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1. Introduction. Let a4, ..., aq be the roots, appearing as many times
as their multiplicity, of a nonzero polynomial A(z) € Z[x]. Thus, we may
write

d d
(1) A(z) =) aja? = aq [[(z - o)
=0 j=1

where the a; are integers with aq # 0. We define the Euclidean norm of A
to be ||A|| = (E;l:o a;1?)*/2. With a positive integer N and a polynomial
A fixed, we will be interested in bounding the size of ||Q(x)|| given that
Q(z) € Z[x] and ||AQ|| < N. Such a bound on ||Q|| is not always possible.
In fact, if A(z) is divisible by a cyclotomic polynomial &,,(z), then by
considering w(z) € Z[x| for which w(z)®,,(x) = 2™ — 1, we deduce that the
Euclidean norm of

A(z)w(z)(zF™ 4+ z*=Dm 4™ 1)

for any positive integer & is bounded above by a quantity that is independent
of k. Hence, whenever A(x) is divisible by a cyclotomic polynomial and N is
sufficiently large, there will be Q(z) € Z[z] with arbitrarily large Euclidean
norm and with ||AQ| < N. It is reasonable, however, to expect that the
Euclidean norm of Q(z) is bounded whenever A(x) is free of cyclotomic
factors. This in fact is the main result of this paper.

THEOREM 1. Let A(z) € Z[z] be a polynomial having no cyclotomic
factors. Let N > 1. If Q(x) € Zlz] and ||A(x)Q(z)|| < N, then ||Q] is
bounded by a function depending only on A(x) and N.
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The bound on ||Q|| can be made explicit, and this will be clear from
the arguments. There are special cases where such a bound follows from
the literature. In particular, if A(a)Q(a) =0 = A(1/a)Q(1/a) # 0, then
Theorem 1 follows from the main result of Schinzel in [9]. More generally, if
A(z) has no roots with absolute value 1, then a theorem of Donaldson and
Rahman [2] would imply Theorem 1. Furthermore, in this case, the bound
on ||Q|| takes a nice form. We explain this use of Donaldson and Rahman’s
work in more detail in Section 4.

As a consequence of a more general conjecture of Schinzel [10], it would
follow that if A(z)Q(x) has no cyclotomic factors and ||AQ|| < N, then ||Q||
is bounded by a function depending only on N. On the other hand, Schinzel
(private communication) has supplied us with the following example which
shows that the dependence of the bound for ||Q|| on the polynomial A(x)
is necessary in Theorem 1. Let p and ¢ be odd primes with p > ¢q. Let
A(x) = Ppy(z) + 2 — 1 and Q(z) = (2 — 1)(2? — 1)/(x — 1). Then

A(2)Q(x) = 2P + P71 — P — 2.

Thus, ||AQ|| = 2, but ||Q|| can be arbitrarily large. It can be shown that
A(z) is 27 times an irreducible polynomial which is not cyclotomic. Thus,
the bound on ||@|| in Theorem 1 must depend on A(z). By applying classical
bounds on norms of factors of polynomials, it is not difficult to see that the
bound on ||@Q]| can be made a function of only the degree of A(x) and N.
Whether the bound on ||@Q]| can be made a function of only ||A|| and N is
unclear.

A second problem we consider in this paper is that of finding among all
nonzero integer polynomials which are divisible by a given polynomial A(x),
a polynomial with minimum Euclidean norm. Thus, we want a nonzero
element of the principal ideal (A(z)) in Z[x] with smallest possible Euclidean
norm. Similar to our discussion above, it is not difficult to produce examples
where the polynomial A(x) has a large Euclidean norm while an obvious
multiple of A(z) has decidedly lower Euclidean norm.

We will make use of the notation:

d
M(A) = |aq] H max{1,|o;|}  (the Mahler measure of A),
j=1
[Allmin = min{[|P|| - P(z) € Z[z], A(z)[P(x), P(x)# 0},
Pa={QA: Q(z) € Z[z], Q(0) # 0, |QA[l = [[Allmin}-
Thus, we are interested in an algorithm for finding an element of P4. We will
not be able to resolve this problem in general, but an answer to the problem

does follow from Theorem 1 in the case where A(z) has no cyclotomic factors.
In fact, in this case, P4 has a finite number of elements and they can all
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be determined. Previously, the first author together with Robinson and
Wheeler [4] found such an algorithm in the case where A(z) is irreducible.
The more general problem considered here was posed at the end of that
paper.

