG ‘

A€V [[¢—alj=<

If r, f1,..., fn belong respectively to F(Xy,...,X,), F[X1,...,X,], where
F is a subfield of C, then the total sum of residues of r with respect to f is
also in F. If J(f) denotes the Jacobian of the map (f1,..., f.), then

(2.2) [rJ(f)Xm A A an} _ Z i (@)r(a)

fl:"'vfn acV

where pf(a) is the local multiplicity of the map f at «. In particular,

[TJ(f)Xm/\.../\an}
fla"'?fn

can be interpreted as the trace of the multiplication operator

7 CIX]/(f1,-- o fn) = CIX]/(f1,- -5 fn)

defined (if r =ry/r2), as 7 =177 - 772_1, where

T1:gr gry, To:gr> gry.

Q|

Moreover, if
d:= dlm(c C[X]/(fla s 7fn)7

then the symmetric functions of the collection {r(«a) : @ € V}, 01,...,04,
can be computed in terms of the Newton sums S, ..., 54 of these numbers,
namely

P J(f)dX1 A ... AdX,
fla"'afn

Then, the characteristic polynomial of the multiplication operator 7,

X = X 4 4 (=1)%0y

(2.3) S; =

can be expressed in terms of total sums of residues modulo the Newton
relations.

Let now F = (Fy,...,F,) be a dominant polynomial map from C" to
C™, i.e. a polynomial map such that [C(Xy,...,X,,) : C(Fy,..., F,)] < oo.
We have the following:

LEMMA 2.1. There exists some algebraic hypersurface X in C™ such that,
for any w € C"\ X, #{C : F;({) = w;,j = 1,...,n} < 0o and, for any
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G € C[Xy,...,X,), there exists Rpc € C(X1,...,X,), with poles on X,
such that, for any w € C"\ X,

GdXy N...NdX,

Fl—wl,...,Fn—wn :RF7G(U)).

Proof. For any j € {1,...,n}, there are N; € N* and A;p,...,4; N, €
C[Xy,...,X,] such that

1

(2.4) Ajo(F)X;7 + A (F)X, 7 b+ Ay (F) =0

(since [C(Xq,...,X,) : C(F,...,F,)] < c0). For such j, one can rewrite
(2.4) as

n

N
(2.5) ST Ap(w) X7 =3 (B — wn) Qg (Fw)
k=0

k=1

where Qjr, k=1,...,n,isin C[Xy,...,X,,Y1,...,Y,]. This can be done
for each j € {1,...,n}. For any w € C" \ {[[;_; Ajo(w) = 0}, one has
#{F; =w;: j=1,...,n} < oo. For such w,

GdXi N...NdX,
(26) |:F1 —wl,...,Fn—wn}

Gdet[Qj,k] 1§j§n (F, w)dX1 A...NdX,
1<k<n

ZAM )X ZAnk )Xt
This follows from the transformation law for total sums of residues (see

[Aiz]). On the other hand, for any (aq,...,a,) € N,
X7 - .-Xo‘”Xm SANAX,

(2.7) ZAl A XNl—k ZAnk XN —k

X*dX

=H Z w) X Ni—h
=D

It is well known that the expression (2.7) is a rational function of w, with
denominator

H (Aj,O (w))l—l-max(aj—Nj—l-l,O).

This implies that (2.6) equals Rp g, where Rp ¢ is a rational function of w
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with denominator
) n+deg G

( ﬁ Ajo(w)

This completes the proof of Lemma 2.1. Note that such a lemma was
proved in [Biel] using a completely different method. m

When F = (Fi,..., F,) is a proper map then, for any G € C[X, ..., X,],
Rp is a polynomial (since the A; ¢ in (2.4) can be taken as equal to 1).
We have in fact in this case the following more precise result:

LEMMA 2.2. Let F = (Fy,...,F,) be a polynomial proper map from C"
to C™ with Lojasiewicz exponent § > 0. Then, for any G € C[Xq,...,X,],
the map

