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Embedding partially ordered sets into “w
by

Ilijas Farah (Toronto, Ont.)

Abstract. We investigate some natural questions about the class of posets which
can be embedded into (“w, <*). Our main tool is a simple ccc forcing notion Hg which
generically embeds a given poset E into (“w,<*) and does this in a “minimal” way (see
Theorems 9.1, 10.1, 6.1 and 9.2).

We describe a simple ccc forcing notion Hg which embeds a given poset
E into (Yw, <*) (see Definition 0.1 and Definition 4.1). It has the property
that Hpg, is a regular subordering of Hr whenever Ej is a subordering of E.
If P is a forcing notion, then “P adds a x-chain to “w” means “In a forcing
extension by P there is a k-chain in “w”, so in particular this phrase applies
even if there is already a x-chain in “w. We prove the following results about
Hp (the symbol “w stands for the poset (“w, <*), while C stands for a poset
for adding a single Cohen real):

THEOREM 9.1 (Main Theorem). If K > wy is a reqular cardinal then Hg
adds a k-chain to “w iff one of the following happens:

(t1) E has a k- or a k*-chain, or
(12) C adds a k-chain to “w.

In the case when FE is an antichain of size k the poset Hpg reduces to
a poset for adding x many Cohen reals, so Theorem 9.1 implies Kunen’s
theorem ([16]) that after adding any number of Cohen reals in “w there are
no well-ordered chains of size larger than the ground-model continuum. In
the following two theorems x and A are uncountable regular cardinals; for
undefined notions see Definition 6.1 (g is a name for the generic embedding
of Hg into “w).

THEOREM 6.1. (a) A g-image of a limit (ag,b)e<y in E is a limit in “w.
(b) A g-image of a (k,w)-gap (a¢,bi)ecricw in E is a gap in “w.

1991 Mathematics Subject Classification: 03E35, 04A20, 06A07, 90D44.
Research supported by the Science Fund of Serbia grant number 0401A.

(53]



54 I. Farah

(c) A g-image of a gap (ae,by)e<rn<r in E is a gap in “w.
(d) A g-image of an unbounded chain (a¢)e<y is an unbounded chain
m Yw.

A partial converse of the previous theorem is given in

THEOREM 9.2. If k > ¢ and Hg adds a (k,\)-gap to “w, then there is
such a gap in E or in E*.

The following theorem is an attempt at describing which dense linearly
ordered sets embed into “w after forcing with Hg. Note that looking at those
linearly ordered sets which are suborderings of (2", <pex) (the symbol <pex
stands for the lexicographical ordering) for some k& is not a loss of generality.
Moreover, the theorem below has interesting applications (see Propositions
1.4 and 1.5).

THEOREM 10.1. If Hp forces that (2“1, <pex)” embeds into (“w,<*),
then either a Cohen real forces this or (21, <pex)" embeds into E.

The “Cohen real” alternative in Theorems 9.1 and 10.1 can be avoided
if we start from a model of CH (which is the situation where these theorems
are most often used), but in general the following question is open:

QUESTION. Does forcing with C add an ws-chain to “w iff there is an
wo-chain in “w?

We start by presenting applications of Theorems 9.1 and 10.1 in §§1-3.
In §1 we answer some questions of Dordal and Scheepers and prove some
other related statements. In §2 we use a poset obtained by Todorcevi¢ to
answer a question of Galvin, proving that the poset “(“w) is not necessarily
embeddable into “w. In §3 we use a poset obtained by Galvin to describe
a forcing extension of the universe in which an ultrapower “w/U is not
embeddable into “w for every nonprincipal ultrafilter &/ on w. In §4 we
define Hpg, describe the quotient Hg/Hpg, for Ey C E, and prove various
properties of these posets. In §5 we prepare for the proofs of the above
theorems. §6 is an investigation of gaps and limits in “w in an extension by
‘Hp. Chapters 7 and 8 include some prerequisites for the proofs of Theorems
9.1 and 10.1 which are independent of the rest of the paper and interesting
in their own right: in the former we give a strengthening of an old result
of Kurepa that every uncountable well-founded poset with finite levels has
an uncountable chain, while in the latter we investigate the Banach—Mazur
game of length wy. In §9 we state and prove a ZFC, “local”, version of the
A-system lemma for countable sets (Lemma 9.1) which is, in the absence of
CH, used in the proofs of Theorems 9.1 and 10.1. In §11 we show that “w
in an extension by a single Cohen real is reflected in a certain ground-model
ordering “w/N. In particular, by Theorem 11.1, the question above can be
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reformulated as (N is the ideal of nowhere dense subsets of a Cohen poset
C; see Definition 11.1):

QUESTION. Does the existence of an wo-chain in the poset ¢w/N imply
the existence of an ws-chain in “w?

Our notation is standard, and undefined notions can be found in [18]. If
¢ is a statement of a forcing language, then the phrase “¢ is true with prob-
ability one” is an abbreviation for “every condition of the poset forces ¢”.

0. Introduction. Let (E, <g) be a partially ordered set. For a € E and

X C FE let
X(<ga)={xeX:zx<gal;

X(>g a), X(<g a) etc. have similar definitions. A subset X of F is countably
bounded iff there is a countable A C E such that X = (J,c4 X(<Eg a).
A subset X of E is countably bounded from below iff there is a countable
A C E such that X = {J,c4 X(>E a). If every a € A is <g-incomparable
with every b € B then we say that A and B are <pg-incomparable. If a,b are

elements of a poset E then the interval of E with endpoints a and b is the
set

(a,b)p ={ce E:a<gpc<gborb<pgc<ga}.
In particular, (a,b)p = (b,a)p always, and (a,b)g is empty if a and b are
incomparable. A mapping f : (Ey, <o) — (E1,<1) is an embedding iff we
have a <g b iff f(a) <; f(b) for all a,b € Ey, as opposed to a strictly
increasing mapping which is one such that a <o b implies f(a) <1 f(b) for
all a,b € Fy. Of course, in the case when Ej is linearly ordered these two
notions coincide.

DEFINITION 0.1. For f,g € “w we define:

(1) f<*giff {n: f(n) < g(n)} is cofinite.
(2) f <* giff f <* g and not f >* g.
(3) f<*giff {n: f(n) < g(n)} is cofinite.
(
(

4) f < g iff lim, .o (g(n) — f(n)) = oo.
5) f <" giff f(m) < g(m) for all m > n.

Our forcing notion Hpg generically embeds E into (“w,<*). Similar for-
cings were used in [13], [27], [20], [4], but the poset E was usually embedded
into the structure (“w, <). We choose the ordering <* because it is not clear
how we can get the desirable property from Theorem 4.1 with other partial
orderings on “w. We first prove that the ordering we have chosen is good
enough for our purposes.

PROPOSITION 0.1. There is an embedding from (Yw, <*) into (Yw, <*).
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Proof. Without loss of generality we consider only the subordering con-
sisting of strictly increasing functions. Fix an infinite matrix of positive in-
tegers amy, (Mm,n € w) such that

m n—1
Amn > Z Z Ajj.
i=0 j=0
for all m,n. For each ="-equivalence class pick a representative, and for
f €“wlet U(f) =" f be the chosen representative. Let f +— f be defined
by
R n P(f)()
F)=>" " a;
i=0 j=0
for n € w. Then it is easy to check that for strictly increasing f and g we
have f <* g iff f <*g. m

COROLLARY. A linearly ordered set is embeddable into (“w,<*) iff it is
embeddable into (“w, <*) iff it is embeddable into (“w, <).

Proof. If a linearly ordered set L is embeddable into Fy and there
is a strictly increasing mapping from Fy into E7, then L is embeddable
into E7; so it suffices to define some increasing mappings. Obviously the
identity is a strictly increasing mapping from (“w, <) into (“w, <*), as well
as from (Yw,<*) into (Yw,<*). Finally, the mapping f ]?deﬁned by
F(n) =n+ f(n) is strictly increasing from (“w, <*) into (“w, <). =

So our saying that e.g. “there is an wy-chain in “w” without specifying
an ordering is justified (as long as it is assumed that the ordering is one of
the “mod finite” orderings).

1. Applications of the main theorem

PROPOSITION 1.1. There is a forcing extension of V in which there are
no wo-chains in w*, but there is a poset which adds such a chain without
adding new w1 -sequences of ordinals.

Proof. Start from a model of CH in which there is an ws-Suslin tree T'.
Go to a forcing extension by Hr: by Theorem 9.1 there are no we-chains in
“w, T remains a Suslin tree (because H g has precaliber Ry; see Lemma 4.1)
and therefore further forcing with T° does not add wi-sequences of ordinals
while it adds an ws-branch to itself, and the image of this branch is an
wo-chain in “w. m

The following answers a question of Dordal [7, Remark 9.5, p. 269] and
Scheepers [26, #81]. It is solved independently by Cummings, Scheepers and
Shelah in [5].
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PROPOSITION 1.2. The existence of an w,-chain in “w does not imply
the existence of an w,11-chain in “w.

Proof. We can either start from a model of CH and force with H,,_,
or we can start from a model with an w,1-Suslin tree T" and force with
‘Hp. The latter model has the property that there are no w,i-chains but
a forcing notion (namely T') adds one without adding new sequences of
ordinals of length w,,. =

Scheepers noticed that w,1; embeds into (“w,,,<*), and therefore in
both models constructed in Proposition 1.2 the poset “(“w) (see §2) is not
embeddable into “w. So this answers an unpublished question of Galvin
which was also asked in [26, #81]. In the above models the continuum is
rather large, and in §2 we will prove that this can happen even when the
continuum is equal to Ny (obviously this is the best possible because CH
implies that all posets of size ¢ embed into (Yw, <*)).

Consider a cardinal invariant of the continuum equal to the supremum
of all cardinals k such that there is a k-chain in “w. A natural question
arises—is this supremum always attained, i.e. can “supremum” be replaced
by “maximum” in the above definition? It is easy to show (e.g. by using
lemmas from [25]) that if £ is singular and there are A-chains in “w for all
A < K, then there is a k-chain in “w as well. Therefore in a model in which
the answer to our question is negative this supremum must be a weakly
inaccessible cardinal, so the use of an inaccessible cardinal to get a model
where sup # max in our next proposition is justified.

PROPOSITION 1.3. If K is an inaccessible cardinal then there is a cardinal-
preserving forcing extension of V' in which there is a A-chain in “w for all
A < K but there is no k-chain in “w.

Proof. Let E be any poset with no x-chains and with A-chains for all
A < k and force with Hg. =

PRrROPOSITION 1.4. There is a forcing extension of the universe in which
there is a linearly ordered set (L,<r) and a partition L = LyU Ly such that
L is not embeddable into “w, while both Ly and Ly are.

Proof. Start from a model of CH, let L be (2*!, <pex) and let Lo U Ly
be its Bernstein decomposition (i.e. a decomposition such that L does not
embed into Lg or into Lj). Let E be (Lo, <vrex) + (L1, <Lex). Then by The-
orem 10.1 the forcing extension by Hpg is as required. m

In some models of Set Theory (e.g. when CH holds; also see [20]) linearly
ordered sets which embed into “w are exactly those of size at most ¢, so the
statement of Proposition 1.4 fails in such models.
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Scheepers observed that under Martin’s Axiom, (a) every ordinal of car-
dinality at most ¢ embeds into “w, and (b) every linearly ordered set of size
strictly less than ¢ embeds into “w. He asked whether one of these state-
ments implies the other. In the next proposition we show that (a) does not

imply (b).

PropoSITION 1.5. It is not provable in ZFC' that if ws embeds into “w
then all linearly ordered sets of size No embed into “w.

Proof. Start from a model of GCH and let £ = (21 <1, )V, so &
is of size Ny. After adding one Cohen real CH remains true, so £ is not
embeddable into “w in this extension. Therefore after we force with H,,, (or
any other H,), by Theorem 10.1 the poset &£ is not embeddable
into “w. m

Remark. Our first proof of Proposition 1.5 was to add Ny many Cohen
subsets of wq, say (c¢ : € < ws), and then to force with H,,,; in this model
the set (ce : & < wg) with the lexicographical ordering is not isomorphic to
any (X, <), where X is a set of reals and < is a Borel ordering.

The following extends a result of Brendle-LaBerge, who in [3, Theorems
2.7 and 2.8] proved a special case when Z as below is taken to be the family
of all subsets of k of size smaller than . The forcing extensions given in [3]
are similar to ones obtained by Hg.

PRrROPOSITION 1.6. If T is a proper o-ideal on the cardinal Kk which in-
cludes all countable subsets of k, then there is a forcing extension of V in
which there are no (¢7)V chains in “w and there is a set {z¢ : £ < K} in “w
such that {z¢ : £ € A} is bounded in “w iff A€ 1.