Similar to their approach, the idea is to find an upper bound B on
the degree of the elements of P4. Once this has been accomplished, the
task of finding the elements of P4 can be seen to be effectively computable
as follows. We observe that A is in the ideal (A(x)) so ||A]| is an upper
bound on ||Al|min. This means that the coefficients of any element of P4
are each bounded in absolute value by ||A||. Thus, the elements of P4 can
be determined by considering all the polynomials in Z[x] with coefficients
bounded in absolute value by ||A|| and with degree at most B. Those which
are divisible by A(z) and have the smallest Euclidean norm are then the
elements of Py.

THEOREM 2. Let A(x) € Z[z] be a polynomial having no cyclotomic
factors. Let P(x) € Pa. Then deg P is bounded by a function depending
only on A.

The bound on deg P can be made explicit. Indeed, the method described
above for finding the elements of P4 depends on having more than an exis-
tence proof of a bound on deg P.

The bounds in this paper will be functions of other known bounds in the
literature. To be explicit, we will need a quantity B(m, N) satisfying the
following condition:

(C)  For any nonzero P(z) € Z[x] of degree < m with ||P|| < N and any
Q(z) € Z[x] such that Q(zx) | P(x), we have ||Q]| < B(m,N).

We may take, for example, B(m, N) of the form 5™ N for some appropriate
B (ctf. [1], [5], [6], [8]; B = 2 will suffice), but we allow for the possibility that
a different estimate may be used. We also note that in (C) we may suppose
that B(m, N) is increasing with respect to each of m and N, and we do so.

2. Preliminaries and lemmas. Let P(x) € Z[z] with P(0) # 0. We
define the reciprocal polynomial of P to be P*(z) = x P P(1/z) € Z[x].
It is clear that if P € P4, then P* € P4+. Furthermore, deg P = deg P*
and ||P|| = ||P*||. By considering reciprocal polynomials when necessary,
we will be able to suppose that a polynomial under consideration either has
a root inside the unit circle or has all its roots on the unit circle.

We begin with some lemmas which may be viewed as extensions of two
lemmas appearing in [4]. We define A(z) as in (1). Observe that for any
polynomial f(z), we have ||f(z)]| = ||z f(z)]]. It follows that we may suppose
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ag # 0 in Theorems 1 and 2. Set
P(z) = Z cjd
j=1

with 0 = d; < ... < d,, = deg P(x) and each ¢; nonzero. For fixed J with
1< J <n, set

J
(2) Py(x) = cjah.
j=1

LEMMA 1. Suppose A(x) is irreducible and has a root with absolute value
< 1. Let N be such that |P|| < N, and let J € {1,...,n—1}. If A(x)|P(x)
and A(x)t Py(x), then

dj+1 < C(dy+ 2d),
where C' = log N/ log(M(A)/|aol).

Here, A(x)|P(z) and P(0) # 0, so that ag # 0 follows. Observe that
the condition that A(x) has a root with absolute value < 1 implies

d
M(A) > |ag] [ ] | = laol.
j=1

Thus, the definition of C' above makes sense.

For the proof of Lemma 1, we let R; denote the resultant of A(z) and
Pj(x). Let X\ denote the number of roots of A(x) having absolute value < 1.
We use well known properties of resultants [11] to obtain

d
1< |Ry| = lag)™ [T IPs(ay)]

j=1

= laa|® T] 1P(ej) = Ps(ap)| ] I1Ps(cn)l

v |<1 lak|>1

< () (0 ) i ()

h=J+1
Dividing by (|ag|/M(A))4/+1 and taking logarithms of both sides gives

log M(A) log((Che s len) (2 leil) )
B b < @) flao) log (M (A) )




