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Nonmetrizable topological dynamical characterization
of central sets
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Abstract. Without the restriction of metrizability, topological dynamical systems
(X, (Ts)seq) are defined and uniform recurrence and proximality are studied. Some well
known results are generalized and some new results are obtained. In particular, a topolog-
ical dynamical characterization of central sets in an arbitrary semigroup (G,+) is given
and shown to be equivalent to the usual algebraic characterization.

0. Introduction. A topological dynamical system is usually defined to
consist of a compact metric space X together with a semigroup (or group)
acting on X by continuous transformations. (See [11, p. 19] or [2, Definition
6.1].) We generalize this notion by dropping the “metric” requirement and
study in Section 1 natural generalizations of uniform recurrence and proxi-
mality. These generalizations turn out to be very useful, because they enable
us to establish the equivalence of dynamical and algebraic characterizations
of central sets.

The notion of “central subset” was first developed by Furstenberg [11]
in the semigroup (N, +) of natural numbers. Later Bergelson and Hindman
[2] defined the notion of a central set in an arbitrary semigroup (G,+) in
terms of the algebra of 3G, the Stone-Cech compactification of G. They
also defined a notion of *-central subset, using the natural extension of
Furstenberg’s definition, and pointed out that any *-central subset of (G, +)
is central in (G, +). Moreover, a result of Weiss (see [2, Theorem 6.11])
guarantees that in a countable semigroup (G, +), a subset of G is central if
and only if it is *-central. In Section 2 of this paper, we show (inspired by
Weiss) that if **-central is defined as the natural extension of the notion of
*_central using the more general definition of topological dynamical system,

1991 Mathematics Subject Classification: 54H20, 22A15.
Key words and phrases: topological dynamical system, enveloping semigroup, uniform
recurrence, proximality, minimal idempotent, central subset.

(1



2 H. T. Shi and H. W. Yang

then in any semigroup, countable or not, a subset is central if and only if it
is **-central.

Throughout this paper, (G, +) will denote an infinite discrete semigroup
and (8G, +) will denote its Stone—Cech compactification with the operation
extending the operation in G such that A, is continuous for each u € G and
0s is continuous for each s € G, where for v € G we define A\, (v) = u+v
and gs(v) = v + s. Then (BG,+) is a compact left topological semigroup.
As such, (6G,+) has a unique smallest two-sided ideal which is the union
of all minimal right ideals of (3G, +) and is also the union of all minimal
left ideals of (G, +). (See [4, Theorem 1.3.11].) We will also use the fact
that any compact left topological semigroup has an idempotent [8, Corollary
2.10].

From [12] we know that for each point u € SG, there is a unique ultrafil-
ter on G which converges to u. Following [12] we will denote this ultrafilter
by A“. Given u,v € BG and B C G one has B € A“" if and only if
{seG:B—-se A"} € AY, where B—s={te€ G:t+ s € B}. (See [13].)

1. Uniform recurrence and proximality. We begin by generalizing
the notion of topological dynamical system to apply to an arbitrary compact
space.

DEFINITION 1.1. A topological dynamical system is a pair (X, (Ts)seq),
where X is a compact Hausdorff space, (G, +) is an infinite discrete semi-
group, each T is a continuous mapping from X to X, and Ts o Ty = Ty
for each s,t € G.

We note that one can apply the same definition to an arbitrary com-
pletely regular Hausdorff space X. But one gains no generality by doing
so since then (X, (Ts)seq) is a topological dynamical system if and only if
(BX,(TP),cq) is a topological dynamical system.

We now recall the following definition from [10].

DEeFINITION 1.2. Let X be a topological space, let D be a discrete space,
let w € BD, and for each s € D, let x5 € X. Then for y € X, y = u-limgepxs
if and only if for each neighborhood U of y, {s € D : x5, € U} € A™.

It is well known and easy to see that in a compact Hausdorff space X
there is always a unique u-limge pxs.
We recall from [6, 7, 8] the notion of an enveloping semigroup.

DEFINITION 1.3. Let X be a compact Hausdorff space, let [, v X have
the product topology, and let S be a set of continuous functions from X to
X. The enveloping semigroup E(S) of S is the closure of S in [], .y X.

