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ON WEIGHTED INEQUALITIES
FOR OPERATORS OF POTENTIAL TYPE

BY

SHIYING ZHAO (ST. LOUIS, MISSOURI)

In this paper, we discuss a class of weighted inequalities for operators of
potential type on homogeneous spaces. We give sufficient conditions for the
weak and strong type weighted inequalities

sup M{z € X : |T(f do)(z)| > \}|Y/7 < c( [ da)l/p
A>0 I

and
p

([irGanyran) <o f1rras)”

in the cases of 0 < g < p < o and 1 < ¢ < p < oo, respectively, where
T is an operator of potential type, and w and o are Borel measures on
the homogeneous space X. We show that under certain restrictions on the
measures those sufficient conditions are also necessary. A consequence is
given for the fractional integrals in Euclidean spaces.

1. Introduction. Weighted norm inequalities for fractional integrals or
Riesz potentials have been studied by many authors. Among them, E. T. Sa-
wyer and R. L. Wheeden [8] recently considered a general family of potential-
like operators on homogeneous spaces, and characterized two-weight norm
inequalities for these operators in the case 1 < p < ¢ < oo (cf. also [2] and
[9]). In this paper, we shall consider the case of ¢ < p.

A homogeneous space (X,d, ) is a set X together with a quasi-metric
d and a doubling measure p. We recall that a quasi-metric is a mapping
d: X x X — [0,00) which satisfies the same conditions as a metric, except
that the triangle inequality is weakened to

(1.1) d(z,y) < k(d(z,2z) +d(z,y)) forall z,y,z € X,
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where k£ > 1 is a constant which is independent of z, y, and z. Without
loss of generality (see [3]), we may assume that all balls B(z,r) = {y € X :
d(z,y) < r} are open. Also, we assume that all annuli B(x,R) \ B(z,r)
in X are nonempty for R > r > 0. As usual, for a ball B = B(x,r) and
¢ > 0, we denote by ¢B the ball B(x,cr). For convenience, we shall call
a Borel set @ C X a cube centered at x € X if there exists » > 0 so that
B(z,r) C Q C B(x,9r), where 9 > 1 is a fixed constant. We also recall that
a doubling measure p on X is a nonnegative measure on the Borel subsets
of X so that |2B|, < C,|B|, for all balls B C X, where |B|, denotes the
p-measure of the ball B. For simplicity, we shall assume that all measures
considered in this paper are locally finite and vanish at individual points.

Let 0 and w be Borel measures on a homogeneous space X. The opera-
tors T studied in this paper have the form

(1.2) T(fdo)(z) = [ K(z,y)f(y)do(y), =€ X,

where the kernel K (z,y) is nonnegative, lower semicontinuous and satisfies
the following condition: There are constants C7 > 1 and Cy > 1 such that

K(z,y) < C1K(z',y) whenever d(z',y) < Cod(z,y);
K(z,y) < C1K(z,y") whenever d(x,y") < Cad(z,y).
We shall denote the adjoint of T by T, which is given by

(1.4) T*(gdw)(y) = [ K(z,y)g9(x)dw(z), ye X.

(1.3)

For a ball B in X, we set
(1.5) ©(B) = sup{K(x,y) : 2,y € B, and d(z,y) > o~ 'r(B)},

for some fixed constant o > 2k, where £ is the constant in (1.1).
For 0 < p < o0, let LP'*°(dw) be the weak-LP space with respect to the
measure w with the quasi-norm

(1.6) 1f 1 oo () = iupox\l{x € X« |f(x)] > M,
>

and, for 1 < p < oo, let LP(dw) be the LP space with respect to the measure
w with the norm

(L7) F i = ([ 7@ do@)”.
X

where the obvious change is needed when p = oco.

In the case of 1 < p < ¢ < 0o and X = R", the solution to the two-
weight problem is due to E. T. Sawyer ([6] and [7], see also [8] and [9] for the
counterpart for homogeneous spaces). Sawyer’s condition for the weak-type
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inequality
(1.8) IT(f do)|| Lo (dwy < Cllfl| Lo (o)
is that
, 1/p’ /
(1.9) ([T (qdw)(@) do(y)) " < ClQIY"

Q

holds for all cubes @ in R™, where p’ = p/(p — 1); while for the strong-type
inequality

(1.10) T d) o) < CIF o)

is that both

(111) ([ Thado@) du@) " < claly”
)

and

(112 ([ T"ods)@) do@) " < clQy
J

hold for all cubes ) in R™. However, the characterization for the case ¢ < p
remains open. In this paper, we give some sufficient conditions in order to
have the weak and strong type inequalities (1.8) and (1.10) for this case, and
we shall show that, under certain restrictions on measures, those conditions
are also necessary. Our conditions are suggested by a recent work [10] of
I. E. Verbitsky on the fractional maximal function.