Proof. Let F = k UZ with the ordering £ < A iff £ € kK, A € T and
& € A. A forcing extension by Hg satisfies the requirements by Theorem 9.1
and Lemma 6.1. =

2. A problem of Galvin. On the set “(“w) of all sequences f = (f,)
of elements of “w we define the ordering of eventual dominance, <*, by:

J?S* g iff f, <* g, for all large enough n.

[Observe that the symbol “<*” in the above line denotes two different order-
ings on two different sets. The second <* can be replaced by either <* or <
(see Definition 1.1), but by Proposition 1.1 a linearly ordered set is embed-
dable into “(“w) with the ordering that we defined iff it is embeddable into
“(“w) with any of these orderings.] We will denote the poset (“(“w), <*) by
w(ww)'
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THEOREM 2.1. There is a forcing extension of the universe such that
(1) There is an wo-chain in “(“w).
(2) There are no we-chains in “w.

(3) “(“w) is not embeddable into “w.
(4) Adding a dominating real adds an wa-chain to “w.

Our model will be a forcing extension by Hg, where E is supplied by
the following result of Todorcevic.

THEOREM 2.2 ([28]). (O.,) There is a sequence <" (n < w) of tree
orderings on wa such that for all n,

(T1) < C <"l C e,
(T2) € = U, o, <™ and
(T3) no T™ = (w2, <™) has an wo-branch. =

Let T denote the disjoint sum of 7", i.e. T = (we X w,<r) and <7 is

defined by
(€&,m) <p (n,n) iff n=mand&<"n.

Proof of Theorem 2.1. The model is obtained by forcing with H
over a model of CH and 0, .

(1) It is enough to provide a sequence D¢ = {z¢; : i < w} (§ < wq) of
subsets of T' such that for all { < n and some n we have x¢; < x,,; for
all i > n. Let D¢ = {(¢,n) : n < w}; obviously this family satisfies the
requirements.

To prove (2), just notice that 7' does not have ws-chains and apply
Theorem 9.1.

(3) follows immediately from (1) and (2).

CrAM. If d is a dominating real, then in V[d] there is a strictly increas-
ing mapping from (“(“w))V into “w.

Proof. Map f = (fn : n < w) to g defined by g(n) = fn(d(n)). To
see that this mapping is strictly increasing, note that if f and ¢ are in the
ground model, then the function Ay, : w — w defined by letting Aq(n)
be the least ¢ such that f,(j) > g,(j) for all j > i, is dominated by d.
This shows that our embedding is increasing, and it is strictly increasing by
genericity. m

(4) follows immediately from the above claim. m

COROLLARY. It is not provable in ZFC that there is a strictly increasing
mapping from “(“w) into “w. m

As an application of the above, we mention an unpublished work of
Galvin ([11]). Until the end of this section we will adopt Galvin’s original
terminology and say that “Ey is embeddable into E1” iff there is a mapping
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f: Ey — Eq such that a <g, bimplies f(a) <g, f(b), i.e.if there is a strictly
increasing map from Ey into E7 in our terminology. For an indecomposable
ordinal « let P(«) be the poset of all f : @« — w, ordered by (otp denotes
the order type of a set)

f=yg iff otp({&<a: f(&)>g(8)}) <

Galvin observed that P(«) is embeddable into P(3) whenever there is a
function g : @ — 3 such that otp(A) = 3 implies otp(¢g~1(4)) = a, for
all A C . So in particular (note that P(w) here denotes our (“w, <*) and
P(w?) s (“(“w), <*)):

(1) P(w) is embeddable into P(«) for all a.

(2) P(w?) is embeddable into P(«) for all @ > w?.

Galvin asked a general question when P(«a) is embeddable into P(f), in
particular:

(Q1) Is it provable that P(w?) is embeddable into P (w)?
(Q2) Is it provable that P(w?) is embeddable into P(w*)?

[“Provable” means “provable in ZFC”; observe that both questions have a
positive answer if CH is assumed.] We can reformulate our above Corollary
to answer (Q1), namely

COROLLARY. It is not provable in ZFC that P(w?) is embeddable into
Pw). =

Remark. The tree orderings <™ obtained in [28] have another inter-
esting property:

(T4) the set of <™-predecessors of « is a closed subset of « + 1 for all
a < wao.

(Note that this implies that 7™ is not Aronszajn.) This easily implies that
the natural o-closed poset P, which specializes T" has Ny-cc. So Theo-
rem 2.2 has another curious consequence: under the assumptions of CH and
0., there is a sequence P,, (n < wy) of o-closed, Na-cc posets such that every
finite product of P, is Na-cc, but [], . Pn is not. The fact that [],_ . Pn
is not Wy-cc follows from another fact proved in [28]: if the orderings <"
satisfy (T1)—(T4), then one of the trees T™ is nonspecial.

3. Ultrapowers of “w. Now we construct a model of ZFC in which
there are no we-chains in (“w, <), but for every nonprincipal ultrafilter U/
on w there is an wo-chain in (w*/U, <y). This scenario is originally used
by Solovay in the context of automatic continuity in Banach algebras (see
[27]). In fact, in the model of Theorem 3.1 all homomorphisms of Banach
algebras are continuous. This is so because the existence of a discontinu-
ous homomorphism implies that there is a strictly increasing mapping from
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(Yw, <y) into (Yw, <*) for some nonprincipal ultrafilter & on w (see [6]). If
U is a nonprincipal ultrafilter on w then a poset Py, is defined as follows:
A typical condition in Py is (s, A), where s is a finite subset of w, A € U,
and max s < min A. The ordering is defined by letting (s, A) < (¢, B) iff ¢
is an initial segment of s, A C B, and t \ s C B. This poset is o-centered
and it generically adds a subset of w (called a Prikry real) which is almost
included in all elements of U (see [22]).

THEOREM 3.1. (CH) Let k be a regular cardinal larger than Ny. Then
there is a poset E such that in a forcing extension of the universe by Hg,
for every nonprincipal ultrafilter U on w:

(1) There are k-chains in (“w/U, <y).

(2) There are no wa-chains in (“w, <*).

(3) (“w/U,<y) is not embeddable into (“w,<*).

(4) Adding a U-Prikry real adds a k-chain to (“w, <*).

The poset F is provided by the following special case of an old unpub-
lished result of Galvin, which is included here with his kind permission.

THEOREM 3.2 ([10]). If k is a regular cardinal, then there is a poset
(G, <) of size k with no infinite chains but if € is a linear ordering such
that there is a strictly increasing ® : G — &, then £ has a k- or a K*-
chain.

Proof. Let G be k x k* with the strict Cartesian ordering <y, i.e.
(o, B) <se (7,0) iff a<~yand >4

Obviously, every chain in k X k* is finite. Suppose that (£, <) is a linearly
ordered set with no k- or k*-chains and that @ : k x K* — & is strictly
increasing.

Case 1: There is a § < k such that for all &« < Kk the set {y < K :
D(v,5) < D(a, )} is of size strictly less than . Then we can pick o
(€ < k) such that ®(ag, ) is an increasing x-chain.

Case 2: For all § < k there is ag < Kk such that {y < k : @(v,0) <
D(ap, )} is of size k. We claim that the chain ®(ag, 8) (8 < k) is strictly
decreasing. Suppose the contrary, that ®(ag, 5) > @(w.,,7v) and § < ~. By
the choice of o, we can pick £ > ag such that ¢(ag,3) > P(,7), but
(ag, B) <sc (§,7)—a contradiction.

So there is a k- or a kK*-chain in €. =

Proof of Theorem 3.1. F is k X k* ordered by <gc.

(1) By Proposition 0.1, k x k* is embeddable into (“w, <*), and f — f/U
is a strictly increasing mapping from (“w, <*) into (“w /U, <y/). So there are
k-chains in (Yw/U, <y) by Theorem 3.2.
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(2) follows immediately from Theorem 3.2 and Theorem 4.1.
(3) is a consequence of (1) and (2).

CrAa. If x is a U-Prikry generic real, then in V(x| there is a Borel
strictly increasing mapping from (“w/U, <y) into (Yw,<*).

Proof. [The ultrafilter U restricted to the set x coincides with the
Fréchet filter on x.] Working in the extension, it is enough to define a Borel
mapping @ : “w — “w such that the @-image of [f]y is included in [@(f)]=~
for all f and f <z ¢ implies that &(f) <* ®(g). Let e, be the enumer-
ation function of x (i.e. e;(n) is the nth element of the set x), and let
&(f)(n) = f(ex(n)). This mapping obviously works. m

(4) follows immediately from the above claim. m

Stress in Theorem 3.1 is on the fact that (1), (3) and (4) are true for all
nonprincipal ultrafilters on w; namely, it is easy to construct an ultrafilter
U such that there is a ¢-chain (or a copy of any given linearly ordered set of
size at most ¢) in (“w/U, <y). [Let < be the ordering on ¢ which we want to
embed into “w/U. Start from a family f¢ (£ < ¢) in “w which is independent,
ie. Agpy ={n: fe(n) < f,(n)} is an independent family of subsets of w and
fe(n) = fy(n) for at most finitely many n, for all £ # 7. Then every ultrafilter
U extending the filter base F = {Ag), : £ <o n} U{w \ Agyy 1 1) <o &} works.]
Our next example shows that there can be nonprincipal ultrafilters & such
that in (“w/U, <y) there are no wo-chains and the continuum is large.

ProprosITION 3.1. If we start from a model of CH and add any number
of side-by-side Sacks reals with countable supports, then for many ultrafilters
U there are no we-chains in (“w/U, <y).

Proof. For the undefined notions see [2] or [29, §6.C]. Let S,; denote
the poset for adding k many side-by-side Sacks reals. It is well known that
after forcing with Sy every ground-model selective ultrafilter still generates
a selective ultrafilter (see e.g. [29, Theorem 6.8]). Since CH implies that
there exists a selective ultrafilter, it will suffice to prove the claim for the
case when U is a ground-model selective ultrafilter. Let B = {B, : @ < w1}
be a base for U. Let (7¢ : £ < k) be a name for a sequence of generic Sacks
reals. Suppose that fg (£ < wog) is a name for a strictly increasing chain in
“w/U. By [2] for every £ < k there is a countable A¢ C k, a perfect set
P: C R4 and a continuous function g¢ : P — “w such that P forces
ge((Fo - @ € Ag)) = fe. We can assume that x = Ry. By CH, we can assume
that A¢’s form a A-system, and that there is a partial function g : R¥ — “w
such that every g¢ is isomorphic to g. Fix £ <7 < wy, and let p¢, € S, and
A € B be such that

Pen < Pe, Py and pey IF (Y € A) ge(n) < gy(n).
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Let @ : S, — Sk be an automorphism of S,; (compare with paragraph before
Definition 4.2) whose extension to S,-names swaps g¢ and g,. Then @(pg,;)
forces g, <y ge¢, a contradiction. m

4. Hg and its basic properties

DEFINITION 4.1. If (E, <g) is a partially ordered set, then we define the
poset Hp as follows: A typical condition p is (F), nyp, fp), where

(H1) F, is a finite subset of E, n, < w, f, : F, x np, — w.

We say that p extends ¢ iff (as the notation of (H3) suggests, we will some-
times consider f, as a mapping from F, into "rw):

(H2) Fp 2 Fg, np > ng, fp 2 fo
(H3) fp(a)(i) < fp(b)(i) for all a <g bin F, and all i € [ng,n,).

So if g is a name for the mapping of £ into “w defined by a — (J ¢ fp(a)

(G is a name for the generic filter), then every condition p in Hg forces that
g(a) <™ ¢g(b) for all a <g b € F,. By genericity g(a) #* ¢(b) for all
distinct @ and b in “w. Note that the generic filter G is not equal to the
set {p : fp(a) C g(a) for all a € F,}. Instead, we have (let ng, be the least
positive integer n such that g(a) <™ ¢(b) if g(a) <* g(b) and 0 otherwise)

G={p: fy(a) C gla) and ng, < n, for all a,b € F,}.

The following useful fact is an immediate consequence of Definition 4.1
(see also Lemma 4.4).

ProrosiTiON 4.1. If p,q € HEg are such that n, = ng and fp, f, agree
on F,NFy, then p and q are compatible, with (F, UF,,n,, f,U f,) extending
both. m

The assumption n, = n, is not necessary if e.g. F,, and Fj, are disjoint,
but in general it is (see Proposition 4.2). We will often write |- instead of
IF7, when this does not lead to confusion. By the above (plus a standard
A-system argument) we have:

LEMMA 4.1. Hg is ccc (moreover, it has precaliber k for every un-
countable regular k) and g is forced to be an embedding of (E,<g) into
(“w,<*). m

If Ey is a subordering of E and p is in H g, then let p[Ey be the condition
p’ such that F}y = F,NEy, ny =ny,, and fpr = fp[Fp X ny; so in particular
pl0 is the maximal condition in Hg. Recall that P is a reqular subordering
of Q (denoted P < Q) iff for every condition ¢ of Q there is a gp € P (a
projection of ¢ to P) such that p is compatible with ¢p iff ¢ is, for all p € P.
[In the terminology of [18], P is completely embedded into Q.]
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THEOREM 4.1. If Ey is any subordering of E, then Hg, < Hg. In par-
ticular, the projection mapping is q — q[Eyp.

