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On the average number of dire
t fa
torsof �nite abelian groupsbyWenguang Zhai (Jinan) and Xiaodong Cao (Beijing)1. Introdu
tion. Let t(G) denote the number of dire
t fa
tors of a�nite abelian group G. We shall be 
on
erned with obtaining estimates forthe sum(1:1) T (x) =X t(G);where the summation is taken over all abelian groups of order not ex
eedingx. The asymptoti
 behaviour of T (x) was �rst studied by E. Cohen [2℄, whoderived(1:2) T (x) = d1x(log x+ 2
 � 1) + d2x+�0(x);where 
 is the Euler 
onstant and �0(x) is estimated by�0(x)�px log x:E. Kr�atzel [5℄ improved this result to(1:3) �0(x) = d3px�12 log x+ 2
 � 1�+ d4px+�1(x)with the new remainder term �1(x) satisfying�1(x)� x5=12 log4 x:We remark that in the formulas (1.2) and (1.3) d1; d2; d3; d4 are e�e
tive
onstants whi
h will be de�ned by (1.5){(1.8) below.The exponent 5=12 was improved to 83=201; 45=109; 3=8 respe
tively byMenzer [9℄, Menzer and Seibold [10℄ and Yu Gang [13℄. The latest result isdue to Liu [7℄, who proved that(1:4) �1(x)� x7=19+":The aim of this paper is further to improve this result. We have1991 Mathemati
s Subje
t Classi�
ation: Primary 11N37.[45℄



46 W.-G. Zhai and X.-D. CaoTheorem 1. Let d1; d2; d3; d4 be de�ned byd1 = �2(2) 1Xn=1 �3(n)n�1;(1:5) d2 = � 1Xn=1 �3(n)n�1(�2(2) log n� 4�(2)� 0(2));(1:6) d3 = �2�12� 1Xn=1 �3(n)n�1=2;(1:7) d4 = � 1Xn=1 �3(n)n�1=2�12 �2�12� log n� ��12�� 0� 12��;(1:8)where �3(n) is de�ned by(1:9) 1Xn=1 �3(n)n�s = 1Yu=3 �2(us) �<s > 13�:Then we haveT (x) = d1x(log x+ 2
 � 1) + d2x+ d3px� 12 log x+ 2
 � 1�(1:10) + d4px+O(x4=11+"):Following Kr�atzel [5℄, we only need to study the asymptoti
 behaviourof the divisor fun
tion d(1; 1; 2; 2;n) whi
h is de�ned byd(1; 1; 2; 2;n) = Xn=n1n2n23n24 1:Let �(1; 1; 2; 2;x) denote the error term of the summation fun
tion(1:11) D(1; 1; 2; 2;x) = Xn�x d(1; 1; 2; 2;n):We then haveTheorem 2. We have(1:12) �(1; 1; 2; 2;x) = O(x4=11+"):Theorem 1 immediately follows from Theorem 2.Notations. e(t) = exp(2�it). [t℄ is the integer part of t, and ftg = t� [t℄,ktk = min(ftg; 1 � ftg), n � N means N < n � 2N , n �= N meansC1N � n � C2N for some 
onstants C1 and C2. " is a suÆ
iently smallnumber whi
h may be di�erent at ea
h o

urren
e. �(t) always denotes theerror term of the Diri
hlet divisor problem.



Number of dire
t fa
tors of �nite abelian groups 472. A non-symmetri
 expression of �(1; 1; 2; 2;x). In this paperwe do not use the symmetri
 expression of �(1; 1; 2; 2;x) due to Vogts[12℄ (also [10℄, Lemma 2). We shall use a non-symmetri
 expression of�(1; 1; 2; 2;x) whi
h is easier and simpler. We have the following basi
lemma.Basi
 Lemma. We have�(1; 1; 2; 2;x) = Xm�x1=3 d(m)�� xm2�(2:1) + Xm�x1=3 d(m)��r xm�+O(x1=3 log x):P r o o f. We only sket
h the proof sin
e it is elementary and dire
t.We begin with(2:2) D(1; 1; 2; 2;x)= Xn�x d(1; 1; 2; 2;n) = Xn1n2n23n24�x 1 = Xnm2�x d(n)d(m)= Xn�x1=3 d(n)D�rxn�+ Xm�x1=3 d(m)D� xm2��D2(x1=3)=X1 +X2 �X3;where D(u) =Pn�u d(n).Now we use the well-known abelian partial summation formula(2:3) Xn�u d(n)f(n) = D(u)f(u)� u\1D(t)f 0(t) dtto P1 and P2, and utilize the well-known formula(2:4) D(x) = x log x+ (2
 � 1)x+�(x)with �(x)� x1=3. We getD(1; 1; 2; 2;x) = main terms + Xn�x1=3 d(n)��rxn�(2:5) + Xm�x1=3 d(m)�� xm2�+O(x1=3 log x);when
e our lemma follows.



