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Diagonal cubic equations
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1. Introduction. Let )\; be positive integers. We shall be concerned
with solutions of the diophantine equation

(1.1) A1$?+)\2$g+...+)\7$§ =0

which are small in the following sense. Let A = A1 Ao ... A7. Then we seek
for solutions to (1.1) which satisfy

7
(1.2) 0<> Ao < A9
i=1
with ¢ as small as possible.
A first positive answer to the problem was found by R. C. Baker [1]. He
established the solubility of (1.1) and (1.2) whenever g = 61. In this paper
we prove the following theorem.

THEOREM. Let g = 14. Then there are solutions to (1.1), (1.2).

The key for improvement is the mean value estimate for a class of ex-
ponential sums presented in [2]. We state the special case we require as a
lemma. Let X be a large parameter, and write

(1.3) 01 =15/113, 6, =14/113, 1 =84/113.
We note that 6, + 0> +n = 1. Put
(1.4) M, =X%, M,=X% y=Xx"

As usual we write e(a) = exp(2mia). Now define the exponential sums

(1.5) g(a, P) = Z e(ax?),

P<X<2P
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(L6) Gl X)= 3 S glalpp)’.Y),

My <p1<2M; Ma<p2<2M>

where, here and throughout, p, p; denote prime numbers.

LEMMA 1. In the notation introduced above, for any € > 0 we have

1G(a, X)|° do < X3+200+e,

O by

This is the case [ = 3 of the Theorem in Briidern [2].

2. Preliminaries. Now define

(21)  xs(X)
= {pipay : X7 < pr <2X7, X% <pp <2X%, X7 <y <2X7)

and
(2.2) xa(X) ={py: X% <p<2X? yex3(X'7)}

in which 6 = 233/1815.
Given positive integers 1, o, we write S(u1, u2, B, ) for the number
of solutions of the equation

(2:3) it + pop® (Y7 + y3) = s + pap®(y3 + i)
in integers 1, T2, Y1, Y2, Y3, Y4 and primes p satisfying

(24) B<uaz,22<2B, plmazizs, ¥ €xs(E'7Y) (1<i<4),

(2.5) E? <p<2E’  p=2 (mod 3).
LEMMA 2. Let B> 1, E > 1. Let 1, uo be positive integers, and
(2.6) B < juB® < o B3, > pe,  E? < BYT.
Then
(2.7) S(p1,pe, B, E) < BT E?7Y.

Proof. By the argument of Vaughan [7], p. 125, we have S(u1, u2, B, E)
< E£Sp, where S is the number of solutions to (2.3) subject to (2.4), (2.5)
and 71 = 25 (mod p3). The solutions with x; = 5 contribute to Sy at most
BE?E?(1-0)+e — BE2-0+¢ For the solutions with z; # x5 we again follow
through the argument in Vaughan [7] and find that there are at most 25
remaining solutions where S; equals the number of solutions to

pih(3z* + h*p°) = dpa (yi + v5 — y3 — vi),
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where 2 < 4B, E? < p < 2E% 0 < h < H, y; € x3(E'7?), and H =
CBE™? for some constant C. On writing
Qa) = Z Z Z e(ah(32? + h?p%))
Ef<p<2E® h<H z<4B

we have, by Holder’s inequality,

1
$1= | 2(110)|G (420, B'0)|" da
0

< (gmmlawa)” 3(§|G<a,El-9>\6da)

The argument of Vaughan [8], p. 39 shows that for B/® < EY < BY7 we
have

2/3

1
S |2(a)? do < H?(E?B)3/2+=,
0
Since {2(«) has period 1, we have
1 1 H1 1
3. _ 3. _ 3
1 = =
{20 do= - | 2(0)* da = [ [2(a)]* da
0 H1 0
and by Lemma 1 we have
1
VG (o, B'70)|% da < (B170)P 20+,
0

The lemma follows easily.

3. Outline of the method. For the proof of the Theorem, as in Baker
[1] it suffices to prove the Theorem in the special case when Aq,..., A7 are
cube-free, and no prime divides more than four of the A;. We may suppose
that

(3.1) A5 2 A2 2 A3 20 > X = A7 > Mg
Let
(3-2) N =Cpd?, P=N'3 P= PAj_l/sa

where Cj is sufficiently large. Let § denote a sufficiently small positive ab-
solute constant, and let ¢ = 62.
Let R(\1,..., A7) denote the number of solutions of the equation

(3:3) Mz’ — Xop®y® + Xap®p3y p3apiazs + Map’piipiapiszd
+ Asu® + AePoy PeaPasVe + At paapisvs =0
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in integers x,y, 23, 24, u, Vg, v7 and primes p, p;; satisfying
P<x<2P, W<y<2W, R;<z <2R;,
U<u<2U, V;,<wv; <2V,
(3.5) pfz, piyty B<i<4,1<5<3), pytu (6<i<7,1<5<3),
(3.6) Y <p<2Y, p=2 (mod3), ptA,
Zij < pij <2Z;5, pij =2 (mod 3),

(3.4)

(3.7)
Here
1
(38) Y=CP/T, W=PY™, Ri= g (PY )0 (i=3.4)
1 1
(3.9) U — %P& Vv, = %Piumhsls (i =6,7),
Zil — 2—1'(Piy—1)233/1815, Zi2 — 2—i(Piy—1)210/1815’
(3.10) _
Zi3 — 271<PiY71)196/1815 (Z _ 3’ 4)7
7 = 2_¢Pi233/1815’ Ziy = 2_1'Pi210/1815’
(3.11)

Ziy = 91 p196/1815 (i = 6,7)
where C is sufficiently large.
The inequalities

(3.12) N < M P3N Y3W3 \Y3Z3, 73, 73, R3 \\Y3Z3, 73, 73, R,
NsUB N6 Z8, 23, Z3.VE M 23, 23, 73,V < N

are easily verified.

Let (a1, az) or more generally (ay,...,a,) denote greatest common divi-
sor, while [ay, ..., a,]| denotes least common multiple. We write
(3.13) fa(X,a) = Z e(az?)
X<z<2X
(z,d)=1

and use the notation f in place of f;.