We now extend the family (T§)seq by defining T, for u € 5G.
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DEFINITION 1.4. Let (X, (Ts)scc) be a topological dynamical system
and let v € 3G. Then T,, = u-limseq T, where the limit is taken in [T, .y X.

Note that if ¢ € G, then T; = t-limgegTs so the above definition is
consistent with the earlier notion.
We have immediately the following characterization of E((Ts)seq)-

THEOREM 1.5. Let (X, (Ts)sec) be a topological dynamical system. Then
E(Ts)sec) = {Tu : u € BG}.

Proof. Define ¢ : G — [[,cx X by ¢(s) = T, and let ” be the
continuous extension to GG. Then by [5, Lemma 2.1], for each u € G,
¢?(u) = T,. Thus {T, : u € BG} = YP[BG] is a closed subset of [[, . X
containing {7 : s € G}. Consequently, E((Ts)sec) C {Tw : u € SG}.

On the other hand, each T, = u-limseTs € cl{Ts : s € G} so E((Ts)seq)
={T,:uepBG}. n

The following observation will frequently be useful.

LEMMA 1.6. Let (X, (Ts)sec) be a topological dynamical system and let
u,v € BG. Then Ty oTy =Tyiy.
Proof. Let x € X. Then by [2, Lemma 6.10],
Toto = -lim 7. = v-li -lim T’
vol@) = (0 + 0 T (2) = vl (w-lim T (1)

= wlin(T(ulim 74 (2))) = vlm(Ty (T (2)) = T(Ta(@)). =

We now extend the notion of uniform recurrence to apply to an arbitrary
topological dynamical system (using the usual definition). We also extend
the standard notion of minimal closed invariant sets.

DEFINITION 1.7. Let (X, (Ts)sec) be a topological dynamical system.

(a) A subset D of G is called syndetic if and only if there exists a finite
subset F' of G such that for any s € G, there exists t € F with s +t € D.

(b) A point z € X is a uniformly recurrent point if and only if for each
neighborhood W of z, {s € G : Ti(x) € W} is syndetic.

(c) A subset R of X is invariant if and only if for each s € G, T[R] C R.

(d) A subset R of X is a minimal closed invariant subset if and only if
R is minimal in the set {P C X : P is nonempty, closed, and invariant}.

The following lemma generalizes [11, Theorems 1.15 and 1.17]. The proof
is the same as in [11], so we omit it.

LEMMA 1.8. Let (X, (Ts)sea) be a topological dynamical system.

(a) If R is a minimal closed invariant subset of X, then each point of
R is uniformly recurrent.
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(b) If x is a uniformly recurrent point, then cl{Ts(x) : s € G} is a
minimal closed invariant subset of X and x € cl{Ts(x) : s € G}.

Note that (G, (0s)se) is a topological dynamical system.

THEOREM 1.9. Let R C BG. Then R is a minimal closed invariant
subset of the topological dynamical system (G, {0s)scc) if and only if R is
a minimal right ideal of the semigroup (BG,+).

Proof. Note first that any right ideal of (3G, +) is invariant. Conversely
any closed invariant subset P of SG is a right ideal of (8G,+). (To verify
the latter assertion, note that for each v € P and each s € G, u + s € P.
Consequently, given u € P, u + G = A\, [cl1G] C cl(A,[G]) CclP = P.)

Assume now that R is a minimal closed invariant subset of the topological
dynamical system (SG, (0s)sec)- Then R is a right ideal of (5G, +). Choose
a minimal right ideal R’ of (8G,+) which is contained in R. Since minimal
right ideals are closed [4, Theorem 1.3.11], R’ is a closed invariant subset of
R and hence R’ = R.

Similarly, if R is a minimal right ideal of (8G, +), then R is closed and
invariant while any closed invariant subset of R is a right ideal, and hence
R is a minimal closed invariant set. m

COROLLARY 1.10. The set of all uniformly recurrent points of the topo-
logical dynamical system (BG,{0s)sec) is the smallest two-sided ideal of
(BG,+).

