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Introduction. The Galois covering technique is an important method
used successfully in contemporary representation theory of algebras over a
field. Originally, it was invented for the study of module categories over
representation-finite algebras (see [14], [1], [10]), afterwards it was general-
ized and adopted for the representation-infinite case (see [5], [7], [6], [13],
[2]) and applied successfully (see [6], [20], [21], [22], [11]). It was also defined
and investigated for matrix problems in [17], [8], [18], [19], [4].

The Galois covering reduction to stabilizers, proposed in [3], is a unifica-
tion and a generalization of the approach in [10], [5], [6] and [2]. It allows us
to reduce in good situations the study of certain subcategories of the module
category over the quotient R/G, for a given Galois covering F': R — R/G,
to the study of the representation categories of stabilizers of certain inde-
composable locally finite-dimensional R-modules called G-atoms (see [3]).
An especially important role is played by the G-atoms with infinite cyclic
stabilizers, since they are responsible for the appearance of 1-parameter
families of R/G-modules. The effect of this reduction essentially depends
on the behaviour of homomorphisms between G-atoms, in particular on a
special splitting property of the Jacobson radical of the category MOD R of
R-modules. In most cases where Galois coverings were efficiently used, each
nonisomorphism between any two G-atoms factors through a direct sum of
finite-dimensional R-modules.

The main aim of this paper is to define and investigate the pure-projective
ideal Pu of MOD R consisting of all homomorphisms having a factorization
through a direct sum of finite-dimensional R-modules. In connection with
Galois coverings we study mainly “local” properties of Pu related with some
stabilizer property of a free action of a group of K-linear automorphisms of
R (see Theorem A).

The situation we deal with is the following. Let k be a field and R be a lo-
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cally bounded k-category, i.e. all objects of R have local endomorphism rings,
different objects are nonisomorphic, and both sums Zye g dimy R(z,y) and
ZyeR dimy, R(y,x) are finite for each x € R. By an R-module we mean
a contravariant k-linear functor from R to the category of k-vector spaces.
An R-module M is locally finite-dimensional (resp. finite-dimensional) if
dimy, M (z) is finite for each x € R (resp. ) dimy M(z) is finite). We de-
note by MOD R the category of all R-modules, and by Mod R (resp. mod R)
the full subcategory of MOD R formed by all locally finite-dimensional (resp.
finite-dimensional) R-modules.

By the support of any object M in MOD R we shall mean the full subcat-
egory supp M of R formed by the set {x € R: M(z) #0}. If f: M — N is
a homomorphism of R-modules then supp(Im f) is called simply the support
of f and shortly denoted by supp f.

Given a full subcategory C' of R and an R-module M we denote by
M)c the C-module being the restriction of M to C. If f : M — N is an
R-homomorphism we denote by fic : M|c — N|¢ the C-homomorphism
being the restriction of f to C.

For each pair of R-modules M and N in MOD R we define two subspaces

(*)  Pu(M,N)CHompr(M,N) and F(M,N)C Homp(M,N)

of Hompg(M, N) as follows. The vector space Pu(M, N) consists of all R-
homomorphisms f : M — N having a factorization through a direct sum of
finite-dimensional modules. An R-homomorphism f : M — N belongs to
F(M, N) if and only if for every finite full subcategory C' of R there exists
f € Homp(M, N), such that supp(Im f) is finite and fic = f/c.

The inclusion Pu(M,N) C F(M, N) is shown in Corollary 1.4, for every
pair M, N in Mod R. In this case Pu(M, N) consists of all R-homomorphisms
f: M — N having a factorization through a direct sum of finite-dimensional
modules, which is additionally a locally finite-dimensional R-module (see
Corollary 1.2).

It is easy to see that the subspaces (x) define two two-sided ideals

(%)  Pu(-,—) CHompg(-,—) and F(-,—)<C Hompg(-,—)

of the category MOD R. Since MOD R is a Grothendieck k-category [9]
and has a set of finite-dimensional generators, the direct sums of finite-
dimensional R-modules are just pure-projective R-modules (see [15], [16])
and Pu is the two-sided ideal of MOD R generated by all pure-projective
R-modules. Following a suggestion of Daniel Simson we call Pu the pure-
projective ideal of MOD R.