Let p denote the ordered set p,psi,ps2,Pss,Pa1, Pz, P43, Pe1s P62, P63,
P71, P72, pr3 and let

4 3 7 3
(3.14) A=T]1Irs. B=1]1]ru

=3 j=1 =6 j=1
(3.15)  F(p,a) = fo(P1, \a) fa(W, AapPa) f(Rs, Asp®pi p3apisr)
X f(R47 >\4P3P4311p22p?13a)
x f5(U, A\sa) f (Vo, Nepir Paapiasa) f (Va, Mepiyplap3sa),
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(3.16) Fla)= Y F(pia).
(3.6).(3.7)

The summation here is over ordered sets p satisfying (3.6), (3.7); we often
use this type of notation below.
Let R be the unit interval [LN !, 1+ LN~']. Then clearly

(3.17) R(A1,..., A7) = S F(a) do.
R

Here

(3.18) L = P/10.

When 1 <a < ¢q< L and (a,q) =1, we take M(q,a) to be the interval
{a:|a—a/q] < ¢ 'LN71}, and let M denote the union of all such M(q,a).

Then M(q,a) are disjoint subsets of M, as we easily verify using (3.2) and
(3.18). Let

(3.19) m=R\ M.
We shall prove that
(3.20) S F(a)da > N2 A=1/3-2N26/21 (1og N)~ 13,
M
(3.21) | Fla)da < AT A7V 3N/,
It follows from (3.19)—(3.21) and (3.17) that
(3.22) R(AL, .., A7) > A2/ A 1/3-2 N26/21 (100 N) =13,

Thus the Theorem will follow once (3.20)—(3.21) have been proved.
We recall the standard notations

q 2X
(3.23) S(g.0) =Y e(br’/a),  J(B,X) = | e(Ba?)dr.
r=1 X

The estimate
(3.24) S(a,b) < ¢ *U(q),  (a,b) =1,
where 1(q) is the multiplicative function with
(3.25) YY) =p" T (h=0,1,...;0<r <2),
follows from Lemmas 4.3 and 4.4 of [5]. By partial integration,
(3.26) J(B,X) < X

' ’ 1+ X35

for positive X and real 3.
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LEMMA 3. Let d be an integer with < 1 divisors. Let

_ S(q,b3c

(3.27) sa(g,¢) =q ! Z ,u,(d)(b)
bld
and let A be a positive integer. Then
(3.28) fa(X, Aa) = sq(g, Aa)J (Mo —a/q), X)
+0(¢"*7*(1+ AX|a — a/q))"?)

for any X > 0, real o and rational number a/q.

This is Lemma 2 of [1].
For o € M (q,a), we introduce the notations

(3.29) 5(p.0) = s,(¢, Ma) T (@ — a/q), Py),
(3.30) 9(p, ) = sa(q, Aap’a)J(Xa(c — a/q)p®, W).
It is convenient to write

(3.31) A= A(a,a,q9) =1+ N|a—a/q|.

LEMMA 4. Let p satisfy (3.6) and (3.7). Let « € M(q,a) where 1 < a <
qg<L,(a,q) =1. Then

(3.32) Fo(P1, Ma) — s(p,a) < ¢t/?=AY2,
(3.33) Fa(W, Aap®a) — g(p, @) < ¢'/2T= AV,

Proof. The proof is similar to that of Lemma 3 of [1]; see [1] and [6].

4. The minor arcs. In this section we use the notations
(4.1) H=CyPY? Q=PY
where Cs is a sufficiently large absolute constant; also
(4.2) M = L(2Y)73.

Further, let

(43 S@= > Y W)
P31,P32,P33 P41,P42,P43
(3.7) (3.7)

2
x f(Rs, )\3P§1p§217§30‘)f(347 )\41)2117221?230‘)

and
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(44) Ppla)= D 1

Pl <y§2P1
ply

+2Re Y S e(m(?)hyQ + h3p6)>.

4
h<H 2P, +hp®<y<4P;—hp®
ply, y=h (mod 2)

Let n denote the set of real numbers in (0, 1] with the property that
whenever |a —a/q| < ¢ 'LN~! and (a,q) = 1, we have ¢ > M. Let

(4.5) T = S > y(a)S(a) da.

n P
(3.6)
LEMMA 5. Let
1

JlZH 3 S f5(UAsq)

0 Pe61,P62,P63 P71,P72,P73
3

2
x f(Ve, AePa1Paapiasc) f (Va, AMp3iplapisa) | da.

Then J, < PsP2PZ*e.

Proof. By considering the underlying diophantine equation we have
1

Jl < S ‘ Z Z fP61p71 (U, )‘SO‘)JC(‘/& AGpglngPgSO‘)
0 P61,P62:P63 P71,P72,P73
(3.7) (3.7)

2
x f(Va, >\7p§1p§2p‘;3a)‘ dao.

From the inequality |zw| < 1|z|? + |w|?, we have

7
J1 < Z
k=6

O ey

2\ 2
(Y Vorn @A) D2 F(Ves Mephaphapitse)| ) der
Pe1 P71 Pk2,Pk3
(3.7) (3.7) (3.7)

Hence, by Cauchy’s inequality,

7 1
Jl < ZGIZ71 ZS Z Z ’fp61p71 (Uv A504)‘2

k=60 P61 P71
(3.7) (3.7)

3 .3 .3 4
X’ E J(Vie, AP Prolis) | do
Pk2,Pk3
3.7)

< 72, Z61S(Ns, Xes Ps, Ps) + Z2, Z11S (X5, A7, Ps, Pr).
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By (3.1) and (3.2) we have
Ps <P, P! §P7eép51ﬁ-
By (3.11), (3.12) and Lemma 2,
Ji < Py P20 pP2te,
This completes the proof of Lemma 5.

LEMMA 6. Let

o= | ‘ DY ST B(PL M) fa(W AapPa)

p P31,P32,P33 P41,P42,P43
(3.6)  (3.7) (3.7)

2
x f(Rs, )\3p3p§1p§2p§3a)f(R4, )\4P3pilpizp?13a) dov.

