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On the lattice point problem for ellipsoids
by

V. BENTKUS and F. GOTZE (Bielefeld)

1. Introduction and results. Let R?, 1 < d < oo, denote the real
d-dimensional Euclidean space with scalar product (-,-) and norm

2|2 = (x,2) =22 + ... 422 foraz=(x1,...,24) € R%

Denote by |z]o = max{|z;| : 1 < j < d} the maximum-norm. Let Z¢ be the
standard lattice of points with integer coordinates in R<.

For a (measurable) set B C R? let vol B denote the Lebesgue measure
of B, and let volz B denote the lattice volume of B, that is, the number of
points in B with integer coordinates.

Consider a quadratic form

Qlz] = (Qz,z) for x € RY,

where Q : R? — R? denotes a symmetric positive linear bounded operator,
that is, Q[z] > 0 for x # 0. Define the ellipsoid

E,={zcR?:Q[z]<s} fors>0.

Let
O<q%§...§q§:q2
denote the eigenvalues of the operator Q.
We shall prove the following
THEOREM 1.1. For d > 9,
voly(Es + a) — vol E, _
A(s, Q) := sup ( ) < cqi(g/q)* s

acRd vol ES
for s > qi,

where the constant ¢ can depend on the dimension d only.
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Remark. For the dimension d = 8 we can prove that
A(s,Q) < cq2¥q s n?(s + 1) for 5 > ¢3,
with an absolute constant c.

For general ellipsoids Landau (1915) obtained the estimate
O(s~1+1/(0+44) This result has been extended by Hlawka (1950) to con-
vex bodies with smooth boundary and strictly positive Gaussian curvature.
Hlawka’s estimate has been recently improved by Kritzel and Nowak (1991,
1992) to O(s~1*?), where A = 5/(6d + 2), for d > 8, and A\ = 12/(14d + 8),
for 3 < d < 7. An abstract of results of the present paper appeared as
Bentkus and Géotze (1995a), based on the preprint by Bentkus and Gotze
(1994b).

Since the lower bound A(s, Q) = 2(s~!) holds for spheres (Q = Identity)
(see, e.g. Fricker (1982)), Theorem 1.1 solves the problem of uniform error
bounds for ellipsoids with arbitrary center provided that the dimension d is
sufficiently large, i.e., d > 9.

The bound of Theorem 1.1 shows that the number of lattice points in
an ellipsoid depends asymptotically only on the size of ellipsoid, i.e., only
on radii of the largest inscribed and the smallest circumscribed spheres, and
does not depend on assumptions like “rationality” or “orientation” of the
ellipsoid, that is, on the conjugation class of () under the action of SL(d, Z).

For special ellipsoids a number of particular results are available. For
example, the error bound O(s~!) holds for d > 5 for a fixed rational form
Q (see Walfisz (1924, 1927), d > 9, and Landau (1924), d > 5). Jarnik
(1928) proved the same bound for diagonal forms @) with arbitrary (nonzero)
real coefficients. Related results are due to Novék (1968), Divis and Novéak
(1974). For a discussion see the monographs by Walfisz (1957), Landau and
Walfisz (1962), Fricker (1982) and Kratzel (1988).

Our results were obtained by extending the methods for proving optimal
rates of convergence in the Central Limit Theorem (CLT) for ellipsoids (Ben-
tkus and Gotze (1994a)). Bounds for rates of convergence in the multivariate
CLT for convex bodies seem to correspond to bounds in the lattice point
problem for these bodies interpreting s as the number, say N, of random
vector summands in the CLT. This fact was mentioned by Esseen (1945),
who proved the rate O(s~'*+1/(1+4)) for balls around the origin and random
vectors with identity covariance, a result similar to the result of Landau
(1915). For sums taking values in a lattice and special ellipsoids the relation
of these error bounds for the lattice point problem and the CLT was made
explicit in Yarnold (1972).

The results of Esseen were extended to convex bodies by Matthes (1970),
yielding a result similar to that of Hlawka (1950).



Lattice point problem for ellipsoids 103

The bound O(N 1), for d > 5, of Bentkus and Gétze (1994a) for ellip-
soids with diagonal ) and random vectors with independent components
(and with arbitrary distribution) is comparable to the results of Jarnik
(1928). The bound O(N~1!), for d > 9, for arbitrary ellipsoids and ran-
dom vectors—an analogue of the results of the present paper—is obtained
in Bentkus and Gotze (1995b). The proofs of these probabilistic results are
more involved since we have to deal with a general class of distributions
instead of uniform bounded ones in number theory.

The basic steps of the proof consist of:

(1) rewriting in Section 2 the lattice point approximation error as a
difference of measures of the ellipsoid, which are defined as convolutions of
uniform measures on cubes in Z<¢ resp. R%;

(2) using regularization (see Lemma 8.1) and Fourier transforms to bound
the error by integrals over Fourier transforms of the distributions of Q|x]
under these measures;

(3) using double large sieve bounds to estimate the Fourier transforms;

(4) estimating the size and separating the location of maxima of the
Fourier transforms, for d > 9, by means of inequality (5.3) in Section 5. (See
as well (1.2) below.)

Once the problem has been reformulated in terms of measures with finite
support in step (1), it is sufficient to assume that the quadratic form @ is
nondegenerate (see the Remark in Section 2).

The inequality (5.3) in step (4) represents the essential tool of our proof.
For trigonometric sums defined as

(1.1) S(t) = pae{tQ[z]}

z€Zd
with
pe = (24+1)72 Z Z I{m+n =2z},
Imloc<A |n|ee <A
where the sums are taken over m,n € Z¢, and e{z} := exp{iz}, it yields
the bound

(1.2) 1S(t)S(t +¢)| < c(q/q1)*M(e) forallt € R and e > 0,
where

- (’t’AQ)—d/Q for [t| < AL,
(1.3) M(t) = { 1£]/2 for [t| > A~ 1.

