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The class number one problem for the
non-abelian normal CM-fields of degree 16

by

STEPHANE LOUBOUTIN (Caen)

1. Introduction. We determine in Theorems 1-3 all the non-abelian
normal CM-fields N of degree 16 with class number one which are composita
of two normal octic CM-fields N1 and Ny with the same maximal totally real
subfield K: there are exactly seven such composita. According to [LouOka 2],
this enables us to complete the determination of all the non-abelian normal
CM-fields of degree 16 with class number one: there are twenty five such CM-
fields (seventeen of them being dihedral). Indeed, according to [LouOka 2]
the determination of all the non-abelian normal CM-fields of degree 16 with
relative class number one is reduced to the determination of all the non-
abelian normal CM-fields N of degree 16 with relative class number one
which are composita of two normal octic CM-fields N; and Ny with the
same maximal totally real subfield. Note that each extension N; /Q is either
quaternionic, dihedral or abelian. Moreover, we proved:

THEOREM 1. Let N = N1Ny be a non-abelian normal CM-field of degree
16 which is a compositum of two normal octic CM-fields N1 and No with
the same mazimal totally real subfield, and assume that one of the N;’s is a
quaternion CM-field, say No. Then the relative class number of N = N1No
is equal to one if and only if

Ny = QW T,V-2,V3) and No=0Q(2v3\/~2+v2)@E+v3).

Moreover, this number field N = N1Ny has class number one.

Therefore, we may now assume that none of the N;’s is a quaternion
octic CM-field, and there are two cases left to cope with: both the N;’s
are dihedral octic CM-fields (see Section 2), or one of the N;’s is a dihedral
octic CM-field and the other is an abelian imaginary octic number field (see
Section 3). We will prove:
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174 S. Louboutin

THEOREM 2. Let N = N1Ny be a non-abelian normal CM-field of degree
16 which is a compositum of two dihedral octic CM-fields N1 and No with
the same mazimal totally real subfield. Then the relative class number hy

of N is equal to one if and only if N1 = Q(v/2,V17,1/—(5+17)/2) (a
dihedral octic CM-field, cyclic over Q(v/34)) and either
NT =Q(vV2,\/17+4V17) and N, =Q(V2,V17, \/—(17 +3V17)/2)
(N* is abelian, Ny is a dihedral octic CM-field, cyclic over Q(v/2), hy, =2
and dy, = 2'%-17°), or
N* = Q(v2,V5,VIT) and Np =Q(V3,VIT,\/-5(5 + VI7)/2)

(Nt is abelian, Ny is a dihedral octic CM-field, cyclic over Q(v/34), hy, =2
and dy, = 22 -5 - 17Y). Moreover, both these number fields N have class
number one.

THEOREM 3. Let N = NNy be a non-abelian normal CM-field of degree
16 which is a compositum of an abelian octic CM-field N1 and of a dihedral
octic CM-field Ny with the same mazimal totally real subfield. Then the
class number hiy of N is equal to one if and only if either

N; = Q(V-1,vV=2,v=3) and Ny =Q(v2,V3,\/-(3+V3))
(note that Ny is cyclic over Q(v/2), hn, =2 and dy, = 2°% - 3%), or
N; = Q(V-1,vV=3,vV/=11) and Ny =Q(V3,V11,1/—(15 + 8/3))
(note that Ny is cyclic over Q(v/11), hn, =2 and dy, =2 -3°-11%), or
N; = Q( vV —3, \/57 \/ﬁ) and Nz = @(\/ia \/ﬁa _(5 + \/ﬁ)/Q)
(note that Ny is cyclic over Q(v/34), hy, =1 and dy, = 212 - 17%), or

N; = Q(V17,y/—(13 + 2V13)) and Ny = Q(v13,V17,1/ (9 + V13)/2)
(note that Ny is cyclic over Q(v/221), hy, = 1 and dy, = 13* - 174).

Note that in [LouOka 1] we proved that there are exactly seventeen
non-abelian normal CM-fields of degree 8 with class number one, that in
[LOO] we proved that there are exactly nine non-abelian normal CM-fields
of degree 12 with class number one, and that one can easily see that a
non-abelian normal CM-field of degree < 16 must have degree 8, 12 or 16.
Therefore, this paper completes the determination of all the non-abelian
normal CM-fields of degree < 16 with class number one: there are exactly
thirty nine such CM-fields.
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Note also that due to A. Odlyzko’s [Odl] and J. Hoffstein’s [Hof] results,
we know that there are only finitely many normal CM-fields with class num-
ber one, and their degrees satisfy 2n < 436. Moreover, K. Yamamura [Yam)]
determined all the abelian CM-fields with class number one: there are ex-
actly 172 such CM-fields. Finally, according to [LOO] a non-abelian normal
CM-field of degree 2n < 32 must have degree 8, 12, 16, 20, 24 or 28, and
if it has degree 20 or 28 then it must be a dihedral CM-field. However,
according to [Lef] we know that there is only one dihedral CM-field of de-
gree 4p > 12 with class number one and it has degree 20. Therefore, up
to now, we have determined all the non-abelian normal CM-fields of degree
2n < 32 and 2n # 24 with class number one. Moreover (see [LLO]), we have
lately started working on the determination of all the non-abelian normal
CM-fields of degree 2n = 24 with class number one. Note that there are
nine non-abelian groups of order 16, twelve non-abelian groups of order 24
and forty four non-abelian groups of order 32. Hence, it seems reasonable
to be able to settle soon the class number one problem for the non-abelian
normal CM-fields of degree 24. However, settling the same problem for those
of degree 32 seems much more difficult, and it is quite clear that prior to
solving the class number one problem for all the normal CM-fields, we need
a much better upper bound on their degrees than that given by J. Hoffstein.

1.1. Notation. For any number field E we let dg, (g, hg, W and wg
denote the absolute value of its discriminant, its Dedekind zeta function, its
class number, its group of roots of unity and the order of this finite group,
respectively. If E = Q(y/«) for some algebraic number «, we let Pg(X)
denote the minimal polynomial of o over Q. Moreover, if E is a CM-field,
we let hg, Qg € {1,2} and E* denote its relative class number, its Hasse
unit index and its maximal totally real subfield, respectively. Therefore,
E/E" is a quadratic extension and hg = hg/hg .

LEMMA 4. Let E be a CM-field.

1 (see [LouOka 1, proof of Proposition 2]). If t prime ideals of ET ramify
in the quadratic extension E/ET then 2!~ divides hg.

2 (see [Wa, Remark p. 185 and Exercise 10.7] and [Lou 6, Proposition 6]).
If Qg = 2 and hyg is odd then hg is odd and E/EY is unramified at all the
finite places.

3 (see [CH, Lemma (13.5) p. 70]). If a prime ideal of ET lying above an
odd rational prime is ramified in E/ET then Qg = 1.

4 (see [Lou 6, Proposition 13]). If E = E;Es is a compositum of two
CM-fields By and Eo with the same mazimal totally real subfield Ef = EJ
then
_ Qe WE
1 hg = :
( ) ® QEIQEQ wElez

E; hE2 *
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We also refer the reader to [Wa] for the various well known results on
CM-fields we will be freely using.

