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Abstract. We prove existence of weak solutions to nonlinear parabolic systems with p-
Laplacians terms in the principal part. Next, in the case of diagonal systems an L∞-estimate for
weak solutions is shown under additional restrictive growth conditions. Finally, L∞-estimates
for weakly nondiagonal systems (where nondiagonal elements are absorbed by diagonal ones)
are proved. The L∞-estimates are obtained by the Di Benedetto methods.

1. Introduction. In this paper we consider the following initial boundary value
problem:

uit −
m∑
j=1

∇ · (aij(x, t, u,∇u) · ∇uj) +Ri(x, t, u,∇u)ui(1.1)

= fi(x, t, u,∇u), i = 1, . . . ,m, in ΩT = Ω × (0, T ),

ui|t=0 = u0i, i = 1, . . . ,m, in Ω,

ui = ubi, i = 1, . . . ,m, on ST = S × (0, T ),

where Ω ⊂ Rn is a bounded domain, T ∈ (0,∞), S = ∂Ω, u = (u1, . . . , um) ∈ Rm,
x = (x1, . . . , xn) ∈ Rn and dot denotes the scalar product in Rn.

The aim of this paper is to prove the existence of weak solutions to (1.1) and next to
show that the weak solutions are bounded under some restrictions.

To this end we assume the following structure conditions:

aij : ΩT × Rm × Rmn → Rn
2
, i, j = 1, . . . ,m,

satisfy the Carathéodory condition and

(1.2) α1|∇u|p ≤
m∑

i,j=1

aij(x, t, u,∇u)∇uj · ∇ui ≤ α2|∇u|p,
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where α1, α2 are positive constants and p ≥ 2; sometimes we use also the inequality

(1.3)
m∑

i,j=1

(aij(x, t, u,∇u1) · ∇u1j − aij(x, t, u,∇u2) · ∇u2j) · (∇u1i −∇u2i)

≥ α|∇u1 −∇u2|p,
where α is a positive constant. Moreover,

Ri : ΩT × Rm × Rmn → R, i = 1, . . . ,m,

satisfy the Carathéodory condition and

(1.4) Ri(x, t, u,∇u) = R1i(x, t, u,∇u) +R2i(x, t, u,∇u),

where

(1.5)

β1|u|p0−2 ≤ R1i(x, t, u) ≤ β2|u|p0−2,

β0|u− v|p0 ≤
m∑
i=1

(
R1i(x, t, u)ui −R1i(x, t, v)vi

)
(ui − vi),

where β0, β1, β2 are positive constants, p0 ≥ 2, and

(1.6) γ1|∇u|q0 ≤ R2i(x, t, u,∇u) ≤ γ2|∇u|q0 ,
where γ1, γ2 are positive constants and q0 ≥ 0. Next,

fi : ΩT × Rm × Rmn → R, i = 1, . . . ,m,

satisfy the Carathéodory condition and

(1.7) |fi(x, t, u,∇u)| ≤ δ1(|u|) + δ2(|u|)|∇u|ν , i = 1, . . . ,m,

where δ1, δ2 are positive increasing functions and ν ≥ 0 will be chosen later.
Finally we assume the following restrictions:

(1.8)
q0
p

+
2
p∗
≤ 1, p∗ = max{q, p0}, q = p

n+ 2
n

,

and

(1.9) δ1(|u|) ≤ c(|u|µ1 + 1), δ2(|u|) ≤ c|u|µ2 ,

where

(1.10) µ1 + 1 < p∗, p∗ = max{p, p0},
and

(1.11)
µ2 + 1
p∗

+
ν

p
< 1.

Definition 1.1. We denote by (P.1) the problem (1.1) with relations (1.2)–(1.11).

Definition 1.2. By a weak solution of problem (P.1) we mean a solution ui ∈
L∞(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1

p (Ω)) ∩ Lp0(ΩT ), i = 1, . . . ,m, of the following integral
identity:

(1.12) −
m∑
i=1

∫
ΩT

uiϕit dx dt+
m∑

i,j=1

∫
ΩT

aij · ∇uj · ∇ϕi dx dt

+
m∑
i=1

∫
ΩT

Riuiϕi dx dt =
m∑
i=1

∫
ΩT

fiϕi dx dt−
m∑
i=1

∫
Ω

u0iϕi(x, 0) dx,
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which holds for any ϕi such that ϕi|S = 0, ϕi|t=T = 0, ϕit ∈ L2(ΩT ), ϕi ∈ L∞(0, T ;
L2(Ω)) ∩ Lp(0, T ;W 1

p (Ω)) ∩ Lp0(ΩT ), i = 1, . . . ,m, and

(1.13)
∫
ΩT

∂tuζ dx dt = −
∫
ΩT

(u− u0)∂tζ dx dt

valid for any ζ ∈ Lp(ΩT ), ∂tζ ∈ Lp′(ΩT ), 1/p + 1/p′ = 1, such that ζ(T ) = 0. To
show boundedness of weak solutions to problem (P.1) we have to obtain first an estimate
in L∞(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1

p (Ω)) ∩ Lp0(ΩT ) and next applying the technique of
truncations we are able to get a sup-estimate. This procedure follows from the growth
condition (1.7) with µ1 ≥ 0, µ2 ≥ 0 and ν ≥ 0, because we need such an estimate for
weak solutions to obtain the well known recursive inequalities (see (3.16)) which imply
the sup-estimate.

Generally to prove existence of weak solutions and to obtain necessary estimates we
need the following identity with Steklov averages (see the end of this section):

(1.14)
m∑
i=1

∫
Ω×(h,T )

[
∂tuhiϕi +

m∑
j=1

(aij · ∇uj)h · ∇ϕi + (Riui)hϕi
]
dx dt

=
m∑
i=1

∫
Ω×(h,T )

fhiϕi dx dt.

Assuming now the growth conditions on the r.h.s. of (1.1) in the form

(1.15) |fi(x, t, u,∇u)| ≤ d1|∇ui|
p
2 + d2|ui|σ + d3, i = 1. . . . ,m,

where d1, d2, d3 are constants, σ ≤ p∗
2 , p∗ = max{q, p0}, q = pn+2

n , we can generalize the
growth conditions (1.2), (1.5), (1.6) in the following way:

(1.16) α2, β2, γ2 from (1.2), (1.5) and (1.6), respectively, are increasing functions of |u|.

Now we can introduce

Definition 1.3. By (P.2) we denote the problem (1.1) with the growth conditions
(1.2)–(1.6), (1.15), (1.16).

Then to prove existence of solutions to problem (P.2) we have to consider instead of
(1.1) the following truncated problem:

(1.17)

uit −
m∑
j=1

∇ · (aij(x, t, u(l1,l2),∇u) · ∇uj) +Ri(x, t, u(l1,l2),∇u)ui

= fi(x, t, u,∇u), i = 1, . . . ,m, in ΩT ,

ui|t=0 = u0i, i = 1, . . . ,m, in Ω,

ui = ubi, i = 1, . . . ,m, on ST ,

where

(1.18) v(l1,l2) =

{
l1 for v > l1,
v for l2 ≤ v ≤ l1,
l2 for v < l2,

where l2 ≤ l1 are constants, v ∈ R1.
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By u(l1,l2), where u = (u1, . . . , um), we indicate that each of the coordinates is of the
form (1.18). The truncated solutions were considered in [8].

Definition 1.4. By (P.3) we denote the problem (1.17) with (1.2)–(1.6) and (1.15),
(1.16).

R e m a r k 1.5. Generally any solution of problem (P.3) depends on (l1, l2), so we
should write u = u(l1,l2), but to simplify notation we omit the index (l1, l2).

Definition 1.6. By a weak solution of the problem (P.3) we mean functions ui ∈
L∞(0, T ;L2(Ω)) ∩ Lp(0, T ;W 1

p (Ω)) ∩Lp0(ΩT ), i = 1, . . . ,m, which satisfy the following
integral identity:

(1.19) −
m∑
i=1

∫
ΩT

uiϕit dx dt+
m∑

i,j=1

∫
ΩT

a
(l1,l2)
ij ·∇uj ·∇ϕi dx dt+

m∑
i=1

∫
ΩT

R
(l1,l2)
i uiϕi dx dt

=
m∑
i=1

∫
ΩT

fiϕi dx dt−
m∑
i=1

∫
Ω

u0iϕi(x, 0) dx,

which holds for any ϕi such that ϕi|S = 0, ϕi|t=T = 0, ϕit ∈ L2(ΩT ), ∇ϕi ∈ Lp(ΩT ),
ϕi ∈ Lp0(ΩT ), i = 1, . . . ,m. Moreover,

a
(l1,l2)
ij = aij(x, t, u(l1,l2),∇u), R

(l1,l2)
i = Ri(x, t, u(l1,l2),∇u).

Now we introduce some notation. Let k>0. Then (u−k)+ = max{u−k, 0}, (u−k)− =
max{−(u− k), 0}, A+

k,i(t) = {x ∈ Ω : ui(x, t) > k}, A−k,i(t) = {x ∈ Ω : ui(x, t) < k}. We
introduce the Steklov averages

vh(x, t) =
{

1
h

∫ t
t−h v(x, τ) dτ, t ∈ (h, T ],

0, t < h.

