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by

D. A. Buraess (Nottingham)

To J. W. S. Cassels

1. Introduction. Let r, k, h be positive integers. For any Dirichlet char-
acter x modulo k£ write

k h
W (x) = Z‘ > x(@+m)

In [2] it was shown that, if x is a primitive character, then

2r

(1) Wa(x) < kh? + kY/2+ep?,
which implies that

(2) Wa(x) < k'Teh?

for h < k'/4. In [6] it was shown that

(3) > Wa(x) < k*F°h?,

primitive x (mod k)

so that (2) holds for all h, on average for all primitive characters modulo k.
Thus it is reasonable to conjecture that (2) might hold for some h > k'/4,
on average for the primitive characters of a large subgroup of the characters
modulo k. In [8] such a result was obtained, it being shown that, for any
prime p,

(4) > Walx) < p°R? +p°h?,

x mod p?
p2?
X" =Xo

where yo is the principal character, and thus (2) holds for A < k'3 on
average for the characters modulo k£ = p3 in the group of order p?.
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In this paper the argument is strengthened to show in the following
theorem that, for the non-principal characters of this group, (2) remains
true for h < k'/2, on average.

THEOREM 1. Let p be an odd prime number. Let

3

h
s= Y Y| wwem
Xmodp3 r=1 m=1

2
x? =xo0
X#X0

Then in the case r = 2 we have
S < p?h* + p°h2.
From [1] it follows that if k is prime then
(5) Ws(x) < kh® + kY/2hS

for all positive h. By the methods of this paper it is shown that (5) can be
improved for h > p3/4, on average for the non-principal characters modulo

k = p? in the group of order p2.

2r

THEOREM 2. Let p be an odd prime number. Let

pS

h
S= 3 Y| aa+m)
xmod p® z=1 m=1
Xp2=X0
XFX0
Then in the case r = 3 we have
S < p*h® 4 min(h, p)>p°h + min(h, p)*p°.

In Section 8 we shall describe some corollaries of these theorems.

2r

2. Preliminary transformation of the problem. For S as in the

statement of both theorems, we have
3

ps h r p h .
© 5= 3 N[ xterm)| =X (X wrm) = si-s,
Xmodp3 z=1 m=1 =1 m=1
Xp2=Xo
say.
Now

S2 =Y > xo(f1(x))xo(f2(x)),

m x=1

where m € Z?" satisfies 0 < m; < h for 1 < i < 2r, and
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filx)=(@+my)...(x+my), fo(z)=(x+mps1)... (T +ma).
Thus

p3
(1) Sa=)_ > 1= p*#{z: 1<z <p, ptfi(z)fa(a)}.
" x%—nfi:(}nodp) "
We also have

Si=> > > xlh@)x(fo(zx) =) X(ﬁi%)

m =1 yp? =y,

m

Thus, writing

(8) foy(@) = fil@) =2 folw),
we have

(9) S1 =53+ 54,
where

p—1
(10) Sg,:p2zz#{1§x§p3:x§é—mi (mod p),

m z=1

[y () =0 (modp?), f(,)(x) # 0 (modp)}
and

p—1
(1) Si=p") Y #{1<w<p’:z#-—m (modp),

f(z)(m) =0 (mOdp3)7 f(lz)(x) =0 (mOdp)}

We consider the non-singular roots of f(,). Since the numbers of non-
singular roots modulo p* and p are the same we have from (10) that

p—1

Sy <p*Y Y #{1 <z <p:pthi(@)fa(x), fiz)(x) =0 (modp)}

m z=1

:pQZ Z #{1<z<p: fi(z) — zf2(x) =0 (modp)}
ETAETAE
=p* ) #{1 <z <p:pthi(x)fa(x)} =S
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from (7). Now from (6) and (9) we have
(12) S < Su.

3. Estimates for solution sets of polynomials. In the proof of our
theorems we shall require some lemmas concerning the number of solutions
of congruences to a prime power modulus. We shall use the following gen-
eralisation of the well known estimate for the number of non-singular roots
of a congruence.

