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Certain partial differential subordinations
on some Reinhardt domains in C”

by GABRIELA KOHR and MIRELA KOHR (Cluj)

Abstract. We obtain an extension of Jack—Miller-Mocanu’s Lemma for holomorphic
mappings defined in some Reinhardt domains in C™. Using this result we consider first
and second order partial differential subordinations for holomorphic mappings defined on
the Reinhardt domain B, with p > 1.

1. Preliminaries. Let C™ denote the space of n complex variables z =
(z1,...,2n)" with the euclidian inner product

n
(z,w) = Z 2;W;
i=1

and the norm ||z|]| = \/(z, 2), for all z,w € C™.

The open euclidian ball {z € C" : ||z]| < r} is denoted by B, and the
open unit euclidian ball is abbreviated by B; = B. For n = 1, the open ball
B, is denoted by U, and the open unit disc is abbreviated by U; = U. The

Reinhardt domain
{z eC": Z | 2% < r}
i=1

is denoted by Bgp(r), where p > 1, and the Reinhardt domain By, (1) is
abbreviated by Bsy(1) = Bap.

The origin (0,...,0)" is always denoted by 0.

As usual, by L(C™,C™) we denote the space of all continuous linear
operators from C” into C™ with the standard operator norm. The letter I
will always represent the identity operator in L(C™, C™).

The class of holomorphic mappings from a domain G C C" into C" is
denoted by H(G).
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A mapping f € H(G) is said to be locally biholomorphic on G if its

Fréchet derivative
of;
D)= ()
9z 1<j,k<n

as an element of L(C™,C") is nonsingular at each point z € G.

A mapping f € H(G) is called biholomorphic on G if the inverse mapping
f~! exists, is holomorphic on a domain 2 and f~1(2) = G.

Let D?f(z) be the Fréchet derivative of second order for f € H(G);
then D2 f(z) is a continuous bilinear operator from C" x C" into C" and its
restriction D?f(2)(u,-) to u x C™ belongs to L(C™,C").

The symbol “’” means the transpose of elements and matrices defined
on C". If A= (aij)lgi,jgn, then Z = (aij)1§i7j§n, where (227 € C.

If ¢ is a C? complex function defined on a domain 2 C C", then we use
the following notations:

9oy (22 2% Y
26 = (20 g2 ()
T =22 70 =]l )
0227 | 0202 T0z02 07,02

1<i,j<n

1<i,j<n
for all z = (z1,...,2,) € £2.
If 2= (21,...,2,) €C"and p > 1, let

- 1/2p
zllop = [ D" 125f2]
j=1

Very recently the authors of [KO2] obtained an extension of Jack—Miller—
Mocanu’s Lemma [MM1] for holomorphic mappings defined on the unit
ball of C" with the supremum norm, and also extended the same result
to holomorphic mappings defined on the unit ball with an arbitrary norm.
Applications to subordinations were considered.

Another extension of Jack—Miller-Mocanu’s Lemma was given in [KO4]
for holomorphic mappings defined on some domains in C" whose bound-
ary is a real C? hypersurface. Using this result, the author of [KO1] gave
some applications to subordinations of holomorphic mappings defined on
some bounded domains for which the kernel function becomes infinite on
the boundary.

In this paper we continue these investigations, giving another extension
of Jack—Miller-Mocanu’s Lemma to holomorphic mappings defined on the
Reinhardt domain By, and we obtain some partial differential subordina-
tions of first and second kind on By, with p > 1.

We shall use the following result.
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LEMMA 1.1 [MM1], [MM2]. Let g(2) = an2™ 4 any12" ' + ... be contin-
wous on U, and holomorphic on U,, U{zo}, where zg = roe’? . ro < 1 and
n>1. If

l9(20)| = max{[g(2)] : |z < 7o},

then

(i) 209’ (20) = mg(20)

and

(ii) Re[l + 209" (20) /¢ (20)] = m,

where m > n > 1.