Taking t = 0 the inequality (1.2) yields a “double large sieve” estimate
for distributions on the lattice (see Bombieri and Iwaniec (1986)). In the
present paper we derive (1.2) from the double large sieve bound—an al-
ternative proof to the original proof in Bentkus and Géotze (1994b), which
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depended on symmetrization arguments like Weyl’s inequality and its gener-
alizations (see Lemma 7.1), which had been quite useful in the investigation
of the convergence rates and Edgeworth expansions in the CLT in Hilbert
and Banach spaces (see Bentkus and Gotze (1994a, 1995b)). Using this sym-
metrization method a refined version of (1.2) is proved in (5.13) for weights
p, which are convolutions of more than two uniform distributions.

We shall use the following notation. By ¢ with or without indices we
shall denote generic constants which may depend on the dimension d only.
We shall write B < D instead of B < ¢D. By [B] we denote the integer
part of a real number B. We shall write » = /s and A = [r]. If » > 1 then
the natural number A is at least 1 and A < r < 2A4.

2. A reduction to the Fourier transforms. Assuming that

(2.1) laloo <1/2 and ¢ =1,
we shall prove the following bound for the error A(s, @) in Theorem 1.1:
(2.2) A(s,Q) < ¢?is™1 for s > 1.

This result implies Theorem 1.1. Indeed, the assumption |a|o, < 1/2 does
not restrict the generality since

voly (Es + a) = volg(Es +a —m)  for any m € Z¢,

and we can replace a in (2.2) by a — m, with some m € Z¢ such that
|a —m|s < 1/2. The condition ¢; = 1 does not restrict the generality either
since we can derive Theorem 1.1 from (2.2) replacing Q in (2.2) by Q/q?
and s by s/¢%.

Let us recall some definition and properties related to (Borel) measures.
Let B¢ denote the class of Borel subsets of R?. In this paper we shall consider
only nonnegative normalized measures, that is, o-additive set functions u :
B4 — R such that p(R?) = 1 and u(C) > 0 for any C € B¢ We shall
write { f(z) p(dz) for the (Lebesgue) integral of a measurable function f :
R? — C with respect to the measure u, and denote as usual by p * v(C) =
\u(C — x)v(dr), for C' € B¢, the convolution of the measures p and v.
Equivalently, yu * v is defined as the measure such that {f(z)u * v(dz) =
{ f(z +y) u(dz) v(dy), for any integrable function f.

For r > 0 consider the cube B(r) = {z € R? : |z|o < 7}. The uniform
lattice measure (1, concentrated on the lattice points in B(r) is defined by

volz C' N B(r)

r = f d.
wr(C) vol B(r) orCelB
We define the uniform measure v, in B(r) C R? by
volC' N B(r) d
(C) = ————— f .
v (C) ol B(r) orCeB
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Introduce the measures
H= Ker = K6r]+1/2> YV = V[6r]+1/2
and
X = Hr = Kir]+1/2, W= X*X*X*X.
Notice that for C' C E,, u(C) and x(C) are proportional to the number of
lattice points in C'. Similarly, v(C) is proportional to the volume of C' C E,.

The use of measures will simplify the notation. For example, we can
rewrite the trigonometric sum (1.1) as

S(t) = [e{tQlal} x * x(de).
The following Lemma 2.1 reduces the proof of (2.2) to an estimation of
the Fourier transforms.
LEMMA 2.1. Write
F(t) = \e{tQlz — al} pxw(de),  g(t) = \e{tQr — al} v+ w(dz).
We have
Al5,Q) < ¢ (I + L+ I3 + 1),

where
L= | (fol+lgehd, L= | |f<t>g<t>||6f|,
‘t|§571+2/d |t‘§5—1+2/d
and
dt dt
I3 = \ (FO1+o@D g = § (@I 5

s—1+2/d <[t <52/ d s=2/4<t|<1

Using Lemma 2.1 we reduce the proof of (2.2) to the proof that [; <
q¥t*s~1 for 1 < j < 4. That is done in Sections 3 and 4.

Proof of Lemma 2.1. Let us start with the proof of
(2.3) A(s,Q) < ¢ |pxw(Es 4 a) — v *w(E, + a)|.
Recall that

l=¢i<...<q@3=¢
denote the eigenvalues of the operator @), or in other words,
1=1/¢g>...>1/qa=1/¢>0

denote the lengths of half-axes of the ellipsoid F;. Due to the assumption
¢1 = 1 the longest half-axis of E; has length 1. Therefore Ey C B(1) and
E, C B(r). Consequently, Ex + a C B(r + 1/2) since |a]e < 1/2.

Observe that, for any set C C B(r +1/2),

(2.4) w(C) =p*xw(C), v(C)=rv*xw(C)
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since the measure p*w (resp. v*w) is still a uniform lattice (resp. uniform)
measure on B(r 4+ 1/2). For example, let us verify that p(C) = p* w(C).
The measure w is concentrated in the cube B(4r), that is, w(B(4r)) = 1.
Therefore
prw(C) =€ —)wdz) = | w(C—z)w(do).
B(4r)

For y € C' and x € B(4r), the triangle inequality implies

ly — |oo <+ 1/244r < [6r] +1/2,

which means that both C' and the shifted set C' — x are subsets of B([6r] +
1/2). The shift 2 assumes integer values only (with w-measure 1). Therefore,
due to the invariance of p under shifts by integer vectors inside the cube

B([6r] +1/2),

| w(C-2)wde)= | n(C)w(dr)=uC),

B(4r) B(4r)
which implies (2.4).
Clearly

V :=volyg B([6r] + 1/2) = vol B([6r] + 1/2).