In order to state our results, we need the following dyadic cube decom-
position of a homogeneous space X. It has been shown in [8] that for some
r > 1 (in fact, r = 8x° will do), and any (large negative) integer m, there
are points {z§} C X and a family D,, = { E}'} of cubes in X centered at z§
fork=m,m+1,...and j =1,2,... such that

(i) B(x;?,rk) C Ef C B(w?,rkﬂ),

(ii) for each k =m,m+1,..., X =J; E¥ and {E}} is pairwise disjoint
in j, and

(iii) if & <[ then either EF N E! =0 or EF C EL.
We set D = J,,cz Pm and call the cubes in D dyadic cubes. If Q = EJ’C €
D,, for some m € Z, we define the side-length of Q to be 1(Q) = 2r*, and
denote by Q* the containing ball B(xf, rF 1) of Q.

Let 1 < ¢ < p < oo. For a given operator of potential type T, we
consider the following auxiliary functions:

. 1 . , 1/p
(1.13) ¥, (r) = sup ( f T* (xq dw)P da) ,
QED: z€Q |Q’w nQ*
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and

1 1/q
(1.14) U,(x) = sup < f T(xqdo)? dw) ,
QED: z€Q ’Q‘a nQ*

where 7 is a sufficiently large fixed constant; we shall assume that n > 2k.
We also set

(1.15) D,(z)= sup {p(Q)QIYPIQIL},
QeD:zeqQ

where by ¢(Q) we mean p(Q*).

THEOREM 1.1. Let 0 < ¢ < p < 00, p > 1. Then in order that the
weak-type inequality (1.8) holds for all f € LP(do), it is sufficient that

(1.16) @ € [P/ (=020 (dyy).
Conversely, (1.8) implies
(1.17) @, € [P (P02 (qy)).

THEOREM 1.2. Let 1 < q < p < oo. Then the strong-type inequality
(1.10) holds for all f € LP(do) if both the following conditions are satisfied:

(1.18) vy e PP D(dw)  and ¥, € LPYP7D(do).
Conversely, (1.10) implies
(1.19) @, € LPYP=D(dw) and @, € LPYP=D(dg).

We do not know, in general, whether conditions (1.16) and (1.18) are
necessary for the weak-type inequality (1.8) and the strong-type inequality
(1.10), respectively. However, the next theorem shows that this is the case if
both w and ¢ are doubling, and w subjects to the following A,.-like condition
for some range of the exponent €: There exists a constant C. > 0 such that

BLY _ . 9(B)
(1:20) () =c-&m

for all pairs of balls B’ C B in X.

THEOREM 1.3. Let w and o be doubling measures on X. Then condition
(1.17) is necessary and sufficient in order that the weak-type inequality (1.8)
holds for 0 < q < p < oo provided that w satisfies condition (1.20) with
the exponent 0 < € < 1; and the first condition of (1.19) is necessary and
sufficient in order that the strong-type inequality (1.10) holds for1 < g < p <
oo provided that w satisfies condition (1.20) with the exponent 0 < e < 1/q.

We remark that, for the strong-type inequality, if both w and o are
doubling then for (1.10) the second condition in (1.19) is necessary and
sufficient if o satisfies condition (1.20) with the exponent 0 < & < 1/p, or
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either one of the conditions in (1.19) is necessary and sufficient if both w
and o satisfy condition (1.20) with the exponent 0 < ¢ < 1.

A typical example of operators of potential type is the fractional integral,
which is defined, in the Euclidean space R", by

(1.21) T(fdo)a) = | ,m_ ,n —do(y),

where 0 < v < n. We note that, for T, we have ¢(B) ~ |B|?/"~! for all
balls B in R™, where |B| denotes the Lebesgue measure of the ball B C R™.
For the operator T, and A, weights w and o, we have the following
corollary of Theorem 1.2, which was obtained earlier in [10] with a different
approach. We recall first that a measure w belongs to the A, class of
Muckenhoupt if there are constants C' > 1 and 0 < § < 1 such that

l |E]>1/6 B, <‘E‘>6
(1.22) C<IQ! <1aL =a

for all cubes @ and all measurable subsets E of @ (see [1]).

COROLLARY 1.4. Let X =R", T =T, and 1 < q¢ < p < co. Suppose
that both w and 0 € A,. Then the strong-type inequality (1.10) holds if and
only if either &, € LPY/P=9(dw) or &, € Lr9/ P~ (dq).