2. Main results

THEOREM 2.1. Let r € (0,1), 29 € Bay(r), where p > 1, let f € H(Bap)
with f(0) =0, f locally biholomorphic at zo and f £ 0. If zo is defined by

(2.1) 1/ (20)ll2p = max{[|f(2)l2p : z € Bap(r)},
then there exists 0 < s < [||z0l2p/I| f(20)|l2p)?? such that
(22)  (|PP7 V=Y, [ PP VEN) D f (20)] 7
= 5(1f1(z0) PPV fi(20), - | fu(20) PPV fu(20)),

/
where 29 = (29,...,2%)", and

2
23) Re{(DfGa)) 55 Do)

- 2

+ (DFGo)0) g (00) D (z0)0

< {v’ ¢ (20)v + Re [U"?Z“’(zo)v]

0z0z 022

_Re K&P(Zo)>/[Df(ZO)]‘1D2f(ZO)(v, 0]}

z

for allv = (v1,...,v,)" € C*\ {0}, with Rey_7_, z?vj]z?P(p_l) = 0, where
p(2) =320 12?7, for all z = (z1,...,2,)" € C" and wo = f(20).

Proof. Let T,,(0B2,(r¢)) be the real tangent space to 0Ba,(r9) at 2o
and let v € T,,(0Bgy(r9)) be an arbitrary tangent vector, where ro =
Z?:l 291, Since OBap(ro) is a C? hypersurface, it is well known that
there exist an € > 0 and a twice differentiable curve v : (—¢,&) — 0Ba,(ro)

such that v(0) = zp and %(0) =v. Let ¢ : C" — R be given by ¢(z) =
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Z?:l ]zj\2p for all z = (z1,...,2,) € C", and B : (—e,e) — R by g(t) =
(po foy)(t),t € (—e,e). Then (3 is a C? function on (—¢,¢) and using (2.1)
we obtain

0) = Z 1£i(20)|?P = max{B(t) : t € (—&,¢)}.

Hence, 5'(0) = 0 and 5(0) < 0.
On the other hand, a straightforward calculation yields

(2.4) ﬁ()—QR{(Si( ) DI GO} te (=),

where w(t) =

e )]

= 2Re{p(|f1(20)**"V fi(20), -, [ (20) PO fu(20)) D f (20)0}
= 2pRe([Df (20)]'(|f1(20)P® ™ f1(20), -, [ fu(20) PP~V fu(20)), 0).

Since this relation is satisfied for every tangent vector v, we conclude that

pIDf(z0)) (1 f1(20) PP~ fi(20), - s [ fu(20) PP~ Y fiu(20))
is a normal vector to 0Ba,(79) at 2z, hence it is collinear with the outward
normal vector to 0Bay(rg) at zo.
Let N, be the outward normal vector to 0Bs,(r9) at zg. Then

Ney = 92(z0) = plIAPC 2L, . [9PED0Y.

, so at t = 0 we deduce that

Hence we can find a real number ¢ such that

(2.5)  (1f1(20) PP f1(20), - | (20) PP D frn(20))[D f (20)]
= 5(| PPV, PP ).
Now, since f is locally biholomorphic at zg, it follows that [Df(zo)]~*
exists and from (2.5) we conclude that § # 0 and
(12027120, |z PP 20) D f(20)] 7
= s(1/1(z0)PP "V 1 (20), -5 [ fn(20) PP Fu(20)),

where s = 1/4.
Consider the function

Q) =Y fi(¢20/llz0ll2p)| £ (20) PP~ F(20),
j=1
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for all ¢ € C, || < [|zo[|2p- Then g € H(U)z,, U{Co}) NC(U ||, ), Wwhere
Co = ||0]|2p- Also, g(0) = 0 and, using Hélder’s inequality, it is not difficult
to see that

9(Go)l =Y I£i(z0)[*F = max{lg(¢)] - [¢] < I¢ol}:

hence, from Lemma 1.1, there exists m > 1 such that

(2.6) o9’ (Co) = mg(o)-
On the other hand,

(2.7) ¢od'(Go) ZU‘} 20) PPV (zo) g;:@o)zz,
k=1

so, combining (2.6) and (2.7), we deduce that
(28)  (I£1(20)PP" Y fi(z0)s - [fn(20) PPV fu(20)) D (20) 20