Proof. This is an immediate consequence of Lemma 1.8, Theorem 1.9,
and the fact that the smallest ideal of (5G, +) is the union of all the minimal
right ideals of (8G,+). =

The following theorem is a generalization of [2, Lemmas 6.6 and 6.9] and
[13, Theorem 6.2]. This theorem is the theoretical basis of Theorem 2.4.

THEOREM 1.11. Let (X, (Ts)sec) be a topological dynamical system, let
R be a minimal right ideal of (BG,+) and let © € X. The following state-
ments are equivalent.

(a) The point x is a uniformly recurrent point of (X, (Ts)sec)-

(b) There exists u € R such that T, (x) = x.

(c) There exists y € X and an idempotent u € R such that T, (y) = x.
(d) There exists an idempotent u € R such that T, (x) = x.

Proof. (a)=(b). Choose any v € R. Let N be the set of neighborhoods
of x in X. For each U € N let By = {s € G : Ts(z) € U}. Since z is
uniformly recurrent, each By is syndetic, so choose finite Fy C G such
that for any s € G there is some ¢t € Fy such that s +¢ € By. Then for
each U € N, we have G = UteFU(BU — t); so pick ty € Fy such that
By —ty € A".
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Given any U € N, let Cy = {ty : V € N and V C U}. Then {Cy :
U € N} has the finite intersection property so pick w € G such that
{Cuy : U e N} C AY and let u = v + w. Then u € R since R is a right
ideal of (G, +). To see that Ty, (x) = x, let U € N. To see that By € A",
suppose instead that By ¢ A“. Then {t € G : By —t ¢ A"} € AY and
Cy € A" so pick t € Cy such that By —t € AY. Pick V e N with V C U
such that t = ty. Then By —t € AY and By —t C By — t, a contradiction.

(b)=(c).Let S = {v € R: T,(z) = x}. It suffices to show that S is a com-
pact subsemigroup of R, since then S has an idempotent. By assumption,
S # (). Further, if v € R\ S, then there is some neighborhood U of x such
that B={s € G :Ts(z) € U} ¢ A”. Then cl B is a neighborhood of v in G
which misses S, and so S is compact. Finally, to see that S is a semigroup,
let v,w € S. Then by Lemma 1.6, T},4,(z) = T1w(Ty(z)) = Ty (x) = .

(c)=(d). Again we use Lemma 1.6: T,(z) = T,(Tu(y)) = Tutu(y) =
Tu(y) = z.

(d)=(a). Let U be a neighborhood of z and let B = {s € G : Ts(z) € U}
and suppose that B is not syndetic. Then

{G\ U B —t: F is a finite nonempty subset of G}

teFr

has the finite intersection property, so pick some w € BG such that

{G\ U B —t: F is a finite nonempty subset of G} C AY.
teF

Then (w + BG) Ncl B = (). (For suppose instead one had some v € G with
B € A¥TY, Then pick some t € G with B —t € A¥.) Let R’ = w + 3G.
Then R’ is a right ideal of (8G,+), so u + R’ is a right ideal of (8G,+)
which is contained in R, and hence u + R’ = R. Thus we may pick some
v € R such that u + v = u. Again using Lemma 1.6, T},(z) = T,(Ty(x)) =
Tyt (x) = Ty(z) = z, so in particular B € AY. But v € R’ and R'Ncl B = 0,
a contradiction. m

The previous generalizations have all been straightforward. It is not so
clear how to generalize the notion of “proximal”. Recall that in a metric
dynamical system (X, (Ts)seq), two points 2 and y are prozimal provided
there is a sequence (s;)72, in G such that limy_. d(Ts, (x),Ts, (y)) = 0,
where d is the metric on X.

DEFINITION 1.12. Let (X, (Ts)sec) be a topological dynamical system
and let z,y € X. Then x and y are proximal if and only if there is some
u € BG such that T, (z) = Ty (y).

