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The Arkhangel’skii—Tall problem:
a consistent counterexample

by

Gary Gruenhage and Piotr Koszmider (Auburn, Ala.)

Abstract. We construct a consistent example of a normal locally compact metacom-
pact space which is not paracompact, answering a question of A. V. Arkhangel’skii and
F. Tall. An interplay between a tower in P(w)/Fin, an almost disjoint family in [w]“, and
a version of an (w, 1)-morass forms the core of the proof. A part of the poset which forces
the counterexample can be considered a modification of a poset due to Judah and Shelah
for obtaining a Q-set by a countable support iteration.

0. Introduction. In 1971, A. V. Arkhangel’skii [A] proved that every
perfectly normal, locally compact, metacompact space is paracompact. This
suggests the question, stated in print by Arkhangel’skii (see [AP], Chapter
5, p- 309) and Tall [T] three years later, and oft-repeated since then, whether
“perfectly normal” can be reduced to “normal”:

PROBLEM. Is every normal, locally compact, metacompact space para-
compact?

Recall that a space is metacompact if every open cover has a point-finite
open refinement. Standard topological arguments show that if there is a
counterexample to the problem, then there is one which is not collection-
wise Hausdorff (CWH). Bing’s famous Example G [Bi] is a ZFC example
of a normal space which is not CWH, and Michael’s metacompact subspace
of this example (see [Mi]), which is not locally compact, shows that the
assumption of local compactness is essential for this problem.
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S. Watson [W1] obtained the first consistency result on the problem: he
showed that in Godel’s constructible universe L, normal locally compact
spaces are collectionwise Hausdorff, and so V' = L implies that the answer is
“yes”. The answer is also positive in a model obtained by adding supercom-
pact many Cohen or random reals, because there normal locally compact
spaces are collectionwise normal [B]. P. Daniels [D] showed the answer is
positive in ZFC if “metacompact” is strengthened to “boundedly metacom-
pact”, i.e., every open cover has an open refinement such that for some
positive integer n each point is in at most n elements of the refinement. In a
forthcoming paper [GK], the authors show that MA, _centerea (w1) also implies
a positive answer to the problem, and that MA (wq) implies that the answer
is positive even if “metacompact” is weakened to “metalindel6f” (i.e., every
open cover has a point-countable open refinement).

In this paper we complete the solution to the problem by showing that,
if ZFC is consistent, then it is consistent with ZFC that there is a normal
locally compact metacompact space which is not paracompact. This result,
as well as the aforementioned MA results, had its origins in the study of a
paper of Watson [Ws] in which he constructs consistent examples of normal
locally compact metalindel6f spaces which are not paracompact.

The rough idea of Watson’s examples is to take a normal locally compact
non-collectionwise Hausdorff space of the form D U I, where D is a closed
discrete set and [ is a set of isolated points (e.g., the Cantor tree space over
a Q-set), replace the isolated points with copies of suitably chosen compact
spaces, and define a neighborhood of a point in d € D to be a tail of a
suitably chosen sequence of clopen sets in the compact spaces corresponding
to a sequence of isolated points converging to d.

By deciding in advance that the space of the form DUI that we are going
to use is a space obtained in a standard way from an almost disjoint family
of subsets of w, so I = w for our example, and also deciding that we will
replace an isolated point n with the space wlgn of sequences of length < n of
countable ordinals endowed with a natural compact Hausdorff topology, we
are able to reduce the problem of obtaining a counterexample to a certain
combinatorial statement. This is done in Section 1. In Section 2 we prove
these combinatorics relatively consistent with ZFC.

Our proof is rather lengthy, so we give here a brief description of the

key ideas. The set for our example is w1 UJ,,,, Kn, where K, is a copy of

wf”. The K,,’s are disjoint clopen subsets of the example, and are given the
compact Hausdorff topology generated by sets of the form

V(U):{TEu)lSn:agT}

and their complements. Each o € w; is associated with a certain X, C w
such that the collection X = {X, : @ < w;y} is almost disjoint. To define
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a neighborhood of the point « in the closed discrete set wy, we first choose
OTam € wf" for n € X,. Then the kth basic (cl)open neighborhood of « is
{a} UU,ex\k V(0a,n), where we consider V(oa,n) as a subset of K,. The
space is Hausdorff because the X,’s are almost disjoint. Since the V(o)’s
are compact and point-finite, the resulting space is locally compact and
metacompact. The set w; is an uncountable closed discrete subset of the
space. Since the space has a o-compact dense subset, every locally finite
collection of open sets must be countable, and it follows that the space
cannot be paracompact.

So it remains to make the space normal somehow. We get the closed
discrete set w; to be normalized (i.e., every pair of disjoint subsets of it can be
put into disjoint open sets) by making X' “separated” in the following sense:

(*) VACw; JuCw [Vae A (X, Cru)&Vaew \ A (XyNu="10)].

Separated families can easily be obtained from a Q-set (see, e.g., [vD]), and
in fact condition (x) implies that X is a Q-set in the Cantor set 2¢, where
a subset of w is identified with its characteristic function.

Having the closed discrete set normalized is not enough for normality of
the space, however. We must also be able to separate pairs H, K of disjoint
closed sets where H = wy. This normality turns out to be the more com-
plicated one to analyze and obtain. The way we choose the sequences o,
in w=" is important: we use a family F = U, <o Fn of finite subsets of w;
having the following properties (among others. ..—see Definition 5; F may
be considered a weakening of Velleman’s (w, 1)-morass [V]):

(i) F is directed and cofinal in (jwq]<%, C).

(ii) |F| = n for every F € F,.
(iii) If F,G € F,, and o € FNG, then FNa=_GNa.
(ivyEFeF, GeFn,ac FNG,and n <m, then aNF CangG.

We then define o, , to be the increasing enumeration of F' N (a + 1),
where o € F € F, (if there exists F' € F,, containing «). It follows from
this definition that:

(a) If 8 < o and both og,, and 04, are defined, then o, C 04 p.

(b) The function m(', ) : @ — w, where m((, «) is the least m such that
B and « are both contained in some F' € F,,, is finite-to-one.

(c) If n > m(f,a) and a € |JF,, then both og, and o4, are defined
and 05, C Oan-

(d) If 6 < d < a and k > max{m(5,6),m(d,a)}, then o € F € Fj,
implies 3,0 € F.

The properties of this “coloring” m of [wi]? are reminiscent of some
colorings of Todoréevié¢ (see [To]). The advantage of using the above method
of choosing the o ,’s is that we can now state just in terms of m and the
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almost disjoint family X the final combinatorial condition needed to make
the space normal (see Proposition 1 and the Reduction Lemma 9):

() VACw 3B €A Vae A [X, | (X —m(B,0))].
BeB

If one translates condition (x%) to see what it means for the topology of the
space, it says (a bit more than) “given any collection of neighborhoods of
some subset A of the closed discrete set wi, some countable subcollection
covers a neighborhood of every point (except for the point itself) of A”. So it
is a kind of “hereditarily Lindelof” property. The finite-to-one function also
enables one to “chop off” the countable subcollection so that only finitely
many meet any fixed K,,, hence the union has no limit points outside of the
closed discrete set. It is just what is needed for separating pairs of closed
sets, one of which is contained in the closed discrete set and the other disjoint
from it.