By |Ω| we denote the measure of Ω. The dot · denotes the scalar product in Rn and
◦
W 1
p (Ω) = {u ∈W 1

p (Ω) : u = 0 on ∂Ω}.
Now we formulate the well known result used in this paper. The following interpolation

inequality is satisfied (see [3], Ch.1):

(1.20)
∫
Ωt

|v|qdxdt ≤ c∗
(

ess sup
t

∫
Ω

|v|2 dx
) p
n
∫
Ωt

|∇v|p dx dt,

which holds for any v ∈ V 2,p
0 (Ωt) and q = pn+2

n , where V 2,p
0 (ΩT ) is a Banach space with

the norm

‖v‖V 2,p(ΩT ) = ess sup
t≤T

‖v(t)‖L2(Ω) + ‖∇v‖L2(ΩT ),

and v|s = 0.
Now we present some information about the results of this paper. In Sections 2 and

3 the existence of bounded solutions to diagonal problem (P.1) is proved. In Sections 4
and 5 we show existence of bounded solutions to the diagonal problem (P.2) in which the
r.h.s. has very strong growth restrictions with respect to u. Finally in Section 6 we prove
existence of bounded solutions to nondiagonal problem (P.1).
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Finally we add some remarks concerning the results of this paper. We proved sup-
estimates for solutions of problem (1.1) under very strong growth restrictions (see (3.24),
(5.8) and (6.11)). These restrictions follow from the used cut-off functions (ui−k)+, i =
1, . . . ,m. Much less restrictions can be expected in the case of cut-off functions (|u|−k)+
which are used in [3], Ch. 8, Sect. 2. However in [3] there are considered only systems
with the same matrices in the main terms, ai = a, i = 1, . . . ,m (see (3.1)).

Moreover, we can expect much less restrictions on the growth of the r.h.s. in the case
when Stampaccia’s idea of getting sup-estimates is used (see [3], Ch. 5, Sect. 17). However
in the last case the coefficients ai, Ri and fi, i = 1, . . . ,m, must be either continuous
or Hölder continuous with respect to x and t or must satisfy some additional structure
conditions.

We think that the method presented in this paper (the proof of existence of weak
solutions and then showing L∞-estimates) is appropriate for systems with measurable
coefficients with respect to x and t.

2. Existence of weak solutions to problem (P.1). First we obtain an estimate.

Lemma 2.1. Let (1.2)–(1.11) hold. Let S be Lipschitz continuous. Let p∗=max{p, p0}.
Let ubt ∈ L2(Ωt), ub ∈ Lp(0, t;W 1

p (Ω)) ∩ Lp0(Ωt) ∩ L 2p
p−q0

(Ωt) ∩L2(Ωt), ub|t=0 ∈
L2(Ω), u0 ∈ L2(Ω), t ≤ T. Then for solutions of problem (P.1) the following estimate
holds: ∫

Ω

|u|2 dx+
∫
Ωt

|∇u|p dx dt+
∫
Ωt

|u|p0 dx dt+
∫
Ωt

|∇u|q0 |u|2 dx dt(2.1)

≤ c1
(

1 +
∫
Ωt

(|ubt|2 + |∇ub|p + |ub|p + |ub|p0 + |ub|
2p
p−q0 + |ub|2) dx dt

+
∫
Ω

u2
b(0) dx+

∫
Ω

u2
0 dx

)
≤ c0.

P r o o f. Putting ϕi = ui − ubi, i = 1, . . . ,m, into (1.14), performing integration with
respect to time, passing with h to zero and using the growth conditions (1.2), (1.4)–(1.7)
we obtain

(2.2)
1
2

∫
Ω

(u− ub)2 dx+ α1

∫
Ωt

|∇u|p dx dt+ β1

∫
Ωt

|u|p0 dx dt+ γ1

∫
Ωt

|∇u|q0 |u|2 dx dt

≤
∫
Ωt

|ubt| |u− ub| dx dt+ α2

∫
Ωt

|∇u|p−1|∇ub| dx dt+ β2

∫
Ωt

|u|p0−2|u||ub| dx dt

+ γ2

∫
Ωt

|∇u|q0 |u||ub| dx dt+
1
2

∫
Ω

(u0 − ub(0))2 dx

+
∫
Ωt

(δ1(|u|) + δ2(|u|)|∇u|ν)|u− ub| dx dt.

In view of the Hölder and Young inequalities the r.h.s. of (2.2) is estimated by
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(2.3)
1
2

∫
Ω

|u− ub|2 dx+
1
2

∫
Ωt

|ubt|2 dx dt+ ε1
∫
Ωt

|∇u|p dx dt+ c(ε1)
∫
Ωt

|∇ub|p dx dt

+ ε2
∫
Ωt

|u|p0 dx dt+ c(ε2)
∫
Ωt

|ub|p0 dx dt+ ε3
∫
Ωt

|∇u|q0 |u|2 dx dt

+ c(ε3)
∫
Ωt

|∇u|q0 |ub|2 dx dt+
1
2

∫
Ω

(u0 − ub(0))2 dx

+
∫
Ωt

(δ1(|u|) + δ2(|u|)|∇u|ν
)
|u− ub| dx dt,

where εi ∈ (0, 1), i = 1, 2, 3.
Since q0 < p the third from the end term in (2.3) is bounded by

ε4
∫
Ωt

|∇u|p dx dt+ c(ε4)
∫
Ωt

|ub|
2p
p−q0 dx dt, ε4 ∈ (0, 1).

In view of (1.7) and (1.9) the last term in (2.3) is bounded by

c
∫
Ωt

(|u− ub|+ |u|µ1 |u− ub|+ |u|µ2 |∇u|ν |u− ub|) dx dt ≡ I0 + I1 + I2,

where

I1 ≤
∫
Ωt

(|u− ub|µ1+1 + |ub|µ1 |u− ub|) dx dt ≡ I11.

Let p∗ = p0 and µ1 + 1 < p0. Then

I11 ≤ ε5
∫
Ωt

|u− ub|p0 dx dt+ c(ε5)
(

1 +
∫
Ωt

|ub|
µ1p0
p0−1 dx dt

)
≤ ε5
∫
Ωt

|u|p0 dx dt+ c(ε5)
(

1 +
∫
Ωt

(|ub|p0 + |ub|
µ1p0
p0−1 ) dx dt

)
, ε5 ∈ (0, 1).

Let p∗ = p and µ1 + 1 < p. Then

I11 ≤ ε6
∫
Ωt

|u− ub|p dx dt+ c(ε6)
(

1 +
∫
Ωt

|ub|
µ1p
p−1 dx dt

)
≤ ε6c
∫
Ωt

|∇u|p dx dt+ c(ε6)
(

1 +
∫
Ωt

(|ub|
µ1p
p−1 + |∇ub|p) dx dt

)
, ε6 ∈ (0, 1).

Moreover, µ1p
∗/(p∗ − 1) < p∗.

Now we estimate I2. Hence we have

I2 ≤
∫
Ωt

(|u− ub|µ2+1|∇u|ν + |ub|µ2 |u− ub||∇u|ν) dx dt ≡ I3 + I4.

First we examine I3. Let p∗ = p0, µ2 + 1 < p0, µ2+1
p0

+ ν
p < 1. Then

I3 ≤ ε7
∫
Ωt

(|u− ub|p0 + |∇u|p) dx dt+ c(ε7)
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≤ ε7
∫
Ωt

(|u|p0 + |∇u|p) dx dt+ c(ε7)
(

1 +
∫
Ωt

|ub|p0 dx dt
)
, ε7 ∈ (0, 1).

Let p∗ = p, ν + µ2 + 1 < p. Then

I3 ≤ ε8
∫
Ωt

|u− ub|p dx dt+ c(ε8)
∫
Ωt

|∇u|
νp

p−(µ2+1) dx dt

≤ ε8c
∫
Ωt

|∇(u− ub)|p dx dt+ ε8
∫
Ωt

|∇u|p dx dt+ c(ε8)

≤ ε9
∫
Ωt

|∇u|p dx dt+ c(ε9)
( ∫
Ωt

|∇ub|p dx dt+ 1
)
, ε9 ∈ (0, 1).

Finally we estimate I4. Let p∗ = p0, ν
p + 1

p0
< 1. Then

I4 ≤ ε10
∫
Ωt

|u− ub|p0 dx dt

+ c(ε10)
( ∫
Ωt

|∇u|p dx dt
) ν
p

p0
p0−1

( ∫
Ωt

|ub|
µ2

1−1/p0−
ν
p dx dt

) p0
p0−1 (1− 1

p0
− νp )

≤ ε10
∫
Ωt

(|u|p0 + |∇u|p) dx dt+ c(ε10)
∫
Ωt

|ub|p0 dx dt, ε10 ∈ (0, 1).