Then Jo < YT.
Proof. The proof is similar to that of Lemma 15 of [1].
Let

(4.6) FByv:h) = Y. e(18y* — ),

2P <y<4p,
y=h (mod 2)
(4.7) Gn(o,0) = > e(top® + ap?),
Y <p<2Y, p=2 (mod 3)
p<(2P1/h)'/?
(4.8) Fy(a;h) = Z e(2\ahy?),
2P +hp®<y<4P;—hp®
y=h (mod 2)
(4.9) ¥, (a) = 2Re Z F,(a; h)e($A1ah3p®),
h<H
(4.10) D, (o h) = > e(§ ahp?y?),
2Py /p+hp® <y<4P1/p—hp?
y=h (mod 2)
(4.11) Zp(a) =2Re Z Dy (a; h)e( A ah®pt),
h<H
(4.12) Ti(p) = S!Pp(a)S(a) da,
(4.13) Ty(p) = SE’p(a)S(a) da,
1
(4.14) T3 = SS(a) da
0
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By (4.4),

(4.15) Dp(a) =¥, (a) — Zp(a) + O(Pr).

Hence

(4.16) T =) (Ti(p) — Ta(p)) + O(PYTs)
(3.6)

from (4.5).

We estimate T3 via Lemma 2. By (3.1), (3.2), (3.8) and (3.10) we have
(PY 1) < (P,y 1) < (PY "H)7.
Just as in Lemma 5, we have
(4.17) T3 < (RY H(RY 1H20(Py 1) e « PP pitey 3720,
Let

(4.18) Ts(v,0) = g > IF(adih, y; h)Gr(ah?, 691)|S(a) da.
n h<H

By a very minor adaptation of the proof of (5.26) of [7], one finds that
(4.19) > Ti(p) < (log P1) sup Ts(v,6) + NOHR2O/2 A7
p 0<~v<1
(3.6) f==+1
We omit the details.
LEMMA 7. Suppose that o € R and

a 1
Oé—; S24QHP17 (a7Q):1
Then
Y |F(ah,vih)] < P5[ ¢ _HP/ +HP, +
=, 7’77 1 1+Q3‘Oé—a/q‘ 1 q .

This is Lemma 16 of [1].
LEMMA 8. Let a, v € R. Suppose that

<q'QTPHYY,  (a,q)=1, ¢<Q*H ¥

a
a— —
q

Then

+ HAY?

> Grlah® Ah)[* < P

|: Hy2q—1/3
h<H (

1+ Q3o — a/q|)'/?

This is essentially Lemma 8 of [7].
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LEMMA 9. Let vy € R and 6 € {—1,1}. Then

Ts(v,0) < PP PP Pptey 2720 g A\ tepitepytepi ey !
+ A2 plte py/2tE pplate palatey —1/2,

Proof. Let ny denote the set of a in n with the property that whenever
(4.20) Aa —r/b| <r TYHTAQT3,  (br) =1,

one has 7 > H™/* Let a@ € n;. We apply Lemma 7 with A\ja in place
of a. By Dirichlet’s theorem there exist integers b, r satisfying (4.20) with
r < Q3H~"/*; here we must have r > H7/4. Now the condition of Lemma 7
is easily verified, thus

(4.21) > |F(ahAy,yih)]? < PY(PEH* + HPy + Q3 H™/*)
h<H
< P34,
We may choose ¢, s so that (c,s) = 1,s < Q*H3/4, and
Ao —¢/s| < sTHH3AQ3.
Then [M\a — ¢/s| < s7PH™/*Q73, so that s > H/* > H3/*. By Lemma 8,
applied to Aj« in place of «, we have
> 1Gh(Mah®, 04h)? < PLHYAY?,
h<H
Hence by Cauchy’s inequality, (4.14), (4.17) and (4.21),
(4.22) S > |F(ahAy,y; h)Gr(Mah®, 0v1h)|S(a) da
ni h<H
< PIPYTy < PO PPy Prtey =272,

It remains to consider n \ ny. Let @ € n \ ny. There are integers b, r
satisfying
(4.23) AMa—b/r| <rYHTAQ™3,  (byr)=1, r<H'/4
We write b/(A\17) = a/q in lowest terms. Clearly ¢ = rd where d = A1 /(A1,0).
Also, (r,A1/d) = (r,(\1,b)) = 1. Because o € n, we know that either
o —a/(rd)] > r=td=*LN~1, or rd > M, or both.

Let d be a given divisor of A;. Let

Ni(d,r,a) = {a Do — % < r_ld_lLN_l},
r

Ny(d,r,a) = {a Ca— (Z‘ < r_1H7/4Q_3)\11}.
r

It is clear from (3.2), (3.8), (3.18), (4.1) that Ny(d,r, a) contains Ny (d,r,a).
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Let N;(d) denote the union of Ny(d,r,a) with
(4.24) 1<a<rd, (a,rd)=(r,A\1/d)=1,
(4.25) r< Md*'.
Let Ny(d) denote the union of Ny(d,,a) with (4.24) and » < H7/*. By the
discussion following (4.22) we have, modulo one,
n\ s € |J{Va(d)\ M)}
I

Let L(d,r,a) denote No(d,r,a) when Md~' < r < H™/* and (4.24) holds;
and denote No(d,r,a) \ Ni(d,r,a) when r < Md~! and (4.24) holds. For
fixed d, we have

No( @\ Ni(d)= | L(d,ra).
r<H7/%q

Let a € L(d,r,a). The fraction A\ja/(rd) may be written in the form b/r
with (b,7) = 1. Since

(Ma,rd) = d(Ma/d,r) =d,

by Lemma 7, with A;a in place of «, and

a
A — 2= _ < 71H7/4 73<
1 r e rd =" @ ~ 24rHP;,’
we have
—1HP2
4.26) > |F(ahhy, v h)? < P r L HP
(4.26) |[F(ahA, v h)|” < 1[1+Q3|)\1a—b/r\+ 1T
h<H
r~1H P20

STFNY Ta—a/(rd)]