Our task then is to build an almost disjoint collection X and a collection
F of finite subsets of w; so that (%) and (x*) are satisfied. Now for (k)
essentially we need a Q-set, but it turns out that the usual methods for
producing a Q-set destroy (xx). For example, MA (w;) destroys (%), and so
does any uncountable finite support iterated forcing. So we turn to a method
due to Judah and Shelah [JS] for forcing a Q-set by a countable support
iteration. The first stage of the Judah—Shelah poset is a countably closed
poset adding a tower (i.e., an almost increasing family) {Y, : @ < w1} of
subsets of w. Then the “rings” X, = Y,41 \ Y, of the tower form an almost
disjoint family. This first stage is followed by an ws-stage iteration, each
factor of which “separates” this almost disjoint family with respect to some
subset A of wy that has appeared by that stage, and so that after wy steps
the family has property (x). Assuming CH, the poset is proper and wy-c.c.,
so cardinals are preserved. The continuum is wy in the extension.

An (w,1)-morass, and hence a collection F satisfying the conditions
(i)—(iv) above, exists in ZFC. However, using an F from the ground model
seems not to give us enough control to prove (xx). So we add to the first
coordinate of the Judah—Shelah poset another factor which adds a generic
F. Finally, it turns out that the growth of the functions g, : X, — w,
where go(n) is the length of o, ., needs to be controlled. By (ii) in the list
of properties of F, go(n) < n. If nothing is done about it, these g,’s will be
unbounded below the identity, and we can show that this destroys (xx) (in
this particular forcing extension. .. ; we know of no intrinsic reason why this
should be true in general). So we add a third coordinate to the first factor
of the forcing which essentially makes the g,’s the left half of a Hausdorff
gap. This turns out to give us just enough control over everything to prove
that (#x) holds in the final model.
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1. Reduction to combinatorics

PROPOSITION 1. Suppose we have an almost disjoint family {X,
a € wi} of infinite subsets of w, and for each o € wy and n € X, we
n

have an assigned o, € wlg such that the following conditions hold:

(i) For every A C wy, there is u C w such that uN X, is finite if « & A,
and X — u is finite if a € A.
(ii) For every n € w and o € wE", the set {a: 0o, = 0} is finite.
(iii) For every A C wy there is a countable B C A and a finite-to-one
function f : B — w such that for every a € A, for sufficiently large n € X,
there is f € B with n € Xg — f(5) and oan 2 03.n-

Then there is a mormal locally compact metacompact space which is not
paracompact.

Proof. First we define a compact Hausdorff topology on the set wlgn. If
oews" let V(o) = {r €ws" :7 D o}. The V(0)’s and their complements
form a subbase for a Hausdorff topology on wlgn.

We show that w1§n is compact. First, w1§0 is a single point. If o € wy, it is

easy to see that the clopen set V ({a)) in w=""" is a copy of w=". Also, every

neighborhood of the empty sequence in wf"“
V((a))’s. So wE"T! is the one-point compactification of w;-many copies of

w=". Tt follows by induction that each w=" is compact.

contains all but finitely many

Let us note that each V(o) is a clopen, hence compact, subset of wlgn.
Also, 7 € V(o) if and only if 0 C 7, so the collection of all V(o)’s is
point-finite.

Now we define the space X. Let K, be a copy of wlgn such that Ko, K,
Ko, ... are disjoint. The set for X is w; U UnEw K,. Each K, is a clopen
subspace of X with the topology described above. The kth neighborhood of
the point o € wy is the set

U(a, k) = {a} U J{V(0an) 1 n € Xo — K},

where by V(04,,) we mean the copy of {7 € wlgn 1T D 0an} in K.

The space X is clearly locally compact, and w; is a closed discrete subset
of X. We prove X is not paracompact. Suppose it were. Then w; would have
a discrete separation in X, so there would exist a function ¢ : w; — w such
that {U(, g(a)) : @ < w1} is a closed discrete collection. For each «, find
n(a) € Xo — g(a). There is n € w and an infinite subset W of w; with
n(a) = n for every o € W. Then {V(0a,n) : @« € W} is an infinite closed
discrete collection of sets in the compact space K,,, contradiction.

We show X is metacompact. Let &/ be any open cover of X. For each
a < wi, let g(a) € w be such that U(a, g(a)) is contained in some member
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ofU. If o € K,, NU(ev, g(x)), then o4, C o. It follows that the collection
V ={U(a,9(a)) : @ < wy} is point-finite. For each n € w, there is a finite
collection W, of clopen subsets of K, refining &/ and covering K,. Then
VU U, cw Wh is a point-finite clopen refinement of /.

It remains to prove X is normal. Let H and J be disjoint closed sets. By
a standard subtraction argument it suffices to show that H can be covered
by countably many open sets whose closures miss J. Since K, is a compact
clopen subspace of X, there is a clopen subset of K,, containing H N K,
and missing J N K,,. Thus it remains to cover H Nw;. Let u C w be such
that X, Nwu is finite for every @ € H Nwy, and X, — w is finite for every
a ¢ H. For each a € H Nw;, choose g(«) € w such that g(a) O X, Nu and
Ula,g(a))nJ = 0.

Let A, = {a € HNw; : g(a) = m}. We will finish the proof by showing
that A,, is contained in an open set V' whose closure misses J. Let B C A,,
and f: B — w be as in condition (iii) applied with A = A,,. For § € B, let
h(B) = max{f(B), m}, and let V = A,, UU{U(B,h(B)) : 5 € B}.

To show V is open, consider o € A,,. There is k € w — m such that, for
every n € X, — k, there is § € B with n € Xg — f(8) and 04,n 2 0.
Thus the copy of V(o,,,) in K, is contained in the copy of V(o3 ), which
in turn is contained in V' (since n > max{f(5),m} = h(53)). It follows that
U(a, k) CV.

Finally, we show that the closure of V' misses J. Since h(3) > m = g(0)
for B € B, it is clear that V misses J. Since f is finite-to-one on B, for fixed
n only finitely many U (8, h((3))’s for 8 € B meet K,,. So K,, NV is clopen.
It remains to prove that if @ € J Nwi, then « is not in the closure of V.
There is k € w such that X, — k C u. By the definition of m and since
h(B) > m for 8 € B, we have

(U{Xﬂ —h(B): B € B}) Au = 0.
It follows that U(a,k)NV = 0. =

2. Proving comnsistency. By Proposition 1, the following proposition
completes the proof that it is consistent with ZFC for there to be an example
of a normal, locally compact, metacompact, nonparacompact space.

PROPOSITION 2. Assuming the consistency of ZFC', the following state-
ment is consistent with ZFC: There is an almost disjoint family X = {X, :
a < wy} of infinite subsets of w and a family X = {0qn:a €wy, n € Xy}
of finite sequences of countable ordinals such that:

(i) For every A C wy there is u C w such that uN X, is finite if o & A,
and X, — u is finite if a € A.
(i) Fach 64, € wlén’ and o4 # O e for a# .
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(iii) For every A C wq there is a countable B C A and a finite-to-one
function f: B — w such that for every o € A, for sufficiently large n in X,
there is B € B with n € Xg — f(B) and 04.n 2 03.-

We will call the property of X expressed in (i) the Q-set property, and
the property of X and X expressed in (iii) the hereditary Lindeléf property.