2. Proof of Theorem 1.1. We shall assume that 0 < ¢ < p < o0.
Only a few obvious modifications of the following proof are needed when
p = 0o. We start with the proof of the sufficiency part of the theorem. Let
f € LP(do) be given. For A\ > 0, we define 2\, = {z € X : T(f do)(z) > A},
which is an open set by the lower semicontinuity of the kernel K (z,y). To
finish the proof, it is enough to show that

(2.1) sup A2 11 Dl < CU1L o)
A>0

for all dyadic cubes D € D, with the constant C' independent of D and f.

We set 2Y = {x € 0, : ||f||Lp(da)W;(x)p/(p*Q) < BA}, where 8 > 0
is a constant which will be chosen at the end of the proof. Then, for an
arbitrarily fixed dyadic cube D such that 2, N D # 0,

20D C (28 ND)U{x € X |l oian Ty ()P0 > BA},
and hence
(2.2)  N[2\ND|, <X|2YND|,
+ Mz € Xt || fll o (ao) Ty (2)P/ P9 > BAY .

It follows immediately from condition (1.16), which is equivalent to
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(@)P/P=0) € [°°(dw), that

(23) Az € X 2 || fllowo) Ty (2)P/ P70 > A} < O fll o o)/ 8)7.

We now estimate the first term in (2.2). For m € Z, we denote by Dy ,,
the dyadic cubes Q € D,, with the property that RQ* C 2y, where R = 3x2,
and let 2y ,, = UQEDA Q. It is obvious that lim,,—— 2\ m = ).

Let A > 1 be a constant which will be chosen shortly. It is easy to
observe that 2\ C §2y,4 and 25, C )4, for all m € Z. It is shown
in [8] that the sequence {Q;} of maximal dyadic cubes in Dy, ,, has the
following properties:

(i) Q)\/A,m = Uj Qj and @; N Qj = for ¢ #37,
(2.4) (ii) RQj C £25/4, and 2kRrQ; N QK/A # () for all j, and

(iii) Zj XQNQ;f < CXQA/A'

Let j be temporarily fixed such that Q; N 2¥ # 0. It is well known that
the operator T satisfies the following maximum principle (see [8]): There is
a positive constant C', independent of D, f, A\, m, j and A, such that

(2.5) T(X(QHQ;‘)Cf do)(z) < C(A/A) for all z € Q.
With C as in (2.5), we now choose A = 2C, and then it follows that

[ K(z,y)f(y)do(y) = T(f do)(x) — T(X(2nq:)e f do) (@) > A/2
QHQ;

forall z € Q; N2y 1. Let z; € Q;NN2Y. Then, by using Holder’s inequality,
we have

%|Q] N2 mlw < f f K(x,y)f(y) do(y) dw(z)

Qj  2kQj
= f T*(xq, dw)f do
2kQ;
<( [ Ttgyae)”(f prao)”
nQ; 2kQ}
<l ww)( [ fra0)”
2HQ;
1/p ﬂ)‘>1q/p 1/p
<0 (i) (] S0raew)”

2kQ}

Summing over the family of all maximal cubes @Q; in Djy,4,, which are
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contained in D, and then using Holder’s inequality again, we obtain

AN2Y N2y N Dy,

—q/p
§2<6)‘>1 Z ‘quu/p’( f fpda>1/p

(RAlFZIES) j:Q,CD 2rQ;

sz(”)l_q/p( > @) (X [ ra)”
26Q*

1fll e do) j:Q;CD J

< CBN)' =Y (|23/4 N DL FIDE 40
where we have used (2.4)(iii).
Since the constant C' in the last inequality is independent of m, by letting
m — —oo on the left-hand side, we obtain

(2.6) M0 N D], < CA VP04 0 D)L -

Combining the estimates (2.3) and (2.6) in (2.2), and then taking the
supremum in A for 0 < A < N, we obtain

sup A2\ N Dy,
0<A<N

) , [l
g C(ﬁl (I/p( sup >\Q|Q)\ N D|w)1/p HfH%/Pp(d(f) + Z()>
0<AKN IB

Since 0 < supyyon A?[£2x N D], < NP|D|, < oo, we are able to choose

ﬁ _ ( HfH%p(da-) )1/(11'1‘10').
Supg<r<y A5 N Dy,

With this value of 3, the last inequality becomes

sup X125 N D], < O sup A1y N D], ) ¥/ @) g [tateD),
0<A<N 0<A<N
Therefore, (2.1) follows from division and then letting N — oc.
The necessity part of the theorem is an easy consequence of the following
result [10, Theorem 1.1], which can be proved for homogeneous spaces in a
similar way as in [10].