Fl—wl,...,Fn—wn

[ GdX1 A ... NdX, ]
—

s a polynomial map from C™ to C" with degree at most:
1
E(5<degG+m];oLx (;degFj) +n)> —2n 4 1.
J

Proof. When F = (Fi,..., F,) is a proper map, one has ||F(¢)|| >n >0
for ||C|| > R. Therefore, it follows from the Bochner-Martinelli formula in
its general form (see [Aiz] or [BGVY]) that, for ||w| < 1,

GdXi N...NdX,
(28) |:F1 —’l,Ul,...,Fn—’lUn:|

(D=2 (g — 1) G(C)(Z?ﬂ(_l)j_le(C) Niezj AF&(C)) A dG
GO (S BOEQ - w)”

= 2 Tom(R) [ ] wf"

meNn j=1

where, for any m = (my,...,my,) € N*, |m|=my + ... +m, and
(=)D (n + |m| — 1)!
(2im)™
GH?:1 F;'nj (Z?:l(_l)j_lpj /\k:;éj Cl?k) N dC
TR |

Tn,m(R) =

X

<l=R

Since ||F(Q)|| > v||¢||° for ||¢|| > 1, the Stokes formula and standard
estimates show that

GIl— F;”(Z;nzl(—l)j*lpj Nizj dFx) A dC o
|| F||2(ntIml) N

I<l=R
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if
o(n+|m|) > deg G + max (Zdegﬂ) —(n—1)0 +n.
7k
This implies that (2.8) is a polynomial identity which is valid everywhere. m

Remark. Note that this result (which already appeared in [BY1],
[BY2] or [BGVY], Section 4) was also obtained by G. Biernat in [Biel]
using a different argument (in particular, the estimate for deg Fz we give

here does not follow from such an argument). This was pointed out to us by
M. Elkadi. =

When F = (F}y,...,F,) is a polynomial map proper at the origin (that
is, Ao1,..., Ao, in (2.4) can be taken such that Ay 1(0)-...- Ag,(0) #0),
one has:

LEMMA 2.3. Let F = (Fy,...,F,) be a proper map at the origin; then
there exists an algebraic hypersurface X in C™ with 0 & X such that for
any w € C"\ X, #{¢ : F;({) = wj, j = 1,...,n} is finite and, for any
G € C[Xy,..., X,], there ezists a rational function Rp q in n variables with
no poles at the origin such that, for w & X,

GdXi N...NdX,
I: ! :| :RF’G(’LU).

Fl —wl,...,Fn—wn
Proof. This follows from formulas (2.6) and (2.7) and from the fact that
a denominator for Rr ¢ in Lemma 2.1 is

( ﬁ Ajo(w)

When F' is just dominant, few things can be said about the rational
function Rp . Nevertheless, there are two interesting situations that will
be discussed later.

n+deg G
)

DEFINITION 2.1. Let F' = (Fy,..., F,) be a dominant polynomial map
from C™ to C". The map F satisfies the separation condition over the origin
if and only if there are constants ¢ > 0,0 < K; ; < Ky j <o0,j=1,...,n,
such that for any j € {1,...,n},

(2.9) Jwl| < cand F(¢) = w = [¢;] < Ky or [¢;] = Ka,;.
EXAMPLE. Suppose the map F = (F1,..., F,) is commode in the sense

of Ploski (see for example [P1T]), that is, there are ¢, x, K > 0 such that for
any j € {1,...,n}, either |(;| < K or ||F'(¢)|| > «|¢;|~?. Then the map F
satisfies the separation condition over the origin. This is immediate to check:
if F(¢) =w, w e (C™)*, one has, for any j € {1,...,n}, either |¢;| < K or
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I¢;| > (/i/HwH)l/q; for w € (C™)*, |lw|| < 1, we have, for any j € {1,...,n},
(2.10) F(Q) =w= |G| < Kor |G| > K+1.

One can take K large enough so that (2.10) remains valid when w = 0. So
that (2.9) is fulfilled with K ; = K, j=1,...,n, Ky j = K+1,j=1,...,n.