We show first that we have indeed generalized the metric notion.
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THEOREM 1.13. Let (X, (Ts)sec) be a topological dynamical system, let
xz,y € X, and assume that X is a metric space with metric d. Then x and
y are prozimal if and only if there is a sequence (si)3>, in G such that

Proof. Assume we have u € G such that T,(z) = T,(y) = z. Then
foreach k e N, By = {s € G : d(T5(x),2) < 1/k}N{s € G : d(Ts(y), z) <
1/k} € A", so choose s € By. Then limg_,o d(Ts, (z),Ts, (y)) = 0.

Now assume that we have a sequence (s;)p2; in G such that
limg 00 d(Ts, (2),Ts, (y)) = 0. Choose u € G such that {{s, : n > k} :

Sk
k € N} C A", Let z = Ty (x). To see that z = T,(y), let £ > 0 be given
and let B = {s € G : d(Ts(x),z) < €/2}. Then B € A*. Pick k € N such
that for all n > k, d(Ts, (x),Ts, (y)) < €/2 and let C = {s,, : n > k}. Then

BNCeA*and BNC C{se G:d(Ts(y),z) <c}. m
The following theorem is a generalization of [11,Theorem 8.7].

THEOREM 1.14. Let (X, (Ts)sec) be a topological dynamical system and
let © € X. Then there is a uniformly recurrent point y € cl{Ts(z) : s € G}
such that x and y are proximal.

Proof. Let R be any minimal right ideal of (G, +) and pick an idem-
potent u € R. Let y = Ty (x). Then trivially y € cl{Ts(x) : s € G}. By
Theorem 1.11, y is a uniformly recurrent point of (X, (Ts)sec). By Lemma
1.6 we have Ty, (y) = Tu(Tu(z)) = Tytu(x) = Tu(z) so x and y are proxi-
mal. =

The following theorem is a generalization of [2, Lemma 6.4], which was
itself a generalization of [8, Lemma 5.15].

THEOREM 1.15. Let (X, (Ts)sec) be a topological dynamical system and
let x,y € X. If x and y are prozimal, then there is a minimal right ideal
R of (BG,+) such that T, (x) = Ty (y) for all u € R.

Proof. Pick v € G such that T, (x) = T, (y) and pick a minimal right
ideal R of (8G, +) such that R C v + BG. To see that R is as required, let
u € R and choose w € G such that u = v4+w. Then, again using Lemma 1.6,
we have Ty, () = Tyyw(2) = T (Ty () = T (T (y)) = Tosw(y) = Tu(y). =

2. Central, *-central, and **-central sets. Recall that an idempo-
tent u in a compact left topological semigroup (S, +) is said to be minimal
if and only if u is a member of the smallest ideal of (S, +). Of course, since
the smallest ideal is the union of all of the minimal right ideals, this is the
same as saying that u is a member of some minimal right ideal of (S, +).
Less obvious is that this is equivalent to being minimal with respect to the
ordering of idempotents which has v < v if and only if u +v = v 4+ u = w.
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(See [4] or [2, Lemma 3.2] for a proof of this equivalence.) We also recall the
following definitions from [2].

DEFINITION 2.1. Let (G, +) be a discrete semigroup.

(a) A subset B of G is central if and only if there is a minimal idempotent
u of (BG,+) such that B € A“.

(b) A subset B of G is *-central if and only if there exists a topological
dynamical system (X, (Ts)sc) such that X is a (compact) metric space
and there exist x,y € X and a neighborhood U of y such that x and y are
proximal, y is uniformly recurrent, and B = {s € G : T(x) € U}.

We extend the notion of *-central by dropping the requirement that X
be a metric space. Note that the fact which allows us to do this is that we
were able to extend the notion of “proximal” to the nonmetric situation.

DEFINITION 2.2. Let (G,4+) be a discrete semigroup. A subset B of
G is **-central if and only if there exists a topological dynamical system
(X, (Ts)seq) and there exist 2,y € X and a neighborhood U of y such that
x and y are proximal, y is uniformly recurrent, and B = {s € G : Ts(z) € U}.

We have the following easy consequence of the results in Section 1.

THEOREM 2.3. Let (X, (Ts)sec) be a topological dynamical system and let
x,y € X. There is a minimal idempotent w in (8G,+) such that T,(x) =y
if and only if both y is uniformly recurrent and x and y are proximal.