Let G be a group of k-linear automorphisms of R acting freely on objects
of R. Then G acts on the category MOD R by translations 9(—), which
assign to each M in MOD R the R-module YM = M o g~! and to each
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f: M — N in MOD R the R-homomorphism 9f : 9M — 9N given by the
family of k-linear maps (f(g7'(z)))zer. The ideals Pu and F are invariant
with respect to this action of G.

Given M in MOD R the subgroup

Gy = {g S C::gﬂlii,ﬂf}

of G is called the stabilizer of M.
By an R-action of a subgroup H of Gy on M we mean a family

p= (g : M —7? 1M)9€H
of R-homomorphisms such that p. = idas, where e is the unit of H, and
91 1:“’92 “Hgr = Hgagy for all 91,92 € H (See [10])
Observe that if H is a free group then M admits an R-action of H ( see
[2, Lemma 4.1]).
Let M and N be R-modules and H be a subgroup of Gy NGy If p is

an R-action of H on M and v is an R-action of H on N, then we define the
induced group action

(s ) Hompg(u,v) : H x Homp(M, N) — Hompg(M, N)

by the mapping (h, f) +— "vp - *f - pp—1 (see also [2, 2.4]). This defines a left
kH-module structure on Hompg (M, N), where kH is the group algebra of H
over k. Observe that the subspaces Pu(M,N), F(M,N) of Homg (M, N)
are its kH-submodules.

The main goal of this paper is to prove the following result announced
in [3].

THEOREM A. Let G be a group of k-linear automorphisms of a locally
bounded k-category R, acting freely on objects of R, and let M and N be
R-modules in Mod R. Assume that Gy N Gn contains an infinite cyclic
subgroup H such that supp M N supp N s contained in a sum of finitely
many H-orbits in R. Then the k-vector spaces Pu(M,N) and F(M,N) have
the following properties:

(i) Pu(M,N) = F(M,N).
(ii) Pu(M, N) is summably closed (in the sense of 1.2).
(iii) All decompositions M = @ g Ms and N = @, Nt of M and N
into a direct sum of submodules induce the canonical embedding

PU(M, N) - H H PU(MS, Nt)7
seSteT
which is an isomorphism.
(iv) If p is an R-action of H on M and v is an R-action of H on N
then Pu(M,N) is a left kH-submodule of Homp (M, N) with respect to the
action Homp(u, v) (see (x*x)) and Pu(M,N) is an injective kH-module.
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For applications of this result we refer to [3, Theorem 5.2].

Let C7 and Cs be full subcategories of a locally bounded k-category R.
Then C1UC (resp. C1NCy and Cy\ Cs) is the full subcategory of R formed
by the union (resp. intersection and difference) of the sets of objects ob Cy
and obCy. The subcategories C; and Cy are disjoint (resp. orthogonal)
if obCy;NobCy = 0 (resp. R(z,y) =0 = R(y,z) for any = € obC; and
y € obCy). The union J;.; C; of the family of full subcategories C; of R,
i € I, is said to be a disjoint union, and then denoted by \/,.; C;, if the
subcategories C;, ¢ € I, are pairwise disjoint. The union of the family C;,
i € I, of pairwise orthogonal full subcategories of R (then | J,c; = V,c; Ci)
is naturally isomorphic to the coproduct of this family and will be denoted
by [Lies Ci-

Throughout the paper by an ideal of a category we mean a two-sided
ideal.

The paper is organized as follows. In Section 1 the properties of sum-
mable families of homomorphisms and summably closed ideals are discussed.
The main result of this paper is proved in Section 2.

Some of the results of this paper with the proofs in brief outline have
been announced in [3], and have been presented at the Cocoyoc Conference
ICRA VII in Mexico, August 1994, and at Paderborn University, June 1995.

The author wishes to express deep gratitude to Daniel Simson for his
effort, helpful discussions and important remarks during preparation of the
final version of this paper.

