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1. Introduction. Let p be an odd prime, and let K be the pth cyclotomic
field. In 1847, E. E. Kummer proved the following famous theorem which
plays a crucial role in the proof of the second case of Fermat’s Last Theorem
for regular primes:

KUMMER’S LEMMA. Assume that p is a reqular prime, namely, p does
not divide the class number of K. Then every unit in K which is congruent
to 1 modulo p is a pth power of another unit in K.

L. C. Washington generalized this theorem to all primes p as follows
([7]):

THEOREM A. Let M = max{v,(Ly(1,w))) : 2 <i < p—3, even}, where
vp 1S the mnormalized p-adic valuation (vy(p) = 1), wy, is the Teichmiiller
character and Ly(s,w,) is the Kubota-Leopoldt p-adic L-function. Then
every unit in K which is congruent to 1 modulo p™+1
another unit in K.

is a pth power of

He also proved the following similar theorem for prime power cyclotomic
fields ([9]):

THEOREM B. Let n > 1, and let L be the p™th cyclotomic field. Put

M, =p" t(p-1) max{v,(7(x)Lp(1,x)) : 1 # x € Gal(L/Q)", even}.

Then every unit in L which is congruent to 1 modulo p™pM»=1 is a pth power

of another unit in L, where p,, is the unique prime of L above p and 7(x)
is the Gauss sum for x: 7(x) = Zg’;l X(a)C?X (fy is the conductor of x).

Let I’ be a number field and p a prime. If we assume that Leopoldt’s
conjecture is valid for F' and p, then there exists an integral ideal 9 of F
whose prime factors are primes above p such that every unit in F' which is
congruent to 1 modulo 91 is a pth power of another unit in F'. In the present
paper, we shall describe this ideal 91 in terms of the p-adic zeta functions

(37]
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and the p-adic L-functions when F' is the nth layer of a Z,-extension of a
totally real number field. Especially, applying our result to the p”th real
cyclotomic field, we can improve Theorem B for sufficiently large n.

Our method is completely different from Washington’s. In the proof of
Theorems A and B, he used the cyclotomic units and Leopoldt’s formula
for L,(1,x) in which the cyclotomic units appear. But when we deal with
totally real number fields, we do not know such special units as those con-
nected to the value of the p-adic L-functions of totally real number fields.
So we shall embed the unit group in the semi-local unit group and investi-
gate its factor group applying Iwasawa’s theory, especially Iwasawa’s Main
Conjecture proved by A. Wiles.

We shall prepare some preliminary results in Section 2, and we shall
state and prove our main theorem in Section 3.

2. Exponents of some /A-modules. Let p be a prime and O the integer
ring of a finite extension field over Q,. Denote by A the ring of formal power
series O[[T]]. In this section, we shall estimate the exponent of some finite
A-modules.

For x € Q we denote by [x] the smallest integer such that [z] 2
Let v, denote the normalized p-adic valuation of @p; namely, v,(p) =
For any finite Z,-module M, we write exp(M) for the exponent of M. P
wp=(1+T)?" —1¢€ Aforn>0.

LEMMA 1. Let n > 0, and let f € A be a power series which is prime to
Wn. Then

exp(A/(f,wn)A) < pnﬂmax{vp(f(c—l)):cp =1}

Proof. Let O = O[{¢ € Q, = 1}], and let A = O[[T]]. From
wi(T) = [leon 1 (T = (€ — 1)), we have the following exact sequence:
(1) 0— Ajw, A5 P A)(T - (—1)A—C -0,
=1

where ¢ is induced by the natural projection and C' is a finite A-module.
Since

()2 @ (T (¢~ 1.2 AT = (¢~ A

é.p'n, -1
and

/]/ <T —(¢-1), %)Z: OJw (¢ =1)0 ~ O/p"0O,

we have
(2) exp(C) < p.
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From (1) and the assumption of the lemma, we get the exact sequence
) 00T = A/(fw)d— P A/(/.T~ (- 1))A—C/fC—0,
=1
where C/ = {z € C : fx = 0}. We note that
A(f;T = (C=1))A=0/f(¢ - 1)0.

Hence we see that

exp ( @ /T~ 1))1) < plmax{p(f(¢=1)¢”" =1}],

It follows from (2), (3) and this inequality that
exp(A/(f,wn) ) < pr Imeen G )¢" <111,

Since A/(f,wn)A = (A)(f,wn)A) @0 O =~ (A)(f,wn)A)E k0O a5 7, -

modules, we obtain the lemma. =

LEMMA 2. Let M be any finitely generated torsion A-module without non-
trivial finite A-submodule, and let f € A be a generator of the characteristic
ideal of the A-module M. Then

exp(M/gM) < exp(4/(f, 9)A)
for any g € A which is prime to f.