Remark. Note that the separation condition over the origin implies
that the fiber F~!(w) remains discrete when ||w|| < 1. This follows from the
maximum principle: let I" be an irreducible branch with positive dimension
of the fiber F~1(w), where ||w|| < ¢. Then, on I, the function

1
(K1 + K25)/2) =G

is a bounded holomorphic function, therefore a constant, which is a contra-
diction (since this is true for any j € {1,...,n}).

(—

Under such a separation condition, we have the following lemma.

LEMMA 2.4. Let F = (Fy,...,F,) be a dominant polynomial map from
C™ to C™ which satisfies the separation condition over the origin (with con-
stants ¢, K1 j, Ko j, 7 =1,...,n). Let J be the Jacobian of F. There exists
some algebraic hypersurface X in C" such that for any w & X, the variety
F~Y(w) is discrete, the polynomial [[=i (K1 + K2,5)/2) — X;) does not
vanish on it, and for any G € C[Xy,...,X,], for any w outside X,

n Ky 4+ Ko deg G
(GJ/H<LJ22J_X]-> )Xm/\.../\an B o)
j=1 ’ ’

F1 —wl,...,Fn—wn
where EF,G s a rational function with no poles at the origin.

Proof. Let

d:deg(Fly-..,Fn):dimC(w) ( (C(w)[Xl”Xn] >

Flf’wl,...,Fn*U}n

If
7 (K1t Kay
H(X) ;:H(LJ; 27 Xj),
j=1

then for ||w]|| < ¢, H does not vanish on the set F~!(w). For w outside some
algebraic hypersurface, the fiber F~!(w) is discrete and the polynomial H
does not vanish on it (this is just classical elimination theory). We can in
fact be more precise: there are polynomials 61, ...,60; in w, with 64(0) # 0,
such that, as linear operators in C(w)[Xy,..., X,]/(Fi —wi,..., Fy —wy),
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one has:
o d—1 -
(2.11) H'= Hd(w)(kzzoe’“(wmd k)

For w outside the hypersurface
X = {Al,O e An,O Hd(w) = 0}

the fiber F~!(w) is discrete and the polynomial H does not vanish on it.
Moreover, for such w,

(GJ/HY*EdX ) A ... AN dX,
F1 —wl,...,Fn—wn

equals exactly the trace of the operator

1 = =d—1-k
e (S0

as an operator in C[X,..., X, ]/(Fy —w1,..., F, —w,); then from the com-
putations in Lemma 2.1, it is a rational expression in w with denominator

)degG

)n(1+(d71) deg G)

(Ba(w))™= (T As0w)

It remains to see that, in fact, this rational function has no poles at the
origin. Let w € C" \ X, |Jw|| < ¢; then

(GJ/HdegG)Xm/\.../\an] _ Z G(Oé)

Fi—wq,...,F, —w, HdesG ()’

a€F~1(w)

It is immediate to see that, if k1, ..., k, are positive integers with k1 +...+
kn, < degG and if o € F~1(w), then

lal . aln|

2.12
BB (i + Ka) /D) — a0 - (K + Kan) /D) — )20
:ﬁ ‘aj|kj dee G SCG(kla"‘7kn>
oy (g + K2,5)/2) — agldee
for some constant Cg(k1,...,k,) independent of «. This follows from the

separation condition over the origin (in fact ¢ — (;/(((K1,; +K2,5)/2) —(5)
is bounded on UIIwHSc F~1(w), for any j € {1,...,n}). Therefore, since
#F~1(w) <d(Fy,...,F,) for |w| <c, one has, for ||w|| <c, w ¢ X,

(GJ/H®&YdX | A ... NdX,
Fl —wl,...,Fn—wn

E
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for some constant C' independent of w. Then ﬁRG has in fact no poles at
the origin and the lemma is proved. =

Remark 1. Suppose that (Fi,..., F),) is separated over the origin and
not proper over the origin. There are some constants K, g, x > 0 such that

1Kl = K = [[FO] = &lI¢]~.