LEMMA 1. Let F be a polynomial of degree n having integer coefficients.
Let p be a prime, d a positive integer, and o, 3 and vy be non-negative integers
satisfying v = [a/d]. Then

#{1 <@ <p’:p™ P F(@), p7 || FO(@)} <n.
Proof. This is Proposition 1 of [7].

We shall require an estimate for the number of solutions of a congruence
in many variables to a prime modulus. The following will suffice.

LEMMA 2. Let G be a polynomial in x1,...,x; which is not identically
zero modulo the prime p. Let 0 < h; < p for all i. Then the number
of x, satisfying 0 < xz; < h; for all i, for which G(x) = 0 (modp) is
O((ITh:)/ min h;).

Proof. This is an easy modification of Lemma 5 of [4].

We shall also use the following estimate which, under favourable condi-
tions, can provide an optimal estimate for the average number of singular
roots of a set of polynomials.

LEMMA 3. Let Fi(y) (0 < ¢ < n) be polynomials in v variables yi (0 <
k<wv). Let p be a prime and 2B > a1 > ... >y > > Qpmy1 > ... >y
be positive integers. Let H € N”. Write

N = #{y: ¥k < v 0 <y < Hy, Vi Fi(y) =0 (modp™)}.
Put \y = [Hy/p®] for all k < v. Then
N < Z #{y:Vk§V0<yk§pB, Vi <m Fi(y) =0 (mod p?),
nglj“%k|</\k

OF;
Oy

Vi >m F;(y) =0 (mod p®), Vi <m ZB’“

(y) =0 (mod p®i—P) ¢,
2 Y p }

Proof. Clearly
N < #{y: vk <v0 <y < M, Vi Fily) =0 (modp™)}.
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For 1 < k < v write yx = a —{—pﬁbk, where 0 < ay, Spﬂ, 0 <bp < .
Then, for m < i < n, F;(y) =0 (mod p**) becomes
Fi(a) =0 (mOdpai)u
while for i < m, F;(y) =0 (mod p®) becomes

=0 d p®).
0+ 3 S0 =0 o)

The latter congruences imply, for i < m,
Fi(a) =0 (modp?)

so that, say,

Vi<m Fi(a)=ci(a)p”.
Thus we have
N < > #{b:nguogbk<)\k,

Vi<m F;(a)=0 (mod p”)
Vi>m F;(a)=0 (mod p™?)

Vz<mz

Now the number of solutions of the inhomogeneous congruences

ayk @ = ~en(a) (mod ) .

a)by = —ci(a) (mod p®—F)

in the variables b satisfying 0 <br < A for all k¥ < v is at most the number
of solutions of the homogeneous congruences

Vi <m Z OF; (a)By = 0 (mod p®i—¥)

in the variables B satisfying |By| < A for all k& < v. Thus we have

N < Z #{BZVkSI/’Bk‘<)\k7
Vi<m Fi(a)aEO (mod p?)
Vi>m F;(a)=0 (mod p™?) Y. OF: 3
Vi < “(a)B, =0 dp*~
e Z_:ayk (a)B (modp )}

< Z #{a:Vk‘§V0<ak§pB, Vi <m Fj(a) =0 (mod p°),
ngu|%k|<)\k

OF;

Vi >m F;j(a) =0 (modp*), Vi <m ZBkay
k

k=1

@) =0 (mod )},
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4. Proof of Theorem 1. Clearly in proving the theorem we may sup-
pose that p > 2. We consider here the case r = 2.
It remains to consider the singular roots. Noting (11) we write

(13) Sy = S5+ Sg,
where
Ss=p*> #{1<a<p’ 1<z<p:z#-—m (modp),

fz (@) =0 (modp?), f(,)(x) =0 (modp), f(’y(x) =0 (modp)},
and

p—1
Se :pQZZ#{l <z <p®:z#-m; (modp), fi)(z)=0 (modp®),

m z=2
f(x(@) =0 (modp), f()(x)#0 (modp)}.