=my_|f;(=0)*.
j=1

Multiplying both sides of (2.2) by z = zg, and using (2.8), we obtain
1 n n
(2.9) 5 Z |Z?|2p = mz |fj(2’0)|2p-
j=1 j=1
Since m > 1, z9 # 0 and f(zp) # 0, we deduce that
0<s <> 2917/ 115207
j=1 j=1

It remains to show (2.3). To do this we use (2.4) again. Differentiating
it with respect to ¢, we obtain

8'() = 2Re | (Df@(t))j{(t)) S wODIO0) 0}

sy
I ) D) 2 (1)

a)
wore[ (2 )D2f ( 0.50)]
”)

eone (et

+2<Df

DI () G0
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where w( (t)), for all t € (—¢,¢€), so at t =0, we deduce that

(2.10) { Df(zo)v a—(wo)Df(Zo) }

+(Df(z0)v 0)v)'5 (wo)Df(Zo)v

#1e{ (ngj(w(]))/D?f(zO)(v, 0+ (22} preoGio)} <o

where wo = f(z0).
Let a: (—¢,e) — R be given by a(t) = (po~y)(t) for all t € (—e,¢). Since
v(t) € ang( 0) when t € (—¢,¢), it follows that a(t) = ro for all t € (—¢,¢),
hence o/ (t) = o/'(t) =0 on (—E,E).

Since
) =28 [( %) @]
and

@' =2fre (%) 7260 %]
+(Z0) Zeaa Do re[(Sam) Soll,

for t = 0 we deduce that

Oy 02 1 0
0 = Re |:<az< )’U:| _pReZ’z (p— )

and also

Oy "d2y ,0%0 _, 0%
2.11 — — = - — .
@) Re|(520)) GHO] =R [T S| -7 L G
Using (2.2), (2.10) and (2.11), we obtain

Re { (DF(a)o) 5.5 (o) DS oo b+ (DFGalo) e () DS e

~re | (G 60)) 1o D Fn) )|

i.e. the relation (2.3). The proof is complete.

Remark 2.1. The result of Theorem 2.1 has the following geometric
interpretation: since f is locally biholomorphic at zg, there exists a neigh-
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borhood V' of zy such that f is biholomorphic on V. Then f(0Bs,(r9) NV)
is a real hypersurface in C" and an outward normal vector at wg = f(z) is
given by N, = %(wo), where ¢(w) = o(f 1 (w)), for all w € f(V), i.e.

Nuy = p([Df(20)]71) (|27 2P~ V20, . 2 P02
Using (2.1), we deduce that the vectors N,,, and
P F1(20) P77V fr(z0), - fal20) P00 fu(20))

are collinear and have the same sense.

For p = 1 in Theorem 2.1, we obtain the following result:

COROLLARY 2.1 [KO4]. Let zp € B\ {0}, and let f € H(B) be such that
f(0) =0, f is locally biholomorphic at zg and f # 0. If

1f (zo)ll = max{[[f(2)I - [|2]] < llzoll},

then there exists 0 < s < ||zo||>/||f(20)||> such that

(IDf(20)] ™) (Z0) = sf(z0)

and
lo]* = Re{Z5[Df(20)] " D f(20) (v, v)} = s D f (z0)0]|”,
for all v e C™\ {0} with Re(zp,v) = 0.

Proof. In this case it is sufficient to put ¢(z) = > ;_; |2x|?> in Theo-
rem 2.1 for all z = (21,...,2,)" € C". Then %(2) =z, ‘?;7;9(2) = 0 (the null
matrix) and %(z) = I, for all z € C", hence the asserted relations are
immediate.