1. Summable families and summably closed ideals. The category
MOD R is equipped with an additional structure given by the partial oper-
ation of forming sums of infinite families of homomorphisms. Properties of
this operation are especially interesting if the subcategory Mod R (for R in-
finite) is considered. Observe that in Mod R the decomposition into a direct
sum of submodules is in fact the decomposition into their direct product. In
this section we discuss summably closed ideals in Mod R, i.e. ideals which
are closed with respect to this partial operation.

1.1. DEFINITION. Let M and N be R-modules in MOD R. A family
(fi)ier of homomorphisms from Homp(M, N) is said to be summable if for
each z € R and m € M(x), fi(x)(m) = 0 for almost all ¢ € I. In this
case the well defined R-homomorphism f = > . ; fi : M — N, given by
f(x)(m) = > e fi(x)(m) for any x € R,m € M(z), is called the sum of
the family (f;)icr-

Below we list a collection of basic facts concerning summable families of
homomorphisms.
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LEMMA. Let (f;)icr be a family of R-homomorphisms from M to N,
where M, N is a pair of R-modules.

(i) The family (f;)icr is summable if and only if the image of the map
M — TI[; N induced by (fi)icr is contained in @; N (equivalently, in
D,c;Im fi). In this case the sum f =3 .., fi : M — N factors through
@B, N (equivalently @, Im f;).

(ii) If f = f"f" is the composed R-homomorphism M AN DBici Zi iR
N, where f' and f" are defined by families (f!)icr and (f!')icr, then the
family (fI'f1)ier is summable and its sum equals f.

(iii) The family (fi)icr is summable if and only if there exist factor-

izations M EN Z; N N of all f;’s, i € I, such that the image of the
R-homomorphism M — [];.; Zi induced by (f{)icr is contained in @, ; Z;.

(iv) If (fi)ier and (f])ic1 are summable families of R-homomorphisms
from M to N, with sums f = > .., fi and f" = > .., fi, then for any
homomorphisms h : M' — M, g : N — N’ the family (gfih + gf/h)icr is
summable and its sum is equal to gfh + gf'h.

(v) Assume that M = @, .qMs and N = [[,c.p N¢. For each i €
I, let (fi(s’t))(57t)€SXT be a family of component homomorphisms fi(s’t) IS
Homp (M, Ny), s € S;t € T, defining the homomorphism f;. If the family
(fi)ier is summable then for each (s,t) € S x T the family (fi(s’t))iej is
summable and the sum ), f; is defined by the family of component homo-

morphisms (3¢, fi(s’t))(s’t)eSXT. If additionally T is finite or M is locally
finite-dimensional then the converse implication holds true.

(vi) Assume that M is locally finite-dimensional. Then the family (f;)icr
is summable if and only if for every x € R, fi(x) =0 for almost all i € I.

Proof. Use the definition. =

COROLLARY. Let M and N be R-modules. If M is locally finite-dimen-
sional then Pu(M, N) consists of all R-homomorphisms f : M — N having
a factorization through a direct sum of finite-dimensional modules, which is
additionally a locally finite-dimensional R-module.

Proof. Let f be the composed R-homomorphism M AN Dici Z: EAR
N, where f" and f” are defined by families (f/)icr and (f/')icr, and all
Zi, i € I, are finite-dimensional. Then f factors through the module

@, Im(f f{), which satisfies the required conditions. m

Remark. If ((fs’i)ielﬁ)ses
morphisms from M to N and I =[], ¢ I, then the family (fs:)(s,i)er need
not be summable.

is a family of summable families of R-homo-
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1.2. Let (My)ses and (NVi)ier be families of R-modules. From now on
we will identify Hompr (@, g Ms, [[,cr Ne) and [[,cg [, Homp(Ms, Ny).
Then by Lemma 1.1, Hompg(P,cg Ms,[[,cr Vi) consists of all families
(£ (s.0esxT such that the family (w; f*Yp)ses er is summable, where
Ps : PoegMs — My, s € S, (resp. wy : Ny — @,cr Ny, t € T) denote
the canonical projections (resp. embeddings). The identification in this
situation is given by the sum operator.