Clearly we have

Ss<p’Y #{1<wz<p’:

m

(m1 +ma — ms — myg)x + (mymay — mzmy) = 0 (mod p°),
(my 4+ mo —msz —my) =0 (modp)}
Write
(14) p° = highest common factor(p®, m; + mg — ms — my),

where 1 < § < 3. For solubility of the congruence

(my +mg —m3 —my)x + (myme — mgmy) =0 (mod p?)
we require also
(15) p5 | (m1ma — mazmy).

The congruence then has at most p° solutions satisfying 1 < z < p3. (14)
and (15) imply
(my —ms)(ma —ms) = 0 (mod p?).

Suppose that p€ | (m; —mg) and p°~¢ | (ma —m3). Then the number of such
m is
h h h ht
oo £)( )0 £) o )
Thus

h4
(16) 55 <<p22p6 (])26 +h2) < ph4+p5h2.
4,
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On the other hand, we have

p—1
Se <p? > > #{1<w<p’: fio)(x) =0 (modp?),

m z=2
f(zy(@) =0 (modp), f((x)#0 (modp)}.
Thus, by Lemma 1,
So < pH#{m,1 < 2 <p: 3z fy(@) =0 (modp?), f1.,(x) =0 (modp)}.
Thus
(17) S < pP*#{m,z,x:Vi0<m; <h, 0<z<p, 0<2z<p,
fz)(x) = 0 (modp?), f()(x) =0 (modp)}.

Put

h if A>1
1 S —P ,
(18) A [J’ a {h i\ = 1.

Now we apply Lemma 3, treating x, z as constants and the m; as our vari-
ables, to obtain

(19) Sg < p? Z #{a,aj,z:Vk§40<ak§u,O<:17§p,

Vk§4ﬁ3k|<A
0<z<p, f)(x) =0 (modp),
4 af
f('z)(a:) =0 (modp), ZBk 817(;3 (x)=0 (modp)}

k=1

if A > 1, while if A =1 this follows immediately from (17).
Given B, z, z, a3, ay we have, from (19),

fioy(@) =2(1 = 2)z + (a1 + a2 — za3 — za4) = 0 (mod p),
from which a; + ag is determined modulo p. Then also from (19) we have
fio)(@) = (1= 2)2” + (a1 + az — zaz — zaq)x + (a1a2 — zazas) = 0 (mod p),

and so ajas is also determined modulo p. Thus there are at most two choices
for a1, as. Use these congruences to eliminate a1, as. We have on writing

m =a1+az, T2 =aiaz, Q1 =03+ a4, Q2= a304,
the identity
(7?2 — 419)(By — Bo)? — (2Byay + 2B1ay — w1 (B + By))? = 0.
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Now from (19) we have

4
Of i (x
S Bkgﬂi() = (By + By — 2Bs — 2By)x
— k
=t + (a132 + CL2B1 — za3B4 — ZCL4Bg)

=0 (modp).
Thus eliminating a1, as we have
(20) (2203 —4z01(1 — 2)x — 42?2(1 — 2) — 4202)(B; — By)?
—2°(2(Bsas + Baas) + 2x(Bs + By) — (01 + 22)(B1 + B))? = 0 (modp).
Thus from (19),

21)  Sg<p’ Z#{xazaal%aél :
B

(2202 —4201(1 — 2)x — 42%2(1 — 2) — 4202)(B1 — By)?
—2°(2(Bsas + Baaz) + 2x(Bs + By) — (01 + 22)(B1 + B))? = 0 (mod p)}.
By Lemma 2, for a given choice of B, (20) has at most O(p?u) solutions

in x,z,as, a4, unless this polynomial is identically zero modulo p. If the
coefficient of zasa, is zero we have

—4(By — B3)* = 0 (mod p),

and thus B; = By (mod p). Under this condition if the coefficient of 22a3 is
zero we have

—(2B4 — B, — B3)?> =0 (modp),
and if the coefficient of z2a3 is zero we have
—(2B3 — B, — B)?> =0 (mod p).
Thus if the polynomial is identically zero modulo p we have
B; = By = B3 = By (modp).

Hence the number of such cases is O(A(1 + \/p)3).
Consequently, from (21) we have

)\4

S K p3 <)\4p2,u + <)\ + pfg

The theorem follows from (12), (13) and (16).