LEMMA 2.1. Let 0 < ¢ < p < 00, and w be a Borel measure on X.
Let LP(dw) be either the space LP*°(dw) or the space LP(dw). Suppose that
0:D — [0,00) is a nonnegative set function. Then the weighted inequality
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holds for all {\qg} € IP with Ag > 0 if and only if

(2.8) sup {0(Q)|Q1Y/ xq} € L7/~ (dw).
QeD
We now consider the following test function:
AP 1/p
(2.9) f= < Z QXQ) with Ag > 0 and A\g =0 if |Q‘U =0.
QeD @l

As shown in [8], there exists a constant C' depending only on & in (1.1) and
Cy, Cy in (1.3) so that if B is a ball in X then

(2.10) o(B) < CK(z,y) forallz,ye€ B.
We then have the estimate

T(fao)(e) 2 C;‘f/p [ K@y doy) > € Ae(@IQIL xo ()
7 Q

for all @ € D. Therefore, (1.8) implies that

’ 1/p
| sup Par(@IQIY" o o < (D AB)
QeD QeD

and hence ||Ppl|Lra/w-a) .0 (an)y < C according to Lemma 2.1 (with o(Q) =
@(Q)|Q\,1,/ P). This concludes the proof of Theorem 1.1.

3. Proof of Theorem 1.2. The necessity part of the theorem follows
from Lemma 2.1 in the same way as in the last section. The proof of the
sufficiency part is a modification of the proof in [7] (see also [8] and [9]) for
the 1 < p < ¢ < oo case. For the reader’s convenience, we shall include
most of details.

Without loss of generality, we suppose that f is nonnegative and bounded
with compact support. For each k € Z, we set 2, = {x € X : T(f do)(z) >
2’“}. For each m € Z, let Dy, ,,, denote the dyadic cubes @ € D,, with the
property that RQ* C (2 for a fixed constant R which will be chosen later.
Let {Q}; be the maximal (with respect to inclusion) cubes in Dy, . It is
not difficult to check that the following Whitney-type properties are valid
(cf. [8]): For any fixed constant n > 2k (the value will be determined during
the proof), there exists R (equal to a large multiple of x7) such that

(i) 2%m = Uj Qf and Qf NQF =0 fori # j,
(ii) RQY" C 2 and 26RrQ%" N Q¢ # 0 for all k and j,
(3.1)  (ii) >, XnQh+ < Cxn, for all k,
(iv) the number of Q¥ intersecting a fixed an " is at most C,
)

(v f C Q! implies k > I.
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Let n > 2 be an integer so that 2"~2 > C, where the constant C is in
the maximum principle (2.5). We then have

(3.2) fT fdo)idw < lim Z (2ktm)e Y],
k.j

where EJ’“ = Q;‘? N (2ktn—1,m \ 2%+n). Forz € Ef C 2k4n—1,m, by applying
the maximum principle (2.5) to each dyadic cube Q;? (with A = 2F and
A =1 there), we obtain

T(X2nQ§*fd0')($) =T(fdo)(z) - T(X(an;?*)cf do)(z)
> 2k+n—1 o CQk > 2k‘+n—1 - 2k+n—2 — 2k:+n—2 > 2k7

and so
Eflo <27% [ T(xaugr-fdo)dw=27"% [ fT*(xprdw)do
ke 2&Q§*
=27F [ T (xpdwdo+27 [ fT (e dw) do
J J
26Q5 "\ Qiin 26Q5 Nk n,

—k(pgk |k
07 +77).
We next define the sets E, F' and G of indices (j, k) as in [7], that is,

= {(k,j) : |EF|o < BInQY" |},
= {(k,j) : |E¥|o > BInQY |, and 05 > ¥},
= {(k,j) : |EFL > BInQ%" |, and 0% < 7F},

where # (0 < 8 < 1) is a constant to be chosen at the end of the proof.
Then the sum on the right-hand side of (3.2) can be split into three parts,
the sums over the sets F, F' and G, respectively. We have

> @B, < 0B 2MnQk .,
(k,j)eE k,j

< cﬂzwmkww by (3.1)(ii)

\,AAA

<cgf (szqu)dw«:ﬁf (f do)? dw.