For C C B([6r] + 1/2), we have
w(C) =V=tvolzC,  v(C)=V"'volC.

Therefore, in the case of C' = E5 + a, we obtain
(2.5) |1(C) = v(C)| = V1 volz C — vol C| = A(s,Q) V! vol E,.

Notice that 1 <« qd V~—1lvol E; since the ellipsoid E; contains the cube
B(1/q) as a subset. Thus (2.4) and (2.5) imply (2.3).

Consider the functions

F(2) =prxw({z eRY: Qz —a] < 2}),

G(z)=v+rw({z e R?: Q[x —a] < 2})
for z € R. The functions F,G are distribution functions since they are
nondecreasing, F'(—o0) = G(—o0) = 0 and F(oc0) = G(oco) = 1. We can
write
(2.6) F(s)—G(s) =p*w(Es +a) —vxw(FEs+a)

= prxw({z e R?: Q[xr —d] < s})
—vsxw({z e R?: Q[z — a] < s}).

Notice that f(t) (resp. g(t)) is equal to the Fourier—Stieltjes transform
F(t) = {e{tz} dF(2) of the distribution function F' (resp. of G), by a change
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of variable. Applying the smoothing Lemma 8.1, we have

@7) PG~ Gl < | 170 -0 5+ §17@ldi+ | Lol ar

L k!
Splitting the integrals in (2.7) and estimating 1 < 1/|¢| for |t| < 1, we obtain
(2.8) |F(s) — G(s)| < I1 + 1o + I3 + 14.
Now the relations (2.3), (2.6) and (2.8) together imply the result of the

lemma. =

Remark. Once the problem has been reformulated in (2.3) and (2.6) as
a problem of the estimation of distribution functions, we may consider the
general case of conic sections instead of ellipsoids since from now on only
the assumption that the operator () is invertible will be used.

3. Bounds for the integrals I;, I3 and I, of Lemma 2.1. Through-
out we shall write

(3.1) @(t) = onr(t) = [JeftQls — ]+ (L, 2) x x x(da)|, b LERY,
and

(t) = sup oy, ().
b,L

Notice that ¢ and v are even continuous functions such that ¢(0) = (0) =1
and 0 <, < 1.

LEMMA 3.1. We have

(32) FOI <6, o] < v,

and

(33) Uﬂ)u|sw§wﬂﬁ, §la01 5 < sup § ()
C C C

fort e R and C € B.

Proof. For example, let us verify the first inequality in (3.2). Using
Fubini’s Theorem, and the definition of v, we have

O] = [[eltQlr - al} p x w(da)
< {[Jett@lz +y - al} x * x(da) | w5+ x(dy)

< S sup Se{tQ[IL‘ + 2]} x * X(dx)‘ px X * x(dy)
zERY

Jett@e + 20} x + xtdo)| < ).

= sup
z€Rd
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The proof of (3.3) is similar to the proof of (3.2). For example, let us
prove the second inequality in (3.3). We have

| \g(t)!% = S’Se{t@[w — v s w(da)| &

SR =) 1

< Sé“e{tQ[w +y—alfx* x(d:v)‘ ‘CZM * X * x(dy)

< sup S‘Se{tQ[:n—l—z]}x*x(dx)HZ

zERd o
dt
< sup S@(t)? .
b,LeRd c ‘ ‘

Recall that A = [r] and s = 72. Since we assume that 7 > 1, the inequal-
ities A2 <« r? <« s < A2 hold, and the function

_ L) for < 572,
N(t) i { ‘t‘d/z for ‘t‘ > 8_1/2
is equivalent to the function M defined by (1.3), that is,
N@E) < ME) < N(@#)  and M(t) < (|t]s)” Y2 +t|7? < M(¢).
Estimation of Iy and I3. Let us prove that I; < ¢%/s. Using (3.2) of
Lemma 3.1, we have
I < S W(t) dt.
[t <5142/
By (5.4) of Theorem 5.1, ¥(t) < ¢?M(t) < q?N(t). Therefore, using 1 (t) <
1, as well as s~ 112/4 < g=1/2 for d > 4, we obtain

s—1+2/d 1/s s—1/2

dt
L<g' | min{LN@O}d<q' | ditq’ | L
0 0 1/s s
d d d
¢t ¢t pdt _af
_s+s §td/2<<s'

Let us prove that I3 < ¢?/s. Using (3.2) of Lemma 3.1 and the inequality
P(t) < ¢IM(t) < ¢?N(t), we get

—2/d
dt ° dt
Iy < X T/J(t)m < ¢ S N(t) s
s—1+2/d<|t|<s—2/d g—1+2/d
s—1/2 s—2/d
1 dt dt
— ,d - " d d/2 ="
1 S (ts)d/2 t - S P
g—1+2/d s—1/2
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1 dt s dt d
d d d/2 q

< — — + e — L —
a s§/d td/2 ¢ a S t s

for s > 4.

FEstimation of 1. Using (3.3) of Lemma 3.1, we have

1

dt
I, < sup o(t)—.
bLERY 3, t

S

We show in Section 5 that o(t)¢(t +¢) < ¢?M(e) for all t,e € R, with M
defined in (1.3). In Section 6 we show that this inequality implies that

for d > 9, and the desired estimate of I, follows.

4. An estimate of the integral /> of Lemma 2.1. In this section we
shall show that

d+4
(4.1) I, = S |f(t) — g(t)] dt <1 ’

o] <s 14274 g

for d > 5.

We shall use Taylor expansions in order to reduce the problem to the esti-
mation of integrals like those in Section 3.
We shall show that

(4.2) () = g(t)] < " ([t] + st*) o(2).