Let p∗ = p and p > ν + 1. Then

I4 ≤ ε11
∫
Ωt

|u− ub|p dx dt+ c(ε11)
( ∫
Ωt

|∇u|p dx dt
) ν
p−1
( ∫
Ωt

|ub|
µ2

1− 1+ν
p dx dt

)(1− ν+1
p ) p

p−1

≤ ε12
∫
Ωt

|∇u|p + c(ε12)
∫
Ωt

(|∇ub|p + |ub|
µ2

1− 1+ν
p ) dx dt, ε12 ∈ (0, 1).

In view of (1.11) we have
µ2

1− 1
p0
− ν

p

< p0,
µ2

1− 1+ν
p

< p.

Applying the Gronwall lemma and using the above considerations in (2.2) we obtain (2.1)
for sufficiently small εi, i = 1, . . . , 12. This concludes the proof.

Now applying the ideas from [1, 4, 9] we prove existence of weak solutions to problem
(P.1). Hence we have

Theorem 2.2. Let the assumptions of Lemma 2.1 be satisfied. Let either

(a) p0 ≤ q and p > q0 + n
n+2 , or

(b) p0 > q and n
n+2 + q0 < p(1− 1

p0
).

Let either

(c) p0 ≤ q and p > max{(1 + µ1) n
n+2 , (1 + µ2) n

n+2 + ν}, or
(d) p0 > q and p > max{ n

n+2/(1−
µ1
p0

), ( n
n+2 + ν)/(1− µ2

p0
)}.

Then there exists a solution of problem (P.1) such that u ∈ L∞(0, T ;L2(Ω)) ∩ Lp(0, T ;
W 1
p (Ω)) ∩ Lp0(ΩT ) and the estimate (2.1) holds.
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P r o o f. To prove existence of solutions to problem (P.1) we assume that coefficients
in (1.1)1 do not depend on t. The case with time dependent coefficients can be treated
in the same way as in Remark 3.32 of [5].

Then we replace ∂tu by the backward difference quotient

∂−ht u =
1
h

[u(t)− u(t− h)].

Thus instead of the parabolic problem (1.1) we obtain an elliptic problem which we solve
by applying the Galerkin method. To do this we choose linearly independent functions
ei ∈

◦
W 1
p (Ω) such that their linear combinations are dense in

◦
W 1
p (Ω). Similarly to [1, 4,

9] we are looking for an approximate solution of (1.14) in the form

(2.4) uhλ = ubh +
λ∑
i=1

αhλi(t)ei(x),

with step functions αhλi ∈ L∞(0, T ), where ubh is time independent in each interval
((k − 1)h, kh), k = 0, 1, . . .,

(2.5) ubh(x, t) :=
1
h

kh∫
(k−1)h

ub(x, s) ds for (k − 1)h ≤ t ≤ kh,

where for simplicity it is assumed that T
h is an integer, and uhλ satisfies the equality

Shλ(uhλ, ϕ) :=
m∑
i=1

∫
Ω

∂−ht uhλiϕi dx+
m∑

i,j=1

∫
Ω

aij∇uhλj · ∇ϕi dx(2.6)

+
m∑
i=1

∫
Ω

Riuhλiϕi dx−
m∑
i=1

∫
Ω

fiϕi dx = 0,

which holds for all test functions ϕ ∈ Vλ := span{e1, . . . , eλ}. We take initial data

(2.7) uhλ(t) := u0h(t) for − h < t < 0,

where u0h is bounded,

u0h := min
(

1,
1

h|u0|

)
u0.

Hence the choice of u0h and ubh imply that we can determine uhλ(t) inductively for
t ∈ ((k − 1)h, kh) as a solution of an elliptic problem. In fact, if uhλ(t− h) is known the
l.h.s. of (2.6) defines a continuous mapping Φhλ : Rλ → Rλ, where the λ parameters are
the unknown coefficients of uhλ(t).

To prove the existence of uhλ(t) for t ∈ (0, kh) we assume that uhλ(t) is already
known in

(
0, (k− 1)h

)
. Hence we have to determine α = {αi}i=1,....λ ≡ {αhλi}i=1,...,λ for

t ∈ (0, kh). Denote φ =
∑m
i=1 αiei and consider a continuous mapping Φhλ : Rλ → Rλ

such that Φhλi(α) = Shλ(φ+ ubh, ei), i = 1, . . . , λ. Using (2.6) we obtain

Φhλ(α) · α =
λ∑
i=1

Φhλi(α)αi =
λ∑
i=1

Shλ(φ+ ubh, ei)αi = Shλ(φ+ ubh, φ)(2.8)
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=
m∑
i=1

∫
Ω

[
1
h

(uhλi(t)− uhλi(t− h))(uhλi(t)− ubhi)

+
m∑
j=1

aij · ∇uhλj(t) · ∇(uhλi(t)− ubhi) +Riuhλi(t)(uhλi(t)− ubhi)

− fi(uhλi(t)− ubhi)
]
dx.

Using the structure conditions (1.2)–(1.11) we obtain

(2.9) Φhλ(α) · α ≥ 1
2h

∫
Ω

u2
hλ(t) dx+ α1

∫
Ω

|∇uhλ|p dx+ β1

∫
Ω

|uhλ|p0 dx

+ γ1

∫
Ω

|∇uhλ|q0 |uhλ|2 dx− α2

∫
Ω

|∇uhλ|p−1|ubh| dx− β2

∫
Ω

|uhλ|p0−1|ubh| dx

− γ2

∫
Ω

|∇uhλ|q0 |uhλ| |ubh| dx− c
∫
Ω

(
u2
bh + u2

hλ(t− h)
)
dx

− c
∫
Ω

|uhλ − ubh| dx− c
∫
Ω

(|uhλ(t)|µ1 + |uhλ(t)|µ2 |∇uhλ(t)|ν)|uhλ − ubh| dx.

In view of the Hölder and Young inequalities and proceeding exactly as in Lemma 2.1 we
get

Φhλ(α) · α ≥ 1
2h

∫
Ω

u2
hλ dx+

α1

2

∫
Ω

|∇uhλ|p dx+
β1

2

∫
Ω

|uhλ|p0 dx(2.10)

+
γ1

2

∫
Ω

|∇uhλ|q0 |uhλ|2 dx

− c
∫
Ω

(1 + |ubh|p + |ubh|p0 + |ubh|2 + |ubh|
2p
p−q0 + |∇ubh|p) dx

− c

h

∫
Ω

(|ubh|2 + |uhλ(t− h)|2) dx > 0,

where for sufficiently large |α| the second inequality in (2.10) holds. Therefore there exists
α0 ∈ Rλ such that Φhλ(α0) = 0. Thus we have proved the existence of solutions to (2.6).

Now we obtain an estimate for solutions of (2.6). We put ϕ = uhλ − ubh into (2.6)
and integrate the result over t from 0 to t. We have

1
h

∫
Ω

(uhλ(t)− uhλ(t− h))uhλ(t) dx ≥ 1
2h

∫
Ω

(u2
hλ(t)− u2

hλ(t− h)) dx

and

1
2h

t∫
0

∫
Ω

(u2
hλ(t)− u2

hλ(t− h)) dx dt =
1

2h

t∫
t−h

∫
Ω

u2
hλ(t) dx dt− 1

2h

0∫
−h

∫
Ω

u2
hλ(t) dx dt

=
1
2

∫
Ω

u2
hλ(t) dx− 1

2

∫
Ω

u2
0h(t) dx,
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where we used the fact that uhλ(t) are independent of t in any interval (ih, (i + 1)h),
i = 0, . . . , Th − 1, where T

h is an integer, and uhλ(t) = u0h(t) for t ∈ (−h, 0). Using the
above considerations and the proof of Lemma 2.1 we obtain

(2.11)
∫
Ω

u2
hλ(t) dx+

∫
Ωt

(|∇uhλ|p + |uhλ|p0 + |∇uhλ|q0 |uhλ|2 dx dt ≤ c,

where c depends on the norms of data functions. From (2.11) we can choose a subsequence
of {uhλ} still denoted by {uhλ} such that

uhλ → u weakly in Lp(0, T ;W 1
p (Ω)) ∩ Lp0(ΩT )

and

uhλ → u weak star in L∞(0, T ;L2(Ω))

as (h, λ)→ (0,∞).
Now we show almost everywhere convergence of uhλ → u in ΩT . Changing variables

in (2.6) from t to t+ h and integrating the result over t from 0 to T − h we obtain

(2.12)
m∑
j=1

1
h

T−h∫
0

∫
Ω

(uhλj(t+ h)− uhλj(t))ϕj dx dt

+
m∑
j=1

T−h∫
0

∫
Ω

( m∑
k=1

akj∇uhλj(t+ h) · ∇ϕk +Rjuhλj(t+ h)ϕj − fjϕj
)
dx dt = 0,

where the coefficients ajk, Rj and fj , j, k = 1, . . . ,m, depend on uhλ(t+ h).
Since ϕ|s = 0 we put ϕ = 1

h (uhλ(t+ h)− uhλ(t))− 1
h (ubh(t+ h)− ubh(t)) into (2.12).