Proof. We fix ¢ € Hg and p € Hg, which extends ¢[Hg, and prove
that ¢ and p are compatible by finding r < ¢, p such that F, = F, U F},. It is
enough to consider the case when Fy, \ Ey is a singleton, because the general
case follows from this special one by obvious induction. So let F;,\ Ey = {c}.
Let Fy = Fy; N Ey; if Fy is empty then p and ¢ are by default comparable,
so we can assume that Fp is nonempty, and therefore that n, > n,. So
by Proposition 4.1 we have to do some work only when n, > ng4, and this
work is in defining f,(c)[[ng,np). If Fo(< ¢) is nonempty, pick a; in this
last set such that f,(a;)(7) is maximal for all i € [ng,np). If Fy(< ¢) is
empty but Fy(> ¢) is not, then pick a; in this last set so that fy(a;)(¢) is
minimal. If no element of Fy is comparable with ¢ then pick a;’s arbitrarily.
Let f.(¢)(i) = fp(a;)(i) for i € [ng,np,). We then claim that

T:<FpUannp7prfr>

extends both p and ¢. To see this, we only have to check if condition (H3)
is valid between ¢ and r. Suppose first that Fy(< ¢) # 0. Pick ¢ € [ng,n,)
and d € F, N Ey.

If d <g ¢, then f,.(d)(i) = fp(d)(?) < fp(ai)(i) = fr(c)(i), by the choice
of a;.

If d >g ¢, then d > a;, so fp(d)(i) > fp(a;)(i) = fr(c)(i) (because p
extends ¢[Ep). The case when Fy(< ¢) = () and Fy(> ¢) # 0 is handled
similarly, and if both sets are empty then the claim is by default true. So p
and ¢ are compatible and ¢[Ej is the projection of ¢ to Hg,. =

The following gives us an internal characterization of the comparability
relation in Hg.

PROPOSITION 4.2. (a) Conditions p and q in Hg such that n, > ng are
incompatible iff one of the following happens:

(L1) fpla)(@) # fq(a)(@) for some a € F, N Fy and some i < ny,ng,

(L2) for 0 € {<,>}: fpla)(@) o fp(b)(3) for some borpa € Fy and i €
[ng;np).

(b) Let F = F, N F,. Then p and q are incompatible iff p[F and q|F
are.

Proof. (a) We will prove only the nonobvious direction, so assume that
p L q and that f, U f, is a function (i.e. (L1) does not apply). If n, = n,
then p and ¢ are comparable by Proposition 4.1, so we can assume that
n, > ng. But if (1L2) does not apply, p and ¢[F, are comparable, so p and
q are comparable by Theorem 4.1.

(b) This follows immediately from Theorem 4.1 applied with Ey = F. =
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By [18, VIL5.12] we can assume that every Hpg-name 7 for a real (that
is, a subset of w) is in a canonical form, called “nice name” in [18]. Namely,
we assume that for a sequence {A7} of antichains we have

T={{n} x A7 :n € w}.

[SoplFnerifpe A7, and p I- 71 & 7 iff p is incompatible with all elements
of A7.] In particular, 7 is countable. So we can define a support of a name
T by

supp T = U AT

necw

In particular, supp 7 is a countable subset of F.

COROLLARY. (a) For every real & in an extension by Hp there is a
countable (i.e. Cohen) subordering of Hg which adds .
(b) The real g(a) is Cohen over V' for every a € E.

Proof. (a) By the above, Hgupp s is a regular subordering of Hp.
(b) H{ay is a regular subordering of H, and the assertion follows by the
definition of Hy,y. m

Observe that if (Ey, <o) and (E1, <;) are isomorphic, then every isomor-
phism naturally extends to an isomorphism between Hg, and Hg, and to
an isomorphism between the classes of Hp,- and ‘H g, -names. An H g,-name
fo and an Hpg,-name f1 are isomorphic iff there are supp fZ C A; C E;
(1 = 0,1) such that the posets (Ay, <o) and (A, <;) are isomorphic and the
extension of the isomorphism sends fo to fi.

We will describe the quotient Hg/H g, , after a definition which is slightly
more general than we need.

DEFINITION 4.2. Let E = EqU E; and gg be an embedding of Ej into
(“w,<*). For a,b € Ey let ng, be the least positive integer n such that
go(a) <™ go(b) if such an n exists; otherwise let n,, = 0. For p € Hp let
FI(,) = F, N Ey and FI} = F, N E;. We define the poset Hg(Ey, go) as the
subordering of Hg consisting of all p such that:

(H4) fplFy) x ny, C go, and
(H5) if a <g b are in Fg, then ngp < ny.

The ordering is inherited from Hg.

So Hg(Fo,go) adds a generic g1 : (F\ Ey) — “w such that go U ¢; is
an embedding. For p in this poset p[FI? is a side-condition and p[Fp1 is a
working part. Note that without requiring (H5) the set of all conditions p
such that n, > n would not be dense in Hg(Eo, §o) for every integer n, and
that Hg(Fo, go) need not be separative. [E.g. if Ey and F; are incomparable
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then Hg(Eo, go) is equivalent to Hpg,, because if p, ¢ in this poset are such
that p[Ey = q[E; then for all » we have r L piff r L q.]

EXAMPLE 4.1. An analogous result to Theorem 4.1 fails in the case of
He(Eo, g0), namely there can be X C E such that Hx(EyNX, go[X) is not
a regular subordering of Hg(Fy, go)- E.g. if a <g b are such that a € Ey\ X
and b € E; N X, then a condition ¢ such that a,b € Fj, does not have a
projection to Hx (EoNX, go[X). This is because ¢ forces that ng;, is at most
nq, while Hx(Ey N X, go[X) by genericity forces that ¢(b) and go(a) are
<*-incomparable.

The fact that the ordering on Hg(Eo, go) is inherited from Hg does not
imply that the compatibility relation is inherited from Hpg as well; compare
the following proposition with Proposition 4.2(a).

PROPOSITION 4.3. Assume that E = EgUE;, and that p,q are condi-
tions in Hg(Eo, go) such that n, > ng. Then p and q are incompatible in
HE(Eo, go) iff one of the following happens for o € {<,>} (let F = F,N Fy,
F'=FnNE; fori=0,1):

(L'1) p and q are incompatible in Hg, or

(L'2) there are a € F' andb € F) such that b og a but f,(a)(i) 0 go(D)(7))
for some i € [ng,ny), or

(L'3) for some b, € Fy), by € FY) and a € F' such that a € (by,bg)p we
have np b, > nyp.

So in particular if F, N F, C Ey then p and q are incomparable in
He(Eo, g0) iff they are incomparable in Hp.

Proof. («) If (L'2) happens, then g forces that ng, < n, but p forces
that ngp is at least ¢+ 1 for 7 as in (L'2). So if r < p, ¢ then r forces both—a
contradiction. If (_L’3) happens, then p forces that ny,, < n,, g forces that
Np,a < Ng, SO if p,q were compatible then this would imply that ny s, is at
most n, = max{n,, ny}—a contradiction.

(=) Suppose that p and g satisfy the negations of (L'1), (L’2) and (L'3).
Without loss of generality Fy, \ F), is a singleton {c}. If ¢ € E, then we can
prove that p and ¢ are compatible exactly as in the proof of Theorem 4.1. So
suppose that ¢ € Ey. Let n, = max{ny,np. : b € Fg}. Let @ be an integer
greater than go(b)(i) and f,(b)(i) for all b € F,, U {c} and all i < n,. Define
fr(a)(i) for a € F) and i € [np,n,) by (letting max () = 0 and min () = 72)
) Fo(a)(i) = {max{gg(b)(i) tbe Fy(<pa)} ifctpa,

" min{go(b)(i) : b € F,(>p a)} ifc<pa.

By the choice of n,., the condition r is in Hg(Ey, go). We claim that r < p, q.
To check that r < p, it is enough to check that (H3) is true for a,b € F).
This checking splits into cases; pick i € [np, n,).
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Case 1. If b € Ey then (H3) follows immediately from (H5), whether
a € Ey or not.

Case 2. Ifa<gbe Fpl, then we consider subcases.

Case 2.1. If ¢ <g a, then in defining f,(a)(¢) and f,.(b)(7) the first line
of (1) applies, but a <g b implies F)(<p a) C FJ(<g b) and the maximum
of a bigger set is bigger, so f.(a)(i) < f.(b)(7).

Case 2.2. If ¢ £g b, then in defining f,(a)(i) and f.(b)(i) the second
line of (f) applies, and the argument is similar to that of Case 2.1, bearing
in mind that if F,,(>g b) = then f,.(b)(i) = 7 and 7 is chosen to be large
enough.

Case 3. Ifa<g ¢ <g b, then f.(a)(i) = fr-(a')(2) < f.(b')(i) = f-(b)(3)
for some o’ < a and b >g b.

So we have proved that r extends p. Now we will assume that r does not
extend ¢, namely that (H3) fails for a € F,, N F,, c and i € [ng, n,).

Case 4. If a <g c and f,(a)(i) > go(c)(i), then if ¢ < n, this is (L'2).
If i > n, then there is ' <g a such that go(a’)(i) > go(c)(¢), so this is (L'3).
Case 5. If a >g ¢, then the discussion is the same as in Case 4.

So if  does not extend ¢ then one of conditions (_L'1)—(_L’3) applies, and
the proposition is thus proved. m

An embedding @ : P — Q is dense iff &P is a dense subset of Q.

THEOREM 4.2. Let E = EqUE; and let go be an Hg,-name for the
generic embedding of Eq into (“w, <*). Then in a forcing extension by Hpg,
the posets Hg/HEg, and He(Eo, o) are equivalent.

Proof. By [18, VIL.7.11] it is enough to find (working in a ground model)
a dense embedding of Hp into Hpg, * Hg(Fo, do). Let p — (p[Eo, p). This
mapping is obviously an ordermorphism. The set of all (p,q) such that g is
“decided” (i.e. it is an element of Hg(Eo, go) instead of an Hg,-name) is
dense in the iteration. So we will start from such (p,q) and find p in Hg
such that (p[Ep,p) extends (p,q) in the iteration. We claim that p and g
are compatible in Hg: since p forces that g is in Hg(Eo, do), f5 U fg must
be a function, and we must also have Fg C Fj and ng < ng. [If one of
these fails then f, U f; is not a function for some r» < p in Hg,.] So (H5)
for g implies that (L2) of Proposition 4.2 fails, so p and § are compatible
in Hg. Pick p € Hg which extends p and q. But p € Hg implies that
plEo Ik p € Hi(Eo, o), and therefore p[Ey I+ p < G (in Hg(Eo, go)) so
(1o, p) extends (5,q). m

If Ey and E; are incomparable then in Hg(Ey, go) side-conditions from
Ey are void so this poset is equivalent to H g, . Therefore the following prop-
erties of Hg are immediate consequences of the above statements:
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(H6) If E = EgUE; and Ey and E; are incomparable, then Hp is iso-
morphic to Hg, X Hg, .

(H7) If E = U,c; Ei and Ej’s are pairwise incomparable, then Hpg is
isomorphic to a finite support product of {Hg, }.

The following two lemmas will be crucial in the proof of Theorem 9.1.

LEMMA 4.2. If X C Ey is such that X (<g a) is cofinal in Ey(<g a) and
X(>g a) is coinitial in Eo(>g a) for all a € E\ Ey, then in an extension
by Hg, the poset Hg(X, golX) is a dense subordering of Hg(Eo, o).

Proof. Let B/ = E; U X. Note that the set D of all p € Hg(FEo,go)
such that a ¢b implies that a o c b for some ¢ € Fy N X for ¢ € {<p, >g},
a € FIE) and b € Fz} is dense in Hg(Fo, go)-

/

CrLaM. Conditions p and q are compatible iff p and q[F
for allq € D and p € Hp (X, go|X).

Proof. We prove only the nontrivial direction, (<). Suppose that p
and ¢ are incompatible. Then by Proposition 4.3 one of (_L'1)—(L’3) is true.
If (L'1) applies, then it applies for some a € F;‘ = F;TE,, so p and q|FE’
are incompatible. If (1'2) fails for a € F; N F,) and b € F}, then there is
¢ € F) N X such that (1'2) fails for a and ¢; similarly if (1'3) fails, and so
the claim is verified. m

So Hg/ (X, go|X) is a dense subordering of Hg(Ey, go). =
LEMMA 4.3. If E = Eq U E; U Ey and
(%) apb itmplies that aopcpb for some c € Ey

are compatible

foralla € Ey, b€ Ey and 9 € {<g,>g}, then Hg is equivalent to
He, * (HEe, (Eo, 90) X HE, (Eo, go))-
Proof. By Theorem 4.2, Hg is equivalent to Hg, * Hg, (Eo,go) *
He, (EgUE7, goUg1). By (%) and Lemma 4.2, the posets Hg, (EoUE1, §oUd1)
and Hg, (Eo, §o) are equivalent; but the definition of the latter does not de-

pend on the generic object for Hg, (Eo, o), so we are in the product situation
and the lemma is proved. m

In the following statement, cf (ci) stands for the cofinality (respectively,
coinitiality) of a partially ordered set F, namely the smallest size of a set
D C FE which is cofinal (resp. coinitial) in E.