The rest of this section is devoted to proving Proposition 2. This is done
using the method of iterated forcing. In what follows we first define forcing
notions we will be dealing with, then we begin establishing their properties
and finally we prove that the families as in Proposition 2 exist in the generic
extension obtained by using previously examined forcing notions.

We assume that the ground model satisfies CH. First we force with a
countably closed forcing P. We call this forcing the initial forcing. This forc-
ing has two groups of coordinates, the first one denoted by P;. Then we force
with an iteration with countable supports denoted by Q., = (Qa\ Q%) a<ws-
The entire forcing P * (), will be denoted by R.

The first group of coordinates of P, which is itself a forcing notion de-
noted by P, forces the family {X,, : @ < w1 }. The conditions are of the form
p = (Xp, Vp, ), where o, < wy is a limit ordinal, X, = {X? : a < a,},
Y, ={Y?: o < a,} and the following hold:

(1) All X?’s and YP’s are infinite and co-infinite subsets of w.

(2) The XP’s form an almost disjoint family of subsets of w.

(3) The Y?’s form a strictly almost increasing family of subsets of w.

(4) For every f < a < a;, we have Xg C* Y, and X, is almost disjoint
from Yp for f < a < ap, and X, NY, = 0.

The order is given by p < ¢ if and only if &, O &, ), 2 V,, and
ap > Qg.
Fact 3. (CH) Py is o-closed and satisfies the wa-c.c. m

DEFINITION 4. Suppose f,g are partial functions from w into w. Then
f <t g will mean that

Vn <w 3 € w ¥y € (dom(g) Ndom(f) —1i) [g(5) — f(j) > n].
We also let Id denote the identity function on w.

Before defining the second group of coordinates, it will be convenient to
define a weakening of the notion of an (w, 1)-morass (see [V]):

DEFINITION 5. Suppose that s € P;. A family F = (J
an s-frame if and only if the following conditions hold:

F, is called

n<w

(1) If a € F,,, then a C o, and |a| = n.
(2) F is directed.
(3) If B €a,be F, for some n < w, thenaN G =0bN}%.
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4 UHaeF,,beFn,F€Eanbandn <mthenanN B CbNS.

(5) For every 8 < a5 and every n € w — Y}, F, covers (3 (by which we
simply mean 3 € |JF,).

(6) For every k € w and 8 < a; there is m < w such that for all n > m
we have n — [aN (B+1)| > k for a € F,, and § € a.

If F is an s-frame and 8 € a € F,,, we denote a N (5 + 1) by ag(F)(n).
In this case we also denote |ag(F)(n)| by ns(F)(n).

By m(B1, f2) we mean the minimal integer m such that there is a € F,,
such that 31, 82 € a for f1, B2 < as.

If 51,50 € P; and s < so and F* are s;-frames respectively, then we say
that F! is an end-extension of F? if and only if F' D F? and

Vn<wVac€FrIbe F23B€ a,, (aNas, =bNp).
FACT 6. Let s € Py and let F be an s-frame.

(1) If F,, covers B1 and B1, B2 < a then the objects m(B1, B2), ag,(F)(n)
and ng, (F)(n) are well defined.

(2) For each B < a5 the sequence {ag(F)(n) : F, covers (B} is non-
decreasing and cofinal in [B]<¢ and the partial function ng(F) : {n : F,
covers 3} — w is nondecreasing (and has unbounded range if [ is infinite);
moreover, ng(F) <t Id.

(3) For each (1 < P2 < as and n > m(fy, 32), if F, covers both (31 and
B, then ag,(F)(n) 1 (81 + 1) = ag, (F)(n) and ns, (F)(n) < 13, (F)(n).

(4) For every f < as and k < w, if F, covers both B and [+ k, then
15(F)() + b > ng4 5 (F)(n).

(5) Suppose that (s; : i < w) is a decreasing sequence of conditions of
Py and (F':i < w) is a sequence of respective s;-frames. If for every i < w
the frame F'+1 end-extends the frame F', then \J F; is a (U;,, Xi, Uj<o Vi
sup(as, 1@ < w))-frame which end-extends all frames F*.

Proof. (1) For 8; covered by F, and (31,032 < «as the existence of
ag,(F)(n) and so of ng, (F)(n) follows from the definition, and their
uniqueness from Definition 5(3). Now m(31, 32) is well defined because there
are by, by € F such that 8; € by and B2 € by by 5(5) and then there is a € F
such that by U by C a by 5(2).

(2) The nondecreasingness follows from Definition 5(4). The cofinality
is proved as follows: take z € [5]<“; by the directedness of F and 5(5), we
will find @ € F such that z, {5} C a; now & C ag(F)(n) for n such that
a € F,. It is an easy consequence of the above that ng(F) is nondecreasing
and unbounded if 3 is infinite. 73(F) <t Id follows from 5(6).

(3) Fix 1, B2 and n as in (3). By the definition of m(f3;, f2) there is a €
Fm such that 81, B2 € a and m < n, so by 5(4), we see that 81 € ag,(F)(n)
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and now the first part of (3) follows from 5(3). The second part follows from
the first.

(4) As n > m(B,8 + k), it follows from 5(3) that ag(F)(n) may differ
from agyr(F)(n) only by elements of the form g+ 1,...,5+ k.

(5) Clear. m

Remark. We introduced the notion of an s-frame so that the assump-
tions of the following lemma are relatively simple.

EXTENSION LEMMA 7. Suppose that s = (Xs,Vs,as) € Py and that
F is an s-frame and (b;, Bi,n;)icw 1S a sequence satisfying the following
conditions:

(1) bi C b1 € [as]<¥ for all i < w.
(ii) For each i < w we have

ag, (F)(ni) = bi.

(iii) The sequence (B; : i < w) is nondecreasing and unbounded in .

(iv) The sequence (n; : i < w) is increasing and unbounded in w and
almost disjoint from all (Y5 : B < as).

(v) (|bs] : i < w) <t Id and (n; — |b;] : i < w) is nondecreasing.

Then there is an s < s such that agy = as+w and ch; =w—{n; i <w}
and there is an s'-frame G such that G is an end-extension of F and for
every i > ig,

aa(G)(ni) = b U {a},

where ig is such that for i > ig we have n; — |3;| > 0.

Proof. Let s € P; be an extension of s such that Yof; =w—{n; i <w},
and each of the Yof;+k’s strictly includes w — {n; : i < w}; this can be
accomplished using assumption (iv). Define f(i) = n; — |b;| for i € w. Put
d; = b; U[a,a+ f(i)). Now we are ready to define G. We put G,, = F,, for
n¢{n;:i<w} and

Gu, = Fuy UA(d: — {max(di)}) U} 7 = max(dy), 7 = .
So now we have to check that all the clauses of Definition 5 hold.

(1) ny = [bi|+ni —[bi] = [biU[as, as+ f(0))| = |ds| = |di —{max(d;) }[+1.

(2) Note that the sequence (b; U [as, s + f(7)) is cofinal in [ag + w]<¥.
Indeed, fix = € [as + w]<“. By (iii) and the fact that f is unbounded in
w find ¢ such that 5; > max(z N«a) and © — as C [o, a0 + f(i)); now use
Fact 6(2) to find jo € w such that for j > jo if there is ag, (F)(j), then
z C ag,(F)(j). Now take ny > jo,n;. By assumption (i) we have z C
ag, (F)(ng) Ulas, as + f(i)) C ag, (F)(ng) U [as, as + f(k)) C d,. Now note
that d; € G, for j such that f(j) > 0.