Hence in view of (2.11) we obtain

(2.13)
T−h∫
0

∫
Ω

(uhλ(t+ h)− uhλ(t))2 dx dt ≤ ch

hence

(2.14) uhλ → u in L1(ΩT )

so

(2.15) uhλ → u almost everywhere in ΩT .

Next from Lemma 6.3 of [6, Ch. 5, Sect. 6] we get

(2.16) uhλ → u strongly in Lr(ΩT )

where r < q = pn+2
n .

Finally we prove strong convergence of ∇uhλ to ∇u. To show this we put ϕ= uhλ−
ubh−vhλ ≡ ω into (2.6), where vhλ ∈ Lp(0, T ;Vλ)∩Lp0(ΩT ) are approximations of u−ub
in Lp(0, T ;W 1

p (Ω))∩Lp0(ΩT ) which are time independent in each interval ((k−1)h, kh).
Therefore
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(2.17) vhλ → u− ub strongly in Lp(0, T ;W 1
p (Ω)) ∩ Lp0(ΩT ).

Now from (2.6) we obtain
m∑
i=1

t∫
0

∫
Ω

∂−ht uhλiωi dx dt+
m∑

i,j=1

t∫
0

∫
Ω

aij(uhλ,∇uhλ) · ∇uhλj · ∇ωi dx dt(2.18)

+
m∑
i=1

t∫
0

∫
Ω

Ri(uhλ,∇uhλ)uhλiωi dx dt

=
m∑
i=1

t∫
0

∫
Ω

fi(uhλ,∇uhλ)ωi dx dt.

Repeating the considerations from [1] in the case Φ = 1
2 (u2

1+. . .+u2
m), b = (u1, . . . , um) =

∇Φ, B(u) =
∑m
i=1

∫ ui
0

(ui − si)dsi = 1
2 (u2

1 + . . .+ u2
m), we obtain

(2.19)
m∑
i=1

t∫
0

∫
Ω

∂−ht uhλiωi dx dt

≥ 1
h

t∫
t−h

∫
Ω

B(uhλ(t)) dx dt−
∫
Ω

B(u(t)) dx+ 0(h, λ),

where 0(h, λ) converges to zero as (h, λ) → (0,∞). The second term in (2.18) we write
in the form

(2.20)
m∑

i,j=1

[ t∫
0

∫
Ω

[aij(uhλ,∇uhλ) · ∇uhλj

− aij(uhλ,∇(ubh + vhλ)) · ∇(ubhj + vhλj)] · ∇ωi dx dt

+
t∫

0

∫
Ω

[aij(uhλ,∇(ubh + vhλ)) · ∇(ubhj + vhλj)− aij(uhλ,∇u) · ∇uj ] · ∇ωi dx dt

+
t∫

0

∫
Ω

[aij(uhλ,∇u)− aij(u,∇u)] · ∇uj · ∇ωi dx dt+
t∫

0

∫
Ω

aij(u,∇u) · ∇uj · ∇ωi dx dt
]

≡ I1 + I2 + I3.

Using the ellipticity condition (1.3) we have I1 ≥ α|∇ω|p. In view of the Hölder and
Young inequalities we obtain

I2 ≤ ε
t∫

0

∫
Ω

|∇ω|p dx dt

+ c(ε)
t∫

0

∫
Ω

|aij(uhλ,∇(ubh + vhλ)) · ∇(ubhj + vhλj)− aij(uhλ,∇u) · ∇uj |
p
p−1 dx dt,

where ε ∈ (0, 1) and the second integral converges to zero as (h, λ) → (0,∞) because
of the strong convergence of ubh + vhλ to u in Lp(0, T ;W 1

p (Ω)) and of the fact that
aij(uhλ,∇(ubλ + vhλ)) · ∇(ubhj + vhλj) ∈ L p

p−1
(ΩT ) (see [2], Th. 2, Ch. 1, Sect. 4).
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Similarly we have

I3 ≤ ε
t∫

0

∫
Ω

|∇ω|p dx dt+ c(ε)
t∫

0

∫
Ω

∣∣[aij(uhλ,∇u)− aij(u,∇u)]|∇uj
∣∣ p
p−1 dx dt

+
∣∣∣ t∫

0

∫
Ω

aij(u,∇u) · ∇uj · ∇ωi dx dt
∣∣∣,

where ε ∈ (0, 1) and the second term converges to zero because of the strong convergence
of uhλ → u in Lr(ΩT ), r < q.

Next we consider the third term on the l.h.s. of (2.18). First we examine
m∑
i=1

t∫
0

∫
Ω

R1i(uhλ)uhλiωi dx dt

=
m∑
i=1

t∫
0

∫
Ω

[R1i(uhλ)uhλi −R1i(ubh + vhλ)(ubhi + vhλi)]ωi dx dt

+
m∑
i=1

t∫
0

∫
Ω

[R1i(ubh + vhλ)(ubhi + vhλi)−R1i(u)ui]ωi dx dt

+
m∑
i=1

t∫
0

∫
Ω

R1i(u)uiωi dx dt ≡ I4 + I5 + I6.

In view of (1.5)2 it follows that

I4 ≥ β0

t∫
0

∫
Ω

|ω|p0 dx dt.

In virtue of the Hölder and Young inequalities one gives

I5 ≤ ε
t∫

0

∫
Ω

|ω|p0 dx dt

+ c(ε)
t∫

0

∫
Ω

|R1i(ubh + vhλ)(ubhi + vhλi)−R1i(u)ui|
p0
p0−1 dx dt,

where ε ∈ (0, 1) and the second term converges to zero because ubh + vhλ converges
strongly to u in Lp(0, T ;W 1

p (Ω)) ∩ Lp0(ΩT ) (see also [2], Th. 2, Ch. 1, Sect. 4).
Finally I6 converges to zero because ω converges to zero weakly in Lp(0, T ;

W 1
p (Ω)) ∩ Lp0(ΩT ).
Consider the second part of the third term on the l.h.s. of (2.18). In view of (1.6) and

the Hölder inequality we obtain∣∣∣ m∑
i=1

t∫
0

∫
Ω

R2i(uh,∇uh)uhiωi dx dt
∣∣∣ ≤ c t∫

0

∫
Ω

|∇uh|q0 |uh| |ω| dx dt

≤ c
( ∫
Ωt

|∇uh|p dx dt
)q0/p( ∫

Ωt

|uh|p∗ dx dt
)1/p∗( ∫

Ωt

|ω|σ dx dt
)1/σ

≡ I7,

where p∗ = max{p0, q}, q = pn+2
n and σ = 1

1− q0p −
1
p∗

.
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Let the assumption (a) of the theorem hold. Then p∗ = q, σ < q and ω converges to
0 strongly in Lσ(ΩT ), so I7 converges also to zero. Let the assumption (b) hold. Then
p∗ = p0, σ < q and I7 converges also to zero.

Finally we pass to the limit on the r.h.s. of (2.18). In view of (1.7) and the Hölder
inequality we get∣∣∣ m∑

i=1

∫
Ωt

fi(uhλ,∇uhλ)ωi dx dt
∣∣∣

≤ c
∫
Ωt

(|uhλ|µ1 + |∇uhλ|ν |uhλ|µ2)|ω| dx dt+ c
∫
Ωt

|ω| dx dt

≤ c
( ∫
Ωt

|uhλ|p∗ dx dt
)µ1/p∗( ∫

Ωt

|ω|σ1 dx dt
)1/σ1

+ c
( ∫
Ωt

|∇uhλ|p dx dt
)ν/p( ∫

Ωt

|uhλ|p∗ dx dt
)µ2/p∗( ∫

Ωt

|ω|σ2 dx dt
)1/σ2

+ c
∫
Ωt

|ω| dx dt,

where σ1 = 1
1−µ1

p∗
, σ2 = 1

1− νp−
µ2
p∗
.

Let the assumption (c) of the theorem hold. Then

σ1 =
1

1− µ1
q

, σ2 =
1

1− ν
p −

µ2
q

and σi < q, i = 1, 2,

so ‖ω‖Lσi (ΩT ) → 0, i = 1, 2, as (h, λ) → (0,∞). If the assumption (d) is valid then
σ1 = 1

1−µ1
p0

, σ2 = 1
1− νp−

µ2
p0

, σi < q and also ‖ω‖Lσi (ΩT ) → 0, i = 1, 2, as (h, λ)→ (0,∞).

Summarizing the above considerations instead of (2.18) we obtain

(2.21)
1
h

t∫
t−h

∫
Ω

B(uhλ(t)) dx dt−
∫
Ω

B(t) dx+ c
∫
Ωt

|∇ω|p dx dt ≤ 0(h, λ)

if ε is sufficiently small.
In view of (2.15) and the Fatou lemma

lim inf
h→0
λ→∞

∫
Ω

(B(uhλ(t))−B(u(t))) dx ≥ 0

so (2.21) implies

(2.22) ∇uhλ → ∇u strongly in Lp(Ωt), t ≤ T.