Norms of factors of polynomials 247

Now
n n
D denl < D Jen? < N
h=J+1 h=J+1
Similarly,

J
D e < N2
i=1
Hence, it is clear by (3) that
g < log M (A) 4 2dlog N
J+1 S J .
1 log(M(A)/laol) log(M(A)/laol)

By well known properties of Mahler measure, we obtain M (A) < M(P) <
| P|| < N. Since

B log N S log M (A)
log(M(A)/laol) ~ log(M(A)/|acl)
we deduce dj11 < Cdy + 2dC as required.
LEMMA 2. Let N > 1, and let A(z) € Z[x] as in (1). Assume that A(x)
1s 1rreducible and has at least one root inside the unit circle. If there exists
Q(z) € Zlx] such that ||AQ| < N, then ||Q|| is bounded above by a constant

depending only on A(x) and N (and independent of Q and its degree). More
specifically,

> 1,

|Qll < NB4N'CY',N),
where C' = log N/ log(M(A)/]ao|).
Proof. We may suppose that Q(0) # 0 and do so. We set P(z) =
A(z)Q(x). We consider 3 cases.
CASE 1: A(z){Pjy(z) for all J € {1,...,n —1}. We may apply Lemma
1 for each J € {1,...,n — 1} to obtain
dJ+1 < C(dJ +2d).

Recall that d; = 0 and, as shown above, C' > 1. By induction on J, we have

(4) degP =d, <2d» CY < 2dnC"™.

j=1

But then n < || P||2 < N2 implies that deg P < 2dN2C™N". By condition (C),
we obtain

|QIl < BdN*CN", N).
The right side is less than the bound given in the lemma, so in this case we
are through.
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CASE 2: A(z)| Py(x) for some J and djq — d; < 2dN2CN” for all
J <n—1. Since n < N2, summing the inequality2 on J and using the fact
that d; = 0, we obtain deg(A(x)Q(z)) < 2dN*CY". Here, we deduce that

|QIl < BaN'CY', N),
completing the argument in this case.

CASE 3: Forsome J <n—1,djy1—d; > 2dN2CN’ . Let r be the number
of J’s for which d ;11 —d; exceeds 2dN20N? . Let 1 </ <...<J.<n-1
be such that J € {Jy,...,J.} if and only if dj41 — d; > 2dN2CN*. We
show that A(x) | Py(x) for each J € {Jy,...,J.}. Assume otherwise, and let
i € {1,...,r} be minimal such that A(z){ Py, (x). Let J € {1,...,J; — 1}
be maximal such that A(x)| Py (x); if no such J’ exists, we set J' = 0 and
Py/(z) = Py(z) = 0. We consider the polynomial (P(z) — Py (z))/z%7+1.
It is a multiple of A(x) and has norm < ||P|| < N. By Lemma 1 with this
polynomial in place of P(z), we deduce

dJ+1—dJ/+1SC(dJ—dJ/+1—|—2d) fOI‘J/<J§JZ'.
We appeal to the argument we gave for (4) to obtain
dy 41— dyq < 2dN2CN,
This contradicts the inequality
dj+1—dyps1 >dg41—dy, > 2dN2CN2.
Therefore, A(x) | Py(x) for each J € {Jy,...,J,}.

Let ko = 0, and let k; = dj, 41 for each j € {1,...,r}. Replacing these
d;+1 with their respective k;’s in A(x)Q(x) we get

A(z)Q(z) = chq:dj = Z h; (z)zi
J=1 Jj=0

for some h;(x) € Z[x] with deg h;(z) = dy,,, —dj41 for j € {1,...,r =1},
deg ho(z) = dy, and deg h,.(x) = d,,—dj,+1. Now kp1— (kr +deghp(z)) >
2d N2 CN” as L varies over {0,1,...,7—1}. Also, since A(z)| P;(z) for each
J e {J1,...,J.} and since A(x)|P(z), we see that A(x)|h;(z) for all j €
{0,1,...,7}. Therefore, for each j € {0,1,...,7}, there exists w;(z) € Z|x]
satisfying

hj(z) = A(z)w;(z).
Thus,

Qz) = Y wj(z)z".
j=0
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For each j € {0,1,...,r}, the coefficients of A(x)w;(x) are among the coef-
ficients of A(x)Q(x). Hence,

17 ()| = [[A(z)w; (@) < |A(2)Q(z)] < N

By the choice of the k;’s, we note that if hj(z) = Zle biz™, then nyiq —
ny < 2dN2CN” for all J € {1,...,k —1}. Since each hj(z) is a polynomial
with norm < N, we are in a position to apply Case 1 or 2 to each h;(z).
We deduce that

lw; ()] < B2dN*CN* N)  for j € {0,1,...,r}.