152 G. Gruenhage and P. Koszmider

(3) Let a,b € G, — F,. As all such a,b consist of a common part and
distinct maximums, 5(3) is clear in this case. So consider a € F,, and b €
G, — F, and let n = n;. First note that b N a, = ag(F)(n;) (where [ is
either (3, if f(i) > 0 or the previous element of b; if f(i) = 0), for some
B < as. Then, by the definition of ag, (F)(n;) and by (ii), we conclude that
there is e € F,,, such that € e and eN (B + 1) =bNas. Now as a € Fy,,,
we have eN (B4 1) =an(f+1) by 5(3). Hence aN B =bnNp.

(4) By 5(3), for v > a5 and n = n,;, i < w, there is a unique a(G)(n;)
and for no other n € w does G, cover 7. Calculating a(G)(n;) we get
ay(G)(ni) = b; U [, as + f(i) — 1) U {7} for i such that as + f(i) < . So
ay(G)(n;) = b; Ulag,v] for v < a5+ f(n). By assumptions (i) and (v), both
(b 1 i < w) and ([as, s+ f(i) —1) : i < w) are nondecreasing, so (4) follows.
Note that we also proved that as_(G)(n;) = b; U {as}.

(5) Follows from the construction of s' and G.

(6) For v > o, + f(i) we have n; —1,(G)(n;) =0 and for v = a, + k <
as + f(i) we have n; — 1n,(G)(n;) = n; — (|b;| + k) = f(i) — k. Thus the
function in (6) is nondecreasing by assumption (v). The other properties
follow directly from the construction. =

DEFINITION 8. Suppose that H is a directed subset of P; and that
sup{as : s € H} = w; and F; for s € H are s-frames such that if s; < s, 53
then Fg, 2 Fs,, Fs,. Moreover, suppose F = |J{Fs:s€ H}.

We define X(F) ={oqn:a<wi, n€ X3, s€ H}, where
Oa,n = (ala .. '7a7’>
with aq, .. .., a, being the increasing enumeration of a,(F)(n).

REDUCTION LEMMA 9. Suppose F and H are as in Definition 8, X =
U{Xs : s € H} and that for every uncountable A C wy we have § < wy such
that

Xo € | X5-m(B,9)
BEANS
for every o € A. Then X and X (F) have the hereditary Lindeldf property
(property (iii) of Proposition 2).

Proof. Fix H and F as in Definition 8. Let A C wy. Find § as in
the reduction lemma. We claim that the hereditary Lindelof property is
witnessed by B=AN4J and f =m(,J).

The function m(-,d) is finite-to-one by Definition 5(1), (3), and is well
defined on the entire § by Fact 6(1).

Now take any o € A (we may assume that « > §) and n € X, such that:

(i) n > m(4, o).
(ii) n & V5.
(iii) n € UBeAmS Xg —m(B,9).
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A sufficiently large n € X, has these properties as Y5 C* Y, and X, N
Y, = () and by the assumption of the lemma. Using (iii) find 5 € AN4J such
that n € X3 —m(f,0).

Now we are left with the proof of the fact that oz, C 04,. By the facts
that X, NY, = XgNYs = 0 and Definition 5(5), we know that F,, covers
both a and . Also by (ii) and 5(5), it covers . Thus by Fact 6(3) applied
twice, using both (i) and (iii), we conclude that

ag(F)(n) = aa(F)(n) N (B+1).
Thus the definition of X'(F) implies that 03, C 0q.rn. =

Now we are ready to define the second group of coordinates of the forcing
P. This group depends on the first one so in fact we are defining the entire
P. The conditions of P are of the form (s,t), where s € P; and ¢ is of the
form t = (Fy, g, W), where:

(1) ay = as.

(2) F; is an s-frame.

(3) ¥, is a countable family of partial functions from w into w.
(4) For every f € ¥, dom(f) 2 Y3 for some 3 < oy, and 0 <* f.
(5) For every 8 < a; and every f € ¥, we have ng(F;) <* f.

The order is defined by (s1,t1) < (s2,t2) if and only if:

(6) S1 Spl S9.
(7) Fi, end-extends Fi,.
(8) ¥y, DUy,

Remark. Adding a collection of functions as a side condition makes the
family of ng(F)’s strictly dominated below every function which dominates
it. In particular, it is going to form a Hausdorff gap together with ¥. We
have found that the hereditary Lindelof property fails without such a side
condition.

FacT 10. (CH) P is o-closed and satisfies the wa-c.c.
Proof. Fact 6(5). m

DENsSITY LEMMA 11. Suppose that (s,t) € P and o € wy. There is
(s',t") < (s,t) with (s',t') € P such that oy = o > cv.

Proof. The proof is by induction on o < wy. If o is a limit ordinal, then
we can apply the inductive hypothesis and Fact 6(5). If « = 3 + k for some
8 < w1, we will use the Extension Lemma 7. By the inductive hypothesis
and the fact that oy is always a limit ordinal, we can assume that a, = (3.
Now in order to use the Extension Lemma we have to find (b;, 3;,7;)i<w
satisfying the assumptions of that lemma.
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We construct this sequence by induction on i < w. Given b;/, 8/, ny for
i’ < i we find f3; so that (iii) will hold for the entire sequence (f; : i < w).
Now we have to find n;, and b; will be determined by (ii). We should do it
so that (i), (iv) and (v) will hold.

By Fact 6(2), for n; large enough so that (F%),, covers 3;, the condition
(i) will hold, so choose such an n; which moreover satisfies the following
conditions:

(*) n; — \agl(]:t)(nlﬂ > 'L',’I’Li/ — ‘bll| for ’L'/ <1.
(k%) n; € Y, for i’ <.
(x%) i (n;) — lag, (Fr)(ng)| > i for i/ < i, where {¢py : i’ <w} =¥,.

This can be accomplished: (x) by Fact 6(2), (xx) since X3 C* Yj —
Ui Y3, and by 5(5), and (sxx) by the definition of a condition in P.

So we obtain G 2 F; and s’ < s as in the Extension Lemma. Put
(s',t") = (s',(G, 8 + w,¥)). To make sure that it is a condition of P, we
need to check that for every v < 6+ w and for every f € ¥, we have
n4(G) <t f. For v < (3 this follows from the fact that (s,¢) € P, and for
v = [ it follows from (xxx). For v = 5+ k it follows from the fact for v = 8
and from Fact 6(4). =

The definition of the iteration takes place in V. We define P(A) for
A C wq; then we will run A through all subsets of w; which appear in
some intermediate model and we will iterate these P(A)’s with countable
supports. Using the standard argument and Fact 17 proved later one can
take care of all subsets of wq in the extension. A condition p of P(A) satisfies
the following requirements:

(1) p: dom(p) — 2.

(2) dom(p) C* Yj(,) for some i(p) < wi.

(3) For all j < i(p) we have X; C* dom(p), and if j € A, then X; C*
p~1({1}), while if j ¢ A, then X; C* p~1({0}).