If p is a positive odd prime and n a relative integer, we let (n/p) denote
the Legendre symbol.

Let p be any prime. A cyclic number field is called p-primary if its
conductor is a power of the prime p. We let C,, denote a p-primary cyclic
number field. If ¢ = 1 (mod 8) is prime and if we write ¢ = A% + B? with
A>1,B >1and B even, then

C,=QH/a+ BVaq)

is the only ¢-primary real cyclic quartic field. It is real and has conductor g.
If g =5 (mod 8) is prime and if we write ¢ = A% + B?> with A > 1, B> 1
and B even, then

Cy=Q(/—(¢+ BVq))
is the only ¢-primary cyclic quartic field. It is imaginary and has conductor
q. Note that in both cases our generator 3, of C, is primary in Q(,/q), i.e.,
is equal to some square modulo the principal ideal (4) of Q(/q). In fact, we
have B, =1 (mod (4)).
In the same way,

Cy =Q(\/2+V2)

is the only 2-primary real cyclic quartic field. It has conductor 16. Moreover,

C, =Q(y/—(2+v?2)
is the only 2-primary imaginary cyclic quartic field. It has conductor 16.

1.2.  On Galois groups of extensions. Let M/K and K/k be two
quadratic extensions; assume that M = K(y/a) where a € K is not a
square in K. Let {1, 0} denote the Galois group of the quadratic extension
K /k. It is easily seen that the quartic extension M/k is normal if and only
if a°~! is a square in K, i.e., if and only if Nk /x () is a square in K. Now,
assume that o ! = 32 in K. Then we have 8°T! = 41, and we will use
the following result first to check whether a given normal octic field N is di-
hedral, and second to determine the only quadratic subfield L of a dihedral
octic field N such that N/L is cyclic quartic:

LEMMA 5 (see also [Lem, Lemma 1]). The extension M /k is cyclic quar-
tic if and only if 3t = —1, and the extension M/k is bicyclic quartic if
and only if B7t = +1.

Proof. If M/k is cyclic quartic with Galois group of order 4 generated
by 7, then (7(y/a))? = 7(a) = o(a) = B, which yields 7(v/a) = ef/a

with e = +1. Then, as 72 is the non-trivial element of the Galois group of the
quadratic extension M/K, we get —/a = 72(y/a) = 7(efy/a) = g7 /a
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and 3! = —1. In the same way, if M/k is bicyclic quartic and if 7 in the
Galois group of this extension satisfies 7/x = o, then 72 =1 and 7(\/a) =
efBy/a with ¢ = 41, and we get \/a = 72(\/a) = 7(eBy/a) = 3°T1/a and
Bl =41 m

In particular, let k = Q(v/D) be a quadratic number field, take o € k
which is not a square in k and set D’ = Ny g(a). Then the quartic field
K = k(y/«) is normal if and only if D’ is a square in k. Moreover, if D’
is not a square in k then the normal closure N of K is a dihedral octic
field, N = Q(vD,VD’,/a) and N is cyclic over L = Q(vDD’) (apply
Lemma 5). Conversely, as any dihedral octic field is the normal closure of
any one of its four non-normal quartic subfields, we have:

LEMMA 6. Let NT = Q(v/D1,+/Ds) be a given real bicyclic quartic field,
where D1 > 0 and Dy > 0 are positive square-free integers. Then N7 is
the maximal abelian subfield of some dihedral octic field which is cyclic over
L = Q(v/D1D») if and only if the ternary quadratic form X2 —D1Y?— Dy Z?
represents zero non-trivially, which amounts to asking

o (D1/p2) = +1 for all odd primes py which divide Dy but do not divide
D17

e (D2/p1) = +1 for all odd primes p1 which divide Dy but do not divide
D5, and

° ( — %/p) = +1 for all odd primes p which divide both D1 and Ds.

We conclude this subsection by quoting the following lemma which we
will be using in Subsection 2.1 and whose proof readily follows from Lem-
ma 5:

LEMMA 7. Let N1 = K(v/—a1) and No = K(y/—az2) be two non-abelian
normal octic CM-fields with the same maximal totally real subfield K (where
aq and ag are totally positive elements of K), let k be any quadratic subfield
of K, and set N = N1Ns. Then N is a normal CM-field of degree 16,
Nt = K(\/onaz), and NT /k is cyclic (quartic) if and only if ezactly one
of the two quartic extensions N1/k and No/k is cyclic (quartic).

1.3. On dihedral octic CM-fields. Let M be a dihedral octic CM-field.
Let K denote any of the four non-normal quartic subfields of M. According
to [Lou 2|, these four K’s are CM-fields, they have Hasse unit index equal
to one and

(2) har = (@m/2) (hg)*.

Therefore, these four K’s have the same relative class number, and hy; = 1if
and only if hye = 1, and hy; = hg = 1implies Qv = 2. In the same way, hy,
is odd if and only if hy is odd, and hy; odd implies Qv = 2. Using [LouOka
1, Th. 4] [Lou 5, Th. 10] and point (4) p. 52 of [LouOka 1, Th. 4], we get:
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THEOREM 8. Let M be a dihedral octic CM-field. Then hny is odd if and
only if hyy is odd and hyy is odd if and only if hy is odd. Moreover, hy,
is odd if and only if M is some N, o). Here, p and q denote two distinct
primes not equal to 3 modulo 4 such that (p/q) = +1 (Kronecker symbol)
and such that 4 does not divide the class number of the real quadratic field
k, = Q(/pq), and N, ) denotes the narrow Hilbert 2-class field of k. We

have Naq) = Q(\/P, /@), and N, )/Q(/p) and N, 1/Q(\/q) are bicyclic

quartic, whereas N/Q(/pq) is cyclic quartic.
Let K(p 9 denote any of the two non-normal quartic subfields of N(p ?)
containing Q(/p), let K(q ) denote any of the two non-normal quartic sub-
elds of N containing Q(\/q) and let h, denote the class number o
(p,q) P

Q(y/p). Then the diophantine equation 22 — py? = 4¢"* has integral solu-
tions coprime with q, and for any integral solutions x > 1 and y > 1 coprime

with q of this equation we have K, o) = Q(\/m) and N, ) = N(gp) =
QP VG \/=w.0) = QWD VT \/~0(qp)s where agq) = (@ +yy/P)/2-
COROLLARY 9. Let M be a dihedral octic CM-field. Then hy = 2 implies
hy = 2.
Let us also remind the reader of the following determination:

THEOREM 10 (see [LouOka 1]). There are exactly 38 non-isomorphic non-
normal quartic CM-fields with relatie class number 1, namely the K, o)’s
and K ) s with

(,q) € {(2,17), (2,73), (2,89), (2,233), (2, 281),
(5,41), (5,61), (5,109), (5, 149), (5, 269), (5, 389),
(13,17), (13,29), (13,157), (13, 181),
(17,137), (17,257), (29, 53), (73,97)}.