This implies that if ¢ € F~!(w), w # 0, then either ||| < K or ||C|| >
(k/||w|))Y/9. Following exactly the proof of Lemma 2.4, one can see then
that

GJ

z : HdegG—i—l(a)
Fl—wl,...,Fn_'wn a€F 1 (w)
lel| <K

where e(w) — 0 as ||w|| — 0.

Remark 2. In fact, what we really used in the proof of Lemma 2.4 or in
Remark 1 above was the fact that for any w, ||w|| < ¢, and any ¢ € F~1(w),

[H(O)| =2 £(1+[G]) - (1+[Cal)

for some positive constant .

The above remark leads us to introduce the following weaker separation
condition:

DEFINITION 2.2. Let § > 0 and H be a polynomial in n variables. A
dominant map (F1,..., F,) satisfies the (H-0) separation condition over the
origin if and only if there are positive constants x, ¢ such that

Jwl] < e

F(¢) = w} = |H()| > s(1+ HCH)‘S

According to the above definition, we have the following;:

LEMMA 2.5. Let F = (Fy,...,F,) be a dominant polynomial map from
C™ to C™ which satisfies the (H-0) separation condition over the origin. Let
J be the Jacobian of F. There exists some algebraic hypersurface X in C"
such that for any w ¢ X, the fiber F~1(w) is discrete, H does not vanish
on it, and for any G € C[X1,...,X,], and any w outside X,

GJ
md}(l /\ o e /\an — E/F:G(’LU),
F1 —wl,...,Fn—wn

where ]A-EF,G is a rational function with no poles at the origin.

Proof. The proof is exactly the same as the proof of Lemma 2.4, except
that estimate (2.12) has to be replaced by the following: if ||w| < ¢ and
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F(a) = w, then, for k € N,
oyt .. akn] |deg &

o]
H (o) (e G /o) 1 = Ca

(14 ||a)0(+E(dee G/8) =

<kag

for some positive constants kg and Cg since
5(1+ E(degG/d)) > degG.

So the function ¢ — G(¢)/H (¢)F(de8 G/9)+1 is hounded on Ujjwji<e F~1(w),
and the lemma follows exactly as in the proof of Lemma 2.4. There is also
in this case a remark analogous to Remark 1 above. m

3. A first approach to the Nullstellensatz. The first result we will
prove in this section is some explicit version of the algebraic Nullstellensatz
for proper polynomial maps F': C" — C™ with Lojasiewicz exponent ¢ > 0.
The methods here are inspired by those used to provide a solution with eco-
nomic bounds (taking into account the projective degree, that is, in general,
the product of the degrees of the entries) for the algebraic Bézout identity
(see for example [BY2], [BGVY], Section 5, [E1Y], [Y]).

THEOREM 3.1. Let F = (F,...,F,) be a polynomial map from C" to
C™ such that

12| > K = |P(2)|| > x]| Z||°
for some K > 0, k > 0, § > 0. Let G be some element in C[Xy,...,X,,]
such that G|F~1(0) = 0. Then, if

D= 1I£ja§xn(deg ) and vi= aeI?%((O) valF)

we have
GV:ZA]'FJ',
j=1
deg A < 2 nd d
egAjF; < D(E 5(; egF; +v egG> —-n|.

Proof. Let Q11,...,Qn,n be polynomials in 2n variables such that
deg(Qj k) < degF; —1for j,k=1,...,n and

(3.1)

(32) VZeC", VCeC", Fi(Z)-Fi(¢Q) = Qjn(Z )z — )
k=1

let A(Z,() be the determinant of the matrix [Q; x]1<jk<n (& Bézoutian for

the map (Fi,...,F,)). For any Z € C", the set F~1(F(Z)) is finite (since
F' is a proper map). Then one can apply the global transformation law for
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multidimensional residues [Aiz] and get, for any G such that G|F~1(0) = 0,
and any Z in C",