ProrosiTION 4.4. If E = U§<,€ E¢ is a disjoint union, then we can write
HE as a finite support ccc iteration (Pe, Q¢)e<r such that (¢ is an Ho-name
for the generic embedding of Q into (“w,<*)):

(1) IFe “G1 B¢ is a Q¢-name”,

(2) Ire |Qel < [Ee| +[U, <¢ Eyl, or more precisely
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(3) Pe forces that Q¢ is of size |Fg| + ZaeEg,n<g(Cf(En(<E a)) +
ci(E,(>g a))).
Proof. Let Egr = Ua<5 E,, let P, = HEiv za'und let g¢ be the Pe-name
for the generic embedding of E; into “w and let Q¢ = H 5+ (Egr, g¢). Then
e+1
the conclusion follows immediately from the previous discussion. m

The following lemma will be used in §6 when proving that gaps in F get
mapped into gaps in “w by g.

LEMMA 4.4. If E = Ey U Ey, E; is at most countable and for all c € E;
at most one of the sets Eo(<g c¢), Eo(>g c) is nonempty, then Hg, forces
that the poset Hg(Eo, o) is o-centered.

[Note that some assumption in this lemma is necessary, because if Hpg,
generically adds an (wy,ws)-gap to “w and Hg(Fo, go) fills it, then the ccc-
ness of the latter poset is not absolute, so it cannot be o-centered.]

Proof. In an extension by Hg,, from Proposition 4.2 it follows that
p and ¢ in Hg(Ey, go) such that p[E; = ¢q[E; are compatible. There are
at most countably many distinct p[E; for p € Hg(Ey, §o), so this poset is
o-centered. m

Remark. Lemma 4.4 remains true when the assumption that F; is
countable is replaced by the weaker |Ej| < |Eo|®° + ¢, i.e. that Ej is of
size at most continuum in the extension by Hpg,. The proof of this claim is
completely analogous to the familiar proof of the fact that the iteration of
o-centered posets of length at most ¢ is o-centered. However, we do not need
this extension and find the present formulation of Lemma 4.4 esthetically
more pleasing.

We finish this section with two lemmas which are not being used else-
where in this text, but which shed some light on the poset 'Hg. For conditions
P, q in a poset P the meet of p and ¢ is the condition p A ¢ which extends
both p and ¢ and is minimal with this property, namely every r € P which
extends both p and ¢ extends p A ¢ as well. Of course, meets always exist in
the regular open algebra of P, but not necessarily in P.

LEMMA 4.5. If E is not an antichain, then there are compatible p and q
in Hg such that the meet p A\ q does not exist in Hg.

Proof. Picka <g bin E and let p = ({a},0,0) and ¢ = ({b},0,0). Then
p and ¢ are compatible and r < p,q iff a,b € F,. Also r I+ g(a) <™ ¢(b)
for r < p,q and n = n,. But obviously we can pick 7 < p,q so that
frr(a)(ng) > frr(b)(n,), so r’ and r are incompatible. m

LEMMA 4.6. (a) If E = EgUE; and E; is infinite, then Hg(Eo, go) adds
a Cohen real over VHeo
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In an extension by Hg,

(b) MA_g| (countable) is true, and
(¢) if E is uncountable then the bounding number b is equal to w.

Proof. (a) Work in V*#o: For a 1-1 sequence @ = {a, } in E; define the
Hg(Ey, go)-name for a real 7z by

ra(n) = ¢(a,)(0) for all n < w.

It is easily checked that 7z is Cohen over the intermediate extension.

(b) Since all countable posets are equivalent to C, it is enough to prove
that in an extension by Hg for every £ < |E| and a family {D¢} ({£ < k)
of dense open subsets of R there is a real in ﬂg <r De. Each D¢ is coded
by a single real r¢ which is added by Ha, for some countable A¢ C E. Let
Ey = UE < A¢. Then Ey \ Ey is infinite and all D¢’s are in the intermediate
extension by Hg,, so an application of (a) finishes the proof.

(c) Pick disjoint countable sequences @ (€ < w;) in E and let fe be
an Hg-name for a function such that fg >* rg, for all n < § < w; and
f <* fg for all n < €. Let h be an Hg-name for some element of “w; then
supp h is disjoint from some @, and h & 3. by (a), so the sequence { fe}is
unbounded. =

5. Five lemmas. This chapter contains a couple of similarly looking
lemmas (cf. also [3, Lemma 2.5]). Here PY and P! always stand for posets,
and P° x Pl-names with superscript i = 0,1 are assumed to be P*-names
(i.e. f'is a P-name for i = 0,1).

LEMMA 5.1. If P = P° x P! forces that fo <* fl then there are a
PO x Pl-condition p and a ground-model function f such that p I+ fo <*
S

Proof. Pick p = (p',p') in P which decides an integer n such that
fo <" fl. For every integer m let k,, be the minimal integer such that
rm IEp1 fl(m) = k,, for some r, < p'. Then obviously p I f <™ fI.
Suppose that g IFpoyp1 fo(m) [, for some ¢ < p and | < k,,. Then
q = (qo,q1), and (qo,Tm) IF form) = I A fY(m) = kpm, so m < n and
p - fo <" fm

Remark. The conclusion of the above lemma cannot be strengthened to
I+ fo <* f < f ! namely going below a condition p to decide this statement
is necessary, as the following example shows. Let P! be the poset for adding
a Cohen real and let P° be any nontrivial ccc poset. fo is a name for the
constant function, such that for every n € w there is p, € P° forcing that f°
is identically equal to n. If ¢ is a P%-name for a Cohen real (in “w), then f1
is defined by f!(n) = > i<n €(7). Since f! is nondecreasing and unbounded,
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the assumptions of Lemma 5.1 are fulfilled, but no ground-model function
f is between f° and f! with probability one.

The following is a version of Lemma 5.1 specific for Hg.

LEMMA 5.2. Let fo and fl be Hg-names such that:

(1) Ik fo <* fi,
(2) A, Ag, Ay are pairwise disjoint countable subsets of E such that
(3) supp f; C AU A;, fori=0,1.

Then there are a finite F' C Ay, an Hayr-name h for an element of “w and
a condition q in Hg so that g IF fo <* h <* fy.
Proof. Pick a condition ¢ € Hg and n € w so that
qlFg fo <™ fi.
Let FF = F, N Ay, go to an extension by Haur below ¢[A U F, and let
g denote the generic embedding of A U F into “w. It is enough to prove
that in this intermediate extension there is a function h such that in the
rest of Hp (namely, in Hp(AU F, go)) the condition ¢ forces that fo <™ h

<" fy. For m € w let k,, be the minimal integer such that for some r,, in
Haua, (AU F, gy) we have

'm ”_AUAl fl(fn) = km
Let h(m) = ky,. Check that h works: obviously ¢ IF A <™ f;, so it remains
to prove that ¢ IF fg <™ }. Notice that q,Tm and p are compatible for
every p € Hg(A U F, o) such that F, N Ay C F. [p and r,, are trivially
compatible because f, and f, , are compatible on F, N F,. C F,, but we
have to find p’ < p,r,, which extends ¢. Since F, N F,, D F, and §[F, is
already decided, every p’ extending p and r,, is compatible with ¢.] Pick
m>mand p € Hg(AUF, go) below ¢ which decides for the value of fo(m),
say

plk k= fo(im) > h(m)
for some k € w. Notice that we can assume that p is in Haua, (AU F, §o),
therefore p, ¢ and r,, are compatible. So k < k,,,, and therefore ¢ I+ fo <*h
so h and q are as claimed. m

LEMMA 5.3. If & > min(c, [P'|) is a regular uncountable cardinal, P° x P*
is ccc and forces that fso <* f,? <* fl for all € < n < K, then q I+ f§0 <*
h <* f,;f, for all € < k, for some q € P° x P! and some ground-model h.

Proof. By Lemma 5.1, for each £ < k there are ¢¢ = <qg,qg>, he such
that ge I f <* he <* f}.

Case 1. If kK > ¢, then there is h such that the set X of all £ such that
he = his of size k. By ccc-ness, let ¢ be the condition which forces that there
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are K many g¢’s in the generic filter G. Then in an extension by P° x P!
below ¢, for every 7 there is { > 7 such that g¢ is in the generic filter G, so
I < fe <8 <*f,., and ¢, h are as required.

Case 2. If kK > |P!|, then there is ¢' € P! such that the set X of all ¢
for which ¢! = q% is of size k. Let go € P° be a condition which forces that qg
is in a PY-generic filter for Kk many ¢ € X. Define a function h as in the proof
of Lemma 5.1: let h(m) be the minimal k,, such that rp, IFp1 f1(m) = ky,
Then ¢ Ik b <* f! and ¢ IF fgo <* h. The proof that ¢ and h are as required
is the same as in Case 1. =m

Remark. The assumptions of Lemma 5.3 are in some sense necessary,
because it is possible that P° adds a A-chain { fg } and P! adds f} above it,
but P% x P! forces that no ground-model function is between all fg’s and f,%
We can even pick P! to be o-centered and assume that there are no wy-chains
in “w in the ground model. To see this, let our ground model be an extension
of a model of CH obtained by adding x many Cohen reals {05 ¢ < K} to

“w. Let P! force that ¢ <* é, and let P° force that fg <* fn,c77 for
all £ < n < k. Then by genericity there is no h in V{(ce : £ < k)] as in
the conclusion of Lemma 5.3. There is a similar example connected to the
result of Lemma 5.5 below, where P° x P! is taken to be Hg(Fy, go) for
appropriate E and Ejy.

The following lemma will be used in the proof of Theorem 6.1.

LEMMA 5.4. Let k be an uncountable regular cardinal. If Hg-names fg
(£ < k) and A C E are such that for all £ < n < k:

(1) Frp fe <° fo
(2) supp fe C A¢, and
(3) Ae N A, C A for all £ <k,

then there are an Hg-name h, and a condition q such that supp h, C* A
andqll—f,;- <* b, <* f,i. for all £ < k.

Proof. For each { < & find g¢ and n¢ so that g¢ IF fg <ne f',{. Then we
can assume that 7 = ng for all £ and some 7, that {Fy, } is a A-system with
root F' and that g¢[F = ¢ for some fixed ¢ in Hg. Go to an extension by
Haur below g, let gg denote the generic embedding, and define a function
hﬁ as follows: for all m € w let k,,, be the minimal integer such that r,, I+
fr() = ky, for some r,, € Hg(AUF, go). This defines By, an Hg-name
below a condition ¢. Obviously ¢ I i, <* f., and as in Lemma 5.1 we have
qe IF fg <™ h,, for all ¢ < k. To prove that q I fg <* h,, for all ¢ < K, pick
a condition p < g and § < k. Find n > £ such that ¢, and p are compatible
(this is possible because {Fy, } is a A-system with root F' and p[F extends
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¢y |F = q for all ). Then p A g, forces that f¢ <* f, <™ h,. So the set of
all conditions which force that f: <* h, is dense below ¢. =

The following lemma is used in the proof of Theorem 9.2. For the defi-
nition of pregap see Definition 6.1.

LEMMA 5.5. If PY x P! forces that <fg, f$>§<ﬁ,n<>\ is a pregap, Kk, \ are
reqular and uncountable, x > |P1|, P° x Pl is ccc, and every real in an
extension by P° is added by its reqular subordering of size less than X, then
qlF fg <t ho<* f% for all ¢ < Kk, n < A, for some g € P° x P! and some
ground-model h.

Proof. For all £ < & let 772 be a small regular subordering of P° which
adds fg Apply Lemma 5.3 (actually, its dual form) to get a condition g =
<qg, q€1> and a ground-model h¢ such that g IF fg <* ﬁg <* f% for all n < A.
There is a ground-model h such that the set X of all £ < x such that h = h¢
is of size k. Let ¢ be a PY x P! condition which forces that there are x
many ¢ € X such that g¢ is in a generic filter; then ¢ forces that h splits the
pregap. m

6. “w in an extension by Hpg. Since g(a) is Cohen generic over the
universe for all a € E, the set ¢” E is never cofinal in “w (compare with [13]
and [4]), but it does have some unboundedness properties.

LEMMA 6.1. (a) Let h be an Hp-name for an element of “w with support
A and let a € E\ A be such that A(>p a) is empty. Then I+ h #* g(a).