2. First case: N; and N5y are dihedral. The aim of this section is
to prove Theorem 2. For the remainder of this section we let N = NNy
denote a non-abelian normal CM-field of degree 16 which is a compositum
of two dihedral octic CM-fields N7 and Ny with the same maximal totally
real subfield. Hence, NT is a totally real normal octic number field and
N = NTN,. We let K; denote any one of the four non-normal quartic
CM-subfields of N;, we let k; denote the quadratic subfield of K; (therefore,
k, = K;r) and we let L; denote the quadratic subfield of N; such that N;/L;
is cyclic quartic.

2.1. Description of Nt when hy is odd. The following lemma shows
that NT is abelian, and Proposition 13 will then give a precise description
of Nt when hy is odd.
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LEMMA 11. The totally real octic number field N is a non-cyclic abelian
octic number field. Moreover, Gal(N*/Q) is isomorphic to (Z/27)% if Ny
and Ny are cyclic over the same quadratic subfield, and Gal(NT/Q) is iso-
morphic to (Z/27) x (Z/AZ) otherwise.

Proof. Use Lemmas 5 and 7. See also [Lem, Lemma 1]. =

Since wn = wN, = WN, = 2, according to point 3 of Lemma 4 we have

QN

3 hy = =—=———hy. by,
( ) N QQNlQNz N; "N
Using (2) and (3) yields

_ ON,,
(4) hN = ?(hthKQ)Q-

ProrosiTiON 12. 1. We may, and will, choose notation so that hy
is odd if and only if hg s odd and hy = 2 (mod 4). In that situation
QN = 2, hn is odd, N/N7T is unramified at all the finite places, NT =
N;r = Q(/p, V) with p and q two distinct primes not equal to 3 modulo 4,
and N1/Q(\/pq) is cyclic quartic.

2. hg=1if and only if hyg, =1 and hy = 2.

Proof. Assume that hy is odd. Using (4) gives @~ = 2, which accord-
ing to point 2 of Lemma 4 yields hny odd and N/NT is unramified at all
the finite places, and Theorem 8 yields the desired description of N . m

PROPOSITION 13. Assume that hy is odd. Then the abelian octic field

N is its own narrow genus field and one of the following two assertions
holds:

1. Nt = C,C, is the compositum of two primary real cyclic fields, one of
them being quadratic and the other quartic. We choose notation so that Cy, is
quadratic and C, is cyclic quartic (which implies ¢ =2 or ¢ =1 (mod 8)).
Then N1/Q(y/pq) and No/Q(\/p) are cyclic quartic. Therefore, we may
assume that both K1 and Ko are quadratic extensions of Q(/q), i.e., we may

assume that KT = K3 = Q(/q). Therefore, Ky = K, ,) = Q(v/—a(gp))
with g € Ki = Q(\/q) as in Theorem 8, and if Cq = Q(\/B,) with
By = q+ B\/q as in Subsection 1.1 then Ky = Q(\/—(q,p)Bq)-

2. Nt = Q(y/ps /4, V1) for some prime | not equal to 3 modulo 4.
Then N1/Q(\/pq) and N2 /Q(,/pq) are both cyclic quartic, and [ is inert in
both Q(y/p) and Q(\/q). Therefore, we may assume that both Ky and Ko
are quadratic extensions of Q(/p), i.e., we may assume that K =KJ =

Q(/p). Therefore, K1 =K, 4) = Q(\/=0(p.q)) with o q) € Ki = Q(\/p)
as in Theorem 8, and Ky = Q(\/—lap, q))-
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Proof. Let G denote the narrow genus field of NT, ie., G is the
maximal abelian number field containing NT and such that the extension
G/NT is unramified at all the finite places. Since the degree of NT is a
power of two, so is the degree of G. Since the class number of N is odd
(first point of Proposition 12), G is included in N. Indeed, GN/N being
an abelian extension of 2-power degree unramified at all places, we have
GN C N and G C N. Since Nt C G C N and since N is non-abelian,
we get G = N*T. Finally, using NJ = N7 C N* and the description of
N = NJ in the first point of Proposition 12 we get the desired results on
the description of NT. Finally, as N1 /Q(,/pq) is cyclic quartic (first point
of Proposition 12), using Lemma 7 we can easily determine which quadratic
field L out of the three quadratic subfields of Nj = N} = Q(\/ps /q) is
the one such that Ny/L is cyclic quartic. It now only remains to prove
that [ is inert both in Q(\/p) and Q(,/g) when N7 is as in point 2 of this
Proposition 13. Clearly, it suffices to prove that [ is inert in Q(/p).

Hence, we assume that

N* = Q(v/p: Vi, V1)

Since N/NT is unramified at all the finite places (first point of Proposi-
tion 12), the index of ramification of any prime which is ramified in N/Q
is equal to 2. In particular, Nj /L; is unramified. Therefore, L; = Ly =
Q(y/pq) and we may choose K; and Kj such that k; =k, = Q(,/p). Now,
let £ denote any prime ideal of N lying above [. Since [ is not ramified in
N7 /Q, N7 is the inertia field of £. Therefore, for any subfield M of Ny, £
is ramified in Ny/M if and only if M C N; . Hence, all the prime ideals
of ks lying above [ are ramified in K /ky. Moreover, as 227! divides hk,
where t5 denotes the number of prime ideals of ko which are ramified in the
quadratic extension Ks /ko, it follows that hg, =2 (mod 4) implies to < 2
(point 1 of Lemma 4). Since one of the prime ideals of ko lying above ¢
(which splits in ko/Q and is ramified in N*/Q) is ramified in Ko /ks, the
congruence hg, =2 (mod 4) implies that [ is inert in ko. =

Therefore, to prove Theorem 2, for each possible Ky with hye =1 (given
in Theorem 10), we determine all the possible Ky’s with hg, = 2, and we
finally compute hy,. According to Proposition 13, the determination of all
the possible Ky’s falls naturally into two subcases:

1. Nt = C,C,, in which case Ky is well determined by K;. Subsec-
tion 2.2 is devoted to settling this case.

2. Nt =Q(/p, V4, V1), in which case K is well determined by K; and
[, so that we will need an upper bound on [ when hy = 2 to end up with
a finite list of Ks’s. Subsection 2.3 is devoted to settling this case.
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2.2. Determination of all N'’s with hyy = 1 and N as in Proposition
13, point 1. Since hy = 1 (second point of Proposition 12) and since we
have assumed that both K; and K> are quadratic extensions of Q(,/q) (first

point of Proposition 13), we have Ky = K, ) = Q(\/—(q,p)), With a(q ) €
Q(/q) as in Theorem 8, where (p, ¢) or (g, p) must appear in Theorem 10 and
where we must have ¢ =2 or ¢ =1 (mod 8) (first point of Proposition 13).
Therefore, there are only 18 possible values for the pair (p, q):

(p,q) € {(2,17),(2,73),(2,89), (2,233), (2,281),
(17,2), (73,2), (89,2), (233,2), (281, 2),
(5,41), (13,17), (17, 137), (17, 257),
(73,97),(97,73), (137,17), (257,17) }.
Moreover, N* = C,C, with C,, quadratic and C, = Q(\/ﬂ:) cyclic quartic
(with 3, = ¢ + B,/q as in Subsection 1.1), and Ky = Q(\/—a(g,)5,) (see

Proposition 13). Now, using [Lou 4], we can easily compute the relative
class numbers of all these possible Ks’s and we get Table 1 of Section 4
according to which hy = 1 if and only if (p,q) = (2,17). In that case, we
have

Nl— \[ \/7 \/—04(172 \f \/7 ( \/ﬁ)/2)7
= Q(V2, V17, \/—aqrabi7) = Q(V2, V17, \/—(153 +37V17)/2)

= Q(V2,V17, \/—(17 +3V17)/2)
for we have 153 + 3717 = (4 + \/ﬁ)2(17 —3/17), and

Nt =Q(V2,/bi7) 17 + 4V17),
dn+ = 212,175, and hn+ = 1.