Hence (2.15) and (2.22) yield

(2.23)

aij(uhλ,∇uhλ)→ aij(u,∇u), i, j = 1, . . . ,m,

Ri(uhλ,∇uhλ)uhλi → Ri(u,∇u)ui, i = 1, . . . ,m,

fi(uhλ,∇uhλ)→ fi(u,∇u), i = 1, . . . ,m,

almost everywhere convergence in ΩT and also weak convergence in L p
p−1

(Ωt), t ≤ T .
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Hence the above considerations imply that u satisfies the identity (1.12).
Finally the approximate solution satisfies

(2.24)
∫
ΩT

∂−ht uhλζ dx dt = −
∫

ΩT−h

(uhλ − u0h)∂ht ζ dx dt,

which holds for any ζ such that ζ(t) = 0 for t > T − h and ζ ∈ Lp(ΩT ), ζt ∈ Lp′(ΩT ),
1/p+1/p′ = 1. Since u ∈ Lp(0, T ;W 1

p (Ω)) we have a weak convergence of ∂−ht uhλ → ∂tu

in Lp′(0, T ;W−1
p′ (Ω)). Hence the limit function u satisfies (1.13), so u is a solution of

problem (P.1) defined by Definition 1.2. This concludes the proof.

In the case of vanishing boundary conditions we obtain

Lemma 2.3. Let ub = 0. Let (1.7)–(1.11) hold. Let p∗ = max{p, p0} and µi + 1 < p∗,
i = 1, 2, ν

p + µ2+1
p∗ < 1. Moreover , let u0 ∈ L2(Ω) and u0|S = 0. Then

(2.25)
∫
Ω

u2 dx+
∫
Ωt

(α1|∇u|p +β1|u|p0 + γ1|∇u|q0 |u|2) dx dt ≤
∫
Ω

u2
0 dx+ c ≤ c0.

P r o o f. Putting ϕi = ui, i = 1, . . . ,m, into (1.12) and using the growth conditions
(1.2)–(1.7) we obtain

(2.26)
1
2

∫
Ω

u2 dx+
∫
Ωt

(α1|∇u|p + β1|u|p0 + γ1|∇u|q0 |u|2) dx dt

≤ 1
2

∫
Ω

u2
0 dx+ c

∫
Ω

(|u|µ1 + |u|µ2 |∇u|ν)|u| dx dt.

Let µ1 + 1 < p∗. Then
∫
Ωt
|u|µ1+1 dx dt ≤ ε1

∫
Ωt

(|u|p0 + |∇u|p) dx dt+ c(ε1), ε1 ∈ (0, 1).
Assuming µ2 + 1 < p∗, ν

p + µ2+1
p∗ < 1 yields∫

Ωt

|u|µ2+1|∇u|ν dx dt ≤ ε2
∫
Ωt

(|u|p0 + |∇u|p) dx dt+ c(ε2).

Using the above inequalities in (2.26) and assuming ε1, ε2 sufficiently small we obtain
(2.25). This concludes the proof.

Theorem 2.4. Let the assumptions of Lemma 2.3 and the assumptions (a)–(d) of
Theorem 2.2 hold. Then there exists a solution of problem (P.1) such that u ∈ L∞(0, T ;
L2(Ω)) ∩ Lp(0, T ;

◦
W 1
p (Ω)) ∩ Lp0(ΩT ) and estimate (2.25) is valid.

3. L∞-estimate for solutions of diagonal problem (P.1). In this section we
consider the following diagonal system:

uit −∇ · (ai(x, t, u,∇u)∇ui) +Ri(x, t, u,∇u)ui = fi(x, t, u,∇u) in ΩT ,

ui|t=0 = u0i in Ω,(3.1)

ui = ubi on ST ,

where i = 1, . . . ,m and instead of (1.2), (1.3) we assume that

ai : ΩT × Rm × Rmn → Rn
2
, i = 1, . . . ,m,
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satisfy the Carathéodory condition and

(3.2) α1|∇u|p−2|∇ui|2 ≤ ai(x, t, u,∇u) ·∇ui ·∇ui ≤ α2|∇u|p−2|∇ui|2, p≥2, i=1, . . . ,m,

where α1, α2 are the same as in (1.2), and (1.3) is replaced by

(3.3)
m∑
i=1

(ai(x, t, u,∇u1) · ∇u1i − ai(x, t, u,∇u2) · ∇u2i) · (∇u1i −∇u2i)

≥ α|∇u1 −∇u2|p,
where α is the same as before.

To show an L∞-estimate for solutions of problem (3.1) we use the following weak
formulation with Steklov averages:

(3.4)
m∑
i=1

T∫
h

∫
Ω

[∂tuhiϕi + (ai(x, t, u,∇u) · ∇ui)h · ∇ϕi + (Ri(x, t, u,∇u)ui)hϕi

− (fi(x, t, u,∇u))hϕi] dx dt = 0,

which holds for all ϕ ∈ L2(0, T ;
◦
W 1
p (Ω)). First we prove

Lemma 3.1. Let k > 0 and let

(3.5) |ub|L∞(ΩT ) < k, |u0|L∞(Ω) < k.

Let q = pn+2
n , p∗ = max{p0, q}. Let

(3.6) 1− µ1d

p∗(d− 1)
> 0, d < q,

and

(3.7) 1−
(
µ2

p∗
+
ν

p

)
d

d− 1
> 0, d < q.

Let p∗ = max{p, p0},
(3.8) µi + 1 < p∗, i = 1, 2,

and

(3.9)
ν

p
+
µ2 + 1
p∗

< 1.

Moreover , let the other assumptions of Lemma 2.1 and Theorem 2.2 hold. Then
m∑
i=1

[ ∫
Ω

(ui − k)2+ dx+ α1

∫
Ωt

|∇(ui − k)+|p dx dt(3.10)

+ β1

∫
Ωt

(ui − k)p0+ dx dt+ γ1

∫
Ωt

|∇ui|q0(ui − k)2+ dx dt
]

≤ c2
m∑
i=1

[ ∫
Ωt

(ui − k)+ dx dt+
∫
Ωt

(ui − k)d+ dx dt+
( t∫

0

|A+

k,i
(t)| dt

)1− µ1d
p∗(d−1)

+
( ∫

0

t

|A+

k,i
(t)| dt

)1−
(
µ2
p∗+ ν

p

)
d
d−1
]
,

where d < q, c2 depends on the r.h.s. of (2.1) and A+

k,i
(t) = meas{x ∈ Ω : ui(x, t) > k}.



480 W. M. ZAJA̧CZKOWSKI

P r o o f. Putting ϕi = (uhi − k)+ into (3.4), using (3.2), (1.7) and (1.9) and letting
h→ 0 we obtain

m∑
i=1

∫
Ω

(ui − k)2+ dx+ α1

m∑
i=1

∫
Ωt

|∇(ui − k)+|p dx dt(3.11)

+
m∑
i=1

∫
Ωt

Ri(u,∇u)ui(ui − k)+ dx dt

≤ c
m∑
i=1

∫
Ωt

(
|u|µ1 + |u|µ2 |∇u|ν

)
(ui − k)+ dx dt+ c

m∑
i=1

∫
Ωt

(ui − k)+ dx dt.

Using (1.5)1 and the fact that ui(x, t) > k > 0 for x ∈ A+

k,i
(t) we have

(3.12)
t∫

0

dt
∫
Ω

R1i(u)ui(ui − k)+ dx =
t∫

0

dt
∫

A+

k,i
(t)

R1i(u)ui(ui − k)+ dx

≥ β1

t∫
0

dt
∫

A+

k,i
(t)

|u|p0−2ui(ui − k) dx ≥ β1

t∫
0

dt
∫

A+

k,i
(t)

|u|p0−2(ui − k)2 dx

≥ β1

t∫
0

dt
∫

A+

k,i
(t)

|ui|p0−2(ui − k)2 dx ≥ β1

t∫
0

dt
∫

A+

k,i
(t)

(ui − k)p0 dx

= β1

t∫
0

dt
∫
Ωt

(ui − k)p0+ dx dt, i = 1, . . . ,m,

and in view of (1.6) we get

(3.13)
∫
Ωt

R2i(u,∇u)ui(ui − k)+ dx dt =
t∫

0

dt
∫

A+

k,i
(t)

R2i(u,∇u)ui(ui − k) dx

≥ γ1

t∫
0

dt
∫

A+

k,i
(t)

|∇ui|q0ui(ui − k) dx ≥ γ1

t∫
0

dt
∫

A+

k,i
(t)

|∇ui|q0(ui − k)2 dx

= γ1

∫
Ωt

|∇ui|q0(ui − k)2+ dx dt, i = 1, . . . ,m.

Now we examine the r.h.s. of (3.11). Using the Hölder and Young inequalities we have

(3.14)
∫
Ωt

|u|µ1(ui − k)+ dx dt =
t∫

0

dt
∫

A+

k,i
(t)

|u|µ1(ui − k) dx

≤ d− 1
d

∫
0

t

dt
∫

A+

k,i
(t)

|u|
µ1d
d−1 dx+

1
d

∫
Ωt

(ui − k)d+ dx dt



L∞-ESTIMATE FOR PARABOLIC SYSTEMS 481

≤ d− 1
d

( ∫
Ωt

|u|p∗ dx dt
) µ1d
p∗(d−1)

( t∫
0

|A+

k,i
(t)| dt

)1− µ1d
p∗(d−1)

+
1
d

∫
Ωt

(ui − k)d+ dx dt,

where p∗ = max{q, p0}, q = pn+2
n , 1 < d < q.

