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Holomorphic bijections of algebraic sets
by SEAWOMIR CYNK and KAMIL RUSEK (Krakéw)

Wtodzimierz Mlak in memoriam

Abstract. We prove that every holomorphic bijection of a quasi-projective algebraic
set onto itself is a biholomorphism. This solves the problem posed in [CR].

1. Introduction. It is well known that every injective endomorphism
of an algebraic space over an algebraically closed field is an automorphism
(see [CR] for the case of affine varieties and [N] for the general case). On the
other hand, the authors proved in [CR] that there exists an analytic curve
in C% and its holomorphic bijection which is not biholomorphic.

In this context the question formulated in [CR] whether each holomor-
phic bijective self-transformation of an algebraic set has a holomorphic in-
verse seems to be interesting.

The aim of this paper is to answer this question. This is given by

THEOREM 1. Let X be a quasi-projective complex algebraic set and let
f: X — X be a holomorphic bijection. Then the mapping f~': X — X is
holomorphic.

Our proof is essentially based on the recent result of the first author
on singularities of weakly holomorphic (w-holomorphic) functions [C, Thm.
5.1]. We summarize here all the necessary information on those functions.

Let Y be a complex space. A complex-valued function ¢ is said to be
w-holomorphic on Y if there exists a nowhere dense analytic subset Z of Y
such that g is defined and holomorphic on Y \ Z and locally bounded near
the set Z (for details see [W, Sect. 4.3]).

The set Sy := {z € Y : g is not holomorphic at z} is called the singular
set of g.
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If Y1, Y5 are complex spaces then by a w-holomorphic mapping from Y;
into Y3 we mean a holomorphic mapping f : Y1 \ Z — Y3, where Z is a
nowhere dense analytic subset, such that the closure f in Y; x Y of the
graph of f is analytic and the projection of f onto Y; is a finite map (i.e.
a proper map with finite fibers). It is easy to see that if Y5 is an analytic
subset of C™ then a mapping f : Yy \ Z — Y3 is w-holomorphic iff the com-
ponents of f are w-holomorphic functions on Y;. The notion of the singular
set of a w-holomorphic mapping is defined in the same way as in the case
of w-holomorphic functions.

Besides standard facts in analytic and algebraic geometry, the main
points in the proof of Theorem 1 are Proposition 2.1 and the above-an-
nounced result from [C], which may be formulated as follows:

THEOREM 2. Let X be a quasi-projective complex algebraic set. Then
there exist algebraic subsets Vi,...,V, of X such that for every w-holomor-
phic function g on X we have Sy = V;.

2. Local ring of an analytic subvariety. Let X be a complex space
and let V' C X be an irreducible nowhere dense analytic subset of X. We
shall denote by Ox v the ring of all functions which are holomorphic on
X \ W, where W is a nowhere dense analytic subset of X not containing V.
We shall call Ox v the local ring of X along V.

The ring Ox,y is local with the maximal ideal {f € Ox v : f|V = 0}.

Let us point out that for zo € X the ring Ox (,,} does not coincide with
the ring Ox 4, of holomorphic germs at xg.

PROPOSITION 2.1. If X is locally a Stein space in the (analytic) Zariski
topology then the ring Ox v is noetherian.

Proof. Suppose that the ring Ox v is not noetherian and choose a se-
quence (fp)nen C Ox v such that fir1 & (f1,..., fi),i =1,2,... Let W; be
an analytic subset of X not containing V' and such that the function f; is
holomorphic on X \ W;.

Observe that V ¢ (J;=; W; and fix a point zg € V' \ U;=; W;. The ring
Ox z, is noetherian (see [L]), therefore there exists k¥ € N such that the
germ (fxy1)a, belongs to the ideal ((f1)zg,-- -, (fk)z,) of the ring Ox 4.

Denote by Ji (resp. Jr+1) the sheaf of ideals on X \ Uf;l W; defined
by (f1,-.-, fx) (resp. (f1,--., fx+1)). Let Z := Supp(Tk+1/Tx). Then Z is
an analytic subset of X \ Ufill W, and zo ¢ Z.