2.3. Determination of all N'’s with hyy = 1 and N as in Proposition 13,
point 2. In this case, since the requirement hg =1 only determines p and
q (use Theorem 10), we need an upper bound on [ to get a finite list of
possible fields Ky. We will get it thanks to lower bounds on relative class
numbers of non-normal quartic CM-fields. The lower bounds of the next
subsection are much better than the ones we got in [Lou 2].

2.3.1. Lower bounds on relative class numbers of some octic
and quartic CM-fields

THEOREM 14. Let M be a dihedral octic CM-field. Then dyy > 7 - 1014

implies
Qm/ dm/dyg+

9(log dpg+ + 0.14)3 logdng

() ha 2
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Proof. First, according to [Lou 3, Proposition A}, 8 € [1—(2/log dm), 1

and (M (5) < 0 imply

(6) Resg=1((™m) > EMga

where epg = 1 — (87rel/4/d11v/18) is very close to 1 when dy is large. Second,
set ¢ = (2+ v — log(4m))/2 = 0.0230957... where v = 0.577215... de-
notes Euler’s constant. Then, according to [Lou 1], for any even, primitive
Dirichlet character modulo f > 1 we have

(7) L(1,x) < %logfﬂ:-

Third, according to [Lou 7], for any even, primitive Dirichlet character mod-
ulo f > 1, 8 €]1/2,1] and L(S3,x) = 0 imply

(8) L(1,x) < b log® f.

Fourth, we have

_ _ Qmwm [ dv Ress=1(Cm)
) it = 2m)* \ dyy . Resg—1 (Gt )

Here, Qm € {1, 2} denotes the Hasse unit index of M and wn > 2 denotes
the number of roots of unity in M. In fact, we have wn = 2.

Now, assume that (. (1 — (2/logdm)) < 0. Since (v /Gy = (Ck/Ck)?
where k is the quadratic subfield of any one of the four non-normal quartic
subfields K of M (see [Lou 2]), we have {pm(s) < 0 and using (6) we get

Ress— >emM———.

ess=1((m) > M Tog dmt
On the other hand, let f1, fo and f3 denote the conductors of the three real
quadratic subfields of M*. Using (7) and dy,. = fif2fs yields

L log f1 + 2¢)(log fo + 2¢)(log f3 + 20)

8
1/log fifafs +6c\°> 1
8(123 = 575 log dnr +6¢)%.

Ress=1 (CM+ ) <

IN

Finally, using (9) yields

(10) 54 QM\/ dM/dM+

hmvm > — .

M= EMg (log dni+ + 6¢)3 log dm
On the contrary, now assume that ¢y, (1 —(2/logdn)) > 0. Then there
exists 3 € ]1—(2/log dn), 1] such that (4 () = 0, which implies (m(8) = 0
and Res;—1((m) > em(1l — B)/e. Moreover, there exists i € {1,2,3} such
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that L(3,x:) = 0. Using (7), (8) and f; < dj, yields

325 log2 fi(log f2 + 2¢)(log f3 + 2¢)

3
1 32ﬁ log f <10g flféf:s + 4C>

Ress=1(Cyp+) <

IN

1-p
Finally, using (9) yields

(11) 432 QM\/ dM/dM+

hmv > e .
M= EM g (logdy,y + (4¢/3))3 log dm

Since (11) is better than (10), the latter always holds. Noticing that we
have 5den/(em?) > 1/9 for dy > 7 - 1014, we get the desired result. m

COROLLARY 15. Let K be a non-normal quartic CM-field. Then dx >
3107 yields

_ Vi [dyc+
(12) hc 2 3(10g(dK/dK+)K+ 0.104)%

Therefore, dk /dy >3- 10° implies hg > 1, and di /[dy > 2- 108 implies
hg > 2.

Proof. Let M be the normal closure of K. According to [Lou 2] we
have hy = \/2hy;/Qm and dni/dy, = (di/dy)?. Now, noticing that
(log dng+ + 6¢)log dn < 2(log(da/dyyg ) + 3¢)?
and
(log dpg+ + 6¢)? < (log(dna/dyg+ ) + 6¢),
and using (5) and 9¢/2 < 0.104 we obtain the desired result. m
2.3.2. The required computations. For each of the 19 possible (p,q)

with 2 < p < ¢ for which Q(,/p, /) is the maximal totally real subfield of a
dihedral octic CM-field N with relative class number one (see Theorem 10),

we take Ki = K(;, o) = Q(\/—(p,q)) With a(, ) € Q(\/q) as in Theorem 8.

Therefore, Ky = Q(y/—lop,q)). Then we use (12) to get a bound B, 4 on

[ inert in Q(y/p) and in Q(,/g) such that I > By, implies hy > 2 (note

that if [ # 2 then dy,/d . = dil? where k = Q(,/pg)). For example,
2

if (p,q) = (2,17), then Corollary 15 gives hy, > 2 if dy /d . = dyl? =

1360% > 2-10°, hence if [ > 121 = By 17 and there are only five primes [ not
equal to 3 modulo 4 such that | < 121 = By ;7 and (2/1) = (17/]) = —1,
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namely | € {5,29,37,61,109}. For the remaining possible values of (p,q,!)
we use [Lou 4] to compute hg . For example, if (p,q) = (2,17), we get

P, q,1) Py, (X) dyg, hk,
2,17,5) X% 4+50X? +425 26.52.17 2

2,17,29) X*4+290Xx2 +14297  20.29%.17 10
2,17,37) X% 4370Xx2 +23273  20.37%2.17 14
2,17,61) X% 4+610X% 463257  26.61%2.17 22
2,17,109) X% 4+1090X2 4201977 2°.1092-17 42

(
(2,
(2,
(2,
(2,
(2,

Table 2 in Section 4 provides the reader with some of our computations:
for each possible (p, q) it gives the value of the relative class number of K,
for the smallest possible [ > 1. Therefore, we have hy = 1 if and only if
(p,q,1) = (2,17,5). In that case, we have

Q(V2, V17, \/=a@an) = Q(V2,V17,1/ — (5 + 2v2))
_Q \f \ﬁ \/—04(172 \[ \ﬁ ( \/ﬁ)/Q)

and
Q(V2,V17, y/ —50a(2,17)) Q(V2,V17,1/ —5(5 +2V2))
— Q2 VTT, /“Bagma) = QW2 VIT,\/—5(5 + VIT)/2)
and

= Q(V2,V5,V17),

d+ = 212.54. 174, and hy+ = 1. Note that since

5+2ﬁ: <5+2\/§+\/ﬁ>2’

ainar2) = (5+ V2) B)

we do not encounter any contradiction.
According to Section 2.1 and this Subsection 2.3.2, Theorem 2 is proved.