Using the estimate v (t) < ¢¢ min{1; M(t)} of Theorem 5.1 and integrating
in t, we easily derive (4.1). Thus it remains to prove (4.2).
Recall that

£t = \eftQlr — al} pxw(de),  g(t) = {e{tQlr — a]} v » w(d).

Let 7(dz) = I{|z|eo < 1/2} dx denote the uniform measure concentrated
on the cube |z]s < 1/2. Recall that p is the uniform lattice measure in the
cube |z|s < [6r] + 1, and that v is the uniform measure in the same cube.
Therefore, for any function u we can write the identity

Su(x) v(dx) = Su(w + y) p(dx) T(dx).
Thus we have

9(t) = \Je{tQle +y — al} px w(dz) T(dy).
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We shall expand the function e{tQ[x +y —a|} into a Taylor series in powers
of y. Notice that

e{tQlr +y — al} = e{tQlz — af} e{26(Q(z — a), y) } e{tQ[y]}
and introduce the function
h(t) = “e{tQ[m —al}e{20(Q(z — a), y) } p x w(dz) T(dy).
Then

[F(#) = g(®)] < |F (&) — h(®)] + |h(E) — g(B)],
and the proof of (4.2) reduces to the verification of

(4.3) |F(8) = h(t)] < g'st>p(t)
and
(4.4) h(t) = g(t)] < ¢*[t|3(t).

Let us prove (4.4). Expanding e{z} =1+ 8(1) ize{vz}dv with z = tQly],

we obtain
1

Ih(t) = g(®)] < |\ 1tQI T 7(dy) dv,
0
where

J = ‘Se{tQ[w —a] +2t{Q(x —a),y) } 1 * w(dx)‘.
Using the definition of v, we have
Js Sme{tQ[“w—a]+2t<Q(~’v+w—a),y>}X*X(dﬂﬁ) o x* x (dw) < a(t).

Consequently, using |Q[y]| < ¢*|y|* < ¢?|y|,, we derive

[h(t) = g(O)] < v (t) | 1tQU] m(dy) dv < P[tl (1) Iyl 7(dy) < [t t),
0
thus proving (4.4).
Let us prove (4.3). Expanding
(4.5) efz}=1+iz+ S (1 —w)(iz)%e{vz}dv  with z = 2{Q(z — a), y),
0

we obtain
1

(4.6) £(t) = h(t)] < £\ Jo 7 (dy) dv,
0

Jo = [[(@(a - a).9)2e{t @l o] + 20(Q(a — a). )} i)
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Notice that the term corresponding to iz in (4.5) is equal to zero since the
measure 7 is symmetric and therefore {(L,y) 7(dy) = 0 for any L € R?. Set
To = —a and write

r=x1+2x2+x3+ T4+ Ts,
p* w(dz) = x(dwy) x(daz) x(dws) x(dws) pdas).
Then Q(x —a) = Z?:o Qz; and we have

Jo = \§<Z Q1) e{tQlr — a] +201(Q(x — a). )} * w(da)

7=0
5 5
Syt
§=0 k=0
with
T = [}(@z,9) (Qui,y) e{tQlw — a] + 20H(Q(w — @), )} o+ w(da)|
Given the variables x; and x, we may choose out of x1,x2, 3,4 at least

two further variables, say x; and x,, with [ # m, such that both [ and m
are different from j and k. Using Fubini’s Theorem, we have

it < \\\ @z, 9) (Quw, )| 1 p(ds) I xtd=),
1<p<4,p#l,p#m

where
I = |{JettQle - a] + 20Q(w — a).9))} x(de) x(d)|

Splitting x — a = x; + x,, + w with some w independent of x; and x,, we
see that J; < (t). Therefore

Tk <o) (V@ 0) (Qui ) ndzs) T x(day)

1<p<4,p#l,p#m

= o) |- \(Quj, ) (Que,y) udzs) ] x(day).

1<p<4
Using |(Qz;,9)| < ¢* |z;| ly] and summing the bounds for J;i, we obtain

Jo < q'lyPPu) .. S(IaI+ZIwJ) (dos) ] x(day)

< q'lyPo®) (lal? + {lof? u(de) + o x(dw))-

The measures p and x are concentrated in cubes of size [6r] + 1/2 < /s
and [r] + 1/2 < /s respectively. Thus, we have {|z|*>u(dz) < s and
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S[a:\Qx(dx) < 5. Using |a| < |alee < 1/2, we obtain Jy < ¢*|y|?w(t)s.
This estimate together with (4.6) implies (4.3).

5. An inequality for trigonometric sums. Let a, L € R?. Define the
trigonometric sum

o(t) = part) = me{tQ[m +y—a+t{z+y L)} x(dz) x(dy)|, tER,
and

¥(#) = sup pa, 1 (t)-

In order to illustrate the basic argument in the following inequalities, let

B(tp) = | 3 pacltQlal}]

denote a trigonometric sum with weights p,, + € X C R%. Then, for any
e > 0, we have

(5.1) B(t—e)d(t+e)< Y (e qw))
ueX—-X
with
B(e,q(w) = | Y ar(w)e{-2:Q[e] +2(t + £)(z, Qu)}
zeX
and
Qw(u) = Pz Z by I{.CE —Yy= u}
yeX
To obtain (5.1) it suffices to reorder the summation over = and y as sum-
mation over x — y and x + y, and use the identities

(52)  Qz]-Qlyl = (Qz+y),z—y), 2(Qz]+Q]) = Qz+y]+Qz—y]
together with the triangle inequality or, e.g., Holder’s inequality as below.
The further bounds of ®(e,¢g(u)) using the double large sieve will depend
only on the coefficients of the quadratic part of the exponent in ®(g, q(u)),
which are proportional to € and independent of t. In this section we shall
prove the following inequality for ¢(t) defined above.