>p2'u2> <<p2h4 +p5h2.

5. Introduction to proof of Theorem 2. We may suppose that p > 2.
We consider here the case r = 3. Noting (11) we write
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(22) S7= Z#{m,z 0<2<p®, 0<z<p, fi(z)fa(x) Z 0 (modp),
" fi(@) =0 (modp®), fl,)(x) =0 (modp),
either f(,) #0 (mod p?) or f(o)(x) #0 (modp)}

(23) Ss= Z#{x,z 0<z<p®, 0<z<p, filz)fa(x) # 0 (modp),

fz(x) =0 (modp?), f(,)(x) =0 (modp?), f{)(x) =0 (modp)}
so that
(24) S1 = p*Sy + p*Ss.

We estimate S; and Sg in Section 7.
We shall use also the polynomials g;(z) given by

Vi<3 gi(z) = filz)/(x+mi), Viz4 gi(z)= fa2(z)/(z+mi).
Thus we have, from (8),
foy@) = g1(@) (@ +m1) = 27" ga() (@ + ma)
and
fio)(@) = g1(x) + ga(@) + g(@) — 27 ga(a) — 2 gs(@) = 2 gs ().
Write
Ci(m) = g1(z)(z +m1) — 2g4(z)(z + ma),
Ca(m) = (2x + ma + m3)(x + m1) — 2(2x + ms + me)(x + my)
+ (91(x) — zg4(x)),
Cs3(m) =2(x +my) — 2z(x + my)
+ ((4z + 2ma + 2mg3) — z(4x + 2m5 + 2mg)),
Ca(m) = bigi(z) + baga(x) + b3gs(z) — bazga(z) — bszgs(z) — bezgs(z)
= (ba(z + m3) + bs(x + m2))(z + mq)
— 2(bs(x 4+ me) + bs(x + ms))(x + ma) + (br1g1(x) — bazga(z))
and
Cs(m) = by (22 + mg + m3) + ba(22 + my + m3) + b3(2x + my + my)
— byz(2x + ms + mg) — bsz(22 + my + mg)
— bez(2x + my + ms)
= (ba + b3)(x + mq) — 2(bs + be)(x + my)
+ (b1(2x + mg + m3) + ba(z + m3) + bz(x + m2)
— 2by (22 + my + mg) — zbs(x + mg) — 2bg(x + ms)).
We define A and p by (18).
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6. Minor lemmas
LEMMA 4. Write

g1 (z) —294(x)

25 D, = .
(25) ! 2 +mgo +ms  —2z(2x + ms + mg)

Then
Z #{m,x,z:0<m; <p, 0<z<p, 0<z<p,
Vi lb|<A
fi(x) fa(x) Z 0 (modp), C1(m) = Ce(m) =0 (modp), D; =0 (modp)}
< puthS.
Proof. From Cy(m) = Cy(m) = Dy =0 (mod p) it follows that
91(z) = zg4(z) (mod p),

from which z is uniquely determined. Then from Ci(m) = 0 (modp) it
follows that m; = my. Finally,

Dy = z((ms + mg — ma — m3)x® + 2(msmg — mams)x
-+ m5m6(m2 + m3) — mgmg(m5 + m6)),

so that, by Lemma 2, D;/z = 0 (mod p) has O(pu?) solutions as a function
of mo, m3, ms, mg, x. Thus the required estimate follows trivially.

LEMMA 5. Write

mMaoMms —2msMg 0
Dy =| my+ms —z(ms + meg) MaMs — 2M5Mg
boms + bsmo  —zbsmg — zbgms  bymams — byzmsmg
Then
E #{m27m37m57m67x7Z:
b
Vi b <A

O0<m; <p, 0<z<p, 0<z<p}

)\ 5
< p2,u4/\<p + 1) .

D identically 0 (mod p)

Proof. We have
Dy = (bg — by)zmimims + (bs — by)zmamame + (by — bg)zmamamsme
+ (b1 — bo)zmamamsme + (bs — bg) 2> mamamizme
+ (by — bs)2*momamsmi + (bs — by) 22mamEm?
+ (by — by)z*mamim?.
This is identically 0 (mod p) only if
by = by = b3 = by = bs = bg (mod p).