48 W.-G. Zhai and X.-D. Cao3. Some preliminary lemmas. In this se
tion we quote some lemmasto be used later.Lemma 1. Suppose 0 < 
1�1 � jf 0(n)j � 
2�1 and jf 00(n)j �= �1N�1 forN � n � CN . Then Xn�=N e(f(n))� �1=21 N1=2 + ��11 :If 
2�1 � 1=2, then Xn�=N e(f(n))� ��11 :Lemma 2. Let �; � be real numbers, ��(�+ � � 1)(�+ � � 2) 6= 0. Letf(x; y) = Ax�y� , D � f(x; y) j x � X, y � Y g, X � Y , F � AX�Y � ,N � XY . ThenS � (NF )�" X(x;y)2D e(f(x; y))� 6pF 2N3 +N5=6 + 8pF�1N8X�1 +NF�1=4 +NY �1=2:Lemma 3. Let f(x) and g(x) be algebrai
 fun
tions for x 2 [a; b℄, satis-fying jf 00(x)j �= R�1; f 000(x)� (RU)�1;jg(x)j � H; g0(x)� HU�11 ; U; U1 � 1:ThenXa<n�b g(n)e(f(n)) = X�<u�� bu g(n(u))pf 00(n(u))e(f(n(u))� un(u) + 1=8)+O(H log(� � �+ 2) +H(b� a+R)(U�1 + U�11 ))+O�Hmin�R1=2;max� 1h�i ; 1h�i���;where [�; �℄ is the image of [a; b℄ under the mapping y = f 0(x), n(u) isdetermined by the equation f 0(n(u)) = u, andbu = � 1 for � < u < �,12 for u = � = integer or u = � = integer ;the fun
tion hxi is de�ned as follows:hxi = � kxk if x is not an integer ,� � � otherwise,pf 00 = �pf 00 if f 00 > 0,ipjf 00j if f 00 < 0.



Number of dire
t fa
tors of �nite abelian groups 49Lemma 4. Suppose f(n)� P and f 0(n)� � for n �= N . ThenXn�=Nmin�D; 1kf(n)k�� (P + 1)(D +��1) log(2 +��1):Lemma 5. Suppose a(n) = O(1), 0 < L �M < N � 
L, L� 1, T � 2.ThenXM<n�Na(n) = 12�i T\�T XL<l�
L a(l)lit � N it �M itt dt+O�min�1; LTkMk�+min�1; LTkNk��+O�L log(1+L)T �:Lemma 6. Let X and Y be two �nite sets of real numbers, X � [�X;X℄,Y � [�Y; Y ℄. Then for any 
omplex fun
tions u(x) and v(y), we have��� Xx2XXy2Y u(x)v(y)e(xy)���2� 2�2(1 +XY ) XXx2X ; x02X2Y jx�x0j�1 ju(x)u(x0)j XXy2Y; y02Y2Xjy�y0j�1 jv(y)v(y0)j:Lemma 7. Let �� 6= 0, m � 1 and N � 1. Let A(M;N ;�) be thenumber of quadruples (m; em;n; en) su
h that����� emm�� ��enn������ < �with M � m; em � 2M and N � n; en � 2N . ThenA(M;N ;�)�MN log 2MN +�M2N2:Lemma 8. We have (t) = X1�jjj�J a(j)e(jt) +O� Xjjj�J b(j)e(jt)�with aj � jjj�1 and bj � J�1.Lemmas 1, 5, 4 are Lemmas 1, 2, 3 of C.-H. Jia [4℄ respe
tively. Lemmas 6and 7 are Proposition 1 and Lemma 1 of [3℄. Lemma 2 is Lemma 9 ofH.-Q. Liu [6℄. Lemma 3 is Lemma 1 of [8℄. For Lemma 8 see Vaaler [11℄.4. Proof of Theorem 2. In order to prove Theorem 2, we only needto estimate the two sums in the Basi
 Lemma of Se
tion 2.We �rst estimate the sum P1 =Pm�x1=3 d(m)�(x=m2). We haveProposition 1. P1 = O(x4=11+").