THEOREM 5.1. We have

(5.3) o) p(t+e) < ¢*M(e)  fort,e €R.
In particular,
(5.4) P(e) < ¢"M(e).

Notice that the right hand side of (5.3) is independent of ¢, a, L. Re-
call that the function M is defined by (1.3), and that we assume that the
eigenvalues of @ satisfy 1 < ¢} <...< ¢ =%

—
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The following double large sieve bound is a consequence of Lemma 2.4
in Bombieri and Iwaniec (1986). For a vector 7 = (11, ...,T,;) with positive
coordinates, introduce the cube

B(T):B(TbaTd)
= {z=(z1,...,74) € R?: |z;| <Tj for 1 < j <d}.
Write 7= = (771, ..., T ).

LEMMA 5.2. Let pu,v denote arbitrary measures on R? and let S, T be
vectors with positive coordinates. Write

7=] § (] st ntwette.nal@n) viay)|

B(S) B(7)

where g,h : R* — C denote arbitrary (measurable) functions. Then

J< Q28 g, 1) QT h,v) H 1+ S;T;),

J=1
where

QS.g.m={( | low)lu(dy)lg)| p(de).

yexz+B(S)
In particular, if |g(z)| <1 and |h(z)| < 1, then

d
(5.5) J < sup p(z + B(2S8™1)) sup v(z + B(2T 1 H (1+5;13)
z€R4 z€R4 j=1

Proof. We shall call a measure u discrete if there is a countable set,
say C,, C RY, such that p(C,) = 1. Bombieri and Iwaniec formulated this
lemma for discrete measures p and v such that u({z}) =1 and v({y}) =1
for x € C,, and y € C,. Obviously, the lemma extends to the case of discrete
u and v since the functions g and h are arbitrary. To extend the lemma
to arbitrary p and v, one uses the fact that any measure can be weakly
approximated by discrete measures, as well as the well-known properties of
integrals. m

Remark. Lemma 5.2 can be easily extended to the case of o-finite
complex-valued measures replacing Q(-,-, u) and Q(-,-,v) by Q(-,-, var p)
and Q(-,-,varv), where var y is the total variation measure of u. We shall
use Lemma 5.2 only for uniform lattice measures.

COROLLARY 5.3. Assume that |g(z)| <1 and |h(z)| < 1. Let
(5.6) p{r €RY: |z|oo <TH =1 and v({z €R?: |z < S}) =1,
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for some T >0 and S > 0. Write

5o = [[(§9@) hw)e{t(@a, )} udz)) v(dy)

Then there exists a positive constant cq depending on the dimension d only
such that

(5.7 J < @1+ (t|ST)Y

x sup p(z + cq(|t|S) "' B) sup v(z + cq(|t|T) ' B),
zERd z€RC

where B = {x € R : |z]|0o < 1}

2
, teR

Proof. The operator Q is positive and @ has eigenvalues 1 < ¢? <
... < g3 = ¢*. Therefore we can decompose Q = /Q /Q. If Q is symmetric
and invertible, we can use the decomposition ) = \/@ J \/@ , where J
is a symmetric isometric operator and the symmetric operator \/@ has
eigenvalues ¢, . .., qq. Consider the mappings x — sign(t) \/Wx and x —
\/Wx, which map R? into R?. Let y; and v; denote the induced measures

of p and v under these mappings, that is,
e (C) = plsign(t)(|1{Q)/2C) and 1, (C) = v(([t|Q)'/*C)
for C € B,

Then we have

(5.8) Je = [{(J90 (@) ho(w)ed @, 1)} pelda) ) vi(dy)

for some functions gg and hg such that |go| < 1 and |hg| < 1. The obvious
inequalities |vQz|e < [VQz| < qlz| < q|2|o and (5.6) imply that the
integrals with respect to u; and v in (5.8) have to be taken over the cubes
{z €RY: 2|0 < cgq/ItIT} and  {z € RY: |2|o < caq/|t]S}
respectively. Thus, we can apply the double large sieve bound (5.5) and get

Ji < (14 ¢*t|ST)? sup p(z + cq(q|t|S) ' B) sup v(z + cqlq|t|T) ' B).
z€R4 z€R4

Using 1 < g we obtain (5.7). =

2

Y

Proof of Theorem 5.1. The estimate (5.3) implies (5.4) in the
case t = 0 since ¢(0) = 1.

Let us prove (5.3). We shall assume that L = 0. This will not restrict the
generality since the operator @) is invertible, and therefore we can replace
a by a —27'Q~'L. Without loss of generality we shall assume as well that
¢ > 0. Notice that in order to prove (5.3) it suffices to show that

(5.9) Ot —e)p?(t+¢) < ¢**M?*(e) for e > 0.
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We have

(510) @3t —e)¢?(t+2) = |{{{[el1} x(dw) x(dy) x(d7) x(dp)
with
I'=(t+e)Qr+y+al—(t—¢e)QT+7+ a
=tQz+y+a —-QT+7+a]) +e(Qxr+y+al+QT+7+al).

Using (5.2), we can write

2

I=tQz—Z+y—7Y),z+T+y+7+2a)
+27'(Qr+T+y+7+2d+Qz —T+y —7)).

The measure x assigns equal weights to integer points in the cube B(r).
Thus

V) x(de) = @A+1)~" Y h(w),
UEZY, |u|oo<A

for arbitrary functions h, and we can rewrite the 4-fold integral in (5.10) as
a 4-fold sum. We are going to reorder summands in this sum. We shall use
coordinatewise the following obvious formula:

(5.11) > > hn—m,n+m)

[n|<A |m|<A

— Z Z h(j, k), n,m,j k€ Z.