Proof. From the assumption of the lemma, we have fM = 0. Hence we
obtain (f,g)(M/gM) = (fM + gM)/gM = 0, which implies Lemma 2. =

Combining Lemmas 1 and 2, we obtain the following:

PRrROPOSITION 1. Let M and f € A be as in Lemma 2, and let n > 0.
Assume that f is prime to w,. Then

exp(M /w, M) < pn+[max{vp(f((:_l));cpnzlﬂ .

Proof. This follows immediately from Lemmas 1 and 2. =

3. Kummer’s lemma for totally real number fields. Let p be an
odd prime, and let K be a totally real abelian extension of a totally real
number field k. We assume that p{[K : k]. For any number field F', we de-
note by Fu. /F the cyclotomic Z,-extension, and let F,, be its nth layer. Put
I' = Gal(kwo /k), I, = Gal(ky,/k) and A = Gal(K/k). Since pt[K : k], the
natural restriction induces the isomorphism Gal(K.,/K) ~ I'. So we iden-
tify these Galois groups. For any finite group G, we let G = Hom(G,@;).
In this section, we shall generalize Kummer’s lemma for each K,, as follows:
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MAIN THEOREM. Let n > 0. Assume that Leopoldt’s conjecture is valid
for K, and p. Put

M = [max{v,(wo), vp(Lp(1,9)) ""dilavp(Lp(l’X(b/)) :

14y €A, ) € Lyip #1}]
+n+1,

where Ly(s,*) is the p-adic L-function of k, o is the residue of the p-adic
zeta function Cp(s, k) at s =1, w is the number of p-power-th roots of unity
contained in K((p), dy = @(my) is the value of the Euler function at the

~

order my, of 1 € I',. Then every unit € in K, such that

e=1mod pM Hp[ep/(;v—l)]H
plp

is a pth power of another unit in K,,, where [ | is the greatest integer function,
p is a prime of K,, and p = Hp‘ppep.

Remark. P. Colmez proved in [2] that

. 2d71hkRp(k‘) _ -1
=~ g(l N(p)™),

where d = [k : Q], hy, is the class number of k, R,(k) is the p-adic regulator
of k, d(k) is the discriminant of k£ and p is a prime of k.

To prove the Main Theorem, we need some propositions. For any number
field F', we denote by L(F') and M (F') the maximal unramified pro-p abelian
extension field over F' and the maximal pro-p abelian extension field over F
which is unramified outside p, respectively. For a prime p of F, let Ur, be
the group of local units of F}, which are congruent to 1 modulo p, and let
Ur = le » UF, . Denote by Er the group of units of ' which are congruent
to 1 modulo all primes dividing p. We shall embed Er in Ur diagonally, and
we shall regard Er as a subgroup of Ur. We denote by Er the closure of
Er in Up. Then class field theory shows that Gal(M(F)/L(F)) ~ Ur/EF.

PROPOSITION 2. Let p be a prime and let F be a totally real number
field. Assume that Leopoldt’s conjecture is wvalid for F and p. Put p® =
exp(Gal(M(F)/Fo L(F))), where Foo/F is the cyclotomic Z,-extension.
Then every unit in F which is congruent to 1 modulo p®+! lep ples/(P—1)]+1
is a pth power of another unit in F, where [ ] is the greatest integer function,
p is a prime of F and p = lep per.

Proof. It follows from the validity of Leopoldt’s conjecture for F' and p
that rankz Gal(M(F)/L(F')) = 1. Then, from the split exact sequence
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0 — Gal(M(F)/Fu L(F)) — Gal(M(F)/L(F))
— Gal(F L(F)/L(F)) — 0,

we have

Gal(M(F)/FxL(F)) = Torg, (Gal(M(F)/L(F))) ~ Torz, (Up/EF).

So we find that exp(Torz, (Up/Ep)) = p° Let ¢ = w e Ufﬁe+1 N Ep
(u € Up) be any element. Then u mod Er € Torz, (Ur/Er), hence we
have ¢ = w?* € E’} N Er. The validity of Leopoldt’s conjecture for F
and p implies that e € EY. N Ep = EY. On the other hand, if u, € Up,

satisfies u, = 1 mod pe+ipler/(P=DI+1 " then v, € Uﬁ:ﬂ, for p|p. Thus we
have completed the proof of Proposition 2. =

By virtue of Proposition 2, we know that what we have to do is estimat-
ing exp(Gal(M (K, )/KsL(K,))) for every n > 0. We shall do this below
applying Iwasawa’s theory.