(3.3) G¥(Z) = [G(X)”A(Z, X)dX1 A A an} ‘

F\— F(Z),...,F, — F,(2)
Let
AZ,X) = > Co 2ot 20 XD X B,
lal+181<X7_, deg Fj—n
One has, from (3.3), for any Z € C",

G(X)"XPdX| A...NdX,

(34) G"(2)= Z Ca,p3 [Fl_Fl(X),...,Fn—Fn(X)]
| +]BI<T7_, deg Fj—n

where we used the abridged notation X? := Xlﬁ1 ... X/ From Lemma 2.2,
we know that

G(X)"XPdX,| A...NdX,
Fl—wl,...,Fn—wn

| = asiciw),

where Q3[G] is a polynomial with total degree at most

E((ls(vdegG%— 8] +max (;degFj) +n)> —2n+1.

Since G” is in the ideal (F1,..., F},) because of Noether’s theorem, one has
93[G](0) = 0. Therefore

Q[G(w) =D w; O [G)(w)
j=1
for some polynomials Qg}. Formula (3.4) can be written as
v - anlk
(35)  G"(2) = > > cosFu(2)2° Q5 [GI(F(2)).
|af+|BI<3—, deg Fj—n k=1
It is clear that (3.5) is a formula of the form G¥ = Z?Zl A;F; where

deg Aij

= nax of + D deg(Qs(G
\a|+\mgz;:1degFj_n[l | 8(2s[G))]

1
< max <|a| + D<E< (ydegG—i— 18] —i—maXZdegFj —|—n)> —2n—|—1)>
o8 0 i

< D(E(?(jidegFj —i—l/degG)) —n). .
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Remark. When F = (Fy,...,F,) is proper over the origin, and
G|F~1(0) = 0, then one knows from Lemma 2.3 that

Ns[Gl(w)
(ITj=y Ajo(w))rripl+vdead
where N3[G] is a polynomial in w vanishing at 0 and the A, come from

(2.4). The same method as above can be applied for ||w|| < 1 and we obtain
for || Z|| close to 0,

(3.6) G"(Z)

Q[Gl(w) =

NPGI(F(2))

= > casFr(Z) 2% —=
YA GF(Z)) | BlHr deg G
|al+181<Yj-, deg Fy—n [j=1 AjoF(2))

where
NslG)(w) = 3~ w;NG[G](w).

Raising denominators in (3.6) provides also some effective Nullstellensatz
since A;(0) # 0. The problem one has doing that is that the bounds for
the degrees of the A, and the N, [Eﬂ[G] can only be estimated using for
example Perron’s theorem ([Pe], Satz 57) and the transformation law.

In fact, with respect to the Nullstellensatz, nice estimates (for the case
of maps proper over the origin) can be obtained following a method due to
A. Ploski and P. Cassou-Nogues. In order to be complete, we will recall here
their result and its proof.

THEOREM 3.2 [CNPY]. Let F = (Fy,...,F,) be a dominant polyno-
mial map from C™ to C"™ proper over the origin, and G € C[X] such that
G|F~Y(0) = 0. Then for some exponent s < d = deg I,

G*® :ZAij, deg A;F; < degGdeg Fy ...deg F,.
j=1

Proof. For any w close to 0,
#F Hw) =d=[C(X1,...,Xn) : C(Fy,..., F,)]
if the points are counted with multiplicities. Let Si(w),. .., Sq¢(w) be

t
Newton symmetric polynomials in the values (G(((w)),...,G((q(w)
where {¢1(w), ..., {a(w)} = F~1(w). Since for 1 < j < d,

[ GIJdX AL ANdX,
o Fl—wl,...,Fn—wn

))7

Sj(w)

(J as usual being the jacobian of F'), it follows from Lemma 2.3 that S; is
a rational function with no poles at 0. The same is true for the symmetric
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functions o1 (w),...,04(w) of {¢1(w),...,Cla(w)}. For any w close to zero
and such that F~1(w) contains only simple points,