Here we require the observations that
Q*\ =NY 3 HP +r< HP, <r 'HP?,
(HP; 4+ r)rQ3*|\a —b/r| < HP,H"/* < HP?.
Choose ¢,s so that |A\a — ¢/s| < s H3*Q73, (¢,s) = 1 and s <

Q*H=3/*. 1If b/r = ¢/s, then by the definition of L(d,r,a), we know that
either

Ma—c¢/s| > s '"d P LN"'A, > s LN,
or s > Md~', or both. By (3.1), (3.2) we have either s > H?/* or Q3s|\;a—
¢/s| > H3/*, or both. If b/r # ¢/s, then

1 b

b c < (H3/45_1 +H7/4r_1)Q_3 < L +H7/4r_1Q_3,
rs T S

<
2sr
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whence s > %QSH —7/4 > H3/* once more. Now we may apply Lemma 8
with Aj« in place of «, obtaining
(4.27) > 1Gh(Mah®, 04h)? < PfHYAY?,
h<H
Therefore, by (4.26) and Cauchy’s inequality
YH7/8P11+67“_1/2

4.2 F ; ’ '
(4.28) Z |F(ahA1,v; h)Gp(Arah?, 0vh)| < (1+NY—3|a—a/(7“d)|)1/2

h<H
It follows that

(4.29) S > |F(ahAr, v; h)Gr(Mah®, 6vh)|S(a) da
No(d)\N1(d) h<H

o — —

a I\ 172
> > S(a) dov.

< P11+5H7/8Y S 7'_1/2 <1 + NY_3
N2(d)\N1(d)

We write
I'=TI(a,a,q) = q1/2+5(1 + NY 3o — a/q\)l/z.
By Lemma 3, we have
fa(W, Xa0) = sa(q, A2a)J(X2(a — a/q), W) + O(I') = It + O(I).
Hence by (3.26) we have
[faW, da) [P < I + T < [54(q, Aoa)J (Na(ar = a/q), W)[* + I
5% (g, Aaa) W2

2
SATNY Fa—aigpe 1
Hence
—1/2
(4.30) S 7’_1/2<1 + NY3|a — % > S(a) do
Na(d)\N1 (d) "
—1/2
< S r_1/2<1+NY_3a—:d> (g +17?)
Na(d)\N: (d)
2
X ) > > F(Rs, Aspiphepise) f(Ra, Maphipiapisa)| do
P3171§327P33 p41,(154.1%1743

By Hua’s inequality we have

8
Y F(Ra haphipptse)| da < (PY 1)

0 P31,P32,P33
(3.7)
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8
Z f(Ra, Mapiipiopisa)| da < (PY ~1)°te

0 P41,P42,P43
(3.7)

and

1
S ‘ Z Z f(R3, A3p31p32p330) f (Ra, Aapii Piopiscy)

0 P31,P32,P33 P41,P42,P43
3.7 3.7

2
’da

< (§ ) Z f(R3, A3p31132p330) ‘4 da) v

0 P31,P32,P33
(3.7)

: ( § ‘ Z f(Ra, Mpiapiapisa) ‘4 da) .

0 P41,P42,P43
(3.7)
< ((PgY_1)2+8(P4Y_1)2+€)1/2.
By the definition of I,

a
o — —

2 =gt (1 +NY~?
rd

o — ZD = (rd)'*e (1 +NYy?

)

For o € Ny(d) \ N1(d),

1/2
Pl/2+e glte (1 L NY 3o — gd ) < it T/8 e )\}+5H7/8+a_
r
Hence
a |\ 12
(4.31) S r1/2 <1 +NY 3la - — ) r?
r
N2 (d)\N1(d)
x| Z Z f(Rs, >\3P§1p§2pg30‘)f(R4, >\4P21P22p§130‘)’2 dov
P31:P32,P33 P41,P42,P43
(3.7) (3.7)
a I\ 12
< | e <1 +NY o - — )
r
N2 (d)\N1(d)
2
X ‘ Z Z f(Rs, A3p310320530) f (R, Aaptipiopiza)| da
P31,P32,P33 P41,P42,P43
(3.7) (3.7)

< )\i+€H7/8+E (P3P4Y_2)1+5.
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Now we consider
8?4 (Qa )‘QG)W4

(4.32) S I do = (1+NY3|a—a/(rd)])*

N2 (d)\N1(d) N2 (d)\N1(d)

" s4(g, \2a)
<WE2 2 ) A

r<H7/4 a<rd L(d,r,a)

do

Let x(q) and k*(q ) be the multiplicative functions defined by

3Ry = BhH1y = gp—k—1/2 Bk+2) — p=k-1

K(p K(p r(p P
K" (p) = 2p~ & 2, KPP =p7 wE) =0T (123).
Then k(q) < £*(q), and by Lemmas 4.3, 4.4 and Theorem 4.2 of Vaughan [5],
¢ 'S(q,a) < k(q¢) when (a,q) = 1.

Now we consider

2 <q7)\2 )4

q<E
4
1
< (2 (505) )
p<E
o
< I (1 +16p~t+p 4 Zp_l/3)
pT)\Q l:3
p<E
< 1] (1+p+16+1+1+2p_l/3>
Pl A2 1=1
p<E
< [ (1 +p+p?+16p+p+p+p?E+p/? +Zp_l/3>.
P22 =0
p<E
We have
[T+ < [] @+p J] @0+p) < []»"*
pll/\2 pllA2 pllA2 pl| A2
p<E p<C(e) p>C(e)

Here we use the fact that for p > C(g) we have 20 + p < p'™¢. Similarly

II @ +22p+1) < [] p**

P’lA2 P Az
p<E
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The constant implied by < depends only on . So we have

4
* q 14e =120
(4.33) qK < > < A5 (log =),
q<z;: (Qa )\2) 2
By (3.9) of [1],
£ q £ Lk q
sa(q, Aoa) K ¢°k L g K ,
o) <o ) <o ()
so we have
(4.34) S Itdo < WAYBN=IFe),.
N2(d)\N1(d)

For o € Ny(d) \ Ny(d), we have

—1/2
o ') < MV,

r1/2 (1 +NY 3
rd

Hence by Schwarz’s inequality,

-1/2
(4.35) | o (1 + NY3|a— % > It
Na(d)\ N1 (d) "
2
X ‘ Z Z f(Rs, )\3P§1P§2P§30‘)f(R4, )\42921172217230‘) do
P31,P32,P33 P41,P42,P43
(3.7) (3.7)

< (W4Y3N_1+5)\2)1/2M_1/2d1/2(PgY_l)(5+5)/4(P4Y_1)(5+6)/4.
By (4.29)—(4.35) we have
(4.36) S > |F(ahAr, y; h)Gr(Mah®, 0vh)|S(a) da

n\n1 h<H

< P11+6H7/8Y[)\1+5H7/8+€ (P3P4y—2)1+s
4 (W4y3N—1+5)\2)I/QM—I/Zdl/Q(P3P4y—2)(5+6)/4]

< )\%+ep12+epsl+ep41+ayf1 + )\i/2P11+6P21/2+5P§’/4+5Pf/4+£}/’1/2.