For notational convenience, we set

j |Qk|0' f fdo,
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i 1 , 1/p
9f:<\@§\w [ Tgperan)

nQL”
% 1 1/q
U= <k f T(XQ;_C da)qdw> .
‘Q'j ‘0' an*

By Hoélder’s inequality,

k+n\q| mk k 29? 1
> @B < €I
7 w

(k,j)eF k.j

q
<Cp” Z|Ek|w<’ oL [ T dw)da)

26QF \ ki

<Cp” Z|Qk*|q( [T mdw)?do)m/( [ )"

Qk* UQ?*\Qk+n

Scﬁ_qZ(!Ek’ Qk)pq/(p Q))l q/P( f fpda>Q/p

k"] an*\QkA—n

<Cp (Z|Ek (@)l - q>> Q/p(z [ fpda)q/p

k.j an \2%4n

< Cﬁ—q( f (Q;)PQ/(P—(I) dw>1fq/p( f o dU)«;/p

X X

SCﬁ‘q( ffpda)Q/p by (1.18),

X

where we have used the following estimates:

Z\Ek @k pq/(p—q) < f (Z @k pq/(p— q) )dw
< f (ZXan \Qk+n> (> )pq/(p D dw < C f Pq/(p D du,

and

Z f fpd0<f <ZXan*\Qk+n>f do < C ffpdo'

kod mQE N\ 2pyn k.j
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since

anQﬁ*\nkM < CZXQ;C\QR+,L < Chn.
— -

We now estimate the remaining part of the sum on the right-hand side
of (3.2), that is, the sum over the set G. Following [7], we define

k_ (. k+n k* k_ fo.Ok K
Hi ={i: Q™" N2kQ; #0}, Lj={s:Q5N2kQ; #0}.
We observe that the growth condition (1.3) on the kernel K(z,y) implies
that, for = & 2an+"*

max K(z,y) <C min K(z,y),

yer+n yEQk+n
and hence
max T (XEk dw)(y) < C mln T* (XEk dw)(y) forallie Hf,
yeQ ™" yeQit

since 2/4;Qf+”* C 244y by (3.1)(ii) and Ef N 24n = 0. It then follows that

7'}7-C = f fT*(XEnydw) do
QHQI?*QQIH»WL
<C’Z IIlIkIl T ( XEde f fdo
’LEHk z+n Qk+'n

CZ( J TG dw) dﬂ(wing [ fda)

icHr QR Qrtn
<C Z ( Z ( f T*(XE;_c dw) da)Af+">.
sely uQitrcQr QT

Let K and N be integers such that —co < K < oo and 0 < N < n. We
set

(3.3) Grn={(k,j)eG:k>K, k=N (mod n)}.
We now claim that

q/p
(3.4) Y @B, < c( [ da)

with a constant C' independent of the integers K and N.
Let K and N be temporarily fixed. We shall use the so-called “principal”
cubes which are defined as follows: Denote by Ik n all of indices (7, k) so that

k> K and k=N (mod n). Let F1(< v consist of those indices (k,j) € Ix N
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for which Qf is maximal. If I I((S)N has been defined, let I I(fj\,l) consist of

those (k, j) € Ik n for which there is (t,u) € FI(éN with Q? C Q! and

(i) Ak > 24!

(3.5)
(ii) AL < 24! whenever Q% C Q! C Q.
Define I'x v = Use FI(S)N, and for each (k,j) € Ik n, define P(Q%) to
be the smallest cube @, containing Q;? and with (¢t,u) € I'x, n. We then
have

(i) P(Q%) = Q! implies A¥ < 2A!,

3.6
(36) (ii) Q¥ € Q! and (t,u) € I'x n imply A% > 2AL.

We note that if Q¥ ¢ QF and (k 4 n,i) ¢ I'k.ny then P(Q¥™) =
P(QF), and therefore

k

" 27\ ogmay Bl
Z (2MF )‘1|E]’?\w §CZ‘E;?IW<‘E]€J’ ) <Cp qz | Q]k*|q (T]k)q
k?j ] i "7 ] w

(k,J)EGK, N k,j

con TS e (w (] rma)a)

kg seLk WPQIT=PQL) Q"
| QFtrcQt
+ Cﬂ_q Z |E‘;€‘w ( Z ( T* dw) d )Ak-‘rn)q
 1nQ)E J Ty de)dr)A
k.j 7 1€ij Qi}'+n
=I+1I.

For a fixed (t,u) € I'x n, we claim that there is a large constant n
independent of (t,u) such that Q? C nQt" for all indices (k,j) such that
Q* c Q!, for some s € L?. To see this, we will use the Whitney properties.
If s € Lf, then Q% N 2%@9‘?* # (), by the definition, and hence there is
z € QFN 2&@9?*. Then, by the Whitney structure, RI(Q¥) =~ d(z, £25) ~
Rl(Q?), where R is a large multiple of kn for n > 2k to be chosen; recall
also that [(Q) denotes the side-length of the dyadic cube @, and therefore
l(Q;‘?) < C1(Q*) with C depending only on . On the other hand, Q% C QY
implies that @y N 2%@5?* # 0, and 1(Q%) < I(Q!). This shows that the
constant 1 can be chosen so that it is independent of (¢,u). We also note
that the cardinality of L¥ is at most C' by (3.1)(iv). Thus,
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|E7 | . /
> X ol X (] Tedoue)are)
(k)Grn  serh 190 ¥ i pith=p@l) Qb
P(Q=Q, QI CQy
k
S 15 (fT*( dw)dc;)q(mt)q by (3.1)(i)
k7j SELI-C |"7Q] |W Qk
J £l