(b) X C E is not countably bounded iff it is forced that ¢" X is unbounded
m “w.

Proof. (a) Suppose the contrary, i.e. that some condition p forces that
h >™ g(a); without loss of generality we have n, = n. Then extend plA to
q € H4 which decides that (7 4 1) = k for some integer k. Now extend p
and ¢ to 7 so that f.(a)(n + 1) = k + 1; this is possible because a £ b for
all b € A. It is also the desired contradiction.

(b) (=) If h is forced to dominate ¢” X, then by (a), supp h witnesses
that X is countably bounded. («<=) If X is countably bounded by {a,}, then
let i be a name such that it is forced that g(a) <* h for all n < w. Then h
bounds ¢”"X. m

DEFINITION 6.1. A k-limit (sometimes also called (k,1)-gap) is an in-
dexed family (ag,b)¢<, such that ag <gp a, <g b for all { < n < k, and
for all ¢ € E/ such that a¢ <pg c for all £ < k we have b <g c. A gap is an
indexed family (a¢, by))¢<r,n<r such that:

(1) ae <pa, <pbg <g by for all { <n <k andall a < <A, and
(2) no ¢ € E is such that ag <g ¢ <g by for all { <k and all o < A.
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If a family (ae,by)e<rn<a satisfies only condition (1), then we call it a
pregap; if (2) fails for some ¢, then we say that c splits a pregap. A gap
(ag,by)e<wn.nen is tight iff there is no ¢ € E such that one of the following
happens:

(3) ag <g c for all £ but b,, £g c for all n,
(4) be >g c for all n but ag #g c for all £.

We always assume that x and A are uncountable regular cardinals; this
assumption is, in our context of investigating (k, A)-gaps, not a loss of gen-
erality.

LEMMA 6.2. Suppose that supph = A, that a,b € E are such that the
posets (AU {a},<g) and (AU {b},<g) are isomorphic, and that an iso-
morphism fizes all elements of A and sends a to b. Then kg h <* g(a) iff
g h <* g(b).

Proof. Suppose that some p forces that h <* g(a); we can assume that
plrp h <" g(a). If p = pIA U {a} then p IFaugy h <™ §(a) by Theorem
4.1. Let p/ _be a condition isomorphic to p but with a replaced by b. Then
P Fauppy h <" g(b). m

THEOREM 6.1. (a) A g-image of a limit (a¢,b)e<, in E is a limit in “w.

(b) A g-image of a (k,w)-gap (a¢,bi)ecr icw i E is a gap in “w.

(c) A g-tmage of a gap (a¢,by)ecrner 0 E is a gap in “w.

(d) A g-image of an unbounded chain (a¢)e<, s an unbounded chain
m “w.

Proof. (a) All we have to prove is that if IF i #* §(b) then there is
¢ < k and a condition p such that p IF A #* g(ag) for every Hp-name h. So
assume the contrary, let A = supp h. Since for each element ¢ of A either
there is £ < x such that ¢ #g a¢ or ¢ >g b, we may assume that

(%) if ap <g c then b <g c for all ¢ € A.

Also assume that b € A and that E = AU {a¢ : £ < k} (by Theorem
4.1 we can do this). Go to an extension by H4. Let C = {n € w : h(n) <
ga(bo)(n)}. Then C is infinite. We claim that in a further extension by
He(A, ga), there are infinitely many n € C such that g(ag)(n) = ga(bo)(n).
Suppose the contrary, that some ¢ forces that g(agp)(n) < ga(bo)(n) for all
n € C'\ m for some m. We can assume that b € F,. For all ¢ in F), N A the
condition (x) is true, so we can pick n > m,n, in C' and find p < ¢ such
that fy(ap)(n) = ¢(b)(n); this is a contradiction and it finishes the proof
of (a).

(b) Assume h is such that I- glag) <* h for all ¢ < k. Apply Lemma 5.4
(with A = 0) and get ¢, i’ such that ¢ IF g(a¢) <* h’ <* h for all € < & and
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B = supp /' is finite. We can assume that ag <z ¢ implies ag <g c for all
¢ < k and all ¢ € B. Go to an extension by Hp and pick m < w such that
by & F, U B and

(k) ¢ <g by implies ¢ #g ag for all ¢ € B.

Let By = {c € B : ¢ >g ao} and let ho be defined by hogm) =
min{g(c)(m) : ¢ € By}. Suppose that b’ 2* hg, let C = {n: h'(n) < ho(n)}.

CrLAaM. Condition q forces that if h splits the pregap then ho splits the
pregap.

Proof. We will prove that ¢ IF g(as) <* ho <* k’. Suppose that this
fails. The left hand “<*” is obvious, so p I hg £* b’ for some p < ¢ in Hp.
Let C = {n € w: h'(n) < ho(n)}. We claim that there are infinitely many
m € C such that ¢(aog)(m) = ho(rm). Suppose the contrary, so there is a
condition r < p in Hg (B, gg) and 7 such that

rlF (Ym > 7)) (m € C — §(ao)(1h) < ho(m)).

By Theorem 4.1 we can assume that F,. = supp hoUsupp h/'U{ag} = BU{ag}.
We can assume that n, > 7 and n,, € C. Define a condition r; € Hg(B, jB)
by 1 = (Fp,n, + 1, fr U f), where f : F, x {n,} is defined by

f(a)(n ) _ {m%nCGB(?EG) gB(C)(np) lf B(>E a) 7& (ba
p minge g, go(c)(np) if B(>g a) = 0.
Then r; < r (because a <g b implies B(>g a) 2 B(>g b)), and r; IF
go(@o) = ho(i)—a contradiction. So the set C; = {m € C : g(ao)(m) =
ho(m)} is forced to be infinite, but §(ao)(m) > k'(m) for all m € Cy, and
therefore i/ does not fill the gap, contrary to our assumptions. =

But by Lemma 6.1(a) we have hq £* g(bm), so ho does not fill the pregap,
and this proves our claim.
(¢) We will first prove the following special case of the theorem:

LEMMA 6.3. If the gap (a¢,by)ecrn<r in E is tight, then its §g-image is
a (tight) gap in “w.

Proof. Suppose the contrary, that some Hpg-name h is forced to fill
the pregap. Let A = supp h; since no ¢ € A satisfies (3) or (4) above, by
going to end-segments of k and A we can assume that each ¢ € A is either (i)
incomparable to all ag, by, or (ii) below ay, or (iii) above by. Then Lemma 6.2
can be applied to h, a¢ and b,, for all £, 7, and therefore |- h >* g(a¢) implies
-k >* g(l}n) for all &, 7 so h cannot fill this gap or even make it nontight. =

Back to the general case. Let Ey be the set of all ¢ € E such that:

(5) if ¢ > g a¢ for all &, then ¢ >g b, for some 7, and
(6) if ¢ <g by, for all n, then ¢ <g a¢ for some &.
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Then our gap is tight in Ejy, because we are removing all ¢’s which can make
it nontight. Let Fy = E '\ Ej.

CLAIM. For all ¢ € Ey at most one of the sets Eg(<g ¢) and Ey(>f ¢)
18 monempty.

Proof. If ¢ € F; fails to satisfy (5) (resp. (6)), so do all elements of
E(>g ¢) (resp. of E(<g c)). m

So, by Lemma 4.5, the poset Hg(Eoy, §o) is o-centered.

LEMMA 6.4. If (a¢,by)e<nn<r 95 a gap, then it remains a gap in every
forcing extension by a o-centered poset.

Proof. By [17, Theorem 4], to every pregap we can associate a poset
P which is o-centered iff the pregap is split; so our lemma reduces to “If P
is not o-centered, then it remains so after forcing with a o-centered poset”,
which is obvious. =

Thus further forcing with Hg(Ey, go) will not fill the gap, so the proof
is finished.
(d) This follows immediately from Lemma 6.1(b). m

So we can embed a partially ordered set E into “w while preserving
much of its “nonsaturatedness structure”. In Theorem 9.2 we will prove a
partial converse of the above results. The statement “Hp forces that there
is a (k, \)-gap (k-limit) in “w iff there is a (k, A\)-gap (k-limit) in E” is false,
because of the following classical result of Hausdorff and Rothberger which
applies to any of the orderings <*, <*, or <:

THEOREM 6.2 ([12], [23]). For every k there is an unbounded k-chain in
“w iff there is a (k,w)-gap in “w. =

So by Lemma 4.6, if F is uncountable then there is an (w;,w)-gap in
(Yw,<*) in an extension by Hg, and similarly if £ has a x-chain then in an
extension by Hp there is always a k-limit or a (k, \)-gap for some \. For
infinite cardinals k and A (not necessarily uncountable) the statement “there
is a (K, A*)-gap in “w” is not ambiguous, i.e. its truth does not depend on
the choice of an ordering; the same is true for unbounded x-chains.

PROPOSITION 6.1. (a) ([12], [23]) There is a k-limit in (“w, <) iff there
is a (k,w)-gap in (“w,<).

(b) There are no k-limits in (“w, <*).

(c¢) There is a k-limit in (Yw,<*) iff there is an unbounded chain of
length k in ([w]“, C*).

(d) The existence of a k-limit in (“w,<*) does not imply the existence
of a (k,w)-gap in “w, and vice versa.

Proof. (a), (b) See e.g. [24].
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(c) (=) Let (ag,b)e<y be a r-limit, and define subsets of w by

e = {n : ac(n) = b(m)}.
Obviously {c¢} is a C*-increasing sequence in [w]“, and we claim that its
limit is w: if d is a coinfinite subset of w such that c¢ C* d for all £, then
b € “w defined by

b(n)—1 ifn¢d,
witnesses that (a¢,b) is not a x-limit. (<) Consider the characteristic func-
tions of sets.
(d) By (c), our claim is equivalent to “The existence of an unbounded
k-chain in [w]“ does not imply the existence of an unbounded &-chain in “w,
and vice versa”, and this is a well-known fact (see [7]). m

¥(n) = { b(n) ifned,

The last lemma of this section (in connection with Proposition 6.1(d))
shows that Hpg sometimes creates “unnecessary” limits in (Yw, <*).

LEMMA 6.5. If there is an unbounded k-chain in E, then in a forcing
extension by Hg there is a k-limit in (“w, <*).

Proof. By Proposition 6.1, this reduces to proving that in an extension
there is an unbounded k-chain in [w]*. Let (a¢)¢<, be an unbounded x-chain
in E and define names ¢¢ for subsets of w by

¢e = {n: g(ag)(n) # 0}.
The proof that (é¢¢)e<, is forced to be an unbounded k-chain in [w] is
similar to the proof of Lemma 6.1. =

7. Posets with minimal patterns. This chapter is a preparation for
the proofs of Theorems 9.1 and 10.1. For definition of (a,b)g see §0.

THEOREM 7.1. Let (E,<g) be a poset, (I,<p) a linearly ordered set,
and {D¢} (€ € I) a family of disjoint finite subsets of E such that for all
& < ¢ <n we have

(I)  (a,b)g N D¢ # 0 whenever a € D¢ and b € D,, are <p-comparable.

Then either (i) there is a chain of type I or I* in E, or (ii) there are & #
in I such that a and b are <g-incomparable for all a € D¢ and b € D,,.

COROLLARY (Kurepa, [19]). Every uncountable well-founded poset E hav-
ing finite levels must have an uncountable chain.

Proof. Let {D¢} (£ < wi) be a decomposition of E into levels. Then
{D¢} satisty (I) and every a € D¢ is comparable with some b € D,,, for all

n < £. The conditions of Theorem 7.1 are satisfied and there is an w;-chain
inkE. =
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Proof of Theorem 7.1. Suppose that (ii) fails. We claim that for
every k-tuple ag <7 oy <1 ... <y aj—1 in I there are distinct y; € D,;
(j < k) such that either yo < y; < ... < yr—1 (a chain is increasing) or
Yo > y1 > ... > yr—1 (a chain is decreasing). To construct it, pick yo € D,
and yy_1 € D,,_, such that yo <g yr—1 or yo >g yr—1 (possible because
(ii) fails). Then we can proceed to pick the rest of the chain by using (I).

So for every finite ' C I we fix a chain Cp = {yg : £ € F} such that
yg € D¢ for all £ € F' and the chain is either strictly increasing or strictly
decreasing. For such an F' let Ap be the family of all finite subsets of I
which include F', and let U be a uniform ultrafilter on [I]<“ extending the
filter base {Ar}. Then for all { € I there is 7z € D¢ such that the set

is in U; we claim that {7} is the desired chain. Assume without loss of
generality that for &/ many F the chain {yg } is increasing. We have to
prove that all 7, are distinct and that 7, < 75 whenever a < 3. But the
set of all F € [I]<“ such that o, 8 € F, y£ =7, y5 = U5 and the chain
{yéF } is increasing is in ¢/ and therefore nonempty, so 7, <1 %5 and they are
distinct. m

Remark. Some assumption like (I) is necessary in Theorem 7.1. To
see this let < be a linear ordering on wy with no ws- or wj-chains (e.g. a
subordering of (2¥1, <y,) of appropriate size), and let Ey = (w2, <g) and
E = (LUQ, <1> be defined by

a<gp iff a<pfand a=<g,
a<yf iff a<pfand o> g.

