COLLOQUIUM MATHEMATICUM

VOL. 71 1996 NO. 1

AN EXTENSION OF AN INEQUALITY
DUE TO STEIN AND LEPINGLE

BY

FERENC WEISZ (BUDAPEST)

Hardy spaces consisting of adapted function sequences and generated
by the g-variation and by the conditional ¢g-variation are considered. Their
dual spaces are characterized and an inequality due to Stein and Lepingle
is extended.

1. Introduction. It is known that the dual of the martingale Hardy
space H ls * generated by the quadratic variation is BMQO, and that of the
Hardy space H;? generated by the conditional quadratic variation is BMQO,
(see Garsia [4], Herz [5]). The first result is extended by Dellacherie and
Meyer [3] to the space hi% containing adapted function sequences. The
inequality

(S ) < (S, 0cre
n=0 n=0

was proved by Stein [9] for ¢ = 2 and by Asmar and Montgomery-Smith
[1] for 1 < g < oo, where X,, (n € N) are arbitrary measurable functions.
Using the latter duality result Lepingle [8] verified (1) for p =1, ¢ = 2 and
for adapted functions. The two-parameter analogue of Lepingle’s result can
be found in Weisz [10].

Lepingle [7] proved that the dual of the martingale Hardy space H; is
BMO, and more recently the author [12] verified that the dual of H f s
BMO,,, where 1 < ¢ < oo, 1/g+1/¢" =1 and s, (resp. S;) denotes the
conditional g-variation (resp. the g-variation).

In this paper the Hardy spaces of adapted function sequences are em-
bedded isometrically in martingale Hardy spaces and so the dual of hiq
generated by the g-variation and, moreover, the dual of hy? generated by
the conditional g-variation are characterized (1 < p,q < o0). Applying the
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duality result with respect to hfq we extend inequality (1) to1 =p < ¢ < c0.
Moreover, if (F,,) is regular then (1) holds also for 0 < p <1 < ¢ < 0.

2. Preliminaries and notations. Let ({2,.4, P) be a probability
space and let (F,,,n € N) be a non-decreasing sequence of o-algebras. For
simplicity, we suppose that

U<nL:JO}—n> = n\:/ofn =A.

The expectation operator and the conditional expectation operator relative
to a o-algebra C are denoted by E and E¢, respectively. We briefly write L,
for the L, (2, A, P) space with the norm (or quasinorm) || f||, := (E|f|?)'/?
(0 < p < o0).

In this paper we consider sequences X = (X,,,n € N) of integrable
and adapted (i.e. X, is F,-measurable for all n € N) functions. We always
suppose that Xo = 0. The g-variation S,(X) and the conditional g-variation
5¢(X) (0 < ¢ < 00) of X are defined by

Sy(X) = (fj X,0) " and s, (x) = (ijfnmm)” "
n=0 n=0

respectively, while for ¢ = co we let

Soo(X) := 500 (X) :=sup | X,,|.
neN

Let us introduce the Hardy spaces hﬁq and hy’ (0 < p,q < o0) consisting of
the sequences X = (X,,) of adapted functions for which

||X||h§q = [|Sy(X)|lp < oo and ||X

nia = llsq(X)lp < o0,

respectively. Note that h;?q is a subspace of the well-known space L,(l,)
that contains sequences & = (§,,n € N) of A-measurable functions and is
equipped with the norm

elesen = [B(X tealr)”] .
n=0

Now we introduce the corresponding bmo spaces. For 1 < g < oo, bmo,
and bmo, consist of all sequences X = (X,,) of adapted functions for which

> 1/q
1X oo, = || sup (Bx, > 1Xk7) 7| <o
neN [— oo
and

o
1
1 X ooz = H sup <Efn > |Xk’q> Hoo < o0,
n

k=n

respectively. Furthermore, let bmos, = bmo_, = h3x.
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Dellacherie and Meyer [3] showed that the dual of A2 is bmoy . Tt will be

proved that the dual of hf" is bmo;, and the one of h{? is bmogy (1 < g < oo,
1/g+1/¢ =1).