P(QH=Q},

<oy Y
k.j

seL?
P(Q5)=0Q,
< CO(AL)d Z Z f T(xq: do)?dw by Holder’s inequality
kg seLy  Ej
P(QY=Q,
< CO(AL)? f T(xqt do)?dw by the comments above and (3.1)(i)
nQy"

< CAL|Qulo (77)7.

|E¥
InQ*" 12

( f T(xq do) dw)q

k
Ej

Summing the last inequality over (t,u) € 'k N yields

I<op™ Y (A)Qul(w))

(t,u)elk, N

<o [ (Y @)UAL e )) do(y)

X (t,u)EFK,N
<CB [ (W) MP (f)! do
X

<cpi( [ (w0 da)“‘l/p( [ s gy d0_>q/p
X

X

<cpo( [ uE(ras)” by (Ls),
X

since (3.6)(ii) and the geometric series imply that for each fixed y,

S W@hHUAD XL () < D T(»)U(AL) Xg:, (1)

(t,w)Elk, N (t,uw)Elk, N

< 290, (y)? sup (AL)T < 290, (y) T MP (f)?,

where M3 is the dyadic maximal operator with respect to the measure o,
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which is defined by

dy )= su o(y).
M (g)() N ST @f l9(y)| do(y)

For a fixed (k,j) € Gk n, it follows from Hoélder’s inequality that

( Z ( f T*(XE;ydw)da>Af+”)q

icHj Qtr
(k:-i—n,i)EFK?N

’

g( 3 ( [ 7 dewpda)l/p|Q§+”|}/PAf+”)q

i€eHY QFm
(k?—f—n,i)EFKYN

< ( Z f T*(XQ;“ dw)Pf dg)‘l/l’/( Z |Q?+n|a(Af+”)p>q/p,

icHF QFtn i€HY
(k4n,i) €K, N

By the same argument as above, we can show that if ¢ € ij then Qi”" C
T]Q? * for sufficiently large n (larger than its earlier value). Indeed, if i € H ]"3
then Qk+" touches 2/@@9?*. If z € Qf'm N 2%@9?*, then, by the Whitney
structure, d(z,(2;_,) ~ RI(Q¥™) and d(z, 25) =~ RI(QY) (R is a large
multiple of xn for n > 2k to be chosen). But d(z,2;,,) < d(z,{2§) since
Qk1n C 2. Thus, l(Qf*’”) < C’Z(Qf) with C depending only on x, and it
follows that 1 can be chosen as desired. Therefore, the first factor of the
last expression is at most

/ a/p’ /
([ T(gydw)do) " = |Q5LY (©))".
nQy"
On the other hand, for a fixed (t,u) € I'k N, if u € H;_” then, by the

definition of H ;-_”, we have Q!N 2&@3_”* # (), and it then follows from the
last observation that Qf, C th-_”*. Thus, if z is any point of QF,,

(3.7) ZXH;H <ZXQ”* )< C,
J

by the Whitney property (3.1)(i).
Therefore, II is estimated by

_ ’Ek| ’ n n Q/p
ot > ooErl e X e lry)
(k,§)EC K, N Jow ieH!
(k+n,3)elk N
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- —g)\1— " nap) 4P
< O~ Y (B @)y (3T Qe (A )
k,j iEHJ’.“

< Cﬁ_q<Z|Ek| (@k)pq/(p Q)) q/p(z Z |Qf+”|g(A§+”)p>Q/p

k,j ZEH’C
(k:+n Z)EFIQN

< Cﬂ_q< f v pg/(p—q) dw) q/p<z Z ’Q§+n|G(A§+n)p>Q/p
X

k,j i€HY
(k+nZ)EFK,N
/
SCﬁ‘q(Z ST lREat) T by (118)

ZEH]k
(k+n ’L)EFK’N

CA( 3 X (0)xrie (e + 1, 8)QET7 | (A7)

q/p

>

= 01 (X g QL 4 )
t,j,u

—or( ()@l (a) "
(tw)el'x,N

cope( Y 1euear)” by )
(t,u)E€TK N

gCﬂ“’( [ Mé‘y(f)pda)m-
X

Combining inequalities, we obtain

a/p q/p
> @ FESl, < op( [ M (frde) T <op( [ frdo)
(k,j)EGK.N X X
the last inequality follows from the fact that the dyadic maximal operator
M is strong-type (LP(do), LP(do)) for 1 < p < oo. This proves (3.4). Now
let K — —oc0 in (3.4) and then sum over N =0,1,2,...,n — 1 to get