By (4.22), (4.36) the lemma follows.
As in Section 8 of [1], for the estimation of }° 5 T2(p) we have the
same upper bound for T5(v,6).

5. First steps on the major arcs. In this section we show that
R(A1,..., A7) is well approximated by integrals similar to (3.17), but with
I»(P1, M) and fa(W, Aap®«) replaced by suitable approximations. Let

D(a) = ¢"*(1+ Nla — a/q|)'/.
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By Lemma 4,
fo(PrA1a) = s(p,a) < ¢"*TAY? < D(a)¢f
Fa(W, A2q) = g(p, o) < ¢'/*TeAV? < D(a)g®
Here
A=14+ Nl|a—a/q|.
Now we introduce the numbers

)Z S S (u(Puda) - s(p,) fa (W Aapta)

P31,P32,P33 P41,P42,P43
(3 6) (3.7) (3.7)

2
x f(Rs, )\3p3p§1p§2p§30¢)f(R4, )\417319211722172304)‘ da,

)Z > > slp,a)(fa(W Aa) — g(p, @)

P31,P32,P33 P41,P42,P43
(3 6) (3.7)

2
x f(Rs, /\3p3p§1p§2p§3a)f(R4, )\417319211722?23@)‘ da.

We use Cauchy’s inequality and note that D(a) < L'/ for o € M. Hence

by (4.17),
1

(51)  w<yi 3 gL Y > i)
Y<p<2Y 0 Pslzgsz,p:as P41,P42,P43

(3.7)

2
X (R, Ap™ i plants) f (R, Mp*papibopilse)| da
1

<<Y2L1+EH > > faWhea)

0 DP31:P32,P33 P41;P42,P43
(3.7) (3.7)

2
x f(Rs, \3p311320330) f (Ra, )\419211)22]?23@)‘ da
L YPL' Ty < LRy PP PRy~ 7%

Now we consider vy. By Cauchy’s inequality and Schwarz’s inequality we
have

v L Y P? Z X ‘s(p,a)D(a)

Y<p<2Y M
2
X Z Z f(Rs, )\3p3p§1p§2p§3a)f(R4, >\4P3Pi1p22p230‘) do
P31,P32,P33 P41,P42,P43
(3.7) (3.7)

< YP(I,1,)Y?,
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where

L= Z X |S(p7 Oé)D(Oé)|4 da,
Y <p<2Y M
1

I, = Z S‘ Z Z f(Rs, )\3p3P§1P§2p§30‘)

Y <p<2Y 0 P31:P32,P33 P41,P42,P43
(3.7 (3.7)

X f(Ra, Map®piipiapiza) ' da.
By Hua’s inequality and Cauchy’s inequality,
I < Y(PY~)B+/2(p,y —1)(5+)/2 — (py p,)5+9)/2y 4,
As in (4.34), by (3.29), (3.26) and the definition of D(«) we have
I K Y\ NIPIEL2
Hence
(5.2) vy < Y PPt 2y —ay1/2(y \| N1 pitep2)1/2
< Y—1/2P12+€P§/4+8Pf/4+€A}/QLN_1/2.

6. The second step on the major arcs. Let M; denote the set of all
major arcs M (q,a) subject to 1 <a < ¢ < X, (a,q) =1, where

(6.1) X =PpY7,
Let

62 o= [ [> > Y swaywa

M\ My P P31,P32,P33 P41,P42,P43
(3.6) (3.7) (3.7)

2
x f(Rs, )\3P3P§1p§217§3a>f (R4, )\417317211722172304) da,

where s(p, @) and g(p, ) are given by (3.29) and (3.30).
As in [3], by Lemmas 4.3 and 4.4 of Vaughan [5] when p{a one has

pl/3, [#1 (mod 3),
6.3)  S(p',a) =<0, I=1 (mod 3), p=2 (mod 3),
p?=1/38(p,a), 1=1 (mod3), p=1 (mod 3).

Also, standard methods show that

(6.4) S(q,ab®) = S(q,a) when (b,q) = 1;

(6.5) S(qr,a) = S(q,ar*)S(r,aq®) when (r,q) = (qr,a) = 1.
When p1gq, by (3.9) of [1],

q q
sataar') < (ot ) < o G )
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sp(g, A\1a) = ¢ H{S(g, \ia) — p~'S(g, \ip*a)} < li( q )

When p || g, write ¢ = pr with p{r. By (3.9) of [1],

3 £ q 3 r
8A(Q7)‘2p (I) <q R<()\2ap3’q)> <q HL(()\Q,T))’

S(g, Ma) = (g, A1)S<(q’q)\1), (qxl)a) = (g, A1)5< P

By (6.3) and (6.5) this vanishes. Similarly,

St <o 1),

(Ta)‘l)
SO
A el ).
SP(% la)<<p K((T‘,)\l))
When p? | g, let ¢ = p'r,ptr and [ > 2. Then
A1
S(q, \a) = (mA)S [ ph— ,a>
(q ! ) ( 1) <p (ra)\l) (TvAl)
A r? > ( r Alap2l>
= (r,\1)S( p', a S , .
s o) S o
When [ = 2,
1 3\ r )\1@17
P S(q7)\1ap ) _p()‘hr)‘S((T7 )\1)7 (T,)\l)>'
By (6.3),

A r2
2 1 _
S(p ’ (r,m"’(r,Al)?) -

S’( r Alap2l> B S( r Amp)
(r, A1) (75 A1) (r, A1) (r, A1) )
so sp(q, Aa) = 0.