We say p < ¢ if and only if p O ¢. This was a single step. When we think
about the iteration the conditions of ()., have two coordinates, the first will
run through ws and the second through wj; thus if we say p(¢)(n) we mean
the condition p at the th stage of the iteration (i.e., a name for a partial
function on w) evaluated at n € w.

DEFINITION 12. Let r = (s,t,p) € R (= P * Qu,). Let G be a finite
subset of we and X a set of integers. We say that r avoids (G, X) if and only
if there is a countable set S C w9 such that (s,t) forces that the support of
p is included in S and that

V¢ e GVYne X [pl¢lFn ¢ dom(p(€))].
If X = {n}, for some n € w, then we write (G, n) instead of (G,{n}).
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Note that, for convenience, we added the requirement of deciding a su-
perset of the support of the condition of (),,. Thus, if we are talking of a
condition (s,t,p) € R avoiding some (G,n) we will identify this countable
set with the support of p, denoted by supp(p).

FacT 13. Suppose r = (s,t,p) € R and suppose that for some 0 < k < w

we are given Gi,...,Gj € [w2]<¥ and ny < ... < ng such that r avoids

(Gi,n;) fori < k. Then for every sequence (c; : i < k) where o; € 2% there

is a condition r[o1,n1;...; 0k, k] = (8,t,plo1,n1;. . .50k, nk]) such that:
(0) rlot,nis.. .ok, i) <.

(1) For each i < k and £ € G; we have
(sit,plor,nas .. sk, il 1€) I plot, nas ..ok, ni) (€) (ni) = 03(€).
(2) For every q <rloy,n1;...;0k,nk| there is ' <r such that v’ avoids
(G1,n1)y. .., (Gg,nk) and
r'lo,ny; ..o, ne] < g
(3) The set
{rlp] s p€ 29 x {ny} x ... x 29% x {n}}

1s a maximal antichain below r.

Proof. For (o1,n1;...;0%,n%) € 29 x {n1} x ... x 26% x {n;} and
r = (s,t,p) € R we put p[o1,n1;...;0k,ng] to be a P-name for a condition
of @, such that (s,t) forces that p[¢ forces

plor,nas ..ok, ng](§)(n) = 04(€)

if € € G; and n = n; and otherwise

plov, ;.5 ok, 1x)(€) () = p(€)(n).

Such names can be found by the maximum principle (see, e.g., [K]). Since
(s,t,p) avoids (G1,n1),...,(Gk,nk), the condition rloy,ny;...;0,, 1k =
(s,t,plo1,n1;...;0k,ng]) is an element of R.

Now (0) and (1) follow from the definition, and (2) and (3) are standard. m

LEMMA 14. Let o € wy. Let Gy, ..., G, Gry1 € [wo] < and ny,...,ng <
w. Suppose that r € R avoids (Gj,n;) for j < k. Then there are v’ < r, and
there is m < w and o > « such that r' avoids (Gj,n;) for j < k and it

avoids (Gyi1,w — (Y7, Um)).

Proof. By extending the first two coordinates, using Lemma 11, we can
assume that oy > . By induction on n < ws we prove that the lemma holds
for P * (). Of course for n limit it is clear, so consider n = 79 + 1. We may
assume that ng € Gy1.
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Let mg = >, 2/9{¢} and fix an enumeration {u(j) : j < mo} =
2G1={mo} » {n;} x ... x 20k={m} x {nr}. We will construct a decreasing
sequence 7(j) = (s(4),£(5),p(4)) < (5,2, p[(mo+1)) in P*Qy, such that r()
avoids all (G;—{no}, n;) for i < k and we construct sequences (a(j) : j < myg)
and (m(j) : 7 < mg) such that

r(7)[r(5)] I dom(p(no)) — m(j) € Ya(y)-
To construct the next objects r(j+1),a(j+1),m(j + 1) we just extend the
condition 7(j)[u(j + 1)] to a condition (s(j + 1),¢t(5 + 1),q) which decides
a(j + 1) and m(j + 1) as above and a1y > «(j + 1) (using Density
Lemma 11); then we apply Fact 12(2) to find p(j + 1).

Now we apply the inductive hypothesis for (s(mq), t(mq), p(mo))[(no+1)
and «, obtaining r1 = (s1,%1,p1), a1 and m;. Now possibly extending the
first two coordinates of 71 to s’ and ¢’ find & > «a, a1, a(j) for j < my and
m > my, m(j) for j < myg such that

(Yo, UYS U UY ) —m S Y.
By the appropriate choice of s’ the above sets are determined in the ground

model, so m as above can be found. Now a,m and ' = (s',¢,p7"p(n0))
work. m

DENSITY LEMMA 15. Suppose that v € R and Gq,...,G, € [ws]<¥
and ni,...,ng € w and r avoids (G1,n1),...,(Gr,n), and suppose £ €
we and o € wy. Then there is ' = (s',t',p') < r such that r' avoids
(G1,m1)y. .., (Gr,nk) and

(s, ) IFpTEIFi(p'(€)) > e

Proof. The proof makes use of Fact 13, similar to the way it is done
in Lemma 14, to decide i(p’(£)) up to a finite set. It also uses the fact that
if p € P(A) and a € wy, then there is p’ < p such that p’ € P(A) and
i(p’) > a. The details are left to the reader. m

FusioNn LEMMA 16. Suppose that (ri,G;,ni, bi, Bi)icw satisfies the fol-
lowing conditions:

(1) For all i < w, r; = (Si,ti,pi) € R and riy1 <71y,

(2) Uicw Gi 2 U<, supp(pi)-

(3) For all i <w we have G; C Gi41.

(4) For all i < w, r; avoids (G;,n;) for j <i.

(5) For all i < w the condition (s;y1,ti+1) forces that

Vf €eG; [pi—i-l ff = A, < i(}%-}—l(f)) < a5i+1]'

(6) (bi,Bisni)icw satisfies the assumption of the Extension Lemma 7

fors=U,.,si and F =J,., Ft,-
(7) For all f € W, we have (|b;] 11 <w) <t (f(n;) 11 <w).
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Then there is (s*,t*,p*) € R such that:

(8) For each i < w we have (s*,t*,p*) < (s;,ti,pi).

(9) For each i < w, (s*,t*,p*) avoids (Gi,n;).
(10) ag» =0+w and Ys =w—{n; : i <w}, where § = sup{as, : i < w}.
(11) For each i < w we have as(F=)(n;) = b; U{d}.

If moreover we are given

(12) (v(n;) 1 < w) such that (|b;] 11 <w) <t (Y(n;) 11 < w),
then we can also assume

(13) ¢ € ¥y

Proof. s = (U;cy, &si» Ujcy Vsir0) is a condition of P;. By Fact 6(5)
the family F = (J,_,, Ft, is an s-frame with o, = 0. Put t = (F,U, ., ¥, 9).
So (s,t) € P and also (s,t) < (s;,t;) for i < w.

Now by (6) and the Extension Lemma 7, there is s* < s and an s*-frame
G which end-extends [ J,_, 7, such that (10) and (11) are satisfied. So put
t* = (G,¥,0 +w), where ¥ = |J,_,¥;. To make sure that (s*,t*) is a
condition of P we need to prove that for every f < § + w and for every
f € ¥ we will have ng(G) <™ f. By Fact 6(4) and 6(3) it is enough to prove
that ns(G) <™ f for each f € ¥. This follows from our assumption (7) and
already noted condition (11). Clearly assuming also (12) we can add ¢ to
¥« to obtain (13).