The required estimate follows trivially.
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LEMMA 6. We have
Z #{m,z,z:0<m; <p, 0<z<p,

Vil <x 0<z<p, fila)falz) #0 (modp),
Ci(m) = Cy(m) =C3(m) =0 (modp), D; =0 (modp)}
< ppX°,

where Dy is defined by (25).

Proof. From C;(m) = Cy(m) = D; =0 (mod p) it follows that

91(x) = zg4(x) (modp),
from which z is uniquely determined. Then from Ci(m) = 0 (modp) it
follows that m; = my and, since fi(z)f2(z) Z 0 (mod p), from Cy(m) =0
(mod p) that

(22 + ma + m3) — 2(2x + ms + mg) = 0 (mod p).

Now substituting into C3(m) = 0 (modp) we obtain z = 1 and so also
ma + ms3 = ms + me (mod p). But also we have g;(x) = g4(x) (mod p) and
so mams = msmg (mod p). Thus mo, m3 is a permutation of ms, mg. The
required estimate follows trivially.

LEMMA 7. Write

91() 94() 0
D3 = |2x +m2 +m3 2x+ ms+ mg g1(z)
1 1 2z +mg +m3
and
g1 () 94() 0
Dy=|2x+mo+msg 2x+ms+mg ga(z)
1 1 2z +ms +mg
Then
Z #{m27m37m57m67x:
b
Vi [bi| <A 0<m;<p, 0<z<p, D3y=Dy=0 (modp)}

< puP S,
Proof. The conditions D3 = D4 = 0 (mod p) expand to give
(91(2) = 94 (2)) (22 + ms5 + me ) (22 + m2 + m3) — g1(x))

—ga(x)(ma +mg —ms — me) (22 + mg + ms3)
= (91(x) — 9a(2))((2z + ms5 +m6)* — ga(2))
— ga(x)(mg + mg — ms — mg) (22 + ms + mg) = 0 (mod p).
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These will have only O(1) solutions x unless both polynomials are identically
0 (mod p). But in the first of these the coefficient of 2 is ma +ms —ms —me,
and if this is 0 (mod p) then the coefficient of x? is 3(mamsz — msmsg). Thus
if both polynomials in z are identically 0 (mod p) then the pair mo, mg3 is a
permutation of ms, mg. This contributes

(26) < Nopp?

to our estimate.

Now consider the other case in which at least one of D3 and Dy is
not identically 0 (modp). Then there are only O(1) values for z. The two
polynomial congruences D3 = Dy = 0 (modp) are cubics. The difference
between these polynomials is

g1(x) ga(x) 0
2 +mg +mg  2x + ms + mg g1(z) — ga(x)
1 1 mo + M3 — My — Mg

By row and column operations this simplifies to

moms msmeg 0
mo + M3 M5+ Mg moms — M5Me y
1 1 meo + M3 — M5 — Mg

which is a polynomial in mo, m3, ms5, mg. This polynomial is —1 when mqy =
ms = 1, ms = mg = 0. Thus it is not identically 0 (mod p) and so has O(u?)
solutions in mo, m3, ms, mg. Thus this contributes

(27) < Xy
to our estimate. The lemma follows from (26) and (27).

LEMMA 8. Write

moms —msMmeg 0
D5 = mg + m3 —(ms + me) mams
bgmg + bgmg —b5m6 — bem5 b1m2m3
moims — 1M5Meg msmmeg 0
X | mg +m3 —ms —mg M5+ Mg msMeg
0 1 ms + Mg
moms —msMmeg 0
— meo + m3 —(M5 + mg) msMmeg

bamg + bgma  —bsmg — bgms  bymsmg
meoImsg — MxyMeg msmme 0

X | mg +m3 —ms — Mg M5+ Mg Moms

0 1 mo + ms
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Then

A 5
Z #{mg,mg,mg,,m@:O<mi§,u}<<u4)\<p—|—1> .

b
Vi [by| <A
D5 identically 0 (mod p)

Proof. Substitute mg = 0 in D5 to obtain (bg — by)m3mim3. Thus if
Ds is identically 0 (mod p) then bg = b; (mod p). Similar arguments give

by =bs =bg, by =0bs=by (modp).
Substituting this in D5, and putting ms = m3 = ms5 = 1 we obtain
—(by — b1)(1 — mg)*mg

also. The required estimate follows trivially.