Now 7+ 1 < n < N? implies that

1QI? =3 Jlwy||* < N2B2(2dN1CN", N).
§=0

Thus, in this case, the lemma also follows.

If A(z) has a root with absolute value > 1, one can still apply Lemma 2
by considering reciprocal polynomials. In other words, one considers A*(x)
and notes that ||A(x)Q(z)|| = ||]A*(z)Q*(x)||. The bound is the same as
that given in Lemma 1 except that A needs to be replaced by A* in the
definition of C. Lemma 2, however, does not handle the case when A(x) has
roots only on the unit circle. In order to deal with this case, we introduce
two new lemmas.

LEMMA 3. Suppose the roots of A(x) are distinct and have absolute value
> 1. Suppose further that no root of A(x) is a root of unity. Let N be such
that ||P|| < N, and let J € {1,...,n—1}. If A(z)|P(x) and A(z)tP;(z),
then

dy1 —dy < 2ddd2+dN2d||A”2d2—2d'

Proof. Let Q(z) = P(x)/A(x) and write
Qx) =) ¢z’ with gogm # 0.
§=0

We define ¢; = 0 for j ¢ [0,m]. Recall from (2) that P;(z) = Z‘jjzl cjzdi.
Now for all k such that d;y < k < djy1, we have

(5) 0= aoqr +a1qr—1 + ...+ aqqr—d

since the right-hand side is simply the coefficient of x* in the product
A(z)Q(xz) = P(x). Thus, the sequence {q;}q,—d<i<d,,, is a linear recur-
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rence of order d. In order to bound the elements of this sequence we expand
1/A(z) in a formal power series. Since all the roots of A(z) are distinct, we
have

Q(z) = P(z) Zd: (ajjzaj» 1- i/aj

j=1

Thus,

d
—Prla;) _

qk:ZOzjzi/((a;))ajk forng’gn—lande/§k<djf+1.

Jj=1

Since |a;| > 1 for each j, we deduce that

J d
(6) gkl <> el Y 1/|A ()| for all k < d .
i=1 j=1

Let B; denote the right-hand side of (6). In the sequence {¢;}a,;—d<i<d,,,
there are djy1 — dj contiguous subsequences of length d. And, there are at
most (2B + 1)? distinct d-vectors {qx_ay1,- - -,qx) satisfying |¢;| < By for
k—d+1<i<k. Assume that

(7) d]+1 —dy > (2BJ + 1)d.

Then there are two d-vectors

—

U1 = (Qhy—dt15- > Ghy)  and Vo = (Qry—di1y- -5 Ghy)

with dy < ky < ko < dj41 such that ¥; = U5. From (5), we see that for d; <
k < d 41, the value of g, is determined by the previous d values of ¢;. Thus,
{@j}ri—d<j<d,., is cyclic with cycle length w < ko — k1. Now, we form an
infinite number of multipliers Q¢(x) such that ||Q:(z)A(z)| = ||Q(x)A(x)]|.
This is done by splicing in ¢ copies of the vector (qq,,, —w;---;qd,,,—1) into
the coefficient vector for @@ between qq,. , 1 and gq,,,. More precisely, we
have
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dJ+1—w—1 dJ+1—1
Q:(z) = Z gz’ + ( Z qjxj)(1+x“’+...+:c“’t)
Jj=0 Jj=djq1—w
+ a** Z q;a’
j=djt1

and

J n
Qi(z)A(x) = chxdﬂ' + z*t Z cjxdi.
j=1 j=J+1
Note that [|Q: Al = ||QA]| < N and

n

(Qi(z) — Q(x))A(x) = (¢ — 1) Z cjrd.