To obtain p*, by induction on £ < wy we will define p*(§) such that
(s*,t*) forces that

P IE I P () € Qe, dom(p(§)) N{ns : £ € Gi}t =0, p*(£) < pi(§) for i <w.
This in turn implies that (s*,t*) IF p; > p* € Q,,, and that (s*,t*, p*) avoids
(Gi,n;) for i < w, and so (8) and (9) will hold.

We begin the construction. Since, by the inductive assumption p*[§ <
pi € for ¢ < w, we have

i<w

P 1€ IE pi(€) € piva(§),
it follows that p*[¢ forces that p(¢§) = U, ., pi(§) is a partial function from
w into 2 such that for every 5 < sup(i(p;(§)) : i <w) =6 (by (5)) we have
X5 € p(§) 1 ({0}) if B & A, and X € p(€§) "' ({1}) if B € A¢. Also since
(%) pil€ - n; & dom(p;(€))
for all 7 such that £ € G; and £ belongs to almost all G; by (2) and (3), we
conclude that (s*,t*) forces that

pl€ I dom(p(€)) C* 5.

We put p*(§) = p(§) and we conclude that (s*,t*,p*) € R and that (8)
holds, and () implies that (9) holds. m
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Fact 17. (CH) R is a proper notion of forcing which preserves cardinals
and RIF 2%t = ws.

Proof. First let us show that R is proper. This could be done by appro-
priately modifying the argument given in [JS], since our forcing is the same
except for two side conditions added to the first factor. For the benefit of
the reader, we outline a somewhat different argument here which uses the
machinery we have developed so far. Let M < H(v) be a countable elemen-
tary submodel for v large enough and let » € M N R. Let (D; : i < w) be
an enumeration of all predense subsets of R which are elements of M. We
construct a fusion sequence (r;, G, n;)i<, satisfying (1)—(5) of the Fusion
Lemma 16 such that rg = r and D; is predense below r;. Each r;, G; is in
M. Given ry, Gy, ny for i < i, in order to construct r;, G;, n;, first choose
Gi+1 so that (2), (3) of Lemma 16 will be satisfied in the end. Now extend
r;—1 to find (b;, B;,n;) so that (4), (6), and (7) of the Fusion Lemma 16 will
be satisfied in the end. Use Lemma 14 to get n; so that (4) holds; simulta-
neously choose (3; so that §;,n;, and b; = ag,(Fy,)(n;) will satisfy (6) and
(7) in the end... this may be done as in the proof of Density Lemma 11.
Next use Lemma 15 repeatedly for £ € G; and o = o5, _, and Lemma 11, so
that the assumption (5) of Lemma 16 is satisfied.

1

Now we have ; <" and Gy,...,G; and nq,...,n; such that r, avoids
all the sets (G1,n1),...,(Gi,n;) and we have taken care of the conditions
(1)—(7) of Lemma 16. So now our task is to find r; < r} avoiding (G1,n1), ...
..., (Gy,n;) such that D; is predense below r;. For this we use repeatedly
Fact 13(2) so that for the obtained condition r;, for every u € 261 x
{1} x ... x 2% x {n;} we have r;[u] < d for some d € D;. Then r; is
as required. Now the fusion r* obtained using Lemma 16 is an (R, M)-
generic stronger condition than r, i.e., R is proper. In particular, w; is pre-
served.

In order to prove the rest of the fact, we need to prove that for every
n < wa, the forcing P * @), has a dense set of size w;. If we know this,
then we can conclude that R has the wy-c.c. (this is well known; see, e.g.,
[J; Cor. 7.10]), and so cardinals are preserved. Also R I 2! = wy follows in
the standard way. Following [BL], we say that a condition r = (s,t,p) € R
is determined if and only if there are sequences (G;,n;)i<, and a function

/- mapping
{(11,6) € 26178 x {ny} x ... x 2908 5 Iy} x {€} -
k <w, £ €supp(p), £ € Gy}

into 2<%, and such that:

(i) supp(r) € U, Gi-
(ii) r avoids (G4, n;) for all i < w.
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(iii) For every & € supp(p) such that £ € Gy and (u,§) € dom(f,) we
have

(s,8) I= plp] 1€ 1 p[p](€) Ink = fr(p, ).

First we note that the collection of all determined conditions is dense in
P % @Q,. To construct a determined condition below a condition r € P * @),
one uses Fusion Lemma 16, and at each step of the construction, one uses
Lemma 14 and Fact 13(2) repeatedly, to decide the values of p(§)[ny. The
details are left to the reader, since they are standard.

Finally, note that if 1,7, € P * @,, are determined and f,, and f,, are
the same, then p < ¢ and ¢ < p. The proof of this fact is by induction on
n < wq, using Fact 13(3) and the fact that if m, 7y € 2¥ are distinct then
there is k < w such that w1 [ng # w2 [ng. So by CH, practically there are wq
determined conditions in P * (), as required. m

PROPOSITION 18. Suppose that r € R and A are such that v I+ A C wy.
Then there are r* < r and § € wy such that r* forces that

VacAFkcwVne X, —k3IBeANS (nc Xs&m(B,8) <n).

Proof. Fix a countable model M < H(v) for v large enough. Assume
that M contains all relevant objects like 7, A, and so forth. Let M Nwy =
5:{(5i:i<w}andMﬂw2:{gi:i<w}.

We will construct a few sequences which will yield the extension r* wit-
nessing the hereditary Lindel6f property at A. The sequences are:

(1) r; = (si,ti,p;) for i <w are conditions in R.

(2) (Gi:i<w)C[MNuwe]<¥.

(3) (n;ri<w) Cw.

(4) (b; 17 <w) C[o]=¥.

(5) (Y(n;) i <w) Cw.

We will construct these sequences so that the assumptions of the Fusion
Lemma will be satisfied, which will then be applied to obtain the desired
extension. The sequences will be constructed in V. Each term will be con-
structed in M, we will leave M for V only to acquire knowledge about next
terms of {J; : i < w} and {p; : i < w}, so that the obtained sequences diag-
onalize formulas over M. The construction will be carried out by induction
on i < w, hence the main steps will be executed in M. The input of each
step is an element of M and by elementarity of M we can assume that the
output is an element of M.

Let t; = (F;,a;,¥;) and fix some enumeration ¥; = (¢! : | < w). Fix
some enumeration {fi :k <w} =supp(p;). At each i < w the ith terms of
the above sequences are required to satisfy the following conditions:

To satisfy conditions (1)—(5) of the Fusion Lemma:
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(6) (Sm zvpz) € Rand ri4; <.

(7) 0i € Gi.

(8) G - GH—I

(9) r; avoids (G, ny) for i/ <.

10) The condltlon (si,t;) forces that

Ve € Gi [pil€ - as, <i(piv1(§)) < as,,, ]

To make sure condition (6) of the Fusion Lemma, i.e., the assumptions
of the Extension Lemma 7 are satisfied:

(11) b; C bitq.
(12) There is 8; < 9 such that ag, (F,)(n;) = b;.
(13) B; > 0;, and B; > [y for i’ < i.
(14) silFn; €Y, for i <i.
(15) n; — |b;i| > 4, and n} — |by/| for i’ <.
To make sure that condition (12) of the Fusion Lemma holds:
To make sure that condition (7) of the Fusion Lemma holds:
(17) i (ni) — |bs| > @ for /4" < i.
To make the proof of the hereditary Lindel6f property work:
(18) r; forces that: If

acA&n; € X, & an(F)(n;) 2 b;

(

and
VBE A (nic Xg= B¢b)
then

Na(F)(ni) > (n;).