7. Proof of Theorem 2
LEMMA 9. We have
S; < h8 + p3hyd,
where p is defined by (18).
Proof. From Lemma 1 applied to (22) it follows that

So <<pz#{z 10 < z<p, Iz fi(x)f2(z) Z 0 (mod p),
" fi(@) = 0 (modp®), f(.)(x) =0 (modp)}.

We can rewrite this as
p p—1
(28) Sy <pY Y #{m: fi(x)fa(z) £ 0 (modp),
T jo @) =0 (modp?). fl.y(x) =0 (modp)},
say. Write
(29) N =#{m: fi(x)fa(x) # 0 (modp), fy(z)=0 (modp?),
f(z)(x) =0 (modp)}.
Thus by Lemma 3,
(3) N< 3 #{m:vio<m<p fi(e)fa(z) %0 (modp),

vi |bl:|<A 0= Ci(m) = Cy(m) = Cy(m) (modp)}

if A > 1, and follows immediately from (29) if A = 1. Thus from (28) we
have

Sy < p Z #{m,z,z:0<m; <pu, 0<x<p, 0<z<p,
Vi|bl:|<)\
fi(@)f2(x) # 0 (modp), 0= Ci(m) = Cz(m) = Cy(m) (modp)}.
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But by Lemma 4,
Z #{m,z,z:0<m; <p, 0<z<p, 0<z<p,

Vi \bl:|</\
fi(z) fa(z) # 0 (mod p), 0= Ci(m) = C2(m) = Dy (modp)}
< pu*a® <« he + ph.
Thus P
(31) S7 < (p > #Wl) + RO+ p*h*,
Vi |bl:|</\
where

Wi={m,z,z:0<m; <p, 0<z<p, 0<2z<p,
fi(@) f2(z) # 0 (modp), 0= Ci(m) = Ca(m) = Cy(m) # Dy (modp)}.
Consider (m, z,z) € Wy. Given ms, mg, ms, mg, 2, x, the values of my,
my are uniquely determined by Cy(m) = Co(m) = 0 (mod p) since D1 #Z 0
(mod p). Eliminating my, my from Ci(m) = Cy(m) = Cy(m) = 0 (mod p)
we obtain

g91(x) —zga(x) 0
D(z)= 2z + ma + m3 —z(2z 4+ ms5 + mg) g1(z) — zg4(x)
ba(x +ms3) + b3(xz +ma) —zbs(z+me) — zbg(z +ms) bigi(z) — bazga(x)
=0 (modp).

By Lemma 2 this has O(p?u?) solutions in msq, ms, ms, mg, 2, x unless it is
identically 0 (modp) as a polynomial in these variables. In the latter case
D(0) will also be identically 0 (mod p). However, we have

MoMms —zZmsMmg 0
D(0)=| m2+ms —z(ms + mg) mam3 — zmsme |,
b2m3 -+ b3m2 —zb5m6 — zb6m5 blmzmg — b4zm5m6

and by Lemma 5,

Z #{m2,m3,m5,m6,l’,21
b
V’L‘b1|<)\
D(0) identically 0 (mod p) O<m;<p 0<z<p 0<z< ]3}

A 5
< p2,u4)\<p + 1) .
Thus, by (31),
A 5
S < p<)\6p2u3 + /\(p + 1> p2u4> + 18+ p?ht < h® + p3hud,

which completes the proof of the lemma.
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LEMMA 10. We have
Ss < h® + p3hyd + p*u?.
Proof. We have, from (23),
Ss=p>Y #{z,2:0<x<p, 0<z<p, fi(x)fa(x) %0 (modp),

fz)(@) =0 (modp?), f(’z)(gz) =0 (mod p?), f’;)(:c) =0 (modp)}.
Rewrite this as
p p-1