When [ > 3, by (6.3)-(6.5) we have
p~tS(p'r, Map?)

:p2(/\1,7“)5<pl_3r7 )\1(1 >
S

r Alapmﬁ> (1—3 Aa r2
"

= p2(>\1,’r‘)5<(r’ )\1), (’l“, )\1)
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hence s,(g, A\1a) = 0. Combining this result with (3.29) and (3.30) we have

s(p, @)g(p, @)
0 if p? | q,

< q€p_1“<<r,&1>)“<<r,gg>>ﬂw( - qD

if ¢ = pr, ptr,
-2
q q a .
q°K K PW(l—l—Na—') if p1q.
\ <(Q7)‘1)> ((%)‘2)) ! q T
Note that

4p~tk(r)? = k(pr)?  for ptr.
For p?{q we have

60)  stniotno) < u( G )o( 7)o

Hence

6€n > [ X Y swkaywa

Y <p<2Y M\M; P31,P32,P33 P41,P42,P43
(3.6) (3.7) (3.7)

—2
a
qD '

2
x f(Rg, A3p’p3,p3op33) f (R, Map®plipiapisa)| dao

<PWELE Y Yk < (g, A1) >/€2<(fzﬁ>\z)>

Y<p<2Y X<q<L

(3.6) p*tq
q a —4
<3 <1+NQ_D
5L, Mza) 1
2
><( > > f(RS,A3p3p§1p§2p§3a)f(R4,A4p3p21pizp33a)‘ da
P31,P32:P33 P41:P42,P43
(3.7) (3.7)
q q a —4
e £ (5 (o) $ 1 0h)
Y<p<2y \ X<q<L (M) = M(§,a) 4
(3.6) p2q (a,q)=1

4 1/2
X‘ > f(Rs,A3p3p§1p§2p§3a)’ da)
P31,P32,P33
(3.7)



218 H. Z. Li

X<X§L“4<<q,qx2>) 2 <1+N

q
a= M(q,a
p*tq (a,9)=1 (o)

—4
a

o — -
QD

4 1/2
X ‘ Z f(R4’)\4P3P21P?12P23a)‘ da)

DP41,P42,P43

(3.7
—4
a
o — —
q D

3,3 .3 .3 4
X ‘ Z f(R3, A3p°p31P50p330) | dav
P31,P32,P33

(3.7)

Now we consider

> (k) X1 (e

X<g<L
p2q (a,q

< 2 “4<<q,qxl>>

X<qg<L
p*tq
1/2 q
SICESSPES

—-1/2 a=1

4

dp.

a
doof (Rs, N3P’ P31P32P33 (q + /3>>

P31,P32,P33

Now,

q

>

a=1

4

a
oof (Rs, N3P’ P31P32P33 (q + 5))

P31,P32,P33
(3.7)

q

_ > Ze</\3p3<z+ﬂ> (23 + 23— 2 _xg;>>

Z1,...,xa€xa(P3Y ~1) a=1

=4 > e(Asp’B(af + a3 — of — 23)) < ¢P(q,p),
xi€X4(P3Y71)
A3p? (23423 —23—23)=0 (mod q)

where ¥ (q,p) denotes the number of solutions of the congruence

Nop® (@ + 2} — 2 — 23) =0 (mod q)

-4
a

o — =
‘ID

subject to x; € x4(P3Y ~!). Now we have

= () £ 00

X<g<L a=1_ M(q,a)
p*lq (a,9)=1
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33 3 3 I
X’ Z f(Rs, Asp p31p32p33a)‘ da

P31,P32,P33
(3.7)

N X<ZqSL %4(((17(1)\1))@((]7@ - N71<ZO +Zl )7
p’fq

where ) ; 1s the part of the remaining sum with 7 |l q.
When ptq we have ¥(q,p) = ¥(q,1) = ¥(q), say. Thus by a simple
splitting up argument and Cauchy’s inequality,

(6:8) > < (logL) > q,#((qil))mq)

s 5 w(5)) (S w0)”

for some = in the range X < = < L.
Let o(h) denote the number of solutions to

3 ad—ah—xl=h
subject to x; € x4(PsY ~1). Then

o= 3 )

[<(PsY ~1)3(q/(g:x3)) "

and by Cauchy’s inequality,

v (2 P () e) s ()

[<(PsY =1)3(q/(q,:23)) 7t

Of course, 0(0) < (P3Y ~1)2*¢ g0 that

6.9 > q¥(g)’

q<2=

= - c _ l
cEPyEL ey S ()
0<la/(a.3e)<(PsY —1)? s

< E'(Psy—l)'?-i-&? 4 (P3Y_1)3+6)\3 Z QZ(h)
h<(P3Y—1)3
and the final sum is bounded by the number of solutions of
e e R e e T e e

subject to x; € y4(P3Y~1). By Hua’s inequality (Lemma 2.5 of [5]) this
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number is bounded by O((ng—1)5+e)' We now have
3 al(q)? < S(PY TN 4 (Y TS,

q<2=
Note that #(q) < ¢~'/3*+. Hence from (4.33),
q 7/34+e =—4/3+¢
(6.10) qf@g( ) <A = .
E<§§:25 (q7 )‘1) !

From (6.8) we have
ZO < (1Og L)()\I/3+EE_4/3+5)1/2(E(P3Y_1)7+€ + (ng—1)8+5)\3)1/2
< (log L)NI/0Fe x—2/3+e(pyy —1)dte\1/2,

An estimate for ), is obtained along similar lines. We write ¢ = pr with
p{r. Then ¥(pr,p) = ¥(r,1) = ¥(r). Therefore since x is multiplicative,

o<t Y rn4<(r’&1)>0(r).

Xq l<r<Lq—!