JilIIS24A ki |k|<2A-j],j—ke2Z

Introduce the measure 6, on R which assigns equal weights to even integer
points in the interval [-2A+|z|—1,2A—|x|+1], if 2 is even, and respectively
to odd points, if = is odd, for z € Z such that |z| < 2A. For z € Z¢ N
B(2A + 1), define the product measure

d
n(dx) = ] 0=, (da;).
j=1
Introduce as well the uniform lattice measure ps4 in the cube B(2A+1/2).
Using (5.11) and changing variables
r—r=u, Yy—-y=v, r+Ir=u Y+y=uv,

we can rewrite (5.10) as

Pt = )g?(t +2) = || [p({§ AT} ma(du) mo(dv) ) 2 (d7) a2 ()
with

2

I =tQ@+7),u+v+2a) + 2 e(Qu + v+ 2a] + Qu + 7))
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and
p=(2A4+1)""(4A+1)*"P(u)P(®) < A~** P(w) P(v),
where P(z) = H?:1(2A — |z +1). By Hélder’s inequality we have

(5.12) P*(t —e)p?(t +¢) < \|*J p2a(du) p2a(dv)
with
2
J = |{Jelto} na(du) no(dv)|
and
Io = tH{Q(@+70),u+v) + 2 eQu + v + 2d].
We can write
ef{lo} = g(u) h(v) e{e(Qu,v)}
with some functions g and h depending on %, 7, t,¢,a,Q such that |g] < 1
and |h| < 1. Hence

7 =[5t ) e (Quso) o) )|

In order to estimate J we shall apply the double large sieve bound of Corol-
lary 5.3. Choose

d d
T=> (A—[u|+1), S=> (24— [v]+1).
j=1 j=1
Then
J < ¢®(1 + (eST)?) sup na(x + cq(eS) ™ B) sup ny(z + cq(eT) ' B).
zeR4 R4
The measures 7 and 7; are both concentrated on a sublattice of Z¢. More-
over, nz({z}) < 1/P(u) and n;({z}) < 1/P(v), for € Z*. Therefore
sup na(z + cq(eS)7'B) < P71 (@) max{1; (¢S)"¢},
z€RY
and a similar inequality holds with @ resp. .S replaced by v resp. T'. Collecting
these estimates and using P(u) < T¢ and P(7) < 8%, we get
drpd

ST d erdrmd 1 1
A4d (1+€ST)maX 17@ max 17@ .
Since 1 + 48974 < (1 +¥28%) (1 4 ¥/2T?), we get
p*J < ¢*'F(S)F(T),
F(S) := A7248%(1 4+ £%/28%) max{1; e~4577}.

Elementary estimates for the cases ¢S < 1 resp. ¢S > 1 show that F(5) <
M(e) and similarly F(T) < M(e), which together with (5.12) implies
(5.3). =

p2J<<q2d
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We close this section with a refinement of inequality (5.3). Let x*™ de-
note the m-fold convolution of x. Recall that p, is the uniform lattice mea-
sure in the cube B(p) and x = p,. Fix a natural number m. Notice that
we can bound A(s,Q) by Fourier integrals with respect to the measure
Usmrs2r * X2 instead of u * x**. This will lead to bounds of Fourier
transforms replacing throughout the function ¢ by

oun(t) = [[[eltQle — al 4+t L)} ¥ (o).
The function ¢, satisfies the following inequality of type (5.3):
(5.13) o (£t + ) < Mo(2),
where

M (e) = \Jele(Qu, )} 153" (do) 33" (dy).-

The constant in (5.13) can depend on m as well. Using a modification of the
double large sieve bound, we shall show that

(5.14) Mo(e) < ¢?M(e).

Thus, (5.13) implies an inequality of type (5.3) for ¢,,. The inequality is in-
teresting since the bound M3(¢) is again a trigonometric sum, which satisfies
as well an inequality of type (5.3). The proof of this fact is more involved
than the proof of (5.3), and can be found in Bentkus and Gotze (1994b).

Proof of (5.13). The proof is similar to the proof of Theorem 5.1,
but instead of the double large sieve bound we shall apply a symmetrization
inequality.

In order to simplify the notation we shall assume that m = 1. Without
loss of generality, we shall assume that L =0 and £ > 0.

Similarly to the proof of (5.10)—(5.12) we obtain

(5.15) @3- )Rt +e) < ([ (7T 1oa(d) paa(d) paa(dw)

with p < A=34P(w)P(v)P(w),

7 = {55 e20) maatu) o) o ()|

and
Iy =t{Q@+v+w),u+v+w)+2 "eQu+ v+ w + 2dal.

In order to estimate J let us apply the symmetrization Lemma 7.1 with
measures 41 = Mg, M2 = Nz, 43 = Nw. Notice that 1 = u * p for symmetric
. Thus, we get

(5.16)  J < \\ele{@z, v} nz® (do) 2 (dy) +\\e{e(Qu, )} 12 (da) m3 (dy).
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The bounds P(w) < A? for the first integral in (5.16), and P(v) < A4
for the second integral, together with (5.15) imply
(5.17) P2t~ )G+ ) < ([P paa(d) paa(dp)
with
Jo = {[elela. o)} mi2(de) m2(ay).
where pg = A=24P(u) P(v).
The estimate (5.17) implies (5.13) provided that we show that

(5.18) Jo < pg” \Jele(Qu.y)} w3k (do) 53 (dy).