Let E be the disjoint sum of Ey and E; (say, Fg x {0} U F; x {1}) and
let De = {(£,0),(£,1)} for & < wa. Then D¢ and D,, have “vertical and
upwards” connections for all £ and n but there are no ws-chains in F.

In order to make Theorem 7.1 useful in proving our main result we need
some definitions. Fix a positive integer n and a poset (E, <). If D = {aP :
i <n}and F = {zf' : i < n} are two n-tuples of elements in F then let
the <-pattern Tpr be the isomorphism type of the poset (DU F, <), i.e. the
partial ordering <,,, on the set 2 x n such that (i, k) < (j,) iff 2P < zf
for k,01 < n and 4,5 < 2. The sets D and F are connected iff there are
comparable a € D and b € F.

We sometimes identify patterns with their graphs and say that a pattern
09 is included in a pattern o1, denoting this fact by o9 C o1. If we consider
more than one ordering on the underlying set, then we denote the pattern
Tpr corresponding to the ordering <1 by 7. A composition of two patterns
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oo and o is the pattern oy o 01 determined by defining <,,0,, as follows:
(0,k) <op00, (1,0y iff  (0,k) <5, (1,m) and
(0,m) <4, (1,1) for some m < n, and
(i, k) <pgoo, (3,0) i (i,k) <4, (i,1) for some i =0, 1.

In other words, if 0g = 7] and o1 = 7,5 then goo is the pattern 735, where
“<” is the transitive closure of “<” restricted to Dy U D1 and D1 U Ds.
We avoid nested indexes so if we have a fixed family Dg = {a} : i < n}
(£ < 0) of finite subsets of a poset (£, <) then the pattern 7p,p, is denoted
by T¢, instead. Note that in general for every such family and all o < 3 < :

(P1) Toy 2 Tap © Tay-
(P2) An ordering < on Ug <5 De is uniquely determined by its patterns.

We say that the family {D¢} (£ € I) has minimal <-patterns iff 75 =
7';'6 o TE‘,Y for all @ <7 B <; v in I. So we can reformulate Theorem 7.1:

THEOREM 7.1%. If {D¢} is a disjoint family of sets of size n with minimal
patterns and all D¢, D, are connected, then there is an I- or an I*-chain

m UﬁEI Dg . n
Let us mention a corollary to the proof of Theorem 7.1:

PROPOSITION 7.1. If {D¢} is a disjoint family of sets of size n with
minimal patterns, then for all & <r n, either D¢ and D,, are not connected
or there is a [§,n]1- or a [§,n]"-chain C in Uger De such that C N D¢ is
nonempty for all ¢ € [£,n];. =

The next lemma gives sufficient conditions for the existence of an order-
ing with a given set of patterns.

LEMMA 7.1. If 043 (oo < B < K) is a family of patterns such that oqp o
Opy = Oay for all o < B < then there is a unique ordering < on \J,,, Ds
such that 73 = aap for alla < < k.

Proof. We define the relation < in the only possible way, all we have
to do is to check that it is tramsitive; so we pick a € D,, b € Dg, and
¢ € D, such that a < b < c and prove that a < c. Essentially the only
two interesting cases are: (i) If @« < 8 < =, then a < ¢ by minimality of
patterns. (ii) If & < 7 < 3, then by minimality we can pick d € D, such
that a <t d < b; but then a < ¢ because 0,4 is a pattern. m

A pattern o occurs in {D¢} iff it is equal to some 7,4 of this sequence.

LEMMA 7.2. Let k be an infinite cardinal. Then every k-sequence { Dy}
has a subsequence {Da,} of the same length such that for every pattern
o that occurs in {Da,} there is an infinite increasing w-sequence {a,} of
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ordinals less than k such that To,o; = o for all i < j, and ag can be picked
to be arbitrarily large.

Proof. If a pattern ¢ does not satisfy the requirements, pick ag < k
and k < w which witness this and define a partition

[K]? = Ko UK,

by putting {&,n} in Ky iff ¢, # 0. Without loss of generality assume that
a = 0. Then there are no infinite K;-homogeneous sets, so by the partition
relation k — (k,w)? (see [9, §11]) there is a subfamily of {D¢} of the size
in which o does not occur. We need to repeat this only finitely many times
to eliminate all patterns which do not occur often enough. =

The following lemma plays a crucial role in proving Theorems 9.1, 9.2
and 10.1.

LEMMA 7.3. If (E,<) is a partially ordered set, (I,<p) is a linearly
ordered set and D¢ (€ € I) is a family of disjoint finite subsets of E, then
there is an ordering <\ on E with the following properties:

(B1) < is coarser than <, i.e. a < b implies a < b.
(B2) EBuery 75y is a composition of finitely many 15, , i.e.
(B'2) For all « < [ < K there is an integer n and ordinals a = oy <

a1<...<an:ﬂsuchthatT;‘B:T< o< o...071<

aaq ajag Tt ap—103"

(B3) D¢ (€ < k) has minimal <-patterns.
(B4) The orderings < and < coincide on every Deg.
Proof. For a subset F' = {a; : i =0,...,n} of I such that ag <; a1 <y
. <1 ay let
T(F) =755, oT3E o...0T3E .

Then by (P1) and the induction one can prove that
(%) F CG implies 7(F) 2 (G).
For a <; Bin I let F,5 be the set a = g <7 o1 <7 ... <7 a, = B in

I such that the pattern 7(F') is minimal (with respect to inclusion) among
such patterns and let 75 = 7(Fap).

CLAIM. Patterns in the family ch'ﬁ (a <y B € 1) are minimal.

Proof. Fix a <; 8 <1 7. Then 7(Fo5) C 7(Fay N (o, B)1), T(Fpy) C
T(Fony N (B,7)1), s0 T(Fup) 0 T(F3y) C 7(Fay U{B}) C 7(Fay), and by the
choice of Fi,, we have equality. m

Therefore the assertion of Lemma 7.3 follows from Lemma 7.1. m

8. Banach—Mazur game of length w;. Results from this chapter will
be used in the proof of Theorem 10.1. We consider 2“! as a topological space
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with the natural Gs-topology, where the basic open sets are [s] = {z € 2*1 :
s C x} for s € 2<¥1. We will often interchange subsets of w; with their
characteristic functions. The poset for adding a Cohen subset of w1, C,, , is
2<%t ordered by D.

DEFINITION 8.1 (Banach-Mazur game of length wy). Let X be a subset
of 2¢1. The game BM(X) for two players, I and II, in w; moves is defined as
follows: T and II alternately play elements s{ C sif C s} C sit ... C 32 -
5? C ... of 2<% g0 that in his £&th move player x plays s¢ which extends
the chain of all previously played elements of 2<“* (x = I, II). I wins a game
it MNeeo, [sé] is included in X or if II is the first player to disobey the rules;
otherwise II wins.

A partial play is a sequence s, C si! C ... C sl, - 3%1 Cc ... C sé,

¢ < wy. (So we consider only partial plays in which II is about to move.) A
strategy for the second player is a mapping o from all partial plays into 2<«1
such that o(p) extends the chain p. Player II obeys the strategy o in a play
<s£, 5?>5<w1 iff s? = o(pe) for all £, where p¢ is a partial play ending with
the £th move of 1. A strategy o is a winning strategy for II in BM(X) iff 11
wins every game in which he obeys o. Banach proved the following theorem
for the Banach-Mazur game of length w (see [21]).

THEOREM 8.1. IT has a winning strategy for X C 2“1 iff X is meager.

Proof. If X is meager, then there is an wi-sequence F¢ of nowhere dense
subsets of 2t whose union covers X, and it is obvious that II can avoid F¢
in the £&th move; this describes the strategy. The nontrivial direction follows
from this

CLAIM. Let o be a strateqy. The set of all outcomes of a Banach—Mazur
game in which II uses o includes a dense Gy, subset of 2.

Proof. The set D}l of all t € 2<*1 such that ¢ = s{! in some valid play
(i.e. a play in which both I and II obey the rules) in which II obeys o is
dense in 2<¥1 (because I can enter into any basic [s] in his first move). Pick
a maximal antichain (in the D ordering) Ao which is included in D§'. Let
DI be the set of all s € 2<¢1 such that s = si' in some valid partial play in
which si! is in Ag. This set is dense in 2<“1 so let .4; be a maximal antichain
included in Di'. By continuing in this way, we define an w;-sequence {A¢}
(£ < w1) of maximal antichains such that A¢ refines A, for all n < & (i.e.
for each s € A¢ there is (a unique) ¢ € A,, such that ¢ C s). At the successor
stages we do the same as above. At the limit stage J let DE;I be the set
of all t € 2<%t such that t = sf;l in some valid play in which II obeys o
and in which s? € Ag for all £ < §. We claim that DY is dense in 2<“1:
Let A5 be the set of all ¢ € 2<“* such that t[ae € A¢ for some increasing
d-sequence of ordinals {ag} converging to [¢|. Then A; is dense and each
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element of it corresponds to the first § moves of a valid play in which II
obeys o, and I is the first one to play after this stage of the game. So I
can, by his playing, assure that the set D} is dense as claimed. Let A; be
a maximal antichain inside D}, so Aj refines A5 and all A¢ for £ < 4. This
describes the construction of an wi-sequence of antichains {A¢}. Note that

(x) ifse A, te A¢and s Ct, then a partial play witnessing that s € A,
is an initial segment of a partial play witnessing ¢ € Ag.

Let Ug be the family of all z € 2** such that z[a € A¢ for some countable
ordinal o. Then each U is a dense open subset of 241, G = ﬂ§<wl U is a
dense Gy, subset of 2** and each element of GG is the result of some game
in which IT obeys o; the latter statement follows from (x). m

This proves the theorem. =

Fix a large enough 6, say 6 = (2%1)*, and a well-ordering <,, of Hg which
gives rise to Skolem functions. All models that we consider are elementary
submodels of Hy closed under <,,, unless otherwise specified. A sequence
{Mg¢} of countable elementary submodels of Hy is a continuous e-chain if
for all o < wy:

(1) My < Mgyya,
(2) (Mg : € < o) € Mgy, and
(3) Ugca Me = M, for o limit.

An elementary submodel M of Hy is approachable iff M = U£<w1 My, where
{M¢} is an e-chain of countable elementary submodels of Hy. For a function
[ : [Ho]<% — Hy let C; be the family of all A € [Hy]™ such that f”[A]<* C
A and wy C A. A family C C [Hg]™ is closed unbounded (club) iff it is equal
to Cy for some f. [This is not the standard definition, but by a result of
Kueker [15] every “standard” club includes some Cy.] A family S C [Hy|™" is
stationary iff it intersects all sets closed unbounded in [Hg]™!. Let A denote
the family of all approachable elementary submodels of Hyg. The next lemma
shows that A is a rather large stationary subset of [Hg]™!.

LEMMA 8.1. The union of a C-chain of approachable models of length wq
s approachable.

Proof. We denote this chain by {M} and write M* = (J._,, M.
Then by usual bookkeeping we can find ordinals &, for a < w; so that

o . ) o
{IVg } is an e-chain whose union covers (J,, ., M“. =

An x € 2*' is (M,C,, )-generic if all its proper initial segments are in
M and it is a member of all dense subsets of C,,, coded in M. Notice that
it is not obvious that there should be an (M, C,, )-generic subset of w; for
a given model M of size N; (even if we assume that w; is included in M to
avoid trivialities).
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LEMMA 8.2. If a model M is approachable, then there is an (M,C,, )-
generic subset x of wi.

Proof. Let M = U£<w1 M. We assume that the sequence is continuous
and that (M,),<¢ is always in Meyq. We pick an wq-sequence {s¢} in 2<¢1
so that:

(1) soCs1C...CseC...,

(2) each s¢ is generic over Mg; i.e. s¢ € 2%,

(3) [se] avoids all nowhere dense subsets of 2 coded in Mg, and

(4) s¢ is always a <,,-minimal element of Mg, which satisfies (1)—(3).

By (4), Uges 8¢ is in Msyq for each limit &, so we can proceed with the
construction on limit levels. Then x = (J,_,,, s¢ is as required. m

THEOREM 8.2. If X C 2“! is nonmeager, then there is an (M,C,,)-
generic xpy € X for stationary many M in A.