Gl — o1 (w)G 4+ (=) og(w) € (Fy — w1, ..., Fy —wy).
If
oj(w) = Aj(w)/Ao(w)

with A; € Clw], then one has the polynomial identity

(3.7) Ag(F)GY — AL(F)G .+ (—1)4A4(F) =0

where Ap(0) # 0, 41(0) = ... = A4(0) = 0 (all G(¢;(0)) are zero since
G|F~1(0) = 0). One has also an equation for G:

(3.8) Ag(F)G® + AL (F)G ™ 4. + A (F) =0

(s < d), which is irreducible over C[F}, ..., F,] and such that Ay(0) # 0,
A1(0) =...=A4(0) =0. Let
O(X1,..., X, Y) = Ag(X)Y* + ...+ A (X).

Since the polynomials F1, ..., F,, G are algebraically dependent, there exists
from Perron’s theorem ([Pe], Satz 56&57, pp. 125-126) some polynomial Q
in n + 1 variables such that

Q(Fy,...,Fy,G) =0,

degwntl Q >0,

deg,, Q(w{° " . wdesFn wdj_glG) <degGdegF,...degF,.
We now use an argument of Jelonek (see the proof of Proposition 12 in [Je]).
Since @Q is irreducible, Q divides Q, so that we can compare the weighted
degrees:

deg F wdes Fr oy, dee G S, deg I deg F, , deg G
deg,, Q(wi™ ™, .. 85 w, ) < deg,, Q(witT, L wy,® e

-, Wy » Yn n+1

Now, one can rewrite (3.8) as

Ay(0)G* = (Z FiBo s )) + i:GSI(i:FkELk(F))

where
Aj(w) = 4;0) + Y wiBji(w)
k=1
This provides the Nullstellensatz with the convenient estimates. m

When (Fy,...,F,) is dominant and separated over the origin (Defini-
tion 2.1) one has:

THEOREM 3.3. Let F' = (Fy,..., F},) be a dominant polynomial map from
C™ to C™ which is separated over the origin; let G € C[X], G|F~1(0) = 0.
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Then, for some s < d=[C(Xy,...,X,): C(Fy,...,F,)],

G® = ZAij, deg A;F; < n(degG + 1)[deg F ...deg F,, + dJ.
j=1

Proof. One can suppose that F' is not proper over the origin. Let G €
C[X1,...,Xyu), GIF7Y(0) = 0. Let Ky j, K2 j, 7 = 1,...,n, be the constants
corresponding to the fact that the map F' is separated at the origin (see
Definition 2.1) and

o) = T (K 2 x,).

j=1
Consider, for ||w|| < 1 such that #F~!(w) = d, the Newton sums SgG), ..
S'9) of the values
Sy

{ G(G (w)) G(Ga(w)) }
HAEGTL(( (w)) " He G ((y(w))

where F~1(w) = {¢1(w),...,Cla(w)}. By Remark 1 after the proof of Lem-
ma 2.4, the functions SJG can be written near the origin as

Gl J
S](G)(w) = Z (M) +ej(w)

a€F ™ (w)
llof <K

where K is a constant and lim,, ¢ £;(w) = 0. Therefore, since G|F~1(0) = 0,
one has

@) — -
S;7(0)=0, j=1,...,d

The same is true for the symmetric polynomials O'§G), ey O‘C(IG) of the values
G(G(w)) G(Ca(w))
[ deg G+1(€1 (w)) 77T [fdeg G+1(Cd(w))

where F~1(w) = {¢1(w), ..., {s(w)}. As in the proof of Theorem 3.2, for any
w close to zero such that #F~1(w) = d and F~!(w) contains only simple
points, one has