Similarly we have

(3.15)
∫
Ωt

|u|µ2 |∇u|ν(ui − k)+ dx dt

≤ d− 1
d

t∫
0

dt
∫

A+

k,i
(t)

|u|
µ2d
d−1 |∇u|

νd
d−1 dx+

1
d

∫
Ωt

(ui − k)d+ dx dt

≤ d− 1
d

( ∫
Ωt

|u|p∗ dx dt
)µ2
p∗

d
d−1
( ∫
Ωt

|∇u|p dx dt
) ν
p

d
d−1
( t∫

0

|A+

k,i
(t)| dt

)1−
(
µ2
p∗+ ν

p

)
d
d−1

+
1
d

∫
Ωt

(ui − k)d+ dx dt.

Using (3.12)–(3.15) in (3.11) and the estimate (2.1) for the weak solution we obtain (3.10).
This concludes the proof.

Now we obtain the well known iterative inequality of the type

(3.16) Ys+1 ≤ cbsY 1+α
s ,

where s = 0, 1, . . ., α > 0 (see [3], Ch. 1, Lemma 4.1; [6], Ch. 2, Lemma 5.7; [7], Ch. 2,
Lemma 4.7) which implies an L∞-estimate.

Lemma 3.2. Let the assumptions of either Lemma 2.1 or Lemma 2.3 hold. Let

(3.17) Ys =
m∑
i=1

∫
Ωt

(ui − ks)δ+ dx dt,

where d < δ < q = pn+2
n , ks = k∗ + k − k

2s , k∗ = max{‖u0‖L∞(Ω), ‖ub‖L∞(St)}, t ≤ T ,
k ∈ R+, s = 0, 1, . . . , Then there exist positive constants c3, a∗, a∗, σ such that

(3.18) Ys+1 ≤ c3
2a
∗s

ka∗
Y

1+σ δq
s ,

where c3 = c3(c0), a∗ = max{a1, a2, δα1, δα2}, a∗ = min{a1, a2, δα1, δα2}, a1 =
(δ − 1) pn

δ
q + δ(1− 1

q ), a2 = (δ − d) pn
δ
q + (q − d) δq , αi = 1 + [ pn (1− γi)− γi] δd ≡ 1 + σi

δ
q ,

i = 1, 2, γ1 = µ1d
p∗(d−1) , γ2 = (µ2

p∗ + ν
p ) d

d−1 , σ = min{σ1, σ2}, k > 1. Moreover , we assume
that γ1 < 1, γ2 < 1.

P r o o f. Putting k = ks+1 into (3.10) and using the estimates (see [3], Ch. 5, Sect. 7),
t∫

0

|A+
ks+1,i

(t)| dt ≤ 2σ(s+1)

kσ

∫
Ωt

(ui − ks)σ+ dx dt,(3.19) ∫
Ωt

(ui − ks+1)ρ+ dx dt ≤ c
2(δ−ρ)s

kδ−ρ

∫
Ωt

(ui − ks)δ+ dx dt, ρ < δ,(3.20)
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we obtain
m∑
i=1

[ ∫
Ω

(ui − ks+1)2+ dx+ α1

∫
Ωt

|∇(ui − ks+1)+|p dx dt(3.21)

+ β1

∫
Ωt

(ui − ks+1)p0+ dx dt
]

≤ c
m∑
i=1

[
2(δ−1)s

kδ−1

∫
Ωt

(ui − ks)δ+ dx dt+
2(δ−d)s

kδ−d

∫
Ωt

(ui − ks)δ+ dx dt

+
(

2δs

kδ

∫
Ωt

(ui − ks)δ+ dx dt
)β1

+
(

2δs

kδ

∫
Ωt

(ui − ks)δ+ dx dt
)β2

]
,

where β1 = 1− µ1d
p∗(d−1) = 1− γ1, β2 = 1− (µ2

p∗ + ν
p ) d

d−1 = 1− γ2.
In view of (3.17) and the Hölder inequality we have

(3.22) Ys+1 ≤
m∑
i=1

( ∫
Ωt

(ui − ks+1)q+ dx dt
)δ/q( t∫

0

|A+
ks+1,i

(t)| dt
)1−δ/q

.

Using (3.19) with σ = δ and (3.21) in (3.22) yields

(3.23) Ys+1 ≤ c
[(

2a1s

ka1
+

2a2s

ka2

)
Y

1+ p
n
δ
q

s +
2δsα1

kδα1
Y

1+σ1
δ
q

s +
2δsα2

kδα2
Y

1+σ2
δ
q

s

]
.

In view of either (2.1) or (2.25) we have

Ys ≤
m∑
i=1

∫
Ωt

|ui|q dx dt ≤ c0,

where c0 depends on the norms of the data functions (u0 and ub) (see either (2.1)
or (2.25)).

Then instead of (3.23) we obtain (3.18). This concludes the proof.

Finally we show the boundedness of weak solutions.

Lemma 3.3. Let the assumptions of either Lemma 2.1 or Lemma 2.3 be satisfied. Let
σi, i = 1, 2, be positive, so

(3.24)
p

n
>

γi
1− γi

, i = 1, 2,

where γ1 = µ1d
p∗(d−1) < 1, γ2 = (µ2

p∗ + ν
p ) d

d−1 < 1, d < q. Then

(3.25) sup
i
|ui|L∞(ΩT ) ≤ k∗ + k0,

where

(3.26) k0 = [c0c
q
σδ
3 2a

∗( qσδ )2 ]
σδ
a∗q .

P r o o f. In view of either Lemma 4.1 of [3], Ch. 1, or Lemma 5.6 of [6], Ch. 2, or
Lemma 4.7 of [7], Ch. 2, we find that Ys converges to zero as s→∞ if

Y0 ≤ c
− q
σδ

3 ka∗q/(σδ)2−a
∗q2/(σ2δ2).
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We have

Y0 =
m∑
i=1

∫
Ωt

(ui − k∗)δ+ dx dt ≤
m∑
i=1

∫
Ωt

|ui|δ dx dt, t ≤ T,

and the r.h.s. of the above inequality is bounded by c0 in view of either (2.1) or (2.25).
Therefore k = k0, where k0 is determined by (3.26). Similar considerations can be applied
to the function (ui − k)− also, i = 1, . . . ,m. In this way the lemma has been proved.

R e m a r k 3.4. We find restrictions on µ1, µ2 and ν which satisfy relations (1.10) and
(1.11):

(3.27) µ1 < p∗ − 1,
µ2 + 1
p∗

+
ν

p
< 1,

where p∗ = max{p, p0}, and (3.24) gives

(3.28) µ1 <
d− 1
d

p∗p

n+ p
,

µ2

p∗
+
ν

p
<
d− 1
d

p

n+ p
,

where p∗ = max{q, p0}, d < q = pn+2
n .

Let p0 > q > p. Then

(3.29) µ1 <
d− 1
d

pp0

n+ p
,

µ2

p0
+
ν

p
<
d− 1
d

p

n+ p
.

Let q ≥ p0 > p. Then

(3.30) µ1 < min
{
p0 − 1,

d− 1
d

pq

n+ p

}
,

µ2

p0
+
ν

p
< 1− 1

p0
,

µ2

q
+
ν

p
<
d− 1
d

p

n+ p
.

Finally for p0 ≤ p we have

(3.31) µ1 < min
{
p− 1,

d− 1
d

pq

n+ p

}
,

µ2

p
+
ν

p
< 1− 1

p
,

µ2

q
+
ν

p
<
d− 1
d

p

n+ p
.

4. Existence of weak solutions to problem (P.3). First we obtain an estimate
for solutions of problem (P.3).

Lemma 4.1. Assume the growth conditions (1.2)–(1.6), (1.15), (1.16). Assume that
ubt ∈ L2(ΩT ), ub ∈ Lp(0, T ;W 1

p (Ω)) ∩ Lp0(ΩT ) ∩ L 2p
p−q0

(ΩT ) ∩ L2(ΩT ), u0 ∈ L2(Ω),

ub(0) ∈ L2(Ω). Then for solutions of problem (P.3) the following estimate holds∫
Ω

|u|2 dx+
∫
Ωt

(|∇u|p + |u|p0 + |∇u|q0 |u|2) dx dt(4.1)

≤ c1
[
1 +
∫
Ωt

(|ubt|2 + |∇ub|p + |ub|p0 + |ub|2p/(p−q0) + |ub|2) dx dt

+
∫
Ω

(|ub(0)|2 + |u0|2) dx
]
, t ≤ T,

where c1 = c1(l1, l2, d1, d2, d3, t) is an increasing function of its arguments.
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P r o o f. To obtain the estimate, the Steklov averages should be used so instead of
(1.19) we examine the following integral identity:

(4.2)
m∑
i=1

t∫
h

∫
Ω

[
uihtϕi +

m∑
j=1

(a(l1,l2)
ij · ∇uj)h · ∇ϕi + (R(l1,l2)

i ui)hϕi − fihϕi
]
dx dt = 0.