In order to prove (5.18) write

Jo = “f(frl + 22) na(dz1) na(dr2),

where

F(x) = [etete. )} mi2(dy) = [[elete. )} noldy)| > 0

due to the symmetry of the measure 7n;. The measure 7y is defined on a
sublattice of Z? in the cube

d
[1[—24+ [a;], 24 — [m;]] € [-24, 24,
j=1

and for x € Z? we have ng({x}) < 1/P(%). Therefore, using the positivity of
f, we obtain

Jo < P72(1) > flz1 +x2)

x1,22€ZL%, |21]00 <24, [22]|00 <24
< P_Q(ﬂ) A2d “f(ml + IQ) MQA(dxl) ,ugA(d.%’g),

thus replacing ng by p24. Similar arguments show that we can replace 7y
by 24, thus proving (5.18). =»

Proof of (5.14). Let fi(x) = {e{(z,y)} u(dy) denote the Fourier trans-
form of a measure p on RZ. Then, for any cube B(S) = {|z|o < S}, we
have

(5.19) | 18P dy < S sup p(z + B(S™)).
B(S) zeRd

The estimate (5.19) follows from Lemma 2.3 in Bombieri and Iwaniec (1986).
Let 1 = p * @, where i(C) = u(—C), denote the symmetrization of a
measure u. Let us prove that
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(520) 7 5= |[el(o. )} ildy) v(do)
< (1 +T*Ysuppu(z + B(T1))supv(z + B(T™Y)),

for arbitrary measures p, v and T" > 0 such that
w(B(T) =1, v(B(T)) =1, (z)>0 forallzcR™:
Let
r(dz) = p(z) dz,  where p(z) = 2 H{joloe < 1},

denote the uniform measure on the cube B(1). Then 7(y) = H?:l (sinzxj)/z;.
Using 1 < 7((2T)~tx), for z € B(2T), and fi(z) = |ji(x)|?, we have
(5.21) J = Sﬁ(x) f(dz) < ga(:c) 7((27) ') fu(dz)

= [{{ef @+ @1) )} fi(de) p(=) d= vidy)

=T {15 () *p(2Tu — 2Ty) duv(dy).

Note that the integral in (5.21) with respect to v is taken over the cube
B(T). Therefore

p(2Tu—2Ty) < Hju—yloo < T71} = Hlu—yloo < T} Huloe <THT M},
for |y|oo < T'. Hence, (5.21) and (5.19) together imply
J < T\ |f(w)PHJu] < T + T-l}(g ju—yl <7} Z/(dy)) du
< T sgpy(z + B(T™Y)) S A(u)P{u| < T+ T '} du
< THT +T~ 1) sup v(z+B(T™h) sup p(z + B(T/(T? 4+ 1))),

thus proving (5.20) since T/(T? +1) < 1/T.
Similarly to the proof of Corollary 5.3, the inequality (5.20) yields

(5.22)  \[efe(Qz,y)} Aldy) v(de)
< @1+ eT*) sup p(z + B((eT) ™)) sup/(z + B((eT)™1),

for arbitrary measures pu, v and T" > 0, € > 0 such that
w(B(T) =1, v(B(T)) =1, v(z)>0 forallzeR
s and v = piA™ are symmetric and therefore

The measure =
> 0. Thus, the estimate (5.22) via simple calculations

*2m

S
o= psx" and v(z
implies (5.14). m

I
)
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6. The integration procedure for A=%/¢ < |¢t| < 1

THEOREM 6.1. Let p(t), t > 0, denote a continuous nonnegative function
such that p(0) = 1. Let M(e) be the function defined in (1.3) with some
A > 1. Assume that

(6.1) ot)p(t+¢e) < AM(e)  forallt >0 and e > 0,
with some A > 1 independent of t and €. Then

1
dt A
§g0(t)t<<A2 ford>9,

where [ = A=%4/4,

Proof. The inequality (6.1) implies that (put ¢ = 0, use ¢(0) = 1 and
note that A > 1)

(6.2) () < AM(t) and @(t)p(t +e) < A2M(e).
In order to derive the result starting with (6.2) we may assume that
(6.3) p(t) S M(t) and  p(t)p(t+e) < Me).

Indeed, we may replace ¢ in (6.2) by ¢/A, and we may integrate over ¢/A
instead of (.
Thus assuming (6.3) we have to prove that
ot

1
§g0(t)t < yE for d > 9.

For [ =0,1,2,... introduce the sets
By = [L,1]n{t: 27171 < ?(t) <27},
Dy = [LA] N {t: () <2771,

Notice that the sets B; and D; are closed and that U;io B, U D, = [L,1]
since (6.3) yields ¢(t) <1 for t € [L, 1], provided d > 4. Furthermore, (6.3)
implies that ¢?(t) < t¢ for t > A=!, and B, C [L;, 1], where L; = 2-(+1)/d
for d > 4.

We have

Dy, =0

1 m
e < | oT+ Y e
L B

<om/21 1 4 224/2 S %
=0 B,
since ¢?(t) < 27! for t € By, p2(t) < 27™ for t € D,,, and D,, C [L, 1].
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We have L = A~/ and
2
2~m/2 I Lt = gz—m/2 InA% < A2

provided that we choose
2

27,0 A2
02 In(A°1n A*).

m

Therefore it remains to show that
“ 1 _ dt
(6.4) ZIZ < Ve where I, = 271/2 X e
1=0 B

For an estimation of I; we need a description of the structure of the sets
B; with [ < m. Let t,t € B; denote points such that ¢’ > t. The inequality
(6.3) and the definition of B; imply

(6.5) 47 < MA( - t).
If t — ' < A~! then by (6.5) and the definition of M(g) we get
(6.6) ' —t <4, whered=A"240F1/d,

If t — ' > A~ then by (6.5) and the definition of M(g) we have as well
t'—t>p, where p=4"(+1/d
For d > 8 and sufficiently large A > C note that
(6.7) d <o provided [ <m.