j=J+1
There are no roots of unity among a1, ..., aq. Hence, A(z)| >27_ ;. cjzdi.
But A(x)| P(x) implies now that A(z)|Py(x), a contradiction. Thus (7)
does not hold so that
dji1—dy < (2By + 1)~

One easily gets

d d
djyr —dy < (2(N2—1)ZM+1> .

j=1

Since all the roots of A are distinct, A and A’ are relatively prime. Let R
denote the resultant of A* (the reciprocal polynomial for A(z)) and A™ (the
reciprocal polynomial for A’(x)). The roots of A* are 1/a; for 1 < j < d.
If for some j, 1/a; is a root of A’ then «; is a root of A’, contradicting
the fact that A and A’ are relatively prime. Thus, A* and A’ are relatively
prime, and the resultant is nonzero. We consider a value of i € {1,...,d}.
Then by an argument of resultants (cf. [7, Proposition 1.6]) and the fact
that |a;| > 1, we have

1< |R| < dJA™(1/aq)|[A™[|*H A1 < d] A" () [[| A" 1| A
We use the fact that ||A’]| < (Z?Zl d?|a;|?)*/? < d||A|. Then
1
A" (eui)|
This holds for each i € {1,...,d} so that

dye1 —dy < (2(N? = D)™ AP472 4 1)7 < 2q P N2 4|42

< ddHA”2d72_

This completes the proof of the lemma.



252 M. Filaseta and I. Solan

LEMMA 4. Let N > 1, and suppose A(x) has distinct roots, each of
absolute value > 1. Suppose further that no root of A(x) is a root of unity.

If Q(z) € Z[zx] is such that |AQ| < N, then
HQH < NB(2ddd2+d N2d+2HAH2d2_2d,N).

Proof. Again we view P(x) as the product of the polynomials A(z)
and Q(z). As in Lemma 2, we consider 3 cases.

CASE 1: A(z)tPj(z) for all J € [1,n —1]. We use Lemma 3 and sum
over J. Noting that n < N?, we obtain

deg P < od gd*+d N2d+2”AH2d2f2d'
Therefore Q(x) satisfies condition (C) with m = 2ddd +d N2d+2|| A||24"~2d
Hence,
HQH < B(Qddd2+dN2d+2||A||2d2_2d,N).
CASE 2: A(x) | Py(x) for some J, and for all J € [1,n —1], djt1 —dj <
2dqd*+d N2d|| 4||24° =24 A5 above we get here
HQH < B(Qddd2+dN2d+2HAH2d272d7N>.

CASE 3: For some J, djyq —dy > 24d¥+IN24|| A||24°~2d By Lemma
3, we get A(x)|Py(x) for any such J. We appeal to the argument given
in Lemma 2, Case 3. Here the situation is somewhat simpler as the cor-
responding h;(x) are clearly divisible by A(z) (since A(zx)| Py(x) whenever
dyiq —dy > 20d7 +dN2d|| A||24°-24)  We deduce that

HQH < NB(Qddderd N2d+2HAH2d272d7N)’
and Lemma 4 follows.

The following lemma can be considered as a characterization of the mul-
tipliers of A(x) which give minimum norm. This lemma is also useful in
reducing the search space of multipliers in the implementation of the algo-
rithm to find the elements of Pj4.

LEMMA 5. Let A(x) be as in (1) of degree d. Let Q(x) = 22:1 gz
with 0 =my < ... <m, and each q; # 0. If ||A(x)Q(z)|| = ||A(Z)|lmin, then
myy1 —my < d for each J € {1,...,r — 1}. Furthermore,

deg Q(z) < (|QII* - 1)d.

Proof. Let P(z) = A(x)Q(x). Then [|P|| = ||Al|min. Assume m i1 —
my > d for some J € {1,...,r —1}. Let Q; = Z;}:l g;x™ . Then Q(z) =
> e g1 42 + Qg (x) implies

A@)Q(z) = A(z) Y ¢a™ + A2)Qs(x).

j=J+1
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Now deg(A(x)Qs(z)) = d+ my < myy1. Therefore, the coefficients of
A(z)Q(z) are the disjoint union of the coefficients of A(x) Z;=J+1 gz
and the coefficients of A(z)Qs(x). Hence, ||A(x)Qs(z)| < [|P||, giving a
contradiction. Thus, mji1 —my <d.