Putting ϕi = uhi − ubi in (4.2), integrating with respect to time in the first term, letting
h→ 0 and using the conditions (1.2)–(1.6), (1.15), (1.16) yields

(4.3)
1
2

m∑
i=1

∫
Ω

(ui − ubi)2 dx+
m∑
i=1

∫
Ωt

[α1|∇ui|p + β1|ui|p0 + γ1|∇ui|q0 |ui|2] dx dt

≤ 1
2

m∑
i=1

∫
Ω

(u0i − ubi)2 dx

+
m∑
i=1

∫
Ωt

[α2|∇u|p−2|∇ui| |∇ubi|+ β2|u|p0−2|ui| |ubi|+ γ2|∇u|q0 |ui| |ubi|] dx dt

+
m∑
i=1

∫
Ωt

[
1
2
|ubit|2 +

1
2

(ui − ubi)2 + (d1|∇ui|
p
2 + d2|ui|σ + d3)|ui − ubi|

]
dx dt.

Using the Hölder and Young inequalities in (4.3) implies (4.1). This concludes the proof.

Now we formulate the result on existence.

Theorem 4.2. Let the assumptions of Lemma 4.1 be satisfied. Let

(4.4) p >
n

n+ 2
+ q0.

Then there exists a solution of problem (P.3) such that u ∈ L∞(0, T ;L2(Ω)) ∩ Lp(0, T ;
W 1
p (Ω)) ∩ Lp0(ΩT ) and the estimate (4.1) holds.

P r o o f. The proof is similar to the proof of Theorem 2.2. The difference is only
in passing to the limit in the third term on the l.h.s. of (2.18). We first consider the
expression∣∣∣ m∑

i=1

∫
Ωt

R
(l1,l2)
1i (uhλ)uhλiωi dx dt

∣∣∣
≤ c(l1, l2)

( ∫
Ωt

|uhλ|2 dx dt
)1/2( ∫

Ωt

|ω|2 dx dt
)1/2

≡ J1,

where J1 converges to zero since ω converges strongly to zero in Lq′(ΩT ), q′ < q = pn+2
n ,

p ≥ 2.
Next we examine∣∣∣ m∑
i=1

∫
Ωt

R
(l1,l2)
2i (uhλ,∇uhλ)uhλiωi dx dt

∣∣∣
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≤ c(l1, l2)
∫
Ωt

|∇uhλ|q0 |ω| dx dt

≤ c(l1, l2)
( ∫
Ωt

|∇uhλ|p dx dt
)q0/p( ∫

Ωt

|ω|σ dx dt
)1/σ

≡ J2,

where σ = 1/(1−q0/p). The assumption (4.4) implies that σ < q so J2 converges to zero.
In view of the growth condition (1.15) we can easily pass to the limit on the r.h.s. of

(2.18). This concludes the proof.

5. Existence of solutions to diagonal problem (P.2). First we consider the
following diagonal and truncated system:

(5.1)

uit −∇ · (ai(x, t, u(l1,l2),∇u) · ∇ui)

+Ri(x, t, u(l1,l2),∇u)∇ui = fi(x, t, u,∇u) in ΩT ,

ui|t=0 = u0i in Ω,

ui = ubi on ST ,

where i = 1, . . . ,m, which is the truncated version of problem (3.2) and where the growth
condition (1.16) holds.

To show an L∞-estimate for solutions to problem (5.1) we use the following weak
formulation of (5.1) with the Steklov averages

(5.2)
m∑
i=1

t∫
h

∫
Ω

[∂tuhiϕi + (ai(x, t, u(l1,l2),∇u) · ∇ui)h · ∇ϕi

+((Ri(x, t, u(l1,l2),∇u)ui)hϕi − (fi(x, t, u,∇u))hϕi] dx dt = 0,

which holds for all ϕ ∈ L2(0, T ;
◦
W 1

2 (Ω)).
First we show

Lemma 5.1. Let k∗ = max{‖u0‖L∞(Ω), ‖ub‖L∞(ΩT )}, let k > 0 be such that

(5.3) ‖ub‖L∞(ΩT ) < k, ‖u0‖L∞(Ω) < k.

Let assumptions (1.2)–(1.6), (1.15), (1.16) hold. Then for weak solutions of problem (5.1)
the following inequality holds:

m∑
i=1

∫
Ω

(ui − k)2+ dx+
m∑
i=1

∫
Ωt

[
α1

2
|∇(ui − k)+|p + β1(ui − k)p0+(5.4)

+ γ1|∇ui|q0(ui − k)2+

]
dx dt

≤
m∑
i=1

∫
Ωt

[
d2
1

2α1
(ui − k)2+ + (d2|ui − k∗|σ + d2k

σ
∗ + d3i)(ui − k)+

]
dx dt.
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P r o o f. Putting ϕi = (uih − k)+ into (5.2), integrating with respect to time in the
first term, letting h→ 0 and using conditions (1.2)–(1.6), (1.15) yields

(5.5)
m∑
i=1

∫
Ω

(ui − k)2+ dx+
m∑
i=1

∫
Ωt

[α1|∇(ui − k)+|p + β1(ui − k)p0+

+ γ1|∇ui|q0(ui − k)2+] dx dt

≤
m∑
i=1

∫
Ωt

(d1|∇ui|
p
2 + d2|ui|σ + d3i)(ui − k)+ dx dt.

In view of the Hölder and Young inequalities in (5.5) we obtain (5.4). This concludes the
proof.

We need a bound for weak solutions of problem (5.1) which does not depend on l1
and l2. Hence we have

Lemma 5.2. Let k∗ be defined in Lemma 5.1. Let assumptions (1.2)–(1.5), (1.15),
(1.16) hold. Then for weak solutions of problem (5.1) the following estimate is valid :

(5.6)
m∑
i=1

∫
Ω

(ui − k∗)2+ dx+
m∑
i=1

∫
Ωt

(α1|∇(ui − k∗)+|p + β1(ui − k∗)p0+

+γ1|∇ui|q0(ui − k∗)2+) dx dt ≤ tc2(ec3t + 1) ≡ c4,

where c2 = |Ω|(d2k
σ
∗ + d3)2, c3 = c1(d2

1 + d2
2 + 1).

P r o o f. Putting k = k∗ into (5.4) and using the Hölder and Young inequalities yields
m∑
i=1

∫
Ω

(ui − k∗)2+ dx+
m∑
i=1

∫
Ωt

[α1|∇(ui − k∗)+|p(5.7)

+ β1(ui − k∗)p0+ + γ1|∇ui|q0(ui − k∗)2+] dx dt

≤ c1(α1, β1, c∗)(d2
1 + d2

2 + 1)
m∑
i=1

∫
Ωt

(ui − k∗)2+ dx dt+ t|Ω|(d2k
σ
∗ + d3)2,

where c∗ is the constant from imbedding (1.20) and |Ω| denotes the volume of Ω.
In view of the Gronwall lemma we get

m∑
i=1

∫
Ω

(ui − k∗)2+ dx ≤ ec1(d
2
1+d

2
2+1)tt|Ω|(d2k

σ
∗ + d3)2.

Using this inequality in (5.7) implies (5.6). This concludes the proof.

Next we prove a result analogous to Lemma 3.2.

Lemma 5.3. Let the assumptions of Lemma 5.2 hold. Let

Ys =
m∑
i=1

∫
Ωt

(ui − ks)δ+ dx dt,

where ks = k∗ + k − k
2s , s = 0, 1, . . . , δ < q = pn+2

n , k∗ is defined in Lemma 5.1. Let

(5.8)
σ

p∗
< 1− 1

δ
,

σ

p∗
<

p

n+ p
, p∗ = max{p0, q}.
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Then we have the recursive inequalities

(5.9) Ys+1 ≤ c6
2a
∗s

ka∗
Y

1+σ0
δ
q

s ,

where a∗ = min{a1, a2, a3}, a∗ = max{a1, a2, a3}, and ai, i = 1, 2, 3, σ0, are defined by
(5.14), k > 1 and c6 depends on c5, c4.

P r o o f. Putting k = ks+1 into (5.4) and using the Hölder inequality yields

(5.10)
m∑
i=1

∫
Ω

(ui − ks+1)2+ dx+
m∑
i=1

∫
Ωt

[
α1

2
|∇(ui − ks+1)+|p + β1(ui − ks+1)p0+

]
dx dt

≤
m∑
i=1

[
d2
1

2α1

∫
Ωt

(ui − ks+1)2+ dx dt

+ d2

( ∫
Ωt

(ui − k∗)p∗ dx dt
)σ/p∗( ∫

Ωt

(ui − ks+1)
p∗

p∗−σ
+ dx dt

) p∗−σ
p∗

+ (kσ∗ + d3)
∫
Ωt

(ui − ks+1)+ dx dt
]
.