So suppose we are at stage i € w, that is, we are given r;, G;, n;, b;, 1 (n;)
and we are aiming at constructing 7;+1, Gi11,ni+1,bi+1,%(ni11). In order
to do so we will be applying the following lemma, in which F, Y,’s, and
X,’s denote the generic frame, the elements of the generic tower, and the
elements of the generic almost disjoint family.

LEMMA 19. Suppose we are givenr = (s,t,p) € R and G1,...,G;,Gi41€
[wa]<¥, b € [u]<¥ and nq,...,n; € w, an integer-valued function f, an
integer | and an infinite set X such that:

(a) X Cw-— Ymax(b)'

(b) (s,t,p) avoids (G1,n1),....,(Gi,n;), (Git1, X).

(c) (s,t) forces that for every B € wy we have ng(F) <t f.

Then there are ' = (s',t',p’) <r and j € X and ¢ such that:
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(d) b g Cc = a/max(c)(ft/)(j)'
(e) ' avoids (G1,m1),...,(Gi,n;), (Git1,7)-
(f) r" forces that: If

acA&jeXo&an(F)j)De

and
VBeA(jeXs= B¢
then
Na(F)(J) > 1+ |c|.
(8) lel < f(5)-

Proof. We may assume that b C auyaxp)(F¢)(j) for all j € X C w —
Yimax(v) by taking j € X large enough (by 6(2)).

Put mg = 2% 4 .. 421G+l We will construct sequences (r(j));jex
and (c(j))jex sat1sfy1ng

(h) r(4) < (s,t,p) and r(j) avoids (G1,n1), ..., (Gi,ni), (Git1,7)-

(i) ( ) (ft(j))' and C( ) Db.

For an appropriate j we will in the end put 7’ = r(j) and ¢ an appropriate
subset of ¢(j).

Given j € X the construction of r(j) and c(j) takes mg+1 steps. In each
step 1 < k < mg + 1 we produce r(k, j) satisfying (h) and ~(k, j), c(k,7)
and p(k,j) such that:

() 7(0,5) = max(b) < 5(1,5) < ... < v(mo,j) < max(c(j)) = v(mo +
1,7) such that the above 7’s are elements of ¢(j).
(k

) e(k;g) = ary i) (Fue) ) (9)-
(1) w(1,5),...,u(mo, ) are distinct elements of 251 x {n;} x ... x 2Gi x

{ni} x 29+ x {j}.

In the beginning, before the first step, we put (0, j) =
max(b), ¢(0,7) = b. To find the next r(k + 1,7),v(k +
wu(k +1,j) for k+1 < mg, we consider several cases.

Case 1: There is r'(k + 1,7) in R satisfying (h) and such that there

exists some pu(k+1,7) & {u(1,7),...,u(k,75)} such that
(k4 1Lk + 1) P VB € A € Xg = B ¢ c(k, j)).

In this case apply Fact 13 to find r(k + 1,7) satisfying (h) such that
r(k+1,7)[p(k+1,7)] forces that there is § € AN e(k, ) such that j € Xg,
and put y(k + 1, 5) = v(k, j).

Case 2: Case 1 does not hold and for each p & {u(1,j5),...,pu(k,7)},
r(k,j)[u] forces that

VBeA(jeXp=clkj) L as(F))).

(s,t,p)
1

t,p), 7(0,7)
7 )7 C(k

)



162 G. Gruenhage and P. Koszmider

In this case we choose some c(j + 1,k) € (Fy(;r)); including c(j, k) and
we put r(k + 1,7) = r(k, j).

Case 3: Cases 1 and 2 do not hold.

Choose v(k + 1,7) for which there exists u & {u(1,7),...,u(k,7)} such
that there is r(k + 1, ) satisfying (h) such that r(k + 1, j)[u] forces that

yk+1,j) € A&je X tht1,5) & ek, 5) € a1, 5) (Ferrr,)) ()

The choice is done so that the value of 7, (x41,5)(Fe(kt1,5))(J) is minimal,
We put pu(k +1,7) = p as above and ¢(k + 1, j) such that (k) is satisfied.

Since at each step we consider less p’s than in the previous step, the
construction will terminate in mg + 1 steps, since there are only mo many
sequences in 21 x ... x 29+1, In the last, (mg + 1)th step we find some
c(mo +1,7) = c(j) € (Fi(mo,j)); and y(mo + 1, j) satisfying (j) and (k) and
r(j) = r(mo, j)-

First let us argue that r(j) forces that for each 0 < k < my, if

(m) acA&jeX, & c(k,j) Caa(F)(H)
and

(n) Vi e A(jeXp= B¢ clk.j)),
then

(o) Na(F)(F) Z Ny k41,5 (F) ()

By Fact 13(3) it is enough to note that this is forced by the conditions
of the form r(k', j)[u(k, j] for 1 < k' < my (since by (1), the u’s are distinct
and there are enough of them). This is proved in different ways depending
on the relationship between k and &'.

Case k=K. Since k' > 1, suppose that we are at the stage when we
are given C(k‘ - 17j)a T(k - 1)j)7 ’Y(k - 1aj)> and M(ka])7 C(k7j>a T(kvj)a ’Y(k‘aj)
are chosen according to the above algorithm. If at this stage we are in Case
1, then r(k, j)[u(k, j)] forces that there is 8 € ¢(k — 1, j) such that j € Xz,
thus (n) is false (because the ¢’s are increasing) so “(m) & (n) = (0)” is true.
If we are in Case 2, r(k, j)[u(k, j)] forces that (m) is false, so again “(m) &
(n) = (0)” is true. Finally, if we are in Case 3 and r(k, 7)[u(k, j)] does not
force “(m) & (n) = (0)”, then there is 7'(k,j) < r(k,j) satisfying (h) and
forcing its negation. The negation of (n) cannot be forced because we would
be in Case 1, not Case 3. By the description of Case 3, r(k, j)[u(k, j)] forces
that (m) holds, so 7/(k, j)[u(k,7)] forces that there is « as in (m) but (o)
fails for this . This contradicts the minimality of 7., ;) (F)(J)-
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Case k' < k. If at the stage at which we are constructing c(k’, j) we
are in Case 1 or Case 3, this means that

r(K,§) [k, )] IF3BeAlje Xg&pBec(k,j),

and since ¢(k’, j) C c(k, j) we conclude that r(k’, j)[u(k', j)] forces that (n)
is false, so “(m) & (n) = (0)” is true. If at this stage we are in Case 2,
then note that we are in Case 2 in all the following stages, in particular
in the stage when objects with the subscript k are constructed, and note
that in this situation we put c(k,j) = c¢(k +1,7) = ... = ¢(K,j) (because
c(k',j) € (Fiwr 5))j), thus the formulas (m), (n), (o) are the same for & and
k' and so the proof is the same as for k = k.