¢ _\'__w© ¢\ (G)
<HdegG+1> -0 (w)<HdegG+1> +... .+, (w)
€ (Fy—wi,...,Fp, —wy).
If G is the rational function G /HeG+1 then one has the identity
A F)GE— ADF)GI L+ (-1)?A (F) =0,
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where
G
@ _ A W)
o; 7 (w) = @)
Ay (w)
with AE,G) (0) # 0, AgG) 0)=...= AgG) (0) = 0. There is some equation for
G of the form
(3.9) ARG+ ADNPG T 4.+ A F) =0

which is irreducible over C[F7, ..., F,,] and such that KéG) (0) #0, E§G) (0) =
ce= K&G) (0) = 0. Since G is now a rational function G = G/H*8G+! we
cannot apply Perron’s theorem immediately as in the proof of Theorem 3.2.
In order to find a substitute argument, we use some variant of the famous
Rabinowicz trick. Let us add some additional variable Xg; the polynomials

(Fi(X),...,F(X), HI€ 9T (X) — X,G(X), Xo)

are algebraically dependent; there exists, by Perron’s theorem ([Pe], Satz 56
and 57), some polynomial Q€ in n + 2 variables such that

QY(Fy, ..., Fn, Xo, H¥T! — X,G) =0,

G/ degF deg F, n(deg G+1)
(3.10) deg,, Q% (wi™ ™, . Wy w1, wy )

<ndegF;...degF,(degG + 1).

Then, substituting Xy = H#“+1 /G in (3.10), one gets

(3.11) oS (Fy,...,F,,1)G) =0

where

OF (X1, ., X, Xng1) = Q9(X1, ..., X, X541, 0).

One has

(3.12)  deg, Q(wi®™ .. wlef w, 1)
<ndegF...degF,(degG + 1).

Since (£, ..., F},) is dominant, the relation (3.11) multiplied by GlBuns1

provides an equation for G (which is such that (3.9) divides it, so that we

have estimates on the weighted degrees of the ﬁéG) thanks to estimates
(3.10)). The relation (3.9) can be rewritten as

(3.13) ST A (F)Gekghdes G = g,
k=0

Since Z(()G) (0)H(0) # 0, the equation (3.13) solves the Nullstellensatz. One
can rewrite (3.13) as
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= AjF;,
j=1

deg; Fj < n(degG +1)deg Fy ...deg F}, + sn(deg G + 1)
< n(degG + 1)[deg F} ...deg F), + dJ.
This concludes the proof of Theorem 3.3. =

When F = (Fy,...,F,) is dominant and satisfies the (H-0) separation
condition in Definition 2.2, one has a similar result.

THEOREM 3.4. Let F = (F1,...,F,) be a dominant polynomial map
from C™ to C™ which satisfies the (H-0) condition for some H € C[X] and
§ > 0. Then, for G € C[X] such that G|F~*(0) = 0, one has for some
s < d(Fl,...,Fn),

= ZAJFja
j=1

deg A;F; < deg H(E(degG/d) + 1)(deg F ...deg F,, + d).
Proof. Let G € C[X] be such that G|F~1(0) = 0. We now let
é _ G/HE(deg G/(S)Jrl‘
We use Lemma 2.5 instead of Lemma 2.4. We obtaln as before a relation of
the form (3.9), with the same conditions on A ) . A( . On the other

hand, by the same argument as in the proof of Theorem 3.3, there is a
relation

(3.14) Q) (Fy,...,F,,G)=0
with
degw Q(G) (wfeg Fl 9t wgeg F’fb ) wn+1)

< degF} ...deg F,, deg H(E(deg G/d) + 1).
Since (3.9) divides (3.14), one has

oS
j=1

deg A;F; < deg F ...deg F,, deg H(E(deg G/0) + 1)
+ s(E(deg G/0) + 1) deg H
< deg H(E(deg G/d) + 1)(deg Fy ...deg F,, +d). m
4. Some consequences of the Briangon—Skoda theorem. In this

section, we prove that for maps with a negative L.ojasiewicz exponent, the
Nullstellensatz can be solved with estimates (1.11) or (1.12).
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THEOREM 4.1. Let F = (F4,...,F}) be a polynomial map from C™ to
C* such that