Proof. (=). Since u is minimal, there is a minimal right ideal R of
(BG,+) such that v € R. Thus by Theorem 1.11, y is uniformly recurrent.
By Lemma 1.6, T,,(y) = Tu(Tu(z)) = Tutu(z) = Tu(z) so z and y are
proximal.

(«<). Pick by Theorem 1.15 a minimal right ideal R of (3G, +) such that
Tu(x) = Ty(y) for all w € R. Pick by Theorem 1.11 an idempotent u € R
such that T, (y) = y. =

The following is the main result of this paper. The proof of the necessity
is inspired by the result of Weiss [2, Theorem 6.11].

THEOREM 2.4. Let (G, +) be an infinite discrete semigroup and let B C
G. Then B is central if and only if B is **-central.

Proof. (=). We may assume G has an identity 0. (If not, adjoin one, in
which case 0 ¢ B.) Let X =[], {0,1} and for s € G define T, : X — X
by Ts(z)(t) = z(s+t). It is routine to verify that each T is continuous. Now
let x = x g, the characteristic function of B. That is, z(¢) = 1 if and only if
t € B. Pick a minimal u in (8G,+) such that B € A" and let y = T,,(x).
Then by Theorem 2.3, y is uniformly recurrent and z and y are proximal.



8 H. T. Shi and H. W. Yang

Now let U = {z € X : 2(0) = y(0)}. Then U is a neighborhood of y in X.
We note that y(0) = 1. Indeed, y = Ty,(x) so {s € G : Ts(x) € U} € A* and
we may choose some s € B such that Ts(z) € U. Then y(0) = Ts(z)(0) =
z(s 4+ 0) = 1. Thus given any s € G,

seEBsx(s) =1 Ts(x)(0) =1 Ts(x) € U.

(«<=). Choose a topological dynamical system (X, (Ts)seq), points z,y €
X, and a neighborhood U of y such that x and y are proximal, y is uniformly
recurrent, and B = {s € G : Ts(z) € U}. Choose by Theorem 2.3 a minimal
idempotent u in (GG, +) such that T,,(z) = y. Then B € A*. u

As was the situation with *-central sets, it is not obvious that the notion
of **_central is closed under supersets.

COROLLARY 2.5. Let (G,+) be an infinite discrete semigroup and let
B C C CG. If B is **-central, then C is **-central.

Proof. This follows from Theorem 2.4 and the fact that supersets of
central sets are central. m

In most cases a given topological dynamical system (X, (Ts)seq) will
determine infinitely many **-central sets. We close with an interesting class
of exceptions. (Note that the hypothesis of Theorem 2.6 is satisfied if one
has no s,t € G with t =t + s.)

THEOREM 2.6. Let (G,+) be an infinite discrete semigroup and assume
that for any t € G the set {s € G :t = t+ s} is not syndetic. Then there
is a topological dynamical system (X, (Ts)seq) such that the only **-central
subset of G determined by (X, (Ts)seq) is G.

Proof. Let X be the hedgehog space of spininess |G|. (See [9].) That is,
the set X is the quotient of the set [0, 1] x G obtained by collapsing {0} x G
to a point, which we will call 0. Define a metric on X by 0(0, (z,t)) = z and

ol ) = { 700 R0
It is routine to verify that g is a metric on X.

Given s € G define Ty : X — X by T5(0) = 0 and Ts(x,t) = (x,t + s).
It is routine to verify that each Ty is continuous. Note also that the only
uniformly recurrent point of (X, (Ts)seq) is 0. To see this, suppose that
(z,t) € (0,1] x G is uniformly recurrent and let U be the open ball of radius
x around (z,t), that is,

U — {(y,t):0<y<2z} f0O<ax<1/2,
T {y,t):0<y<1} ifl/2<a <1

Then {s € G : Ts(z,t) e U} = {s € G :t =t + s}, which is not syndetic by
hypothesis.
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Further, the only point of X which is proximal to 0 is 0 itself. Given any

neighborhood W of 0, G = {s € G : T,(0) e W}. m
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