Case k < k’. We can assume that at the stage when we construct
r(k+1,7), c(k+1,j7), v(k+1,7) we are not in Case 1 because if it happens
then c¢(k,j) = c(k 4+ 1,j) and we may assume that we are considering the
next stage, and if k + 1 = &’ we are done by the first case. If any extension
of r(k', j)[u(K', j)] forces that (m) is true, then we are not in Case 2. So we
can assume that we are in Case 3 at this stage. Now if any extension of the
above condition forces that (o) is false, it contradicts the choice of u(k, 7)
which is chosen from outside {u(1,5), ..., u(k—1,7)} (so, u(k’, ) is eligible)
so that y(k,7)(F)(j) is minimal.

This completes the proof of the fact that r(j,mg) < r(j) forces the
implication “(m) & (n) = (0)”. So the (f) part of the statement of the
lemma holds for all j € X and ' = r(j) if I + |c(k, J)| < Nyrs1,5)(F) (), if
we put ¢ = c(k, j).

Now to satisfy (g) of the statement of the lemma, and make sure that
L+ |e(k, 5)] < Nykt1,5)(F)(4), we look for a nice jo € X, namely such that
there is kg < mg such that r(jp) forces that

(Ko, Jo)| < f(50) & |1y (ko+1,50) (F)(J0) = My (ko,go) (F) (Go)| > L.
A jo and kg like this can be found. To see this, first note that

C(]) N (max(b) + 1) = Qmax(b) (ft(]))(]) = Qmax(b) (ft)(j)
Since [c(j)] = j and Nmaxe)(Fr) <T Id (recall Fact 6(2)), |c(j) — c(j) N
(max(b) + 1) increases with j. Also, f(7) — max()(F¢)(j) increases with j.
So choose jp large enough so that both of these numbers are greater than
(mg + 1) - I. Then since (0, jo) = max(b) and y(mo + 1, jo) = max(c(jo)),
for some k we must have |10 (x11,50)(F)(Jo) = Ny(k,jo) (F)(Jo)| > [, and if we
let kg be the least such k we will have |c(ko, jo0)| < f(jo) as well.
Once we have these jy and kg put

c=c(ko,jo), J=2Jo, 1 =r(jo).
Now (g) holds and 7’ forces that 1y (ky+1,j0) (J0) > My(ko.jo) (Jo) +1=|c[+1. m
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Continuation of the proof of Proposition 18. Now let us see how
Lemma 19 is used to construct the next elements of our sequence (r;,n;, G;,
bi, Bi)icw. First find G;41 such that (7) and (8) are satisfied. Now apply
Lemma 14 for a which is bigger than as,, ..., as,, di+1, 51, - - ., F; = max(b;)
and for = r;. This lemma gives ag > a, m < w and ' = (¢, t',p') <r=mr;
as in the statement of Lemma 14. By the choice of o we can assume (in-
creasing m if necessary) that

(Yo, U...U Y%, UYinay) —m C Y

and that the following function is nonnegative for j € X = w — (Y5 Um):

f(5) = min{p(j) — (i + 1) — (max{i’ — [by| : 4" <i+1}):
¢ € P& jedom(e)},

where @ = {of,... 0t ... %, . 9l 1d}. Now note that r = 7o, Gy, ...
oy GiyGigq, b = by U {0;41}, n1,...,n;, the function f and [ = i+ 1
and X = w — (Y% Um) satisfy the assumptions of Lemma 19. Indeed, (a)
follows from the choice of m, (b) follows from the properties of 7’ and X
obtained by Lemma 14, and (c) follows from the fact that ¢ € ¥, for
i',1" < i+ 1. So apply Lemma 19 and find r;; < ' such that condition
(10) is satisfied (using the Density Lemma 15), and put n; 41 = j,biy1 =
¢, Bit1 = max(bi1),¥(nit1) = [bipa] + (i + 1).

We have to check that conditions (6)—(18) are satisfied. Conditions
(6)—(8) already follow from the choice of G;+1, (9) follows from (e) of Lemma
19, and the choice of 7;;1. Condition (10) follows from the choice of 7; 4.
Conditions (11) and (12) follow from (d) of Lemma 19, condition (13) fol-
lows from the choice of b and condition (d) of Lemma 19. Condition (14)
follows from the choice of m and X. Condition (15) follows from the fact
that f(ni41) < n; — (n) —|bir|),n; for i/ <i+1, so by (g) of Lemma 19, we
have |bjy1| < f(nit1) so

Nig1 = [biga| > nf — [by|, i+ 1

for ¢/ < i+1. Condition (16) follows from the definition of ¢)(n,41). Condition
(17) follows from the fact that f(n; 1) < ¢ (niy1)—(i+1) for i’,i <i+1,
so by (g) of Lemma 19, we have |b;y1| < f(ni+1). Condition (18) follows
from (f) of Lemma 19.

Now suppose we have constructed the sequence (r;, G;,n4, b, 3;)i<w sat-
isfying (1)—(18). By (6)—(10) the (r;, Gi,n;)i<w satisfies the assumptions
(1)=(5) of the Fusion Lemma, and by (11)—(17) the assumptions (6), (7),
and (12) of the Fusion Lemma are also satisfied. Thus we deduce the exis-
tence of r* = (s*,t*, p*) satisfying (8)—(11) and (13). Now suppose " < r*
forces that & € A — §. We will extend 7" so that the obtained extension
satisfies the statement of Proposition 18.
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The only thing we require from the extension r** < r” is that it decides
k € w such that:

(p) X" —kCw-—Y7.
(r) 7o (F)(n) < ¥(n) forn € X7 — k.

Note that by (p), ¥(n) in the condition (r) is defined. We will show that
for each n € X7 — k we have

P38 € ANd [ne X &m(B,0) <nl.

Since 7** < r*, we have w — Yy~ = {n; :i < w}, so for n € X —k find
i < w such that n = n; (using (p)), and apply property (18) for r** < r* <
ri, to conclude that r»** forces that either

VBEA(neXs=B¢b)
is false, or

Na(Fre+)(n) > th(n)
holds. This is because the first displayed formula of condition (18) is true by
Fact 6(3) because n > m(d,«) and F,, covers both § and « (by the choice
of n), 80 ag(F)(n)Né =as(F)(n)Nd=b;.

By (r), the second of the above displayed formulas is false, so r** forces
that there is 3 € A such that n € X and 8 € b;. In particular, 8 < 4, and
by the definition of the function m and by (12) we have m(3,9) < n, as
required in the statement of Proposition 18. m

Proof of Proposition 2. Let H be a P-name for a generic filter
in R. Consider the R-names

X=J{x:(s0,0) e HY, F=|J{F:3s€P[(s,t,0) € H]}.

We claim that Proposition 2 is witnessed by X and X'(F) (see Definition 8).
To verify condition (i) of the proposition, note that for each R-name A for a
subset of wy there is a stage £ < wy of the iteration QWQ such that A = Ag.
Using a density argument we conclude that

a=[J{new:pE)n) =1, 3(s,t) € P [(s.t,p) € H]}

satisfies condition (i) of Proposition 2.

To get condition (ii), note that it is implied by the definition of X'(F),
for if @ # o/, then the last terms of 0, and o, differ, as they are o and
o' themselves respectively, thus o4, # 0o/ n/-

To conclude the last hereditary Lindelof property, apply the Reduction
Lemma 9, and Proposition 18, to X. =
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