3. Duality results. We shall embed the spaces h,fq and h,? in Hardy
spaces of martingales, the duals of which are known. Let

Dy :=0(ro,. .., rr—1) = of[127F, (1 +1)27%): 0 <1 < 27}

be the dyadic o-algebras (see Weisz [11]), where 7, is the Rademacher func-
tion on [0, 1), i.e.

i) = 1 ifwxe[20/2M7 (20 + 1) /2 (0 <1< 2F),
P =1 it e [(20+ 1)/28F (20 + 2) /r2R ) (0 < 1 < 2F).
Set
A, :=0(F, xD,) (neN).
Consider the probability space (£2x[0,1),0(AxB), Px\) and the stochastic
basis (A,,n € N), where B denotes the Borel measurable sets and \ is
Lebesgue measure.

We investigate the martingales relative to (A,), i.e. the sequences f =
(dn f,n € N) of adapted functions relative to (A,,) for which E4,_,d,f =0
(n € N). The g-variation and conditional g-variation (0 < ¢ < o0) of a
martingale f is given by

50 = (1)) and sy (p) = (X B ldrt)”
n=0 n=0

respectively, and for ¢ = oo we let
Soo(f) = Soo(f) := sup |dx f].
keN

The martingale Hardy spaces Hg “ and H," (0 < p,q < o0) containing
martingales relative to (A, ) are defined with the help of the norms

1 1/p ! 1/p
1z = (1) 8atrrapan) ™ and (£l = ([ {sa(n?apar) ™,
20 20

respectively. The corresponding dual spaces are equipped with the norms

I fllsrmo, = H sup (EAn > Idkflq)l/quo

k=n+1

and

1705 = | 502 (Ba, i aertr) "
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Set
BMQOy = BMO = H5.

o0

It is easy to see that the operator
(2) X — X .= (Xpnrp—1, n€N)

maps hﬁq in H];Sq isometrically (0 < p < 00, 1 < ¢ < o0). Indeed, the
function d, f¥ := X,rn_1 is A,-measurable and integrable, of course. On
the other hand,

EAn71 (d'ﬂfX) = Efnfl (XN)Eanl (Tnfl) =0

because the Rademacher functions are independent. Since S, (fX) = S,(X),
our statement is proved. As E4,_,|d,fX|9=FEzr, ,|Xn|?, we have s,(fX)=
s4(X), and so (2) is isometric from hy? to Hp? (0 < p < 00, 1 < g < ).
Similarly, we can show that (2) is an isometry from bmo, to BMO, and
from bmo, to BMO, (1 <q<o0).

We can prove in the same way as Theorem 14 in Weisz [12] that the dual
of h;fq is hi}l', where 1 < p,g<owcorl=¢g<p<ooandl/p+1/p =
1/qg+ 1/¢" = 1. The following result, due to Dellacherie and Meyer [3] for
q = 2, extends this result to p = 1.

THEOREM 1. The dual of hf" is bmo,, whenever 1 < ¢ < co and 1/q+
1/¢ =1.
Proof. Since the proof is similar to that of Theorem 1 in Weisz [10],

we sketch it only. For Y € bmo;, consider the functional

Iy (X) = E(anYn) (X € hi),
n=0

Notice that h?q is dense in hfq. We verified in [12] that the dual of Hf !
is BMO; with the same assumption on ¢ and ¢’ as in the theorem. Using
this we conclude that

1 oo
b (01 = | [ 132 duf¥duf” P ax
20n=0

< CHfXHHlSq HfY”BMOq_, = CHXthq ”YHbmoq_ )

’

which yields that Iy is bounded on hfq.
Conversely, if [ is in the dual of hfq then it is also in the dual of h?q.
Consequently, there exists Y € h:j,"' such that