> @B, <ot [ fdo)

(k.j)eG X

q/p

We have now proved that

S =( Y+ Y+ Y @B

k,j (k.J)EE  (k,j)EF  (k,j)EG
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q/p
<cp [ T(fda)qderCﬂ‘q( [ fpdo—)
X X
with the constant C' independent of m. By letting m — oo, we obtain

(38) [ T(fdo)idw<Cp [ T(fdoyidw+Cs( [ fpda)q/p.
X X

X

We claim that the first term on the right-hand side of (3.8) is finite.
Accepting the claim for the moment, we are then able to choose 8 so small
that CB < 1/2. Subtracting the first term on the right-hand side of (3.8)
from both sides, we obtain (1.10) for f > 0 bounded with compact support,
and hence for arbitrary f > 0 by the monotone convergence theorem.

We finally show that the claim we made above follows from Theorem
1.1. We first note that, since 1 < ¢ < p < oo, by virtue of Theorem 1.1 and
duality, the condition ¥, € LP%/(P=9)(ds) implies that ||T* (g dw) 10" 00 (dory <
Cllgll 1o’ 4wy for all g € L7 (dw). We now let g be a nonnegative function on
X so that [|g]|;e 4,y < 1, and let B be a ball in X. We then have

fT(XBda)gdw:fT*(gdw)da
X B

= f IBN{y e X :T*(gdw)(y) > \}|o dX
0

< [ min{|Bl,, |{y € X : T*(gdw)(y) > A}|o} dX
0

[e’) ) C ’
< f min {B|07 )\W‘gHitJ'(dw)} dA
0

<[ min{B!a,C,}dx < By,
0 )\P

By taking the supremum over all such g, we see that | T(xp do)||La(dw) <

C ]B|}/ P which is finite by the local finiteness of the measure o. Therefore,
if f is bounded by a constant A and supported in a ball B, then T'(f do) <
AT (xp do), which belongs to the class L?(do). This completes the proof of
the claim and hence the proof of Theorem 1.2.

4. Proofs of Theorem 1.3 and Corollary 1.4. Both proofs of
Theorem 1.3 and Corollary 1.4 are based on the following result, the proof
is adapted from [5]. (See also [10, Corollary 1.2] for a similar result.)
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PRrROPOSITION 4.1. Let D be the family of dyadic cubes in X, and let
0(Q) >0 (Q € D) be such that

(4.1) > 0(@Q) < Cho(@),
Q/
where the sum is taken over any family of disjoint dyadic cubes Q' € D such

that Q' C Q. Assume that 0 < r < 0o and w satisfies condition (1.20) with
the exponent 0 < e < 1. Then

42 [ Z‘;I;{#?(Q)Q(Q)}T do ()

X

<0 [ sup {w@g(@('Q'C’)l/r}rdwm.

X QR3x |Q‘w

In the case of X = R" and ¢(Q) ~ |Q|"/™~1, (4.2) is also valid for w € A.

Proof. Let A be a fixed positive constant which will be chosen shortly.
For each nonnegative integer k, we define

Qr={reX: Zl;p{sa(Q)@(Q)} > A"}

and, for each m € Z, let {Qf}j be the family of maximal dyadic cubes in
Q € D,, such that

e(Q%)o(Q¥) > \*.
Then (2., = Uj Q;? is a disjoint union and lim,,_,_o 25, = 2. More-
over, if @? € D,, is the smallest dyadic cube which contains Q? properly,
then, by (1.3), it is not hard to verify (see [11]) that @(@?) < Cypp(QY), since
Q? and Qvf have compatible side-lengths. We also have Q(Q?) < C’QQ(@?)
by (4.1). Therefore

N < (@)0(@h) < CLCupQ0GS) < CLCo

We now choose \ > C’ECQPC’S. Let Ef = Q? N (2%m \ 25+1). Then {Ef}Jk
is disjoint, and 2k, \ 241 = U, EY. We claim that
(4.3) Qo < BIES .,

for some constant 5 > 1 independent of j and k.
To prove the claim, we estimate

Q40 el _ g~ IQENGEN @
|QF | |QF | |QF |

7 i Qf+1 CQ?
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s ¥ (29T o

k+1
i:Qf+1CQ§ @(Qz )

P(QF)\ k+1y1/
it cQk
k 1/e
< <Cg Si\(,gr]l) Z Q(Qf“)) since 0 <e <1
QI cQk
P(Q5)o(Q)\/*
< <Ce>]\k+1]> by (4.1)

< (CSeR)”

This shows that

CEC 2 1/e
B} | = Q5w — 1QF N Q] > (1 —~ <;9> )IQ?IW,

and hence the claim is proved. In the case of X = R™ and (Q) ~ |Q|"/»~1,
one can estimate |Qf N Qk+1|/|Q§?| instead of \Qf N Qk+1,m|L‘;/|Q;~€|W7 and
then use the definition of A, weights (see also [5]).