A direct consequence of Theorem 2.1 is given in the next result:

THEOREM 2.2. Let f € H(DBsp,), where p > 1, and let g be a biholo-
morphic mapping on Ba,(r) for some r > 1, with f(0) = g¢(0). If there
exist zo € 0Bap(r0), with 0 < ro < 1, and (o € 0By such that f is locally
bitholomorphic at zg,

(2.12) f(z0) = g(Co) and f(Ba2p(ro)) C g(Bap),

then there exists 0 < s < [||z0]|2p]?" such that the following relations hold at
zZ = Zp:

(213)  (PPVzY, . 2PV DS (20)]) )
= s(JCQPPIE, QORI [Dg(Co)

and
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219 Re{w T L@+ L G
< i{Re [U'Zf(%w} Lo (,fj;’; (20)0
~Re (%)) D50 D2 )00
#Re[ (%00 ) 1o DPg(Go) 0,

for all v € C™\ {0} with Re<%(zo),v> =0 and w = [Dg(o)] "D f(20)v,
with 2o = (29,...,20), Co = (¢),..., ) and @(z) = > }_, |zk|*, z € C™.

Proof. Let h : Bay(rg) — Bap, and h(z) = (g7 o f)(2), for all z €
Ba,(rg). Since g is biholomorphic on Bay(r), for some r > 1, we have
h € H(Bay(rg)), h(0) = 0, h(20) = (o, and from (2.12) we infer that
h(Bay(ro)) C Ba,. Also, h is locally biholomorphic at zp, hence we deduce
that

1 = [|h(20)l|2p = max{[[h(2)l|2p : 2 € Bap(ro)}-
Using Theorem 2.1, there exists 0 < s < [||z0]|2p)?? such that
(120 PP=028, . 2p PP D20) [Dh(z0)]

= s(|¢PPPICY, . [COPPIEC0) [Dg(Go)]

i.e. the relation (2.13).
On the other hand, since D f(z9) = Dg(Co)Dh(zo) and since D?f(zp) is
a continuous bilinear operator, we easily obtain

(2.15) D?f(20)(v, v) = D? f(Co)(Dh(z0)v, Dh(z0)v)
+ Dyg(¢o) D*h(z0) (v, v)

for all v € C™. Multiplying both sides of (2.15) by
p(lA PP V28, PP V) D (20)) 7
and using (2.13), we obtain

(2.16)  p(|27PP7 VY, |2 PPTYZ) D (20)] T D2 f (20) (v, 0)
=p(|2}PP7V2Y, L = PP YER) D f (20)] D2 g(Go) (w, w)

+p(’2?’2(p—1)2(1)’ SRR \zg|2(p_1)22)[Dh(zo)]_lDzh(zo)(v, U)?

where w = Dh(zp)v. From (2.16) we get
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a !/
210) (5260) ) Do)l D2 )0
— (560)) DGl D20l )

+ (5260 Dkl Do) 010)

Now, it is enough to take the real part in (2.17) and to use the relation (2.3)
to obtain (2.14).

For the next result we use the following definition:

DEFINITION 2.1. Let f,g € H(Byp,). We say that f is subordinate to g
(written f < g) if there exists w € H(Byp) such that w(0) =0, w(Bsgy,) C
By and f(z) = (gow)(z), for all z € By,

Remark 2.2. It is clear that if f < g, then f(0) = 0 and f(Bsyp,) C
g(Bap). But, if g is biholomorphic on By, we deduce that f < g iff f(0) =
g(0) and f(Bap) C g(Bap). Also, by a version of the Schwarz Lemma (see,
for example, Theorem 1 in [GW] or Theorem 6 in [C], p. 55), if f < g, then
f(Bap(r)) C g(Bap(r)) for all 0 < r < 1.

THEOREM 2.3. Let f, g be locally biholomorphic mappings on Ba, and
suppose that g is biholomorphic on Bay,(r), for somer > 1, and f(0) = ¢(0).
If f is not subordinate to g, then there exist 0 < rg < 1,0 < s < 1,29 €
0Bs)(10) and (o € 0Bs), such that the relations (2.12)(2.14) hold.