Using (5.6) and (3.20) in (5.10) implies

(5.11)
m∑
i=1

[ ∫
Ω

(ui − ks+1)2+ dx+ α1

∫
Ωt

|∇(ui − ks+1)+|p dx dt

+ β1

∫
Ωt

(ui − ks+1)p0+ dx dt
]

≤ c
m∑
i=1

[
d2
1

2α1

2(δ−2)s

kδ−2

∫
Ωt

(ui − ks)δ+ dx dt

+ d2c
σ
p∗
4

(
2(δ− p∗

p∗−σ )s

kδ−
p∗

p∗−σ

∫
Ωt

(ui − ks)δ+ dx dt
) p∗−σ

p∗

+ (kσ∗ + d3)
2(δ−1)s

kδ−1

∫
Ωt

(ui − ks)δ+ dx dt
]
,

where in view of (5.8)1, p∗
p∗−σ < δ < q so for p∗ = q we get the relation p > (σ + 1) n

n+2

and for p∗ = p0 the relation σ <
(
p− n

n+2

)
p0
p .

From (3.22), (3.19), (1.20) and (5.11) we obtain

(5.12) Ys+1 ≤ c5
[

2(δ−2)s

kδ−2
Ys +

(
2(δ− p∗

p∗−σ )

kδ−
p∗

p∗−σ
Ys

) p∗−σ
p∗

+
2(δ−1)s

kδ−1
Ys

](1+ p
n ) δq

·
(

2δs

kδ
Ys

)1− δq
.

Continuing calculations (5.12) implies

(5.13) Ys+1 ≤ c5
[(

2a1s

ka1
+

2a2s

ka2

)
Y

1+ p
n
δ
q

s +
2a3s

ka3
Y

1+σ0
δ
q

s

]
,
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where

a1 = (δ − 1)
p

n

δ

q
+ δ

(
1− 1

q

)
, a2 = (δ − 2)

p

n

δ

q
+ δ

(
1− 2

q

)
,

a3 = a1 −
δσ

p∗

(
1 +

p

n

)
δ

q
=
(
δ − 1− δσ

p∗

)
p

n

δ

q
+
(
q − 1− δσ

p∗

)
δ

q
,(5.14)

σ0 =
p

n

(
1− σ

p∗

)
− σ

p∗

To obtain the iterative of inequalities of type (3.16) we have to assume that ai,
i = 1, 2, 3, σ0 are positive, which follows from the assumption (5.8). Using Ys ≤ Y0 ≤ c4,
where the last inequality follows from Lemma 5.2 and in view of the definitions of a∗,
a∗ and the assumption that k > 1, instead of (5.13) we obtain (5.9). This concludes the
proof.

Finally we show boundedness of weak solutions.

Lemma 5.4. Let the assumptions of Lemmas 5.2 and 5.3 be satisfied. Then

(5.15) sup
i
|ui|L∞(ΩT ) ≤ k∗ + k0,

where

(5.16) k0 =
[
c4c

q
σ0δ

6 2a
∗( q
σ0δ

)2] σ0δa∗q .

P r o o f. The proof is the same as the proof of Lemma 3.3.

Summarizing the above considerations we obtain the main result of this section.

Theorem 5.5. Let the assumptions of Theorem 4.2, Lemmas 5.2 and 5.3 be satisfied.
Put in place of c4 in (5.16) a constant c7 ≥ c4 such that |l1|, |l2| are less than k∗ + k0.
Then there exists a bounded solution of problem (P.2) such that u ∈ L∞(0, T ;L2(Ω)) ∩
Lp0(ΩT ) ∩ Lp(0, T ;W 1

p (Ω)).

6. L∞-estimate for weakly nondiagonal problem (P.1). In this section we prove
an L∞-estimate for weak solutions to problem (1.1) in the case when

(6.1) aij(x, t, u,∇u) = ai(x, t, u,∇u)δij +Aij(x, t, u,∇u), i, j = 1, . . . ,m,

where Aij is a matrix with vanishing diagonal elements.
To obtain the sup-estimate we have to repeat the proof of Lemma 3.1, i.e., to prove

inequality (3.10).

Lemma 6.1. Assume (1.2)–(1.11). Assume that

(6.2) |Aij | ≤ c1(|u|d1 |∇u|b + |u|d2), i, j = 1, . . . ,m,

where c1, b, d1, d2 are nonnegative constants. Assume that k > 0 satisfies

(6.3) ‖u0‖L∞(Ω) < k, ‖ub‖L∞(ΩT ) < k.

Assume also that

(6.4) p > b+ 2,
d1p

p∗(p− 1)
+
b+ 1
p− 1

< 1,
d2p

p∗(p− 1)
+

1
p− 1

< 1.
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Then

(6.5)
m∑
i=1

[ ∫
Ω

(ui − k)2+ dx+ α1

∫
Ωt

|∇(ui − k)+|p dx dt+ β1

∫
Ωt

(ui − k)p0+ dx dt

+ γ1

∫
Ωt

|∇ui|q0(ui − k)2+ dx dt
]

≤ c2
m∑
i=1

[ ∫
Ωt

(ui − k)+ dx dt+
∫
Ωt

(ui − k)d+ dx dt+
4∑
l=1

( t∫
0

|A+

k,i
(t)| dt

)1−γl]
,

where d < q, q = pn+2
n , γ1 = µ1d

p∗(d−1) , γ2 =
(
µ2
p∗

+ ν
p

)
d
d−1 , γ3 = d1p

p∗(p−1) + b+1
p−1 , γ4 =

d2p
p∗(p−1) + 1

p−1 .

P r o o f. The proof is very close to the proof of Lemma 3.1, where in the integral
identity (3.4) the diagonal matrix aiδij is replaced by the matrix defined by (6.1). Another
difference is that we have to add on the r.h.s. of (3.10) the term

(6.6)
∣∣∣ m∑
i,j=1

∫
Ωt

Aij∇ui∇(uj − k)+ dx dt
∣∣∣.

We shall treat the term in the similar way to the expression on the r.h.s. of (3.11).
In view of (6.2) to estimate (6.6) we have to examine the integrals

(6.7)
m∑
i=1

( t∫
0

dt
∫

A+

k,i
(t)

|u|d1p
′
|∇u|(b+1)p′ dx+

t∫
0

dt
∫

A+

k,i
(t)

|u|d2p
′
|∇u|p

′
dx
)
≡ K1 +K2,

where 1/p+ 1/p′ = 1.
We shall restrict our considerations to K1. By the Hölder inequality we have

K1 ≤
m∑
i=1

( t∫
0

dt
∫

A+

k,i
(t)

|u|p∗ dx
) d1p′

p∗
( t∫

0

dt
∫

A+

k,i
(t)

|∇u|p dx
) (b+1)p′

p

(6.8)

×
( t∫

0

|A+

k,i
(t)| dt

)1−γ3
,

where (6.4)1 has to be used.
Similarly, we have

(6.9) K2 ≤ c
m∑
i=1

( t∫
0

|A+

k,i
(t)| dt

)1−γ4
,

where (6.4)2 was used.
Therefore (6.5) has been proved. This concludes the proof.

Repeating the proof of Lemma 3.2 yields

Lemma 6.2. Let the assumptions of Lemma 3.2 and Lemma 6.1 be satisfied. Then
there exist positive constants c, a0, a0, σ such that

(6.10) Ys+1 ≤ c
2a

0

ka0
Y

1+σ δq
s ,
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where c = c(c0), c0 is defined either in (2.1) or in (2.25), d < δ < q, a0 = max{a1, a2, δα1,

δα2, δα3, δα4}, a0 = min{a1, a2, δα1, δα2, δα3, δα4}, αi = 1 + σi
δ
q , σi = p

n (1 − γi) − γi,
i = 1, . . . , 4, σ = min{σ1, σ2, σ3, σ4}, k > 1 and γ3, γ4 are defined in (6.5).

Similarly to the case of Lemma 3.3 we have

Lemma 6.3. Let the assumptions of either Lemma 2.1 or Lemma 2.3 be satisfied. Let
the assumptions of Lemma 6.1 hold. Let

(6.11)
p

n
>

γi
1− γi

, γi < 1, i = 1, . . . , 4.

Then

(6.12) sup
i
|ui|L∞(ΩT ) ≤ k∗ + k0,

where

(6.13) k0 = [c0c
q

σδ 2a
0( q
σδ

)2 ]
σδ
a0q .

R e m a r k 6.4. To prove Lemma 6.3 the following restrictions must be imposed:

µ1 + 1 < p∗,
µ2 + 1
p∗

+
ν

p
< 1, γi <

p

n+ p
, i = 1, . . . , 4,

where γ1 = µ1d
p∗(d−1) , γ2 =

(
µ2
p∗

+ ν
p

)
d
d−1 , γ3 = d1p

p∗(p−1) + b+1
p−1 , γ4 = d2p

p∗(p−1) + 1
p−1 , and

p∗ = max{p0, p}, p∗ = max{p0, q}, d < q.

R e m a r k. The method of getting an L∞-estimate presented in this paper is much
more restrictive that the one given in [3], Ch. 8, Sect. 2. However, it seems that our
method can be applied more successfully to some anisotropic cases and for systems with
different matrices ai, i = 1, . . . ,m.
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