Now, by the definition of Ejk and the estimate (4.3), we obtain

STOEYEE, < 3T A (0(@F)e(@))71QE

j’k j’k
k': o
< N (A Q@) (B by (43
jik gl
<o [ s {e@hoa 'Q'C’)l/r}rdw(x),
- X Q>3z J |Q‘w

where the constant C' is independent of m. It then follows that

J sup{e(@)e(@)} do(z) < lim Y (AH)IES,

x @3 ik
<o [ s {e@he@)( 'Q”)l/r}rdcu(x).
o X Q>ox J |Q’w

This completes the proof of the proposition. m
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We now prove Theorem 1.3. It is easy to see from (2.10) that &, < C¥;
and ¢, < C¥,. We now prove that the inverse is also true if w and o
satisfy the hypothesis of the theorem. We first recall that the doubling
property of w implies that there exist a, 5 > 1 such that |aB|, > §|B|.
for all balls B (see [11]). Without loss of generality, we can assume a > 2.
Now, let Q € D be fixed. For each fixed y € @, we choose a decreasing
sequence of balls B) D B, D B. D ... so that By = B(y,ar(Q*)) and

By = B(y,a"r(BY))) for k > 1. We then have Q* C B) C 9Q*, where
¥ = k(a + 1). We also note that, by virtue of (2.10), we have

(4.4) ©(B) < Cep(B') for all pairs of balls B’ C B.
Then, since |[{z}|, = 0, we obtain
foydw fKa?ydw Z Bk]Bk]w
Q Q" k=

0 k
| Bylw

B 1—¢
<oy () w2
k=1 ylw

oo 1 l—¢
<oy ()
k=1

< Cp(Q)WQ"| by (4.4)
< Cp(Q)|Q|w since w is doubling.

Therefore, by using the doubling property of o, we have

1 P’ 1/p/ ’
(or | (JK@nww) @) <co@lalay”,
nQ Q
for all Q € D, and hence ¥; < C'®,,. Then the first statement of the theorem
follows from Theorem 1.1.
To prove the second statement, we also need to show ¥, < C®,. To do
this, we first apply Minkowski’s inequality to obtain

(S (J Kepioty) dow)

1 1/q
]Q\l/q f ( f* K(z,y)! dw(x)) do(y).
nQ
Then we repeat the same argument as above and use the assumption 0 <
e <1/q.
Next, by applying Proposition 4.1 with » = pg/(p — ¢) and o(Q) =
]Q\}/ q]Q\},/ ¢ (we note that (4.1) is satisfied by using Hoélder’s inequality),
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we have

1Pgl Lras—o) (dor)

SUp{ (@ )|Q|1/Q|Q|1/q <|Q|U>(p—q)/pq}

<C
o Q3x ‘Q|w

qu/(p*Q)(dw)

= CngpHLPq/(pfq)(dw).

Thus, the second statement follows from Theorem 1.2. This concludes the
proof of Theorem 1.3.

Finally, we sketch the proof of Corollary 1.4. First of all, since both
w,0 € Ay by assumption, and in particular w is absolutely continuous with
respect to the Lebesgue measure, it follows from a theorem of Muckenhoupt
and Wheeden (see [4]) that

/ 4
f S (xo dw)p do < C f sup {W} do.

Then, by using (4.2) with » = p’ and o(Q) = |Q|,, and also noting that
T3 =T, the right-hand side of last inequality is bounded by

[of® CQ“yW}
C sup { =C p dw(
AU\ o datw)
Therefore, since w is doubling and pq/(p — q) = p’q’/(q -7,

1/p
sup qu dw)
(faz

Q3 o

ng | Lraso- 9 (dw) = C

Lp'a' /(@' =p") (dw)
1
SQWM%W£MPW@<W¢MmeM,
where M, is the Hardy—Littlewood maximal operator with respect to the
doubling measure w, which is strong-type (L9 /(@ =P (dw), LI /(4 =P) (dw)).
The same arguments as above and in the proof of Theorem 1.3 show that

H!quLPq/(P—q)(da) < CH@qHqu/@_q)(dJ),

”qu ”qu/(pfq) (dw) < CH@pHLPQ/(P*‘Z)(da)u
and

1@pll Lrar - (awy < ClPyll Lrar-a) (do)-
Thus, the corollary follows from Theorem 1.2.
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