(4.1) X[ > K = [[FX)] = =] X]]*

for some K > 0,q < 0 and k > 0. Let G € C[Xy,...,X,], G =0 on
F~=1(0). Then, if
:= mi 1,k = ), D:= deg F’;,
7= min(n+1k), v aer?%(o)(y) 152y, OB
we have
k
G" = ZAij deg A;F; < ~vy(vdegG + D +q|).

j=1

Proof. From (4.1), for any X = (X0, X) = (Xo,...,X,) € C" Xy #
0, [| X1 = K[ Xol,

(42) IFCX/Xo) 2 A(IX1/1Xol),
that is,
(43) %ol < X FCX/ X,

k

1 ~ 1/2

(44) [ Xol1FP < EHXH"”( > :\hFj(X)|2|X0|2(D*degFj)) .
Jj=1

Let G € C[Xy,...,X,], G = 0 on F~}0); then G* € (Fy,...,F:) by
Noether’s theorem. There exists some constant C' > 0 such that, for any
X e 82l =X e C"! || X| = 1} with |Xo| > 1/(2K),

"G¥(X)| < CI"F(X)].

On the other hand, because of (4.4), there exists C’ > 0 such that for
any X € S2"*+1 with |Xo| < 1/K,

(4.5) | X0/ 9P < PP (X)]-
On the unit sphere S27+1,
"G (X)[Xol" P < " ||"F (X))
for some C” > 0. So for any X € C"*1\ {0},
"G (X/IX)(Xo/IXIN' 2] < PP XX,
hence

"G¥(X)] - |X0[[1FP < 0| Xo| 1P s G E (X /X))
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and consequently,
(4.6)  ["G¥(X)]- |Xo|la+P
i1y |lgl+v deg G E\ b 2 2(D—deg F;) ) /2
< O| Xl e G (3 1y ()2 PP des F))
j=1

The inequality (4.6) remains valid at zero. At any point Z in C"1 the germ

at Z of hGVX(l)qHD is in the integral closure of the ideal generated by the
germs of "Fy, ... PF} at this point. Then, by the Briancon-Skoda theorem
([BS], or [LT] for an algebraic version)

(hGVXéqH'D)’Y € (hFla oo 7th)loc-
So, there are polynomials Zl, e ,gk € C[Xo,...,X,] such that

k
(4.7) (G Xy = 3 A (XM (X).

Taking X = 1 in (4.6), we get the result. m
Under some additional hypothesis, we have

THEOREM 4.2. Let F = (Fy,...,F}) be a polynomial map from C" to
C* such that
X[ = K = [|[F(X)[| = || X]|?

for some constants K > 0, ¢ <0, k > 0. Assume that the depth of the ideal
PF 100 + -+ P 100

in Qg is greater than 2. Let G € C[X1,..., X,], G =0 on F~1(0). Then, if
Vi=maXaep-1(0)(Va), D 1= maxi<j<i deg(F}), we have

k
GV - Z AJ‘Fj
Jj=1

with the estimates
deg(A,;F;) <vdeg G+ n(D + |q).

Proof. The proof is exactly similar to the proof of Theorem 4.1. At each
point Z € C"1\ {0} such that |Zo| < #%|Z|, it follows from (4.5) and the
Briangon—Skoda theorem that

(Xg(‘q|+D))Z € hF1n+1OZ + ...+ thn+1OZ-
At each point Z € C™™!\ {0} such that |Zo| > 5% || Z]|,
(hGV)Z € hF1n+1OZ +...+ thn+1OZ‘
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So, at any point Z € C"*1\ {0},

(4.8)

(XG5 € PPy 1 Og + o 4 " 1 O

Because of the hypothesis, it follows (as kindly pointed to us by Roger Gay)
from [Ban], Corollary 4.3, p. 42 (which is in fact a variant of the Hartogs

theorem), that (4.8) is also valid at Z = 0. So, once again

k
XglIhGr = 37 A (X)"E (X).
j=1

Taking Xy = 1 provides the result. m
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