3. Second case: N; is abelian and N, is dihedral. The aim of
this section is to prove Theorem 3. For the remainder of this section, we
let N = NNy be a non-abelian normal CM-field of degree 16 which is
a compositum of two normal octic CM-fields N; and Ny with the same
maximal real subfield, N7 being an abelian imaginary octic field and Ny
being a dihedral octic CM-field. Since wn = Wy, (for Ny is the maximal
abelian subfield of N) and wy, = 2, (3) still holds. Using (2) and (3) yields

ON_ e (e, )*

(13) hn = 10n
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3.1. Description of N1 when hny = 1

PROPOSITION 16. We have hy = 1 if and only if one of the following
three assertions holds:

L. hy, =4 and hy, = 1 (which implies QN = Q,)-

2. hy, =2 and hy, = 1 (which implies Qn = 2 and Qn, = 1).

3. hy, =1 and hy, = 2 (which implies Qn = Qy;, )-

Proof. Use (13) and the fact that since W = Wy, it follows that
(N, =2 implies Qn = 2. =

Here, in contrast with Proposition 12, we do not always have Qn =
2. This prevents us from readily getting: hy odd implies hn odd, hence
prevents us from readily getting: hy odd implies Ny is its own narrow

genus field. Hence, in contrast with Theorem 2, here we only solve the class
number one problem.

PROPOSITION 17. Assume that hi is odd. Then Ny is equal to its own
narrow genus field. Hence, one of the following two assertions holds:

1. There exist relative integers p, q and | either equal to —1, or prime
and not equal to 3 modulo 4 such that N1 = Q(\/p, /4, V1). Moreover, if
hn =1 and hy, = 2 (i.e., if we are in case 2 of Proposition 16) then we
may, and will, choose notation such that p and q are positive.

2. There exist two positive primes p and q such that N; = C,C, is
a compositum of a p-primary real quadratic field C, and of a gq-primary
imaginary cyclic quartic field.

Proof. Let G denote the narrow genus field of Ny. As in the proof of
Proposition 13, G is included in N. Since N; is the maximal abelian sub-
field of N, G is included in Ny, hence is equal to N;. Now, as Nf = N;
is bicyclic quartic, Ny is not cyclic. Therefore, if Ny is not elementary,
then N; = C,C, is a compositum of a p-primary quadratic number field
C, associated with a quadratic character x, and of a ¢g-primary cyclic quar-
tic field C,, associated with a quartic character x,. If both C, and C,
were imaginary then NT would be a cyclic quartic field (associated with
the quartic character x,x,), a contradiction. In the same way, if C, were
imaginary and C, were real then Nt = C, would be a cyclic quartic field,
a contradiction.

If we are in case 2 of Proposition 16 and if hny = 1, then hg = 1.
Hence, there exist two primes p and ¢ not equal to 3 modulo 4 such that
NT = Q(/p, /) (see Theorem 8). We could also say that we must have
@n, = 1. Therefore, if we assume that N; is elementary and equal to its
narrow genus field, then according to [Uch, Proposition 3] we conclude that
either N; = Q(v/—1, V2, /q) for some positive prime ¢ equal to 1 modulo 4,
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or Ny is the compositum of three primary quadratic fields, exactly one of
them being imaginary. =

PRroOPOSITION 18. We have hwy = 1 if and only if one of the following
two assertions holds:

L hy, =1, by, =2 and hyy = 1. In that case, hy, =2 and N s the
Hilbert class field of Ns.

2. hy, =2, hn, =1 and hygy = 1. In that case, hy, =1, hyg, =1 and
N s the Hilbert class field of Ni.

Proof. Assume we are in case 1. Since hy, = 2, we have hy, = 2

(Corollary 9), and (2) yields
2= hy, = (Qn,/2)(hg,)?,

which implies hg =2 (and Qp, = 1). Hence, according to the third point
of Proposition 16 we have hy = 1, and hy = 1 gives hy = 1. In the
same way, assume we are in case 2. Then NI = NI and hy, = 1 yield
th = hN2+ = 1. Therefore, we get hy, = 2. Moreover, hy, = 1 gives
hyn, = 1, which implies hg =1 (and Qy, = 2). Hence, according to the
second point of Proposition 16 we have hg = 1, and hy, = 1 gives hxy = 1.

Conversely, assume hn = 1. Then hy, = 1 and using the Hilbert class
fields of N; and Ny we easily get hy, € {1,2} and hy, € {1,2}. Hence,
hyn, € {1,2} and the first case of Proposition 16 needs not be considered.
If we are in the second case of Proposition 16, then hn, =2, hg, =1 and
(2) gives hyg, = 1 (and Qn, = 2) and hy, is odd (Theorem 8). Therefore,
hn, = 1 and the second assertion of the proposition holds. In the same way,
if we are in the third case of Proposition 16, then hy =1 and hg = 2.
Therefore, hyg, = 2Qy, is even. Since we have hy, € {1,2}, we get hy, =
hn, = 2 and the first assertion holds. m

Therefore, the proof of Theorem 3 will be divided into three steps.

First, we determine in Section 3.2 all the imaginary abelian octic fields
N; as in Proposition 17 which have relative class number 1 (there are twenty
three such N;’s) or 2 (there are five such Ny’s).

Second, for each of these five possible Ny with hyg = 2, using Theorem
10 we will easily find all the possible Ny’s such that hy, =1 and N} = Nj‘.
Finally, for each compositum N = N1 N3 we will only have to compute hy; .

Third, for each of these twenty three possible Ny with hyg = 1, we
do not want to use the determination in [YPJK] of all the dihedral octic
CM-fields with class number two, for we do not in fact need this difficult
determination. Instead, using some of the ideas developed in [YPJK] we
show in Subsection 3.3 that for each of these twenty three possible Ny, we
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can determine whether there exists at least one dihedral octic CM-field N
such that NJ = N and hg = 2 (mod 4). Then, whenever there exists
at least one such Ny, we prove that there exists exactly one such Ny, we
find a generator for Ny and compute hg . For each case where hy = 2, we
finally compute hy,, and when it is equal to 2, we compute hin-+.

3.2. Determination of certain imaginary abelian octic number fields with
relative class numbers equal to 1 or 2

PROPOSITION 19. 1. Let N1 = Q(/p, /4 \ﬁ) be an elementary octic
imaginary number field. Assume that N1 is its own narrow genus field.
Then hyg, =1 if and only if

(p7Q>Z) E{ ’ -3 ( 11)7( ) 37 ) (_17_37_19)7
,—3,=T7),(—1 19),( ,—3,—17),(-3,—-11,-19),
, )( 1,-7,5),(=1,-7,13),

—2
. —3
1,-2,5
2,-3,5),
3,-7,5),

2. Let Ny = C,C, be a compositum of a p-primary real quadratic number
field C,, and of a q-primary imaginary cyclic quartic field. Then hy =1 if
and only if

1, -
2,-7,5),
3

(-1
(=
(=
(=
(— : 1 ,2), (—3,-11,17)}.