If 7 is an ideal of a full subcategory C of MOD R, then any pair of
families (M;)ses and (N¢)ier of R-modules in C such that both @, g M,
and @, N; belong to C, induces the canonical embedding

(k) I(@MS,@J\Q) c [I [1z(,. o).

s€S teT sESET
We will discuss the natural problem when this inclusion is an equality.

DEFINITION. (i) Let M and N be R-modules in MOD R. A subspace W
of Homp(M, N) is said to be summably closed if for any summable family
(fi)ier of R-homomorphisms from W the sum ,_; f; belongs to W.

(ii) An ideal Z of a full subcategory C of MOD R is said to be summably
closed if the subspace Z(M, N) of Hompg(M, N) is summably closed for each
pair M, N of R-modules in C.

LEMMA. Let Z be an ideal of a full subcategory C of MOD R, and M, N
be R-modules in C. If the subspace Z(M,N) of Hompg(M,N) is summably
closed then any decompositions M = @ . ¢ My and N = @, Nt in C yield
the equality

(M, N) = [ [] Z(M., N:) " Hompg (M, N).
seSteT

Proof. To prove the nontrivial inclusion D take any f € Hompg(M, N)
whose components f(*!) ¢ Hompg(Ms, Ni) belong to Z(Ms, Ny) for every
s € 8,t €T. The family (w;f*ps)seser is a summable family of R-
homomorphims from Z(M, N) and therefore, by assumption, its sum f also
belongs to Z(M,N). =

COROLLARY. If 7 is an ideal of Mod R and M, N are R-modules in
Mod R, satisfying the conditions of Lemma 1.2, then

(M, N) =[] [z, Nv).

seSteT
Proof. Apply Lemma 1.2 to C=Mod R and use the equality @, N¢=

II%ﬂ’AQ’.

1.3. PROPOSITION. Let T be an ideal of the category Mod R. Then T is
summably closed if and only if T satisfies the following two conditions:
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(i) The space Z(M,N) is summably closed for all indecomposable M, N
in Mod R.
(ii) For each pair M, N in Mod R there exist decompositions M =

D.cs Ms and N = @, Ny into direct sums of indecomposable submodules
such that Z(M, N) = [1,cq [ 1;er Z(Ms, Ny).

Proof. Since each M in Mod R has a decomposition into a direct sum
of indecomposables (see [6, Lemma 2.1]) the summable closedness of Z by
Corollary 1.2 implies the condition (ii) and obviously (i).

Take now any M, N in Mod R and a summable family (f;);c; of R-
homomorphisms from M to N such that all f;, i € I, belong to Z(M, N).
Let M = @, . Ms and N = @, N, satisfy (ii). By Lemma 1.1(v) for each

(s,t) € S x T the family (fi(s’t))ie[ of (s,t)-component maps is a summable
family of homomorphisms from Z(My, Ny), and (3., ;)0 =3, fi(s’t).
Now from (i) and (ii) we conclude that ). ; f; belongs to Z(M, N) and the
proof is finished. m

Remark. An ideal Z of Mod R is usually not determined by its values
on pairs of indecomposable objects.

EXAMPLE. Let R be an infinite locally-support finite locally bounded
k-category (see [5]). Denote by Z the ideal of Mod R consisting of all ho-
momorphisms with a finite support. Since each indecomposable R-module
in this case is finite-dimensional, the summably closed ideal Hompg and the
ideal Z take the same values on pairs of indecomposable R-modules. The
identity homomorphism idy; does not belong to Z(M, M) for any infinite-
dimensional R-module M in Mod R.

1.4. Given an ideal Z of the category MOD R and a full subcategory C
of MOD R we denote by Z¢ the restriction of Z to C°P x C.

LEMMA. The ideal Fyioa r of Mod R is summably closed.