Let A = Z,[A][[T]]. We fix a topological generator v € I" and we identify
Zp[A][[I]] with A by the isomorphism Z,[A|[[[]] ~ A, v < (1 +T). Let
7 € Gal(K(¢p)/K((p)) be the image of v € I' by the natural isomorphism
I' ~ Gal(Koo(Cp) /K (Cp)). We let k € ZX be the number such that (7 = ¢*
for any p-power-th root of unity (. For any Z,[A]-module M and x € A,
we denote by MX the x-part of M. We identify Z,[A]X with Z,[x(A)] via
X- We need the following theorem which is a variation of Iwasawa’s Main
Conjecture proved by A. Wiles (cf. [10], [1]):

THEOREM. The notation being as above, for each x € A\, there erists
Gy € AX = Zp[x(A)][[T]] such that

s _ S Lp(s:x) if x # 1,
W 6w =0 ={ (50 FATA
for s € Zyp, and
char 4x (Gal(M (Ko )/ Koo)X) = Gy (k(1 +T) ' — 1) AX,

where Ly (s, x) and (s, k) are the p-adic L-function and p-adic zeta func-
tion of k, respectively, and charx(Gal(M (K~ )/Ks)X) denotes the charac-
teristic ideal of the finitely generated torsion AX-module Gal(M (K )/ Ko )X.

Using the above theorem, we estimate the exponent of Gal(M (K,,)/Kx)
in terms of p-adic L-functions:

PROPOSITION 3. Let notations be as above, and let n > 0 and x € A.
Moreover, we assume that Leopoldt’s conjecture is valid for K, and p. Then
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exp(Gal(M(K,,)/ Kx)X)
- {pn+fmax{vp(Lp(LXw)):wEFn}] » . ZfX 7& 1’
< pn+[max{vp(wg)mp(Lp(l,w))erw A#AYeln}] if x =1,

where o, w and dy are the same as in the statement of the Main Theorem.
Proof. It is known that
Gal(M(K,,) /Koo)X = Gal(M (Koo )/ Koo)X Jwn Gal(M (Koo )/ Koo )X,
and that Gal(M (K )/K )X has no non-trivial finite AX-submodule (cf. [4],
[3]). Since Gal(M (K, )/K )X is finite by the validity of Leopoldt’s conjec-

ture for K,, and p, a generator of the charx(Gal(M(K)/Ko)X) is prime
to w,,. Hence we have

(5) exp(Gal(M (K,,) [ Koo)X) < pmax{en(Gu(rem)ic? <1}]
by Proposition 1 and the above theorem. It is also known that
(6) Ly(s,x) = Gy ((y)'K* = 1)

forl#xeﬁandwefn,and
Ly(s,%) = G1(¥(1)7'6" = 1)/ (()7'K" — k)
for ¢ € I, (see for example [6, (2.4), p. 7]). Since

vp(Gi(r = 1)) = vy <g Jim ”)

s—1 3—1

= vp(orlog, (k) = vp(o(k — 1)) = vy(wo),
vp((Y) Tk —k)=d;t (W #1),
and
{¥() v e} ={CeqQ, : " =1},

(5) concludes the proof of the proposition. m

Proof of the Main Theorem. Since
exp(Gal(M(K,,)/Kx L(K,))) < exp(Gal(M (K, )/Kx))
= max{exp(Gal(M(K,)/K.)X) : x € A},
the Main Theorem follows from Propositions 2 and 3. =

Let p be an odd prime, k = Q and K = Q((, + Cp_l). Now we shall apply
the Main Theorem to p and K/k. Denote by p,, the unique prime of Q((yn)
above p. We note that a unit in Q((,») which is congruent to 1 modulo p is
real, and that a unit in Q((pn +CI;1) which is congruent to 1 modulo p"p2i+1
is congruent to 1 modulo p"p?*2 for any integer j > 0. Since G1(7T) is a
unit power series in this case, we obtain the following corollary of the Main
Theorem:
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COROLLARY. Let n > 1. Put
Ny =p" Hp - D) [max{v,(Lp(1,x)) : 1 # x € Gal(Q(¢pr + Cp_nl)/Q)AH
_i_pn—l.

Then every unit in Q((yn) which is congruent to 1 modulo p"pl is a pth
power of another unit in Q(Cpn ).

In Theorem B of the introduction, we note that
i P S
M oyl ={po1 MXTHROsIERTR
%Up(fx) if fy=p% c>2

(cf. [8, Prop. 6.13], [5]). By (4), (6) and the similar argument in [8, p. 127],
we can see that v,(L,(1,x¥)) = A /p(my) with the constant A, depend-
ing on x if my, is sufficiently large, where 1 # x € Gal(Q((, + Cp_l)/(@)’\,
¥ € U,>0Gal(Q,/Q)" and my, is the order of ¢. Hence we find that
max{v,(Ly(1,x)) : 1 # x € Gal(Q(¢n + (n')/Q)"} is stabilized for suf-
ficiently large n. This yields that N, = p"~(c(p — 1) + 1) with a cer-
tain constant ¢ provided n is large enough. On the other hand, we have
M, —1> (n/2)p"Y(p—1)—1 for all n > 2 by (7), where M, is as in
Theorem B. Hence the Corollary is certainly stronger than Theorem B for
sufficiently large n. Furthermore, for n = 1 the Corollary is equivalent to
Theorem A in the introduction since every unit in Q((,) which is congruent
to 1 modulo p/ is congruent to 1 modulo p’p? for any integer j > 1.
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