);
)
,5), (=
(=
(=

)

(p,q) €{(5,2),(2,5),(2,13),(13,5), (17,5), (5,13) }.

3. Let N1 = Q(\/p, /4, \[) be an elementary octic imaginary number
field. Assume that N = Q(\/p; \/q) where 2 < p < q are two distinct
primes and that Ny is its own narrow genus field. Then hy = 2 if and
only if

(p,q,1) € {(2,5,-3),(2,17,-3)}.

4. Let Ny = C,C, be a compositum of a p-primary real quadratic number
field C, and of a q-primary imaginary cyclic quartic field. Then hy =2 if
and only if

(p,q) € {(5,29),(29,5), (17,13)}.
Proof. To begin with, let us recall that if E is an imaginary abelian
field of 2-power degree, then

hg = QrwE H(hF/wF)7
F

where this product ranges over all the imaginary cyclic subfields F of E.

Let us first prove point 1. By Table 2 pp. 126-127 of [Lou 5] we only
have to prove that the only imaginary octic fields Ny = Q(v/—1,v/~-2, /q)
with relative class number one, where ¢ = 1 (mod 4) is an odd prime, are
obtained when g € {5, -3, —11}.
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Let us first assume that ¢ > 1. Then Qn, = 1 and hy, = h_gh_2q/4

where hq denote the class number of the quadratic number field Q(v/d).
According to genus theory, h_, and h_z, are both even. Hence, hyy =1 if
and only if h_, = 2 and h_3,; = 2, hence if and only if ¢ = 5. In the same
way, hyg, =2 ifand only if h_y =2and h_oy =4, 0r h_g =4 and h_o, = 2.
Therefore, we never have hy = 2.

Let us now assume that ¢ < —1. Then Qn, = 2 and hyg, = hgh_2,/2.
According to genus theory, hg is odd. Hence, hyg =1 1if and only if hy =1
and h_o, = 2, hence if and only if ¢ = —3 or ¢ = —11. In the same way,
hy, =2 if and only if Ay = 1 and h_o, = 4, hence if and only if ¢ = —7.

Let us now prove point 3. We have [ < 0 and if we let wy and hy denote
the number of roots of unity and class number of an imaginary quadratic

field Q(v/d), we have

Ny = W, (ha/wi) (B /wpi) (hgr/wat) (Ppgt / Wpat )-

First, assume that either 2 < p<gandl < —-1l,or2=p<qgandl < —2.
Then wy, = w; and we get hy, = 2hi(hpi1/2)(hgi/2)(hpg/4). Therefore,
hy, is always even and hyy = 2 if and only if (hy, hypi, hgis hpgr) = (1,2,2,4).
Since the class number one and two problems have been solved for the
imaginary quadratic number fields (see Table 1 in [Lou 5]), we know the
possible values of [, p and q. Namely, (h;, hy, hg) = (1,2,2) if and only if:

l=-1, p,q € {5,13,37},
= _21 p,q € {5a 29}>
= -3, p,q € {2,5,17,41,89},
= -7, p,q € {5,13,61},
l=-11, p,qe{2,17}.
Then we have hy, = hpg /4 and the following table provides us with the
values of the class numbers h,,q for these possible values of [, p and g¢:

I p q pgd hpyqg I p g pql hpqi
-1 5 13 —65 8 —3 5 41 —615 20
-1 5 37 —18 16 -3 5 8 —1335 28
—1 13 37 —481 16 -3 17 41 —2091 12
-2 5 29 —290 20 -3 17 89 —4539 20
-3 2 5 =30 4 -3 41 89 —10947 28
-3 2 17 -102 4 -7 5 13  —455 20
-3 2 41 -246 12 -7 5 61 —2135 44
-3 2 8 —534 20 -7 13 61 —5551 52
-3 5 17 —-255 12

Second, assume that [ € {—1,—2} and 2 = p < ¢. Therefore, N; =
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Q(W-1,v/-2,/q) and ¢ =1 (mod 4) is a positive prime. According to the
previous proof of point 1, we have hy = (h—4/2)(h_24/2) and hy, = 2
if and only if (h_q, h_oq) € {(2,4),(4,2)}. However, we have the following
table of class numbers:

q 5 13 29 37
heg 2 2 6 2
hogg 2 6 2 10
hy, 103 3 5

Therefore, we never have hy = 2.

Let us finally prove points 2 and 4. Let N; = C,C, be a compositum
of a p-primary real quadratic number field C, of conductor f, and of a
¢-primary imaginary cyclic quartic C, of conductor f,. According to [Uch]
we have Qn, =1 and

b, = ho, (he, /2)

where F(, ;) denotes the imaginary cychc quartic subfield of N; associated
with the odd quartic Dirichlet character x,x, of conductor f, ) = fpfq4-
Moreover, according to [Wa, Th. 10.4(b)], the class number hg_ is odd.
Hence, hg_is odd. Therefore, hyy, =1 if and only if (hg hg(p )) =(1,2),
and hyg, =2 if and only if (h¢_, h;(pm) = (1,4). Now, in [Lou 8] we solved
the relative class number one and two problems for the imaginary cyclic
quartic fields. Using the techniques developed in [Lou 8|, we can also easily
solve the relative class number four problem for the imaginary cyclic quartic
fields F(, ). Indeed, according to [Lou 8, Th. 4] or [Lou 3, proof of Corol-
lary a], h]_;(p‘q) < 4 implies f(,q) <2- 10%. Now, up to this upper bound, we
compute the relative class numbers of C; and F, ,y thanks to the following
two formulas:

w fq_l 2
o, = 1| D kxalh)
C, 4f3 /; q( )
with
|2 ifg#5,
Ya=110 ifg=5,
and Fo,p—1 2
hE(p,Q) 2f ’ Z kXp )‘ ’
Pa) k=1

Note also that if ¢ = 2, then f, = 16 and we may take x, defined by the
following table:

3 5 7 9 11 13 15
i ¢ 1 -1 - —i -1
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We get
he,=1leqc {2,5,13,29,37,53,61},
Fon =29 (0:0) €{(5,13),(13,5), (17,5), 2.5), (2,13), (5, 2)},
he =44 (p,q) €{(5,29),(29,5),(17,13)}.

Fp.q
The desired results easily follow. =

3.3. Determination of N1 and Ny when hl:h =1, h;<2 =2 and hny = 1.
The aim of this subsection is:

o first, to show that we can get rid of some of the 23 = 174 6 imaginary
abelian fields N7 with relative class number one which appear in points 1
and 2 of Proposition 19 for their maximal totally real subfields N} cannot
be the maximal totally real subfield of any dihedral octic CM-field N2 (to
this end, we will use Lemma 6);

e second, to show that for some of the remaining IN;’s, their maximal
totally real subfields N7 cannot be the maximal totally real subfield of any
dihedral octic CM-field Ny with relative class number two (to this end, we
will use Lemma 20 below); and

e third, to show that for each of the few IN;’s remaining we can determine
Ny provided that hg = 2 (to this end, we will use Proposition 23 below).