(32)  Sg<p?) D #{m: fi(z)fa(x) #0 (modp),

rx=1z=1

fz)(x) = 0 (modp?), f(,)(z) =0 (modp®), f{l(x) =0 (modp)}.
Write
N =#{m: fi(z)fo(x) #0 (modp), fi)(z) =0 (modp?),
f(oy(@) =0 (mod p?), f{)(x) =0 (modp)}.
Define A and p by (18). Thus by Lemma 3 we have
N < Z #{m :Vi0 <m; < p, fi(x)f2(x) # 0 (modp),
v¢|b?|<x
0=Ci(m) = Cy(m) = C3(m) = Cy(m) = Cs(m) (modp)}.
By Lemma 6,
Z #{m,x,z:0<m; <p, 0<z<p, 0<z<p,
W\blz-l</\
fi(x) fa(xz) # 0 (modp), C1(m) = Ce(m) = Cs3(m) = D; =0 (modp)}
< p,u3)\6 < ZS + ph3.
Thus by (32) we have
(33) Se< (B D0 #Wa) + 10+ pPu,
vz‘|bl:\<>\
where
Wy={m,z,z:0<m; <pu, 0<z<p, 0<z<p,
Ji(z) f2(x) # 0 (mod p),
0= Ci(m) = C2(m) = C3(m) = Cy(m) = C5(m) # Dy (modp)}.

Consider (m, z,z) € Wy. Given ms, mg, ms, mg, 2, x, the values of my,
my are uniquely determined by Cy(m) = Co(m) = 0 (mod p) since D1 #Z 0
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(mod p). Eliminating my, m4 from Ci(m) = Ca(m) = C4(m) = 0 (mod p)
we obtain

(34)
g1(z) —9a(x) 0
E, = 22 + my + m3 — (22 + ms + mg) 91(z) — zg4()
ba(z +m3) + bz(z +m2) —bs(z+meg) —bs(z+ms) bigi(x) — bazga(z)
=0 (modp).

Also eliminating my,my from Ci(m) = Ca(m) = C3(m) = 0 (mod p) we
obtain

(35)
g1(x) —ga(z) 0
Eo = |2z +ma+mg —(2z+ ms + mg) g1(z) — zga(x)
2 —2 2((2x+m2—|—m3) —z(2x—|—m5 +m6))
=0 (modp),

which can be rewritten as
(36) D3 = zDy (modp).

But by Lemma 7,

Z #{ma,mz,ms,mg,z: 0 <m; < pu, 0<x<p,
b
Vi [bs] <A D3 =D4s=0 (modp)}
h6
< p?X® <« ] + pu?.

Thus, by (33),
(37) S < p2< Z #W?,) +n +p4u2,

Vi|b€\<>\
where
W3 = {mgy,m3,ms,mg,z,2:0<m; <p, 0<z<p, 0<2z<p,
E; =0 (modp), D3 = z2D4 (modp), D3, Dy not both 0 (modp)}.

Now, for (mg, ms, ms, mg,x,z) € W3, z is uniquely determined by (36).
Also (34) can be rewritten as
D¢ = zD7 (mod p)
where
91() —ga(x) 0
D¢ = 22 + mg + mg3 —(2x 4+ ms5 + mg) g1(x)
b2(l’+m3)+b3(l‘—|—m2) —b5($—|—m6) —b6($+m5) blgl(fﬂ)
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and

g1(z) —ga(z) 0
D7 = 22 + mgy + ms — (22 + ms5 + mg) ga(x)
ba(z +m3) + bs(z +ma)  —bs(x +me) — bs(z +ms)  baga()

Thus, by (37), we have
(38) S < p2< Z #W4> +n +p4u2,

Vi|b€\<)\
where
Wy = {ma,m3,ms,me,z:0<m; <pu, 0<z<p,
DsD7 = DyDg (modp)}.

Write
H(x) == D3D7 - D4D6.