(3) I(X) = E( i XnYn> (X € hSo).
n=0
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On the other hand, I can be extended preserving its norm onto H f ?. There-
fore there exists g € BMO,, such that

1 oo
(4) (X)) =1(f%) = HZ nwrno1dngdPd\ (X € h3e)
20n=0

and
l9llsat0-, < CIIHI-
It follows from (3) and (4) that

Yy (w) = Srn_l(az)dng(w,x) d\(z).
0

Applying this we obtain
>° ’ l/q/
¥ lmo-, sup B, E Y| .

sup <EA Z |dkg|? > H = llgllsrto-
neN - 0 q

and the theorem is proved. m

The following theorem can be proved similarly.

THEOREM 2. The dual of hp? is h;i”, wherel <p<g<ooorp>q>2
and 1/p+1/p' =1/q+1/q = 1. Moreover, the dual of hi? is bmoy provided
that 1 < g <oo and 1/q+1/q¢ = 1.

It is interesting to note that the duals of bmog and bmo,, are not hi
and hfq, respectively. However, a kind of special subspaces of bmog, and

bmo,, can be defined, having duals h{* and hfq, respectively.

Let vmo, (resp. wvmo, ) contain all elements X € bmo, (resp. X €
bmo, ) for which

) > q 1/q
Jim [|(B2, D2 %) T =0

k=n+1
> 1/q
(resp. lim H (E}-n Z \Xk]q> H = 0).
n— oo 0o
k=n

With the method used in Weisz [12] one can show that if every o-algebra
F is generated by finitely many atoms then the dual of vmoy is hi* and

the dual of vmo,, is hf" whenever 1 < ¢’ <ocand 1/g+1/¢' = 1.
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4. Inequalities. It follows from the convexity and concavity lemma
(see Garsia [4], pp. 113-114) that

© (St | <a|(X x| wsr<oo
n=0

n=0

and

<q,

15 ),

where (X,,) is a sequence of A-measurable functions. Note that by Holder’s
inequality (1) follows from (5) for ¢ < p < occ.

In case there exists a constant R > 0 such that for all f € L; one has
Ez, |f| < REf£, ,|f| (n € N), the stochastic basis (F,,) is said to be regular.
Since the sequence of dyadic g-algebras is regular, it can easily be seen that
whenever (F,,) is regular, so is (A,). It is proved in [12] that in this case
the spaces H,? and qu are equivalent (0 < p < 00,1 < ¢ < 00). Hence hy’

(S mr )| 0<p<a,
n=0

and hﬁq are also equivalent. This means, amongst other things, that if (F,,)
is regular then (5) also holds for 0 < p < oo and 1 < ¢ < oo when (X,,)
is an adapted function sequence. Consequently, under these conditions we
obtain (1) for the parameters 0 < p < co and 1 < ¢ < 0.

If (F,,) is not regular then (1) is not true for p = 1 (see Lepingle [8]).
However, if we take again adapted sequences then it holds for p = 1, too.
The case ¢ = 2 can also be found in Lepingle [8].

THEOREM 3. If (X,,,n € N) is a sequence of adapted functions and
1 <q< oo then

(S im0 <l (S )]

n=0

Proof. Since the dual of L;(l;) is Loo(ly) (1 < g < o0, 1/g+1/¢' =1)
we have

B( Y |Bz,  Xal") sip B[ Y (B, Xa)Ya|
n=0 YeLoo(ly) n=0
1YL n<t

By Theorem 1,

o0
B[ Y (B, Xa)Ya | < O 50 (B, Yo € N
n=0
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The inequality ”YHLoo(lq/) < 1 implies

Er, S |Er VilY < |Er YalY +Ex, Y 7 <2,
k=n k=n+1

which shows that

|(Br,_, Youn € Ny, < 2/

The proof of the theorem is complete. m
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