50 W.-G. Zhai and X.-D. CaoP r o o f. We only need to show that(4:1) S(M) = Xm�M d(m)�� xm2�� x4=11+"for any 1�M � x1=3.C a s e 1. M � x3=11. Let(4:2) S(M;N) = Xm�M Am Xn�N bne�2pnxm �with Am = d(m)m�1=2 and bn = d(n)n�3=4.By the well-known Vorono�� formula for �(u) we haveS(M)� x1=4���� Xm�M Am Xn�x3=11Bne�2pnxm �����+O(x4=11+")� x1=4 log xjS(M;N)j + x4=11+"for some N � x3=11 by a splitting-up argument.R. C. Baker [1℄ have estimated the sum S(M;N) with Am repla
ed by�(m)m�1=2. Applying the same arguments of Baker we 
an obtainS(M;N)� x5=44+"if N � max(1;M2x�5=11).Now we suppose M � x5=22 and N � M2x�5=11. It suÆ
es for us tobound T (M;N) = Xm�M am Xn�N bne�2pnxm �with am = d(m)M1=2m�1=2 and bn = d(n)N3=4�"N�3=4. We haveT (M;N)� N ���� XM<uv�2Mu�v e�2pnxuv �����(4:3) � N XV=2j<(2M)1=2 ���� XM<uv�2Mu�vV <v�2V e�2pnxuv �����;where the sum ���� XM<uv�2Mu�v e�2pnxuv �����



Number of dire
t fa
tors of �nite abelian groups 51takes the maximal value at n. Let �(V ) denote the inner sum of (4.3). ByLemma 2 we get(4:4) x�"�(V )� N1=6x1=6M1=6+M5=6+ (Nx)�1=16M17=16+ (Nx)�1=8M5=4+MV �1=2:Now we use Lemma 1 to estimate the sum over u and the sum over vtrivially. We 
an obtain(4:5) �(V )� M2pNx + N1=4x1=4VM1=2 :From (4.4) and (4.5) we have(4:6) x�"�(V )� N1=6x1=6M1=6 +M5=6 + (Nx)�1=16M17=16 + (Nx)�1=8M5=4+ M2pNx +min(MV �1=2; x1=4N1=4M�1=2V )� N1=6x1=6M1=6 +M5=6 + (Nx)�1=16M17=16 + (Nx)�1=8M5=4+ M2pNx + x1=12N1=12M1=2:From (4.3), (4.6) and the de�nition of S(M;N) we getx�"S(M;N)� x1=6M�1=3N5=12 +M1=3N1=4(4:7) + x�1=16M9=16N3=16 + x�1=8M3=4N1=8 + x1=12� x5=44;where the fa
ts N �M2x�5=11 and M � x3=11 are used.Thus in any 
ase we always haveS(M;N)� x5=44+";when
e (4.1) follows for the 
ase M � x3=11.C a s e 2. x3=11 �M � x1=3. By the formula�(u) = �2 Xn�u1=2  (u=n) +O(1)we have S(M) = �2 XM<m�2M d(m) Xmn�x1=2  � xm2n�+O(x3=11)(4:8) = �2 XM<uv�2Mv�u Xuvn�x1=2  � xu2v2n�+O(x1=3)



52 W.-G. Zhai and X.-D. Cao= �2� Xv�u�n+ Xv�un<u �+O(x1=3)= �2� Xv�u�n+ Xv�n<u+ Xn<v�u�+O(x1=3)= �2�X1 +X2 +X3�+O(x1=3 log x);say, where we used the fa
t that if u = v and n < u, then un < x1=3.We shall only estimate P1; P2 and P3 
an be estimated in the sameway.P1 
an be divided into O(log2 x) sums of the form(4:9) X1(V;N) = X(v;u;n)2D  � xu2v2n�;whereD = f(u; v; n) jM < uv � 2M; uvn � x1=2; v � u � n;V < v � 2V; N < n � 2Ng:Let U =M=V . By Lemma 8 we getX1(V;N)� V UNJ +Xh�J h�1���� X(v;u;n)2D e� hxu2v2n�����(4:10) � V UNJ + XH=2jH�1 Xh�H ���� X(v;u;n)2D e� hxu2v2n�����:Thus it suÆ
es to bound(4:11) �1(H;V;U;N) = Xh�H ���� X(v;u;n)2D e� hxu2v2n�����:Now puta = max(N;u); b = min�2N; x1=2uv �; � = hxu2v2a2 ; � = hxu2v2b2 :Then Lemma 3 yieldsXa�n�b e� �hxu2v2n� = 
0 X�<r�� br h1=4x1=4u1=2v1=2r3=4 e��2prhxuv �(4:12) +O� log x+min� NH1=2F 1=2 ; 1h�i�+min� NH1=2F 1=2 ; 1h�i��;where F = x=(V 2U2N).