Then H(0) = D5 and so H(x) can be identically 0 (mod p) only if Dj is.
But by Lemma 8,

Z #{mgo,m3,ms5,me : 0 <m; < p, H(x) is identically 0 (modp)}

Vi b ] <A A L
< u‘%\( + 1> < = + hy?.
P P
Thus by (38)
(39) S5 <p( S #Ws ) + 1O+ phye® 4,
\ﬁ|b€\<>\

H (x) not identically 0 (mod p)
where
W5 = {m27m37m57m67$ 0< m; < M, 0<z <p, H(‘T) =0 (mOdp)}

By Lemma 2,
#Ws < pp’,

and thus by (39),
58 < p3lu3)\6 +p4M2 + h6 +p3h,u3 < h6 +p3h/L3 +p4,u2,
which completes the proof of the lemma.

Proof of Theorem 2. Follows from Lemmas 9 and 10.

8. Corollaries. In [3] it was shown that from (1) it follows that

N+H
Z X(w)’ < H'/?|3/16+e
r=N+1
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More generally, in [3] it was shown that if k is cubefree and r > 2 then

N+H
‘ > X(ﬂf)‘<<H1‘1/’"l<;(”+1)/(4”2)+5.
r=N-+1

It would follow from (3) that

N+H

> ‘ > x )<< kl/Ate /4,

primitivex ax=N+1

Similarly from (4) it would follow that

N+H
S Y aw| < e
xmodp® z=N+1
X?* =xo
XFX0

This estimate is improved by the following corollaries.

COROLLARY 1. If H < p3/2 then

N+H

Z ‘ Z X(CU)’ < p2pPAHYA,

xmodp® z=N+1
»2
X" =Xo

X#X0

Proof. From the proof of Lemma 2 of [5] we see that if 2 < p® then

N+H p> z42" 4 1/4
‘ > X(w)( < 2+H3/42_”( 3 ( > X(x)‘ )
r=N+1 m=1 z=m+1
P a2t 4N 1/4
+Z2 “/4( ) Z x(x ‘ )
m=1 xz=m+1
Choose H/2 < 2 < H. Then we have
N+H p> z+27 1/4
> | X x@)| <t ar ”Z(Z( > x|
xmodp® z=N+1 m=1 z=m+1
Xp2=X0
X#X0 1 3 ook
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T+27

< p? +H3/42—up3/2<z Z ‘ Z ’ >1/4

X m=1 z=m+1

w+2“

Zz n/4 3/2(22‘ ‘ )”4

xmla:erl

< p2 4 H3/42—I/p3/2(p2241/ +p522u)1/4

v—1
+ Z 27u/4p3/2(p224u +p522u)1/4
n=0

< H1/4p11/4.

COROLLARY 2. If H > p3/2 then
N+H
> | 30 | wpiptri
xmod p® z=N+1
X =xo
XF#X0
Proof. From Lemma 6 of [3], with p?/? < 2¥ < 2p%/2, it follows that
for p3/2+9 < H < p9/4=9 there is an h satisfying 1 < h < 2¥ for which
N+H

> x(w))

r=N-+1 3

P h 1/4
<<rnaux:(H1/2 —3/4p—1/4 logp( ‘Zxx—i-m‘ ) , Hp_g/z).
r=1 m=1
From this it follows that
’ N+H
xmodp® T=N+1

2
x? =xo0
X7#X0

< Z Hl/zp_3/42_“/4(logp)pg/z(p224“ + p522“)1/4 + Hp1/2
n=0

< p*p*/8H? log p.

COROLLARY 3. If p < H < pb/® then
N+H
> ’ > x(@ )’ < pPptte.
xmodp® T=N+1

2
x* =xo0
X#X0
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Proof. Choose H/2 < 2¥ < H and apply Theorem 2 in the proof of
Corollary 1.

COROLLARY 4. If H > pb/° then
N+H
|30 e pthp
Xrnodp3 z=N+1

2
xP =xo
X#X0

Proof. Choose pb/5 < 2¥ < 2p%/5 and apply Theorem 2 in the proof of
Corollary 2.
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