Proof. Take any M, N in Mod R, a summable family (f;);c; of ho-
momorphisms such that f; € F(M,N), for each ¢ € I, and a full finite
subcategory C of R. By Lemma 1.1(vi) the set I’ consisting of all ¢ € I such
that f;jc # 0, is finite. For every i € I’ we fix some f; € Homg(M, N) such

that suppfi is finite ancl f’L|C = fllc Then (ZiEI fz)\C = (Zie] fi)|C7
the support supp(}_,.; f;) is finite and consequently . ; fi belongs to
F(M,N). m

COROLLARY. The ideal Puniod r %S contained in Fyiod R-

Proof. Take any M, N in Mod R and a composed map f = f"f' :
M — N, where f' : M — @,c;Z; and f" : @,.;Z; — N are given
by families (f;)ic; and (f!’)icr, and where all R-modules Z;, i € I, are

7
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finite-dimensional. By Lemma 1.1(ii), (f/f!)ier is a summable family of

homomorphisms from (M, N) and therefore by Lemma 1.4, f = >"._; fI' f{
belongs to F(M,N). m

We do not know whether Pu yioq r 18 always summably closed or is always
equal to Fuod r; see Theorem A for a complete answer in an important
special case.

2. Injective submodules. We shall prove some general facts on injec-
tive submodules of the kH-module Hompg (M, N), where M, N are in Mod R
and H is an infinite cyclic subgroup contained in Gj; NGy (see Theorem B,
Section 2.2). The proof of Theorem A will follow rather easily from this
result and will be completed in 2.6.

The formulation of Theorem B needs some preparation.

2.1. Let C be a full subcategory of R. Following [5] we denote by C the
full subcategory of all y € R such that R(z,y) # 0 or R(y,x) # 0 for some
x € C. For any M, N in MOD R we denote by Hom%(M, N) the k-subspace
of all f € Hompg(M, N) such that supp f is contained in C'.

LEMMA. Let M, N be a pair of R-modules and C be a full subcategory of
R. Then a homomorphism f' € Home (Mo, Ni¢) can be estended by f" €
Homp\c(M|r\c, Nir\c) to a homomorphism from Homg(M, N) if and only
if f' can be extended by f\/é\c to a homomorphism from Homa(Mla,
N@)‘ In particular, any homomorphism f € Homg(M|a, N@) can be
extended by the zero map to the homomorphism (f;0) € Hompg(M,N)
and therefore the restriction to C induces an isomorphism Homg(M, N) ~

c

Homg (M2, N,5)-

Proof. Obvious. =

COROLLARY. Let C;, i € I, be a family of pairwise orthogonal full sub-
categories of R, C=|];c; Ci and C; :I_liel\{j} C; for each j€ 1. Then the
_ : Ci c 0) -
natural inclusions Homp (M, N) C Homy (M, N) and the maps (—@,O) :
Hom&% (M, N) — Hom% (M, N), i € I, induce an isomorphism Hom&% (M, N)
~ Tles Hom% (M, N), which, in case I is finite, turns into the equality
Hom$ (M, N) = Dicr Hom%(M, N). In particular, we have Hom$ (M, N)
— Hom$/ (M, N) & Hom'/ (M, N) for every j € I.

Proof. Since Cj, i € I, are pairwise disjoint, [],.; Hom%’(M7 N) con-
sists only of summable families and the natural inclusions define correctly
the map [];c; Hom%(M, N) — Homg(M, N) by attaching to any (f;)ier
its sum ), ; f;. The map Hom% (M, N) — [Lics Hom% (M, N) assigning
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to any f the family ((f|5;0))z‘el is also well defined (see Lemma 2.1), be-

cause the C;,i € I, are pairwise orthogonal. The two maps are mutually
inverse and the remaining assertions follow trivially. m

2.2. Let W be a k-linear subspace of Hompg (M, N). We say that W is
f-summably closed if for any summable family (f;);c; of R-homomorphisms
from W such that supp f; is finite for every i € I, the sum ), ; fi belongs
to W.

For any full subcategory C' of R we denote by W the intersection YW N
Homg(M, N). We say that W is homogeneous with respect to a pair of
orthogonal full subcategories A and B of R if the natural inclusions induce
the equality WA @ WB = WAYE (see Corollary 2.1).