Proof. Suppose the contrary, that there is a club C in [Hy]™* such that
there is no (M, C,, )-generic xp, for all M € C N A. Pick f: [Hp]~* — Hp
such that C' = Cy. Let Y be the set of all z € 2“1 which are (M, C,,, )-generic
for some M € AN S; by our assumptions X and Y are disjoint. We will
construct a winning strategy o for II in BM(2“! \ Y'), which is therefore
a winning strategy for II in BM(X), thus showing that X is meager (by
Theorem 8.1). Along with playing the Banach—-Mazur game, II constructs
an approachable model M = Ug cw; Me in AN C and assures that the
outcome z of the game is (M, C,, )-generic. So II plays s? and M¢, so that
in each stage « of the game and for all £ < a:

(1) s¢’s are valid moves in the Banach-Mazur game,

(2) {M¢} (£ < @) is a continuous e-chain,

(3) each M¢ 4 is closed under f and has s? and sé 41 as elements,

(4) each s? is generic over My; i.e. s? € 2% and

(5) [S?H] avoids all nowhere dense subsets of 21 coded in M. [This can
be arranged because M¢;q “knows” that M is countable.]

If IT obeys o, then after w; many moves of the game he has an approach-
able model M = {J¢_,, M¢ and = = [J;, sg which is (M, C,, )-generic.

But M is closed under f and it includes wy, so it is in C', and therefore x is
in Y. Since II wins BM(X), X is meager. m

LEMMA 8.3. If S is a stationary subset of A and xps is (M,C,, )-generic
for all M € S, then the set of all xpr’s is nonmeager.

Proof. Suppose the contrary and let F' be a code for an Fy,-meager
subset of 2*1 avoiding X. Let A = (2%)* and let N be an approachable



84 I. Farah

elementary submodel of H, which includes S, (zys : M € S), F,... and such
that N = NNHpisin S. Then Fisin N, so x5 avoids F'—a contradiction. m

9. Proof of the main theorem

THEOREM 9.1. If K > w1y is a reqular cardinal then Hg adds a k-chain
to “w iff one of the following happens:

(t1) E has a k- or a k*-chain, or
(12) C adds a k-chain to “w.

COROLLARY. If Kk > ¢ is a regular cardinal, then Hg adds a k-chain to
“w iff there is either a k- or a K*-chain in (E,<g). m

DEFINITION 9.1. A family {A¢} forms a weak A-system with root A iff
AcN A, C Aforall £ #n. A family {A¢} forms a weak local A-system with
root A iff its subfamily {Asyn} (n < w) forms a weak A-system with root
A for all 6.

LEMMA 9.1. If s is a reqular cardinal larger than Ny, then every family
{Be¢}e<r of countable sets has a subfamily { A¢ }¢<, which forms a weak local
A-system with a countable root A.

Proof. Let 6 be a large enough cardinal, and let M, (£ < wp) be an
e-chain of countable elementary submodels of Hy such that the family { B¢}
is an element of My; let M = U£ <w; Me¢. By a counting argument we can
find £ < w; such that B, "M = B, N Mg for k many n’s; let A = Mg. We
claim that for every a < k there is a strictly increasing w-sequence {a,} of
ordinals above a which forms a weak A-system with root A. It suffices to
prove that this is true in M, so note that A € M and pick o < k in M.
Choose ¢ above M Nk such that Bs N M C A. Pick ag > o in M such that
A C B,,. Suppose that we have constructed the sequence {a;} (i < n) for
some integer n. We want to prove that we can continue the construction.
We have Bs N An, C A for all i < n, so the family {By, }icn U {Bs} is a
A-system with root A. By elementarity there is an ordinal «,, as required.
So our claim is proved, and the lemma follows immediately from it. m

Proof of Theorem 9.1. Suppose that ff (¢ < k) is an Hpg-name
for a strictly increasing k-chain in “w. Without loss of generality we can
assume that supports of these functions form a weak local A-system with a
countable root. Now applying Lemma 5.2 to fg and f5+1 for all limit ordinals
& we get hg, ¢e (£ < k) such that g¢ IF fg <* hg <* f§+1 Every uncountable
family of finite sets includes a A-system of the same size; we can assume
that supports of hg’s form a weak A-system with a countable root A and
finite tails D¢. Since Hg has x as a precaliber, without loss of generality we
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can assume that the family {q¢} is centered. Pick a condition § which forces
that there are x many g¢ in G.

Now apply Lemma 7.3 to the family {D¢} and ordering <g to get a
new ordering <lp. If there is a k- or k*-chain in <y, then by (B1) there is
one in <g. Assume that this does not happen; so by Theorem 7.1 there are
§ <n < k such that D¢ and D, are not connected. Denote the pattern 7';]]0
by o. By Lemma 7.2 and further refining we can assume that T(j?l m =0
for all @ < K and m < w, and that £ = AU U€<H D¢. Define a relation <
on E by

a,bc€ AU D, and a <g b for some 7, or
a<1b iff a,b € e, De and a <o b, or
a7b€Ug<,iD£ and a <g ¢ <g b for some ¢ € A.

So we have

(<1) ifa€e D,andb € Dyqpp are <-comparable, then there is an element
of A which is <-between a and b for all @ < kK and m < w.

CLAIM 1. The relation < is an ordering on E.

Proof. Note first that a <1 b implies a <g b, so we only have to prove
that < is transitive. Suppose that a < b and b < ¢; then we have a <g c.
Now we consider several cases: (i) If a € A or ¢ € A then we are done by
a<ciffa <g e (ii) If b € A, then a < ¢ by the definition of <. (iii) Suppose
a,b,c € Ug<,@D£- If there is d € A such that a <g d <g bor b <g d <g c,
then a < c. If not, then we have a <g b and b < ¢, so a <lg c¢. This finishes
the proof. m

Note that now

(<2)  The relations <t and <p coincide on AUD,, so hn is an H g, q)-name
for all 7.

Cram 2. The poset Hip 4y below go N qp forces that he <* hg for all
a< fB<Ek.

Proof. Pick a < 8 and suppose that some condition p below g, A g3
forces (in H(p, ) that hq £* hg. Find @ = ap < a1 <... < a, = asin

(B2) of Lemma 7.3, i.e. such that 759, =755, . Note that this implies
that 75 ,,,, = Ta.., - Extend p to g to decide i < n such that
(1) 03t oy Pay £ hay,-

But the condition ¢’ = q[AU Dq, U D,,,, forces this as well (all involved
names are H<AuDa_UDa_+17<]>-names and ¢’ is the projection of ¢ to this

regular subordering). Also 752 = = 13

it aiass, SO the orderings < and <pg
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coincide on AU Dy, U D, ,,, and (1) is true when IF , _, is replaced with
IFcaup.,.. UDayyp <p) @ contradiction. m

So the condition g still forces that the sequence {hg} includes a strictly
<*-increasing k-chain in “w. We go to an extension by H4 below g (we can
assume that g is in H4); let g4 be the generic embedding of A into “w.

CLAIM 3. The poset HAUD,UD oy (A, G4) is equivalent to the product of
Haup, (A, ga) and Haup,,.,,, (A, ga) for all a < k and all m < w.

Proof. This follows immediately from (<11) and Lemma 4.3. =

So by Lemma 5.1, we can find an H 4-name h'g and an Hg-condition
qé < g¢ A geqq for all limit € < k such that

qé I+ i‘Lg S* hlg S* il5+1.

Without loss of generality the family {q;} is centered and if ¢’ is a condition
which forces that there are x many qé’s in the generic filter, then it also

forces that the family {hé} includes a k-chain which is cofinal in {f¢}. So
the countable poset H 4 adds a k-chain, and this finishes the proof. m

In the following theorem x and A are uncountable regular cardinals.

THEOREM 9.2. If k > ¢ and Hg adds a (k,\)-gap to “w, then there is
such a gap in E or in E*.

Proof. Let (fo,g,fl,n>£<n,n<>\ be an Hg-name for a gap. Working as
in the proof of Theorem 9.1, we find a countable A and finite Dy ¢, D1,
such that supp fzg C AU D;¢ for all 4,£. Apply Lemma 7.3 to the family
{Do¢, D1, : £ < K, < A}, where the index set [ = {0} x kU {1} x X is
ordered lexicographically, to get an ordering <1y on |J G.e)el D; ¢ such that
this family has minimal patterns. Let D° = (., Do¢ and D' =, _y D1y,
define < on AU D° U D! and translate H(E,<)-names into H g 4)-names
as in the proof of Theorem 9.1. In the following considerations “connected”
means connected in the ordering <o, while E stands for the poset (E, <).

Case 1: Forall £ < k and n < A, Do¢ and Dy, are not connected.
Then Hp is equivalent to Ha * (Haupo (A, ga) X Haupi (A4, §a)) by Lemma
4.3. Work in an extension by H4: Since A is countable, every real in an
extension by Ha,pi(A4,ga)) (i =0,1) is added by a countable subordering,
so by Lemma 5.5 (applied to P = H 4upi (4, ga) and fg = f'07§ fori=0,1),
there is a ground-model function A which splits this gap.

Case 2: Dgg¢ and Dy, are connected for some &, 7 (without loss assume
that £ = n = 0). Then by Proposition 7.1 there is a x + A\*-chain in F or
in £* which intersects all D; ¢’s. If it is a gap in the <g-ordering, then we
are done. So suppose that it is filled by some ¢y, and by symmetry we can
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assume that it is a x + A*-chain in E. Also, all Dy ¢’s are of the same fixed
size ng and all Dy ,’s are of the same fixed size n;. We can assume that c
is in A. Now our argument splits into a finite binary tree. Let

Dg ¢ =Doe\ Dog(<co), DY, =Dy,
Dé,& = Do, D%,n = D1\ D14(> o).

Then |Dg (| < ng for all £, and |Dj | < ny for all 7.

If Dg,£ and D?m are connected for some £ < k and 1 < A, then there is
a Kk + A*-chain in E or in E*. The obtained s + A*-chain is without loss of
generality filled by some coo € A, and we can define Dy, DY, for i = 0,1
as above. Observe that for all s € 2<% and i = 0,1 we have

(2) |D§%| +|D§L| < |D§ el + D5, | for all £n.

Proceeding in this way, we either at some stage obtain a (k, A\)- or a (A, K)-
gap in E, or construct a finite (by (2) above) binary subtree T of 2<¢“ and
¢s (s € T) such that

(3) forall a € Dy¢ and b € D, either a and b are not <-connected or
some ¢, is between them.

[To check (3), let s be the maximal node in T such that a € Dj, and b €
in If @ and b are <-comparable, then cys is between them.| By Lemma 4.3,

Hp is equivalent to Ha*(H aupo (A, ga) X Haupi (4, ga)), and by Lemma 5.5

there is a condition ¢ in H g, ) which forces that h fills the pregap, i.e.

(4)  qlrwg, foe<*h and qlrw, B <* fi, forall &n.

What we have to prove is that for some ¢/,

(5) q e oy fog < h and ¢ s < h<*fi, forall&mn.

By passing to a cofinal subset of x and A, we can assume that Fj is included
in A’. Since the orderings <z and < coincide on each A’ U Dy ¢ and each
A"U D, ), by Theorem 4.1 formulas (4) and (5) are equivalent. This is a
contradiction, so one of the k + A*-chains obtained in F or E* during the
construction of the tree 7" was a gap. =

10. Embedding a dense linearly ordered set by Hg. By X we
denote the topological closure of a set X.

THEOREM 10.1. If Hp forces that (2“1, <pex)” embeds into (“w,<*),
then either a Cohen real forces this or (2“1, <pey)V embeds into E.

We will prove a stronger result:

THEOREM 10.2. If X is a nonmeager subset of 2“1 such that in an ex-
tension by Hg there is an embedding of (X, <pex) into “w then there is
s € 2<%t such that one of the following happens:



88 I. Farah

(1) (X N [s], <rex) is embeddable into E or E*, or
(12) (X N [s], <rex) s embeddable into “w after adding a single Cohen
real.

Proof of Theorem 10.1. Since ([s],<pex) is isomorphic to
(2“1 <Lex), the theorem follows immediately from Theorem 10.2. m

DEFINITION 10.1. If (L, <) is a linearly ordered set then we say that
embeddings Hy : (L,<p) — (Yw,<*) and Hy : (L,<p) — (Yw, <*) cohere
iff H;(x) <* H;(y) for all x < y in L and 4, j € {0, 1}.

LEMMA 10.1. For every nonmeager subset X of 2“1 and a family A,
(x € X) of countable sets there is a countable A such that the set of all
x € X for which the set {y € X : Ay N A, C A} accumulates to x is
nonmeager.

Proof. Let § = (2%1)T and let S be the set of all approachable elemen-
tary submodels N of Hy such that X € N and there is an (N, C,,, )-generic
zy € X. By Theorem 8.2 the set S is stationary. For N € S fix a continuous
e-chain of countable models converging to N, say N = UE <o, M, gN , and let
My < Hy be an MgN such that A;, N My = A, N N. By the Pressing

Downjemma there is a stationary S’ C S and a countable M < Hy such
that M = My for all N € S’. By Lemma 8.3 the set Y = {xn : N € S} is
nonmeager.