Proof. Since f(0) = ¢g(0) and f A4 g, it follows that f(Bsy,) ¢ g(Bap).
It is easy to see that there exists an ¢ > 0 sufficiently small such that
f(B2p(€)) C g(Bap). Hence, if we put
ro = sup{r > 0: f(Bap(r)) C 9(B2p)},
then 0 < 79 < 1 and f(Bay(r0)) € g(Bap) \ g(Ba2p). So, we can find points

29 € 0Bgy(ro) and (o € 0By, with f(z0) = g(¢p). Now it is sufficient to
apply Theorem 2.1.

DEFINITION 2.2. Let 2 C C" x C" and D C C™ be two domains, and
let g be a biholomorphic mapping on Ba,(r), for some r > 1, where p > 1.
Suppose that (g(0),0) € 2 and Q(g) C {2, where

0<s<1
CE€OBay,

v =s([Dg(Q)] ™) (I PP™V, GG )
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where ( = ((1,...,¢n)". The class Xo,(£2, D, g) consists of those mappings
Y 1 £2 X By, — C" which satisfy the following conditions:

(2.18) ¥(g(0),0;0) € D
and
(2.19) Y(u,v;2) € D

for all (u,v) € Q(g) and z € Bayy,.
Using the above definition and Theorem 2.3, we obtain

THEOREM 2.4. Let f be a locally biholomorphic mapping on Ba, and g
be a biholomorphic mapping on Bay,(r) for some r > 1, with f(0) = ¢g(0). If

(f(2), (DFIY Ela P70, 2] 2P P7D)) € 2
and if there exists a mapping ¢ € Xo, (82, D, g) such that

(f(2), (DY Elz PPV, 22 PP 2) € D,
for all z € By, then f < g.

Proof. If the subordination f < g does not hold, then, in view of The-
orem 2.3, there exist zg € Bay, (o € OBz, and 0 < s < [||20]2]*” < 1 such
that the relations (2.12)—(2.14) hold.

Let w = f(z) and v = ([Df(z0)]7") (2|72, ... 20 | PP~ DY,
where zg = (2Y,...,29)". Then (u,v) € Qs(g,¢) € Q(g), hence, according

to Definition 2.2, we deduce that 1 (u, v; z9) ¢ D, contrary to the hypothesis.
So, f <g.

We close this paper with the following applications. The first of them
concerns a boundedness result; then we give some applications concerning
subordinations by convex mappings defined on the Reinhardt domain Bsy,,.

THEOREM 2.5. Let f be a locally biholomorphic mapping on B, with
f(0) =0, let a and b be two functions defined on Ba, with |a(z)]—|b(2)] > 1,
for all z € Bogy,. If

la(z)f(2) + b()([DF ()7 (a2 PP,z PDY ]2 < 1,
for all z € By, then ||f(2)|2p < 1 on Bay.

Proof. Suppose that the inequality || f(2)|/2p < 1 does not hold at all
points of Bay,; then taking into account the fact that f(0) = 0, we can easily
find a real number r € (0,1) and zy € By \ {0} such that

1£(z0)ll2p = 1 = max{||f(2)l|2p : = € Bap(r)}.
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By Theorem 2.1, there exists 0 < s < [||z0]|2p]?? such that

((Df(z0)] 1) (220 PD ., 200 2=y
= S(fl(Zo)’fl(Zo)lz(p_l), e fn(z())‘fn(ZO)F(p_l))/,
where zg = (2{,...,2%)". Hence, we obtain

lla(z0) f (20) + b(20) ([D.f (z0)] 1) (0|29 P12 P07 D) o
= [la(20) f (20) + 8b(20) (f1(20) | f1 (20) 7V, ... fu(z0)l fu (20) PP |2

Since || - ||2p is a norm, the above equality implies
lla(z0)f (20) + b(20) ([D.f (z20)] 1) (2229 P, 20 2 PP 2y

> [az0)] = s[b(z0)| - (f1(20)| f1(z0) PPV, fu(20) fu(20) PP7DY 2
On the other hand, since ||f(20)||2p = 1, we deduce that

(£ (20) | £ (20) PP, fu20) | fu (20) P70 Y |30
= S 1P ()00 < 3 (£ =1,

Jj=1 J=1
SO

la(z0) f (20) + b(20) (D f (20)] 1) (212727 V, . 2 lop PP 7D) o
> |a(z0)| — s|b(20)| = [a(z0)| = [b(20) = 1;
but this inequality contradicts the hypothesis.
Hence, ||f(2)||2p < 1, for all z € By,. The proof is complete.