THEOREM B. Let G be a group of k-linear automorphisms of a locally
bounded k-category R, acting freely on objects of R, and let M and N be
R-modules in Mod R. Assume that Gy N Gy contains an infinite cyclic
subgroup H such that supp M N supp N is contained in a sum of finitely
many H-orbits in R. Suppose that p is an R-action of H on M, v is an
R-action of H on N and W is a k-subspace of Homp(M, N) satisfying the
following conditions:

(i) W is H-invariant with respect to the action Hompg(u,v),
(ii) W is f-summably closed,
(iii) W is homogeneous with respect to any pair of full orthogonal subcat-
egories of R such that one of them is finite,
(iv) for any f € W and any finite full subcategory C of R there exists
f €W such that the support supp f is finite and fie = f‘c.

Then the kH-module W, with the structure defined by the action
Hompg(p,v), is injective.

The major part of this section will be devoted to the proof of the above
theorem.

2.3. Denote by fs(R) the class of all finite full subcategories of R.

LEMMA. Let M,N and H be as in Theorem B, u (resp. v) be an R-action
of Hon M (resp. N) and let L = supp MNsupp N. Assume additionally that
W is a k-subspace of Homp(M, N) which is H-invariant with respect to the
action Hompg(u, v) and moreover satisfies the condition (iv) of Theorem B.
Then there exists an H-equivariant function u : fs(R) — fs(L) with the
property that for any C € fs(C) and f € W, the restriction fic coincides

with f|c for some f € Wu(©),

Proof. Fix any set fsg(R) of representatives of H-orbits in fs(R). First
we define a function ug : fso(R) —fs(L). Take any C €fso(R). Then the set
V of all fic, where f € W, is a finite-dimensional k-vector space. Fix any
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basis f1|c, ..., fnjc of V, where n = dimy V. Since W satisfies the condition
(iv) of Theorem B we can assume that all f;, i = 1,...,n, have finite support.
Then we set ug(C') = supp f1U...Usupp f,. Since the action of H on fs(R)
is free the map ug can be uniquely extended to an H-equivariant function
u: fs(R) — fs(L). Tt is easy to check that u has the required property. m

2.4. Throughout this section L denotes a locally bounded k-category.

LEMMA. Let - : Hx L — L be a free action of an infinite cyclic group H,
with a generator h, on a locally bounded k-category L such that L/H is finite.
Then there exists a trisection of L into a disjoint union L = L~V LYV Lt
of full subcategories satisfying the following conditions:

(i) LY is finite,
(i) L(z,y) =0 = L(y,z) for eachx € L~ andy € LT,
(iii) LT C UnZO h"L° and L~ C Ungo h="LO,
(iv) A*(L°U LT) C LT and h~"(L°U L™) C L™ for n > 0.

Proof. Take any set D of representatives of H-orbits in L. Since by
assumption D is finite, D is also finite. The action of H on L is free, therefore
there exist only finitely many i € N such that h*D N D # (). Denote by m
the maximum of all 7 € N with the above property and set L° = U?;Bl hiD,
LT =U;en RLO\ L° = J;s,, h'D and L™ = Uien h=*LO\ L% = J,., h'D.
Now one can easily check the required conditions. m -

Let L = L= v L° v Lt satisfy the assertions of Lemma 2.4. Then we
set L1, = LT Nh"L™, Ly = h™ L0, Li, = W™ L*, L = b~
Ly, =R Ly, for any n € N and m € Z.

COROLLARY. Under the notation above, the category L decomposes into
a disjoint union
L=\ LomV || L.,

meZ meEZ
of finite full subcategories, for sufficiently large n € N.

Proof. Fix any n € N satisfying the condition (iv) of Lemma 2.4. The
finiteness of the L;, ,,’s, m € Z, follows from the property (iii) and the fact
that the action is free. For the proof of the decomposition one shows first
inductively, using the property (iv), that

P p—1
LF=\ LomVv \ L. VLT,
m=1 m=0

for every p € N. Observe that since the action is free, by (iii) we obtain
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ﬂpeN Lrtp = (), and therefore

L=\ LimVv \/ L.

m>0 m>0

Similarly one shows
Ly=\LomVv \/ L,, and L=\/LynVv \/ L.

m<0 m<0 MEZL mMmEZL

The orthogonality of the L;, ,,’s follows from the property (ii) and the in-
clusions L7, ,,, C L} ,
m > s and m < t.