By the same argument as before, the sum is
< (log L)NI/OTe(pyy —1)ydte \1/2 x —2/3+e-1/3,

So the bound for }, is even stronger than the bound for ). Hence we

have
2 ”4<<q,qxl>) > <”N“‘ZD_

X<g<L a=1  M(q,a
e =1
4
X ‘ Z f(R37)\3P3P§1P§2P§304) do
P31,P32,P33
(3.7)
< N_1+5)\I/6+€X_2/3(ng_l)4+€)\é/2.
Thus

(CARV R I N D DD DR (O

Y <p<2Y M\M; P31,P32,P33 P41,P42,P43
WP (3.7)

2
x f(Rs, )\3P3p§1p§2P§3a)f (R4, )\4193]9211722172304) do
< waZYLE(N—1+(-:>\I/6+EX—2/3(P3y—1)4+5)\é/2)1/2
« (N_1+€)\;/6+€X_2/3(P4Y_1)4+€)\41;/2)1/2

& PRWAN Ve \T/AZTe\T/124ey x=2/3(py pyy —2)24e \ LA \L4,
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By (6.2) and Cauchy’s inequality we have

(6.12) v* < PRWAN Ut \I/12E\T/12Tey =2y =2/3(py py2He \L/A\ L4

7. The major arcs. For o € M(q,a), let

a .
hi(a) = s(q, )‘z’psp%p%p%a)J()\i <a - q>p3p§’1pf’2p?3, Ri> (i=3,4),

k(o) = sp(q, )\5a)J<)\5 <a — Z) , U),
a .
li(a) = s(a, Az—pilpizp%aw(& (a - q>p?1p?2p?3, v) (i = 6,7).

Then as in Lemma 3 of [1], for « € M (q,a), where 1 <a < ¢ < X, (a,q) =1,
we have

F(R NP’ plaplsa) — hia) < ¢ PTEA? (i =3,4),
(U, s0) — k(a) < ¢t/?=AY2,

f(Vi, )\ip?1p?2p?304) —li(a) < q'/FreAl? (i=6,7).
Let

F*(p,a) = s(p, a)g(p, a)hs(a)hy(a)k(a)ls(a)lz (),
F*(a) = Z F*(p,a),
(3.6).(3.7)
Ay =q 'BPATY Ay = (q,p) BT BWAT, Ay =qPUATY
A =g V3, 0°) (0, 03) P (0, 05H) P (q, %) PR AT (i =3,4),

A = q V3, i) 3 (a, %) P (q,p3) PV, AT (i=6,7).

Then as in Lemma 5 of [1] we have

hi(a) < \PqE Ay (i = 3,4), k(o) < A2 As, 1i(a) < AP A; (i =6,7)

and

s(p, @)g(p, @) f (Rs3, Asp®pi1 papisa) f (Ra, Aap®pii plapisa)
x f5(U,Asq) f(Vs, Mepa1Deapisct) f (Va, Asp3iplopisa) — F*(p, @)

7 7
< )\}/3)\%/3(12&‘141142 Zq1/2+sA1/2 H (A;/3quj + q1/2+€A1/2)‘

i=3 =3

i
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By Lemma 4 of [1] we see that

Z |s(p, @)g(p, @) f(Rs, Asp *P310320350) f (Ray \ap®pli piopisc)

DPij
(3.7)

x fe(U, Asa) f( Vs, )\Gpglpgng?)a)f(vm Aspglp%pgsa) - " (p, a)|

< { H Zw} 1/3 1/3 _2/3+25P WA~ ( )
(3.7)

% [(q1/2+sA1/2)5 n (q1/2+sA1/2)4q—1/3UA—1
+ (q1/2+eA1/2)3q—2/3UV7A—2 + (q1/2+6A1/2)2q—1UV6V7A—3
4 (ql/2+€A1/2)q—4/3UV6V7R4A—4]

and

S Z |5(p, @)g(p, @) f (R3, \3p°P31p32p3s) f(Ra, Aap®pify piapiscr)
M a6).37)
x fB(U, A50) f (Vo, AeDg19éapasc) f (Vr. Aspgipiapisa) — F*(p, )| da
= > > > | Istha)glp,a)f (R, Asp’piippise)
(3.6)1,)(3.7) =X (a?qg)il Mige)
X f(Ra, Map’ P p3api30) f5(U, Asv)
x f(Ve, NePirDiapias ) f(Va, Asp31p3apisa) — F*(p, a)| da
< { [T 2 0N PN 37 3 (0.07) a4 19 + Ulog Ng?

(3.7) (3{76) q<X

+q7/6+EUV7 + q1/3+EUV'6V7 +q—1/2+EU‘/’6V7R4]

< { 11 Zij}Ai/?’/\;/BPlWN*l[X7/3+EL3/2 + UlogN X3+¢ 4 UV, X 13/6%¢
(3.7)

+ UVgVa X3 L UVsVr Ry X /2]

By (3.1), (3.2), (3.8)—(3.11) and (6.1), the above is

< Y{ H Zz]}P1WRgR4UV6V7N l—e o >\2/21/1 1/3 \726/21—¢
(3.7)
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Now, we write
q

S(ga,h)= > e(az®/q),
r=1
(z,q,h)=1
where h, g are natural numbers and a is an integer.
Let

_ [0 ifplg,
x(4:p) {1 otherwise.

Then as in Lemma 6 of [1], by induction we have

1 x(q,p)
sp(g,c) = (1 - p> g 'S(g,c,p),

x(q,pij)
<1 - ) q_ls(qaca A)a

Dij

x(q,pij)
(1_) q_ls(qvcaB)'

Dij

4 3
i1

7 3
i
Now we consider | u, () da. We write

1 q
S(P.a) == > S(a,Ma,p)S(q, \aap®, A)S(q, hsap®piip5arss)

x S(q, \ap®p3 piapis)S(q, Asa, B)
x S(q, )\Gapglngpgg))S(q, )\76117?117?21733)
and for ¢ < X, 8] < ¢ 'LNY,