LEMMA 20. Let N be a dihedral octic CM-field. Let N* denote its maxi-
mal totally real subfield. Hence, N1 /Q is bicyclic quartic. Let L denote the
only quadratic subfield of Nt such that N /L is cyclic quartic, and let kq and
ko denote the two other quadratic subfields of Nt. Let K; and K| denote
the two non-normal quartic subfields of N which contain k;. Hence, K; and
K. are isomorphic non-normal quartic CM-field and hg, = hk,- If at least

three distinct primes ramify in N* /L and N /ky then 4 divides hy, .

Proof. We use the two following points. First, if a prime ideal P,
of N7t is ramified in NT /L then it is ramified in N/NT, for the extension
N/L is cyclic quartic. Second, let Py be the prime ideal of ko lying below
a prime ideal P, of Nt ramified in the quadratic extension N/NT. If P,
were unramified in both K3/ks and K/ /ko then it would be unramified in
K,K2/ks = N/ko, hence unramified in N/N™, a contradiction. Therefore,
P, is either ramified in K5 /ko or ramified in K/ /ko, and since Ky and K/,
are isomorphic and ks is normal, one of the ideals of ko conjugate to Ps is
ramified in Ky/ko. =

PROPOSITION 21. Let p, q and | be positive primes, N be a dihedral octic
CM-field with mazimal totally real subfield N+, L be the only quadratic
subfield of Nt such that N/L is cyclic quartic, and K be any of the four
non-normal quartic CM-subfields of N.
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1. If Nt = Q(\/pg, V1) withp = q =3 (mod 4), | # 3 (mod 4) and
(p/l) = =1 or (q/1) = —1, then L # Q(\/pql) and 4 divides hy.

2. If Nt = Q(v2p,/q) with p = 3 (mod4), ¢ = 1 (mod 4) and
(p/q) = —1, then L # Q(v/2pq) and 4 divides hg.

3. If NT = Q(\/p, v/q) withp=3 (mod 4), ¢ =1 (mod 4) and (p/q) =
—1, then L # Q(y/pq) and 4 divides hy.

4. If Nt = Q(\/p, /q) with p = q¢ = 3 (mod 4), then L = Q(,/p) if
(a/p) = +1, and L = Q(\/3) i (p/a) = +1. Moreover, if p % g (mod 8)
then 4 divides hy .

5. If NT =Q(/p,/q) withp=q=1 (mod 4), then (p/q) = +1.

6. If NT =Q(v2,,/p) withp=1 (mod 4), then p=1 (mod 8).

7. If Nt = Q(v2,/p) withp=3 (mod 8), then L = Q(v/2).

8. If NT = Q(/pq, Vpl) with p=q=1=3 (mod 4) then at least one
of the three symbols (pq/l), (pl/q) and (ql/p) is equal to +1.

9. If Nt = Q(v2p,v2q) with p=q =3 (mod 4) then (2p/q) = +1 or
(2q/p) = +1.

Proof. It is easily checked that all our results on L and on the values
of the Legendre symbols follow from Lemma 6. Moreover, using Lemma 20
easily yields that 4 divides hy in cases 1, 2 and 3. Only the same result in
case 4 is difficult. We may assume that (¢/p) = +1, which yields L = Q(,/p),
and we set k; = Q(,/pq), which gives ko = Q(\/q).

First, we note that (¢) = Q3 is ramified in ky. Since ¢ is inert in L,
(Q2) = Qy is inert in NT /ky and since Q. is ramified in N /L and N/L
is cyclic quartic, it follows that (Py) = Pg is ramified in N/NT and N7 is
the inertia field of On in N/ky. Therefore, Qs is ramified in both Ks/ks
and Kb /ko.

Second, we note that p splits in ko, say (p) = P2P5, and both P, and P}
are ramified in N /ks. Since Ky and K are isomorphic and ks is normal,
as in the proof of the second point of Lemma 20, we may choose notation
such that P is ramified in Ko/ks. Hence, we have already got two distinct
prime ideals Py and Qs of ko which are ramified in Ko /ko.

Third, if p # ¢ (mod 8) then pg = 5 (mod 8) and 2 is inert in ky, the
prime ramified ideal L5 of ko lying above 2 is inert in N /ko, say (£2) = L4
and £ is inert in N* /L. If £ is not ramified in N/N* then (£;) = LN
is inert in N/N™T and inert in N /ky. A contradiction since N/ky is bicyclic
quartic. Therefore, £, is ramified in N/NT and N is the inertia field of Ln
in N /ky. Therefore, Lo is ramified in both Ks/ko and K /ky. Therefore,
as we have found a third prime ideal of ky ramified in Ko /ks we see that
4 = 23~1 divides hk, =

COROLLARY 22. Let N1 be one of the 23 = 17 + 6 imaginary abelian
number fields with relative class number one given in points 1 and 2 of
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Proposition 19. If NT is the mazimal totally real subfield of some dihedral
octic CM-field Na such that hy = 2, then Ny is one of the following four
fields:

(p,q,1) € {(-1,-2,-3), (-1, -2, -11), (-1, =3, -11), (-1, -3, -19) }.

Proof. For example, according to points 5 and 6 of Proposition 21, if
N, is one of the six fields which appear in point 2 of Proposition 19, then N7
cannot be the maximal real subfield of any dihedral octic CM-field No. m

PROPOSITION 23. Let the notation be as in Lemma 20.

1. IfNT =Q(v?2,/p) withp =3 (mod 8) then L = Q(v/2) and we may
assume that ko = Q(y/p). In both cases the prime ideal Ly of ko lying above
2 and the prime ideal P2 of ko lying above p are ramified in both Ko /ko and
K5 /ko. In particular, if hye, =2 (mod 4) then Ko = ka(\/—(z +y/D)\/P)
orKy = ko(y/—e(x +y\/p)/P) wherex > 1 and y > 1 are integral solutions
of 2 — py? = —2 and where € > 1 denotes the fundamental unit of ko. Fi-
nally, kao(/—(x +y/D)\/p) and ka(\/—e(x + y/P)\/p) being isomorphic,
we may assume that Ko = ka(y/—(x + y/P)\/D)-

2. If Nt = Q(/p, /q) with p = ¢ = 3 (mod 4) then we may assume
that (q/p) = +1, L = Q(\/p) and ko = Q(,/q). The prime ideal Qz of
ko lying above q is ramified in both Ko/ks and K/ /ks, and one of the
two prime ideals of ko lying above p, say P2, is ramified in Ko/ky, the
other one being ramified in K5/ko. In particular, if hye, =2 (mod 4) then
K = ko(y/—(z + yy/P)va2) or Ko = ko(y/—e(x + y\/q)\/q) where x > 1
and y > 1 are integral solutions of x> — qy?> = —p" and where e > 1 and h
denote the fundamental unit and class number of ko, respectively.