2.5. Let M, N be a pair of R-modules in Mod R, H be an infinite cyclic
subgroup of Gj; NG and W a submodule of the kH-module Hompg (M, N)
with the kH-module structure defined by the action Hompg(u,v), for fixed
R-actions p and v of H on M and N respectively (see (#*x)). For any
C € fs(R) we denote by Q¢ the kH-module ngH W9C . Since C is finite,
WY is finite-dimensional, the kH-module Q¢ is isomorphic to the k-dual
of a finitely generated free kH-module and therefore Q° is injective. The
inclusions W9¢ C Hompg(M, N) induce a map 7¢ : Q¥ — Hompg(M, N)
given by the formula 7% ((fy)gen) = > ger fg» Where (fg)gen € Q€. The
map 7¢ is well defined since G acts freely on R and therefore Q¢ consists
only of summable families of homomorphisms. Denote by

T @ Q° — Hompg(M, N)
Cefs(C)

the kH-homomorphism induced by the maps 7€, C' € fs(R). Observe that
Im 7 is an injective kH-module since kH is a principal ideal domain. More-
over, Imm C Pu(M, N) by Lemma 1.1(i).

Proof of Theorem B. For the proof of the injectivity of kH-module
W satisfying the assumptions (i)—(iv) it is enough to show that W = Im,
where 7 is the map defined above. By (ii) we obtain Im7¢ C W for any
C € fs(R) and therefore W C Imw. Let L = supp M Nsupp N and fix
some generator h of H. Then L/H is finite, hence there exists a trisection
L=L"Vv L°Vv L* of L satisfying the assertions of Lemma 2.4. Denote by L
the union L%Uu(LP) (see Lemma 2.3). Since G acts freely on R and L is finite,
by Corollary 2.5 there exists n € N such that L =\/_ c; Ln.m V ez Lnm
and U,,cz Lnm = V ez Lnm, where Ly = B™LO, L), = h™ LT N
R+ [~ and L, ,, = h™"L, for each m € Z. Fix some n € N as above,
and take now an arbitrary f€W. By Lemma 2.3 for each m € Z, there exists
fm € WEnm such that NLwm = fm\Ln,m' Obviously the family (fn)mez is

summable and f =3, fm € Im7h. By (ii) the map f' = f— f belongs to

Ly, ., C L, ; proved above for any s,t € Z such that
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W and since supp ' C | |,,cz L, it follows that f' =3 ., f] for some
summable family (f],)mez, where f/. € HomL;%m(M, N) for each m € Z
(see Corollary 2.1). Invoking the assumption (iii), we get f/ € W¥nm for
every m € Z, and therefore f' € ImzY’, where L' = Ly, o- In this way
the inclusion W C Imm is shown and the proof of the injectivity of the
kH-module W is completed. m

As a consequence of the above proof we get the following.

COROLLARY. Under the assumptions of Theorem B and the notation of
the above proof, the following inclusions hold:

WcIna? +Ima” cImm cW and Imw C Pu(M,N).

2.6. Proof of Theorem A. Let M, N and H satisfy the assump-
tions of Theorem A. Since H is a free group there always exists an R-action
of H on any R-module. Let us fix a pair of such actions, 4 on M and v
on N. Then the subspace F(M,N) of Homg(M, N) is H-invariant with
respect to the action Hompg(u,v) and satisfies the remaining assumptions
of Theorem B. The assumption (ii) is satisfied since by Lemma 1.4 the sub-
space F(M,N) is summably closed. The assumptions (iii) and (iv) are
trivially satisfied by the definition of F. Therefore by Theorem B the
kH-module F(M,N) is injective, and by Corollaries 2.5 and 1.4 we get
Pu(M,N) = F(M,N). The remaining assertion now follows easily from the
above equality, the inclusion (s#s#xx), Lemma and Corollaries 1.4 and 1.2. m
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