It is clear that r < ||Q]|?. Now, mjy1—my < dforeach J € {1,...,7r—1}
and my; = 0 imply that

r—1 r—1
deg Q(z) =Y (myy1—my) <D d=(r—1d < (|Q|* - 1)d,
J=1 J=1

establishing the lemma.

3. Proofs of the theorems

Proof of Theorem 1. We use Lemmas 2 and 4 where a bound was
given for ||Q|| when ||AQ]|| < N. Observe that one of these two lemmas will
apply if A(z) is an irreducible noncyclotomic polynomial. We write B(A, N)
to denote a bound given from these two lemmas for ||Q]|.

Write A(x) = H;nzl [j(x) with each f;(x) irreducible and where repeated
factors appear as many times as their multiplicity. By the conditions in the
theorem, no f;(x) is cyclotomic. For each j € {1,...,m}, we consider
A(xz) = fj(z) and apply either Lemma 2 or Lemma 4. Applying these
lemmas repeatedly on each f;, we get

I fafs - fmQ|l < B(f1, N),
| fafa-. @] < E(fmg(fl,N)),
1 fafs - fm@Ql < B(f3, B(f2, B(f1, N))),

and the required bound on ||Q|| follows.

Proof of Theorem 2. Let N = ||A]|. We set Q(z) = P(x)/A(z).
The polynomial P(x) is a multiple of A(z) with minimal Euclidean norm
so that ||A(x)Q(x)|| < N. By Theorem 1, ||Q|| is bounded by a function of
A(z) and N. Since N = || A||, we deduce that ||@Q] is bounded by a function
which depends only on A(z). Also, Lemma 5 implies that deg @ is bounded
by a function of ||@Q]| and d = deg A. Thus, deg @ is bounded by a function
depending only on A(x). The result now follows from deg P = deg Q+deg A.

4. Further remarks. As mentioned in the introduction, there are also
results in the literature which would help give estimates of the type we have
been considering. One such result which can be found in [2] and [3] is as
follows.
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LEMMA 6. Let Q(z) be a complex polynomial of degree n and o« any
complex number. Then

—-1/2
@11 < (14 1o = 2afeos (75 ) IQG@) -l
From this result, we can obtain the following revision of Theorem 1.

THEOREM 3. Let A(z) € Z[x] be a polynomial of the form (1) having no
roots on the unit circle. Let N > 1. If Q(x) € Z[z] and ||A(x)Q(x)| < N,

then
N

QI < A )

where At(z) = ag [, (z — |a]).

Proof. By Lemma 6, we have

~1/2
s < (14 ol = Zoafeos (25 )} e — )]

< (Lo = 2]en )2 [laa@(z) (@ — an)|
< llaaQ(@)(x — a1)||

- 11— on ]

If we replace a4Q(x) with a4Q(x)(z — ay) above and use s in place of aq,
we get

laa@(@)(x — ar)|| _ [laaQ(@)(z — o) (z — as)]
1= Jaal| (= aa (A = Jea])]

HadQ(x)(:c - 041)(33 - 042)”
laa@@ll < A= 1a D E — Jaal]

Continuing in this manner, we obtain

so that

leaQ(@) [Ti, (= — )|
aql - |Q(x)|| = lag@(x)]| < L
odl 1001 = laQe)] < 2 D=t

_ A@e@I
T 11— o]

Hence,
JA@QE)| N
al [Ti=y 11 = lasll = [AT(D)[

( ) <
completing the proof.

Observe that if |ay| = 1, the expression

T —-1/2
<1 + ’O[1|2 — 2|Oél| COs <degQ+2>)
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gets large as deg (@ increases. This would cause the bound on ||Q(x)|| ob-
tained directly from Lemma 6 to tend to infinity as deg ) tends to infinity.
Under the condition that A(xz) has no roots with absolute value 1, this
situation is avoided.
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