Number of dire
t fa
tors of �nite abelian groups 53We �rst 
onsider the 
ontribution of the error term of (4.12) to�1(H;V;U;N). Obviously, the 
ontribution of log x is(4:13) HV U log x� Hx1=3 log x:If b = x1=2=(u2v2), then � is an integer. By Lemma 1, 1=h�i � 1,hen
e the 
ontribution of min(N=(H1=2F 1=2); 1=h�i) to �1(H;V;U;N) isO(Hx1=3). If b = 2N , then � = hx=(4u2v2N2), by Lemma 3 (we sumover u), the 
ontribution of min(N=(H1=2F 1=2); 1=h�i) is(4:14) HV Xu�Umin� NH1=2F 1=2 ; 1k hx4u2v2N2 k�� H3=2V F 1=2 log x:Similarly, the 
ontribution of min(N=(H1=2F 1=2); 1=h�i) is(4:15) Hx1=3 log x+H3=2V F 1=2 log x:From (4.11){(4.15) we have�1(H;V;U;N) = Xh�H 
(h) X(v;u;n)2D e� hxu2v2n�(4:16) = 
0 Xh�H 
(h) X(v;u) X�<r�� brh1=4x1=4u1=2v1=2r3=4 e��2prhxuv �+O(Hx1=3 log x+H3=2V F 1=2 log x);where j
(h)j � 1.Now we �rst use Lemma 5 to the variable r and then to the variable u(or we 
an use the same argument of (13) of Liu [8℄). We get�1(H;V;U;N)� NH1=2F 1=2 Xh�H Xu�U ���� X(v;r)2D2 C(v; r)e��2prhxuv �����(4:17) +O(Hx1=3 log x+H3=2V F 1=2 log x);where we used the fa
t that the 
ontribution of the error term when we usedLemma 5 is O(Hx1=3 log x + H3=2V F 1=2 log x) and D2 = f(v; r) j v � V ,r �= HFN�1 = Rg.By Lemma 6 we get(4:18) Xh�H Xu�U ���� X(v;r)2D2 C(v; r)e��2prhxuv ������ (HFB1B2)1=2;where B1 is the number of latti
e points (h; u;eh; eu) su
h thath;eh � H; u; eu �= U; ����phu � peheu ����� VpRx;



54 W.-G. Zhai and X.-D. Caoand where B2 is the number of latti
e points (v; r; ev; er) su
h thatv; ev � V; r; er �= R; �����prv � perev ������ UpHx:By Lemma 7 we haveB1 � HU log x+ 1HF U2H2 � HU log x;(4:19) B2 � RV log x+ 1HF R2V 2 � RV log x:(4:20)Combining (4.17){(4.20) we get(4:21) x�"�1(H;V;U;N)� H(FV UN)1=2 + x1=3 +H3=2V F 1=2:Inserting (4.21) into (4.10) and 
hoosing J = (F�1U2N3)1=3, we getx�"X1(V;N)� (FV UN)1=2 + 3pFV 3UN + x1=3(4:22) � (FV UN)1=2 + x1=3 � (x=M)1=2 + x1=3 � x4=11:In the last step the fa
t that M � x3=11 was used. From (4.22) we imme-diately have X1 � x4=11+":In the same way we 
an show that(4:23) x�"�X2 +X3�� x1=2M�1=2 + x1=3 � x4=11:Now (4.1) follows from (4.22) and (4.23) in the 
ase x3=11 � M � x1=3.This 
ompletes the proof of Proposition 1.As for P2 =Pm�x1=3 d(m)�(px=m), we have the followingProposition 2. P2 = O(x1=3+").P r o o f. The proof is the same as the proof of Case 2 in Proposition 1,so we omit the details. A
tually, similar to the proof of Case 2, we 
an get(for x1=5 �M � x1=3)T (M) = Xm�M d(m)�(px=m)� x1=4+"M1=4 + x1=3 � x1=3+":For M � x1=5 we use �(t)� t1=3 and obtainT (M)� Xm�M d(m)x1=6M�1=6 � x1=3 log x:Thus Proposition 2 holds.Now, Theorem 2 follows immediately from the Basi
 Lemma and thetwo propositions.
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