The verification of (6.7) is elementary and is based on the fact that [ < m.
The estimate (6.7) implies that either ¢ —¢' < 6 or t — ¢’ > p. Therefore
it follows from (6.6) and (6.7) that

(6.8) teB =B N{t+dt+0) =0
Assuming that
(6.9) I < A721271244d for | < m,

we obtain (6.4) since the series Y ;= 1271/2+41/4 i5 convergent for d > 8.

Thus it remains to prove (6.9). If the set B; is empty then (6.9) is obvi-
ously fulfilled. If B; is nonempty then define e; := min{t : t € B;}. Choosing
t = e; and using (6.8) we see that the interval (e; + 0, e; + ¢) does not inter-
sect B;. Similarly, let eo denote the smallest ¢ > e+ such that ¢t € B;. Then
the interval (es + J,e2 + 0) does not intersect B;. Repeating this procedure
we construct a sequence L; < e; < ey < ... < eg <1 such that
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(6.10) B, C U lej,ej +0] and ey >e;+ 0.
j=1
The sequence e; < ... < es cannot be infinite. Indeed, due to (6.10),
1>es>e1+(s—1Dp>Li+(s—1)o > sp,
and therefore s < o~ 1.

From (6.10) we can finally prove (6.9). Indeed, using In(1 + z) < z, for
x > 0, we have

S €j+6

dt > §
< 9-1/2 at _ o-1y2 o
<2 Z | - =2 Zln 1+€j
J=1 ¢j Jj=1
° 6
< 27[/2 Z — < l27l/2+4l/dA72
< 2
7j=1
since e > L; > 0, s < 1/p, and
1 1 I -1 1
s ley L iyl e g,
e HatU-le” emi e

7. A symmetrization inequality. The following symmetrization in-
equality slightly improves an inequality due to Gotze (1979). This inequality
is a generalization of a classical inequality due to Weyl (1915/16); see, e.g.
Graham and Kolesnik (1991).

Define the symmetrization /i of a measure p by ii(C) = { u(C'+ ) p(dz),
for C' € B.

LEMMA 7.1. Let L € R? and C € R. Let p1, pio, pi3, v denote arbitrary
measures on R?. Define a real-valued polynomial of second order by

P(z) = (Qx,z) + (L,x) + C  for x € R%

Then the integral

J = ‘Se{tP(ac)} p * po * pg * v(dz) ’

satisfies 2J < Jy + Jo, where
T = \\ef2t (Q. )} i (d) iz (dy),

Jy = “e{2t (Qz, 2)} iy (d) fis(dz).

In particular, if po = ps then J < Jj.
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Proof. Write 6 = pg * ug * v. Then the definition of the convolution,
Fubini’s Theorem and Hélder’s inequality together imply

7 = (et P+ 0)} s (d) o)

< {[fett PG+ )} ()| o)
= [{elt (P +v) = Pluv)} i (de) p (du) 6(dv).
We have P(z +v) — P(u+v) = Qlz] — Qu] + 2(Q(x — u),v) + (L, z — u).

J < SS’SG{%@(% - U),v>}9(dv)’ i1 (da) o (du)
= S’“Se{?t(@m, Y+ 2+ w)} po(dy) ps(dz) y(dw)‘ fi1(dz)

< {[{§et2tQa,y + 2)} paldy) ps(d2) | ir ().
Thus, writing

1; = [Jel2t(Qa. 1)} s(dy)|  for j = 2,3,

we have J < {|I2 I3| fi1(dz). To conclude the proof it suffices to use the
elementary inequality 2|15 I3| < |I2|? + |I5]? and note that

S\IQ\Qﬁl(d:c)zjl and S\Ig\z,ul(dx) Jo. m

8. A smoothing lemma

LEMMA 8.1. Let F and G be arbitrary distribution functions with the
Fourier—Stieltjes transforms F and G. Then

1 st
(8.1) sup [F(x) = G()| < o~ | [F(t) - G(t)| 7 + R,
= Ty i
for any H > 0, where
174 1Y 4
R < SH [F(t)|dt + — SH |G(t)] dt.

Introduce the function 2K (s) = Ki(s) + iKa(s)/(ns), where Ky(s) =
Ks(s) =0 for s > 1, and
Ki(s)=1—1s|, Ka(s)=ms(l—|s|)cotms+ |s| for |s| <1.
It is known (Prawitz (1972)) that for all z € R and any H > 0,
t

(8.2) F(a+) < % + V.P.ée{—mt}é K<H>ﬁ(t) dt,



124 V. Bentkus and F. Gotze

~

% - V.P.ée{—a:t}éK( - ;)F(t) dt,

where F(z+) = lim,|, F(z), F(xz—) = lim,y; F'(2), and V.P. denotes
Cauchy’s Principal Value,
VP | dt=lim | ..at.
h

0
R : [t|>h

(8.3) F(z—) >

Note that all integrals are real and that the integrands vanish unless |t| < H.
The following lemma is elementary.

LEMMA 8.2. For 0 < s <1 we have
K3(0) =1, K3(1) =0, Ky(1/2)=1/2,
Ki(s) <0, Ks(s)+ Kz2(1—3s)=1.
Furthermore,

1—2(1—s)sin2%S§K2(s)§1 for 0<s<1/2,
m(l—s)
2

0§K2(3)§238in2 for 1/2 <s<1.

It follows from Lemma 8.2 that |1 — K2 (s)| < 2|s| for all s € R. Therefore
(8.2), (8.3) and the definition of the function K imply

(8.4) F(z) = % + %V.P. S e{—xt} ﬁ(t)% +R
H

for any H > 0, where

T

1 ~
Rl< o | 1Pt
—H
As a consequence of (8.4) we derive Lemma 8.1.
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