Proof. 1. Let us prove the first part of this point. We first note that
2 is totally ramified in N*, hence totally ramified in N (for N/L is cyclic
quartic) and indeed the prime ideal Ly of ko lying above 2 is ramified in
both Ko /ks and Kj/ks. Second, (p) = Py, is inert in L/Q, (Pr) = P7 is
ramified in NT /L, hence totally ramified in N/L, (p) = P2 is ramified in
ko/Q and Py is inert in NT /ky. Therefore, NT is the inertia field of Py in
N/ky and Py is ramified in both Ky /ke and K, /ks.

Let us prove the second part of this point. If hy = 2 (mod 4) then
only Lo and P, must be ramified in Ky/ky. Therefore, Ko = ko(v/—)
where a € kj is a totally positive algebraic element such that () = P2I? or
(a) = LoP,I? for some integral ideal T of ky. Since the class number h of
ks is odd, since L3 and Py are principal in ko, and since Ky = ko (v/—a) =
ko (v —a™), we may assume that Ko = ko(v/—3) where 3 € ks is a totally
positive algebraic element such that (a) = P or (o) = L2P5. Finally, as the
fundamental unit € of ko has norm +1 and as L5 and P, are not principal in
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the strict sense, we must have (3) = L3P, hence 5 = X2/p or 8 = )a/P,
where Ao = + y,/p with £ > 1 and y > 1 is a given algebraic integer such
that (\2) = Lo, i.e., such that 22 — py? = —2.

Finally, as 2 is totally ramified in NT, we have (\;) = (v/2) in N*.
Taking norms down to ko we see that (A\3) = (2) and —Xa/N, = N\3/2 =™
for some relative integer m. Moreover, as v/2 is not in ky we get m odd. Now,
we conclude that (A2\/p) = —A5/p = €™ A2/ and ka(y/—(A2/D)) =
ko(y/—€A24/p) is isomorphic to ka(y/—A2./D).

2. The first part of this point was proved during the proof of point 4 of
Proposition 21. The proof of its second part is similar to that of the second
part of the first point. m

According to Proposition 23, if N ranges over the four abelian fields
listed in Corollary 22 and if hg, = 2 (mod 4), then we are in one of the

following six cases: Ko = kao(y/—a) with « € ky and

o Py, (X) K, hk,
3+V3 Xt 4+6X%+6 29 .33 2
11+ 3v11 X4 422Xx% 422 29.113 10
6++3 X*+12x2+33 28.3%.11 4
15+ 83 X4 4+30x2+33 24.3% .11
19 + 4/19 X4 +38X2 457 24.3.19% 10

6194 + 142119  X* +12388X2%2 +57 28.3.19% 12

According to this table and to point 3 of Lemma 4 which gives Qn, = 1
and hy, = %(hI}?)Q = 2 for the two fields Ky with hy, = 2 which appear
in this table, we readily get:

COROLLARY 24. Let Ny be any one of the four abelian imaginary fields
with relative class number one which appear in Corollary 22. Then Nf C N,
with hg = 2 if and only if either

N, = Q(v—1,vV=2,v/=3) and N;=Q(v2,v3,/—(3+v3)),

in which case hn, = 2, NT = Q(V2,v3,V3 4+ V3) is a dihedral octic field
cyclic over Q(v2) such that dyy = 222 -3% and hyy =1, or

N, = Q(vV/—1,v/—3,v/—11) and Ny =Q(V3,V1L,/—(15+8V3)),

in which case hn, = 2, Nt = Q(v/3,V11,V/15 + 8/3) is a dihedral octic
field cyclic over Q(v'11) such that dyg, = 28.35.11% and hn+ = 1.

3.4. Determination of Ny and Ny with h;,l =2, h1_<2 =1 and hy = 1.
The following Corollary 25 is easily proved by using Theorem 10.
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COROLLARY 25. Let N1 be any one of the five abelian imaginary fields
with relative class number two which appear in points 3 and 4 of Proposi-
tion 19. Then NT C Ny with hg, =1 if and only if either

N; = Q(v2,V17,vV/=3) and Ny =Q(v2,V17,1/—(5+ V17)/2),

in which case hn, = 1, Nt = Q(v/2,V17,1/3(5 +/17)/2) is a dihedral
octic field cyclic over Q(\/34) such that das =223 174 and hygy =1,
or

N; = C17C13 = Q(V17,1/ —(13 4+ 2V/13))

and

N2 = Q(V13,V17,1/—(9 + V13)/2),

in which case hn, = 1, Nt = Q(v/13,1/17, \/(143 + 31V/13)/2) is a dihedral
octic field cyclic over Q(\/17) such that das = 135-17% and hy = 1.

3.5. Determination of all N’s with h)y = 1. Proposition 18 and Corol-
laries 24 and 25 readily yield Theorem 3.

4. Tables
Table 1

P g=A+B Yg.p) k. g,
2 17T=124+4* (5+V17)/2 23.173 2
2 73=3248%  (9+73)/2 23.733 8
2 89=52+82 (217 + 23v/89)/2 23 . 893 8

2 233=13%+8% (6121 +401/233)/2 23.233% 32

2 281 =5%416% (17++/281)/2 23.9281% 52
17 2=1%2+12 5422 ot 17 42
73 2=12+12 9+ 22 2!l .73 6
89 2=1%2+412 11+ 4v2 211 .89 10
233 2=12+1% 19 + 8v/2 2l . 233 22
281 2=1%2+12 17+ 22 2l .281 18
5 41 =52 4 42 13 + 241 5413 6
13 17=12442  9+42/17 13173 4
17 137=11%2+4> 47+ 441 17-137% 142
17 257 =12 +16% 95+ 4257 17257 32
73 97=9% 442 1891 + 192197 73-973 380
97 73=3%2+82 103 + 1273 97 - 733 42
137 17=12+4> 35+8V17 13717 48
257 17=12+442> 234 4V17 257-17% 58
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[Hof]
[Lef]
[Lem]

[LLOJ

[Lou 1]
[Lou 2]
[Lou 3]
[Lou 4]

[Lou 5]

Composita of degree 16 195

Table 2

(p.q,1) (p,q) dx, hk,
(2,17,5)  5+2v2 1720 .52 2
(2,73,5) 9+2V2 73.20 .52 14
(2,89,13) 11 +4v2 89-26.132 38
(2,233,5) 19 +8v2 233 .20 . 52 30
(2,281,13) 17 +2v2 281-20.132 78
(5,41,13)  (13++/5)/2  41-52.132 10
(5,61,2)  (17+3v5)/2 61-52.26 6
(5,109,2) (21 4++/5)/2 10952 .26 14
(5,149,2)  13+2V5 149 - 52 . 26 10
(5,269,2) 17425 269 - 52 - 26 22
(5,389,2) (41+45v5)/2 389.52.26 26
(13,17,5) (9 ++13)/2  17-13%.52 6
(13,29,2) 9+ 213 29132 .26 10
(13,157,2) (414+9v13)/2 157-13%2-20 34
(13,181,2) (29+3+13)/2 181-13%2-20 54
(17,137,5) 35+ 817 137-172 .52 42
(17,257,5) 23 + 417 257-17%.5% 74
(29,53,2) 13 +2v/29 53292 . 26 14
(73,97,5) 10341273  97-73%2.52 182
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