> F*(p,8+a/q) = 0(q,p)S(p, e (p, B)-

a=1
(a,9)=1
Here
1
0 = - —
(¢:p) 11 (1 w)
we{p,pij}
wiq
and

e(p, B) = J(\1 3, Py)J(—ap®B, W)J (Asp*piy piapiss 3, Rs)
x J( AP’ P piapis B, Ra)J(Ns3,U)
X J(Aﬁpgwgngsﬁ, %)J(Mp%p?ngsﬁv V7).
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As in the proof of Lemma 10 of [1],

LNt
S Fra)da= Y > 0(¢p)S(pq) S ©(p, 3) dB.
M =X ~LN-1

(3.6).37) ©
In view of Lemmas 8 and 9 of [1], we may insert the summation condition
(¢,pAB) =1
in the last summation over g. For these values of ¢ we have

1
sari= T (1-1)
we{p,pi;}
As in Lemma 11 of [1], by (3.2) we have

> IS < AVEXTE < AT

>X
(¢,pAB)=1

and

Sx(p)= Y S(p.g)> A
g<X
(¢,pAB)=1

As in the proof of (2.7) of [1] we have

| F(p,a)da > X/ A71/3EN29/2Y log V)1,
My

8. The proof of Theorem

LEMMA 10. Let Ay > ... > Xg > 1 be real numbers, let k1,...,Kks be
non-negative real numbers, and suppose that the real number ¢ satisfies the
inequalities

Ki+...+k <tc forl<t<s.
Then

AL < (AL AG)C

This is Lemma 5 of [4].
Now, by Lemmas 6 and 9, (4.16) and (4.19), Jo» < YT. By (3.1), (3.2)
and Lemma 10, it is easy to check that

J2 < P11+5P2P329Pf+sy—1—29 + )\1/2P11+€P21/2+6P§/4+€P45/4+5Y1/2.
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By Cauchy’s inequality and Lemma 5,

| Fa)da < 20,72
M

+ )\}/2P11+5P21/2+€P35/4+EPf/4+EY1/2)1/2(P5P620P72+6)1/2
< )\?/21/1—1/3]\]26/21—&—5

% ()\§2+9)/21)\;/6)\:(31*9)/3)\é/6)\é1*9)/3N7(27139)/21
4 )\}3/42)\;/4>\é/8)\}1/8)\é/6)\{(51—'9)/3]\7—(5—280)/84)‘

By Lemma 10,

)\§2+9)/21)\;/GA:(;—G)/B)\;/G)\&I—G)/ZS < AC=0)/9.
13/42,1/4,1/8,1/8,1/6(1-6)/3

)\1 / )\2/ )\3/ /\4/ )\5/ )\é )/ < /15/24

and by (3.2) we have

>\§2+9)/21)\é/fj)\;(31_9)/3)\é/6)\((31_0)/3N_(2_139)/21
13/42,1/4,1/8,1/8\1/6\(1—0)/3 n7—(5— —3¢

+)\1/ )\2/ )\3/ /\4/ )\5/ )\é )/ N (5—2860)/84 < N 3

so (3.21) follows.
By Lemma 5 and Cauchy’s inequality,

VD (a(Prdua) = s(p, @) fa(W, Aepa)
M P
(3.6),(3.7)
x f(Ra, A3p°p31032033) f (Ra, \ap®piy Paapisar)
% f5(U,As50) f(Vo, NebiDiapis) f (Va, A\epyplapiser) da < vy 712,
As above, by Lemma 10 and (3.2), (5.1) the above is
< (P11+5P2P§9P42+5Y*1*29)1/2(P5P629P72+5)1/2 < )\?/21A71/3N26/2175
hence
S F(a)da = S Z s(p, @) fa(W, dapPa) f(R3, A3p® p31 p3ap3s )
M 36)3.7)
x f(Ra, )\4293174311}722]9?13@)
x fB(U, Asa) f(Vs, /\6pglpgng3a)f(v7a /\717%117?227?304) dov
+ O()\?/QIA—I/3N26/21—E)'
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By Lemma 5 and Cauchy’s inequality,

S Z s(p, @) (fa(W, XAap3a) — g(p, )

M P
(3.6),(3.7)

x f (R, Asp’p5y p3ap3500) f (Ra, \ap’pi1piapiisc)
x (U, A50) f (Vo, AePg1Pgapascd) f (Va, Avpz1prapiscr) da
< 322,
By Lemmas 5 and 10 and (5.2), the above is
< (A}/2P3+€P§/4+EPE/4+EY_1/2LN_1/2)1/2(P5P629P72+5)1/2
< )\%/21A—1/3N26/21+5()\;/3)\é/s/\i/g)\é/G)\é}*Q)BN—(7—280)/84)
< A?/QlA—1/3N2G/21+e(A1/4N—(7—286)/84)
< )\?/21/171/3]\726/2175.

| Flayda={ > s(p,a)g(p, @) f(Rs, Asp’ i p3apis)
RRCIONCEY

X f(Ra, \ap®pi1piapias ) f5(U, As@) f (Vs AsP1PaaPos )
X f(Ve, Mephiphapise) da+ O/ A1/ N20/21 %),
By Lemma 5 and Cauchy’s inequality,
S Z s(p, @)g(p, @) f (R3, A3p’p31p3ap3s) f(Ra, Map’piipiapise)
MAML 5 6)r(3.7)
x fB(U, As0) f (Ve Aepg1piapesce) f(Ve, Azp7ipoapysc) da
< ()22,
By (6.12) and Lemma 10 the above is
< (PlzWzN—1+e)\z/12+s)\;/12+sy—2X—2/3(P3P4)2+5A;/4Ai/4)1/2
< (PP P2
< A§/21A—1/3N26/21+5()\}79/504)\;/24)\;)/8Ai/sAé/ﬁAél—G)/3N—(4—219)/63)
< /\3/21/171/3N26/21+e(A11/48N7(47219)/63)
< )\%/21/1—1/3]\726/21—5.
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VFlyda= | > s(p,a)gp,a)f(Rs Asp’piipiapise)
M s ensm)
X f(Ra, Mp®pipiapisa) f5(U, As) f(Vs, AePi1 Paapis )
% f(Va, \epipaplsa) da+ O(N/ 21 A7 1/3 N26/21-¢)
= | F(@)da+ON/? AT EN20/2175),
My
Hence the Theorem follows.
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