Take a Zariski open neighborhood X of zp in X \ (Uf;l W; U Z) which
is a Stein space. Then (fr+1)s € ((f1)z,---,(fx)z) for every x € Xy and by
Cartan’s Theorem B there exist functions g1, ..., gx, holomorphic on Xj,
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such that fi4+1 = figi +...+ frgr. Since g1,...,gr € Ox,v we have fr41 €
(f1,--, fx), contrary to our assumption. This proves the proposition. m

3. Proof of the main result. Before the proof of Theorem 1 we state
two lemmas.

LEMMA 3.1. Let V be an irreducible quasi-projective algebraic set and let
f V. — V be a holomorphic injection such that for every q € N the set
V\ f4UV) is contained in a proper algebraic subset of V' (f¢ denotes the g-th
iterate of ). Then the mapping f~! is w-holomorphic on V.

Proof. Let f V — V be the lifting of f to an algebraic normalization
Vof V. It is easy to see that it suffices to show that the mapping f is
biholomorphic. R

Let W, denote the closure of V\ f2(V) in the (algebraic) Zariski topol-

ogy on V. Then the set W, is either ernpty or of pure dimension d — 1,

where d := dim V/, and the mapping f 7.V \ Wy — V is holomorphic. Let
Wy = Reg W, \ Sing V. Using the Laurent expansion of any component of

£~ near points of Wy (in suitable local coordinates on 17) and the identity

principle we see that the set of points of W(; such that the mapping f_q
can be holomorphically continued through them is open and closed in Wé.
Therefore V \ f4(V) = W,.

Let HY(T) denote the ith Alexander—Spanier cohomology group with
compact supports of the locally compact topological space T', with complex
coefficients, and let H}(T) be the direct sum of all H(T). In our case
H(V) is a finite-dimensional vector space and by [B, Lemma 1.2] the se-
quence (dim H}(W,))4en is uniformly bounded.

By [B, Lemma 2.2] the sequence (W, )4en is stationary. But W,y =

|44 qu(Wl) and W, ﬂfq(Wl) = (), so W7 = (0, which concludes the proof. =

LEMMA 3.2. Let V be a quasi-projective algebraic set and let f 'V —V
be a holomorphic bijection. Then the mapping f~ is w-holomorphic on V.

Proof. Let V =V;U...UV, be the decomposition of V into irreducible
components. Since any irreducible component of V' is mapped by f into
an irreducible component and f is surjective, the mapping f permutes the
components of V.

Fix a component Vj, of V. Replacing, if necessary, the mapping f by its
suitable iterate, we may assume that f(Vy) C Vi. Since f is bijective and
(Vi) CUju Vj for i # k, we see that Vi, \ f(Vi) C ;. V; and the same
holds for any iterate of f.

By Lemma 3.1 the function f~!|V} is w-holomorphic on Vj. Therefore
the mapping f~! is w-holomorphic on V. m
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Proof of Theorem 1. Assume that X is a quasi-projective alge-
braic set and f : X — X is a holomorphic bijection. Then, by Lemma 3.2,
the mapping f~! is w-holomorphic on X.

Denote by S, the singular set of the w-holomorphic mapping f~%, for v =
1,2,... Of course S, C S,4+1 and f(S,) C S,+1. By Theorem 2, the sequence
(S, )ven is stationary, i.e. S, = S for v > vy with S algebraic and f(S) C S.

Let V' be an irreducible component of .S. Without loss of generality we
may assume that f(V) C V. Let D be a universal denominator on X (see
[L]) and let, for any positive integer v,

I, = {D . (hO f_y) S OXJ/ :he OXJ/}.

These are ideals in the ring Ox v and I, C I,41. By Proposition 2.1 there
exists ng > vp such that I,, = I,,, for n > ny.

Choose an affine part X C C4 of the set X in the manner that X con-
tains a dense subset of V. Then, if 21,..., 24 are the coordinate functions
on X, we have

D-(ziof72)=D-(hio f~")
for some hy,...,hq € Ox y.

Hence we get z; o f~" = h;. This means that the mapping f~"° is
holomorphic at the generic point of V. Therefore the set V is empty and
f~': X — X is a holomorphic mapping. =
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