CLAIM. For allz € Y the set {y € X : A,N A, C M} accumulates to x.

Proof. Pick z = zy in Y and a countable ordinal . Then z[a is in N
so by elementarity there is a y € X N [zfa] in N such that A, N A, C M.
For a fixed z this is true for all countable «, so the claim is proved. m

This proves the lemma. =

Proof of Theorem 10.2. Let f, (z € X) be a name for the embed-
ding and A, = supp f.. Then by Lemma 10.1 there is a countable set A C F
and a nonmeager X; C X such that for each z € X; there is an w;-sequence
{ye} in X converging to x and such that A N A, C A for all £ < w;. By
passing to an interval [¢] of 2<“!, we can assume that X; is dense in 2<“1.

The idea of the proof is to find an embedding z — h, which coheres with
T fgu and which is such that h, is an H4-name for all z € X by applying
Lemma 5.4 for all x € X. Unfortunately, the name h, this lemma gives
does not work with probability one. This is why we will have to go to an
extension by Hg and work there. In this extension set X is not a nonmeager
set anymore, but it still retains a largeness property which is sufficient for
our needs. Now we go to an extension by Hg, and let G be a generic filter
in Hg. In our following claim all Hg-names are assumed to be elements of
a ground model.
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Cram 1. There is an embedding x he of X into “w which coheres
with x — f, and is such that supp h, C* A for all z € X.

Proof. Fix z € X; and a sequence {y¢} which converges to . We can
assume that this sequence is monotonic, say increasing. Note that the proof
of Lemma 5.4 (applied in the ground model) shows that the set of conditions
g such that there is a name h with supph C* A and

gl fye <Fh < f, forall€ <w

is dense in Hp; therefore, in our extension there are ¢, € G and h, with
these properties. So we have an embedding x +— h; of X; into “w which
coheres with z — f,, and we want to extend it to an embedding of X. Let

(D) D, = (supph, UF, )\ A forz e X,.

For each x € X \ X; we pick a monotonic wi-sequence {y¢} inside X;
converging to x; then by applying the A-system lemma to refine {D,,}
(£ < wi) we get a finite set A such that D N A, C A for all £. So we
can again apply an extension of Lemma 5.4 and get ¢, € G, and h, with
supp h, C* A for all x € X as required. m

Let D, be defined as in (D) above for all z € X. Recall that a poset
for adding a Cohen subset of wy, C,,, is (2<“1,C). It is o-closed, and after
forcing with any ccc poset the intersection of countably many dense subsets
of C,,, (as computed in the ground model) is dense (by Easton [8]). So (C,, )"
has this property in our extension by Hpg. Recall that by our assumptions
[t] N X is nonempty for all t € (C,,)".

CLAIM 2. The set of all t such that for some finite ' C F,
(%) ﬂ D, =F  for every nonempty interval I of X N [t]
zel
is dense in (C,,)V .
Proof. Let D, = {s € (C,,)V : |Nuexnps Pl = n}. Suppose that

below some s € (C,,)V all D,,’s are dense; then we can pick u € (), D,,.
If 2 € [ulN X then D, is infinite—a contradiction. Therefore the set of all s
such that [s]ND,, is empty for some n is dense in (C,,)"". For such an s pick
maximal m < n so that some ¢ extending s is in D,,,, and let F' = ﬂme[t] D,
such t and F satisfy (x). m

By Claim 2 there is a maximal antichain Dy C (C,, )" and a finite F;, C E

for t € Dy such that (x) is true for all t and F} in Dy. Pick s € Dy and let
Y=XnN[s], AA=AUFs and D}, = D, \ F;. Then by (x) we have:

(#x)  Forall z <pex y in Y and all @ € D} N D, there is z € (z,y)y such
that a € D,.
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Let ET = AU, cy{z} x D}, and let H : ET — E be

H(a) = a ifa€ekF,
Y7 \b ifa= (x,b) for some z € Y.
Define an ordering <g+ on ET by
Let D} = {«} x D}, Then the posets (A’UDJ, <p+) and (A’UD),, <g) are
isomorphic,‘ so let h; be an H< A'UDF <,y hame isomorphic to h,. [Namely,
we obtain A} from h, by replacing each occurrence of b with (z,b) for all
b € D..] Let ¢ be the Hg+-condition isomorphic to ¢,. Since all g,’s are
in the same generic filter, the conditions ¢; are pairwise compatible.
Cram 3. In the poset Hg+(A', gar) the condition qf A qf forces that
hi <*hf.
Proof. The idea is similar to that in the proof of Claim 2 in Theorem 9.1,
but this time we have to construct yet another poset. By (x*) pick x =

2o <Lex T1 <Lex --- <Lex Tn = Y in Y so that for each a € D! we have
a ¢ Déci(@ for some 0 < i(a) < n. For a € J,<;<, D), \ D} let i(a) = 0.

Then define a poset ETT by
D ={a:ac D), i(a) <i}U{(l,a):a € D, , i(a) >i} fori<mn,and
EtT=A'u| D
i<n
The ordering on E*7 is defined similarly to that on E*: let H : EtT — E
be
a ifa€ekF,
H(a) = {b if a = (1,b) for some b € FE,
and let a <p++ b iff H(a) <p H(b). Then:

(1) the posets (A’ U D", <pg++) and (AU D], , <g) are isomorphic for
all i < n.

An isomorphism naturally extends to one between Haup: and H , p++,
as well as to an isomorphism between classes of names in these posets. Let
q;L be the isomorphic image of ¢,, for ¢ < n. Then we have:

(2) (AUD; T UD/, <p++) is isomorphic to (A’ U D), U Dy, ., <g) for
all 4, and the natural extension of this isomorphism sends q;L +, q;jl t0 Gz, ,
qz,,, Tespectively and hj+, h;fl to hxi, hzl 1 respectively.

(3) (A UD{*t U DS, <pit) is isomorphic to (A’ U Dy U D}, <g+),
and the natural extension of this isomorphism sends qj *, ¢ " to ¢, ¢
respectively and hd ", ht* to hd, h) respectively.
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i
and hence that hJt <* hi*, therefore Hy+(A’,gar) below the condition
Ni<n, @ T(ATUDE UD;) forces that h <* h;f. This condition is equivalent
to qa“ N qfr . n

So Hp++ below A, ,q " forces that Af" <* Aff for all i < n,

Now apply Lemma 7.3 to ({J,cy Di, <g+) to get an ordering <o on this
set. As in the proof of Theorem 9.1, define an ordering <1 on E™ by

a,beA’UD;r and a <g+ b for some 7, or
a<1b iff a,bEU§<KD§anda<lob, or
a,bEU&KDéF and a <g+ ¢ <p+ b for some c € A’

The proof that this relation is an ordering is the same as in the proof of
Theorem 9.1, as well as the proof that x +— h; is forced to be an embedding
of Y into “w coherent with x +— fl,

Case 1: There are x # y in'Y such that D} and D; are connected by
<. Then by Proposition 7.1 there is a chain of type [z, y]y or [x,y]} in ET
and therefore in E, so (1) applies with any s such that [s] C [z,y]y (recall
that Y = X N[s], so [z,y]y = [z, y]x)-

Case 2: D} and D are not connected by < for all x # y. Note that
the embedding x +— h; obtained by Claim 1 is such that it is added only by
Hpg (although the image of X consists only of reals added by H 4). Claim 4
below is stronger because the name for the embedding = +— &/ obtained in
it is an H 4/-name.

Cram 4. There are Har-names B! for x € Y such that x — h” is an
embedding coherent with x +— h,.

Proof. By the assumption and Lemma 4.3 the poset Hg+ can be written
as

Har * H Hp+(A',gar)  (product is taken with finite supports).
zeY

Work in an extension by Hp+. For € Y pick wi-sequences {y¢} and {z¢}
in Y converging to x from below (resp. above). The pregap (h;;, hj{)&wl
is filled by h;r By applying Lemma 5.1 as in the proof of Theorem 9.1 we
find a pregap which is cofinal in this one and which is added by Ha/. The

poset H 4, p+ (A’) gas) is countable and it fills an (w;,wq)-pregap, therefore
a pregap is already filled in the intermediate extension by Has; let hg be

the H4/-name for the function which fills it. Then the mapping = — h;’ is
as required. m

So in Case 2 a countable poset embeds (Y, <rx) into “w, so (12) ap-
plies. =
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11. A preordering on “w. By a Cohen poset C we mean (2<%, D) and
¢ is a name for a C-generic real. Let N denote the ideal of nowhere dense
subsets of C, i.e. all sets A C C such that the complement C\ A of A includes
an open dense set in C.

DEFINITION 11.1. For f, g € % we define:

(1) f=n g iff theset {t €C: f(t) # g(t)} is in N.

(2) f <y giff theset {t €C: f(t) > g(t)} is in N.

(3) f <n g iff the set {t € C: f(t) > g(t)} is in N.

(4) f=ngiff f <y gandg<yf.

[Note that an analog of Proposition 0.1 is true in the case of these or-
derings.]

THEOREM 11.1. A linearly ordered set (L,<r) embeds into (w, <n’) iff
in a forcing extension by the Cohen algebra, (L,<p) embeds into “w.

For f € % and r € 2% we define f|r € “w by (f7)(n) = f(r|n). So in
particular f[¢ is a Cohen name for an element of “w.

LEMMA 11.1. f <pnr g iff e (f¢) <* (glé).
Proof. Observe that ¢t € C forces that (f[¢) <™ (g[¢) for some n < |t
iff f(s) < g(s) for every s € [t]. m

Note that for fixed f the function r — f]r is continuous and that more-
over (recall that the metric on 2¢ is defined by d(r,s) = 1/(A(r,s) + 1),
where A(r, s) is the minimal n such that r(n) # s(n))

d(s,r) <d(flr,fls) forallr se“w,

i.e. the function r — f[r is Lipschitz. It is well known that for every C-name

# for a real there is a ground-model Borel function F' such that F(¢) = &

with probability one (see e.g. [29, Theorem 2.3]). So Theorem 11.1 above

says, among other things, that when investigating C-names for long chains

in “w we can restrict ourselves to those consisting of Lipschitz functions.
For a C-name for a function f in “w define f € %W by

F(t) = min{k : some extension of ¢ forces that f(|t|) = k}.
The following is an “inverse” of Lemma 11.1.
LEMMA 11.2. (a) If ke f <* §, then f <n §.

(b) If I f <* g and f #* § then f <n' g and [ #x g
(c) For f € %w and a C-name g, if IF¢ (f1¢) <* g, then f <n .

Proof. (a) Let {¢;} be the maximal antichain in C which decides m from
which the dominance happens, i.e. there is a sequence {m;} such that

il f <™ g
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for all i. We can assume that m; < [t;| for all i. We claim that f(¢) < g(t)
for all t € U = |J, . [t:]: suppose otherwise, pick ¢ such that f(t) =k >
ko = g(t) and ¢ <¢ t; for some [ € w. Let n = |t| and s <¢ t be such that
s Ik g(n) = ko; find s’ <¢ s which decides f(n), say s’ IF f(i) = k. But
n > mjand s’ <c t;, so k < ko. On the other hand, by the definition of f(n)
we have k1 < k—a contradiction. So we have a dense open subset U of C
which witnesses that f <,r g, as required.

(b) & (c) These proofs are essentially the same as that of (a). m

Proof of Theorem 11.1. The theorem follows immediately from
the above. m

12. Concluding remarks. If M is an elementary submodel of a large
enough Hy and Hp € M, then, by Theorem 4.1, M N'H g is a regular subor-
dering of Hg, i.e. Hg is semicohen (see [1]). A result of Balcar—Jech—Zapletal
([1, Theorem 3.2]) in our case easily reduces to (see also our Lemma 4.5):

LEMMA 12.1. The poset Hg is Cohen iff there is a club C C [E]* such
that for all A,B € C, a <g b implies that there is ¢ € AN B such that
a<gc<gbforallac A\B andbe B\ A. n

In particular, H,, is not Cohen, but all its suborderings of smaller size
are. [A different example of such a poset is found in [1], where it was re-
marked that (in our notation) H.+ is not Cohen.] The following example
gives a different proof of a recent result of Koppelberg—Shelah ([14]) that
there is a regular subalgebra B of a Cohen algebra for adding Ry many Co-
hen reals which is not Cohen. Let E = wy x {0,1} U {a}, with the ordering
defined by

(&,0) <pa<pg(n 1) forall§,n,

and let By = E \ {a}. Then Hpg, is not Cohen by the above theorem. To
see that Hp is Cohen, note that it is equivalent to an iteration of H,y with
the poset Hr({a}, g(s3) and by a version of Lemma 4.3 the former poset
is equivalent to a finite support product of countable posets, i.e. the poset
for adding Ny many Cohen reals, Cx,. So Hg is C * Cx,, which is Cy,. Our
example is different from one in [14] because in our case the quotient has
the property that a generic object is determined by a single real.
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