THEOREM 2.6. Let g be a biholomorphic mapping on Bay(r), for some
r > 1, such that g(0) = 0 and g(Bs)p) is a convexr domain in C". Let ¢ be
a holomorphic function on a domain E O g(Bs,) with Re ¢(g(z)) > 0, for
all z € By,. Also, let A be a function defined on Ba, with A(z) > 1, for
all z € Byy. If f is a locally biholomorphic mapping on Ba,, with f(0) =0,
f(B2p) C E and if
(220)  A(2)/(2)
+o(fN(DFE]Y (21l PPV, 22 2P7D) € g(Bay),
for all z € By, then f < g.

Proof. If the subordination f < g does not hold, then using Theo-
rem 2.3, there exist zp € Bag, \ {0}, (o € 0Bg, and 0 < s < 1 such that

f(z0) = g(Co) and
(1292029, ep PP D20) (D f (20))
= s(|7PPIC LG PP D (o))
where 29 = (29,...,22) and ¢, = (¢?,...,¢0).
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Let
¥(2) = A(2)f(2) + o(f () ([DF )] (a1 PPV, za|2aPPD)

then at z = z5 we obtain

(2.21) ¥(20) = A(20)g(Co)
+50(9(¢0)) ([Dg(Co)] 1) (CPICY PP, . ¢olca Py,
Since g(Bsp) is a convex domain, hence starlike with respect to zero, and
g(0Bs)) is a real hypersurface in C”, it follows that g(0Bg,) is a starlike

hypersurface, so the following relation holds (see for example Theorem 2 of
[GW] or Theorem 4 of [S1]):

(222) Re<g(C0)7Nw0> > 07

where wy = g(¢o) and N, is the outward normal vector to g(0Bs),) at wy.
But

Ny = p([Dg(G)I ) (FIG7PEY, L Qe PE=DY,
hence, using the relations (2.21) and (2.22), we deduce that
Re (¥(20) = 9(¢0), Nuy) = (A(20) — 1) Re(g(Co), Nuy)
+ (5/p) Re ¢(9(C0)) | Nuso |1*-
Now, from the hypothesis, we conclude that

Re <7/)(Z0) - g(CO)a Nw0> 2 0.
On the other hand, since g(Bg,) is a convex domain, the above relation
implies 1(z0) € g(B2p), contrary to (2.20). The proof is complete.
For g(z) = z in Theorem 2.6, we obtain the following result:

COROLLARY 2.2. Let A be a function defined on Ba), such that A(z) > 1,
for all z € By,. Let ¢ be a holomorphic function defined on a domain E D
By, such that Re ¢(z) > 0 for all z € Byy. If f is a locally biholomorphic
mapping defined on Ba, with f(0) =0, f(Bay) C E, and if

IA(2)f(2) + d(F)DFE]Y (21l PP, 2|20 P70 < 1
for all z € By, then ||f(2)||2p < 1 on Bay.

Another interesting result is obtained from Theorem 2.5 if we let p = 1.

COROLLARY 2.3. Let g be a biholomorphic mapping on B such that
g(0) = 0 and g(Bgp) is a conver domain in C", let ¢ be a holomorphic
function defined on a domain E O g(B) with Re ¢p(g(z)) > 0, for all z € B,
and let A be a function defined on B with A(z) > 1, for all z € B. If
f € H(B) is locally biholomorphic on B, f(0) =0, and if

A(2)f(2) + o(f(2)([Df(2)]71) 2 € g(B),
for all z € B, then f < g.
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