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Borel resummation of formal solutions
to nonlinear Laplace equations in 2 variables

by M. E. PL1$ (Krakéw) and (Warszawa)

Abstract. We consider a nonlinear Laplace equation Au = f(z,u) in two variables.
Following the methods of B. Braaksma [Br] and J. Ecalle used for some nonlinear ordinary
differential equations we construct first a formal power series solution and then we prove
the convergence of the series in the same class as the function f in x.

0. Introduction. We consider a nonlinear Laplace equation of the form

0? 0?

1 Au=|=—=5+ == |Ju= f(z,u

0 (52 + 50z Ju=flo)

where z = (z1,72) € R% First we are going to construct a formal power
series solution of (1) and then prove that every such solution is of the same
class as the function f in x. Similar results for some nonlinear ordinary
differential equations were proved by Braaksma [Br], following the ideas of
J. Ecalle.

We denote by L the image Qf the positive quadrant Ri = R4 xR, under
the unitary matrix % ( ;z ifz)

DEFINITION 1 ([Ziel]). A function F of the variable z = (21, 29) € C? is
said to be Laplace holomorphic on L if F' is holomorphic on some polydisk
centered at (0,0) € C?, can be holomorphically continued to some sectorial
neighbourhood S = S; x Sy of L with vertex (0,0), and is of exponential
growth on S, i.e. for every closed subsector S’ = 5] x S5 C S there exist
constants ¢ = (¢1,c2) and C such that for z € ',

(2) (21, 2)] < Ceerlzilteslzal,

DEFINITION 2. A function f of the variable z = (z1,z2) € R? is said to
be a 1-sum of a formal power series
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1

fo) = 3 s

/\

if there exists a Laplace holomorphic function F on L such that
f(z) = S e *F(z)dz
L

and

oo
o gkl . k . 1
F(Z) = Z m(Zl — 222) (22 — 221)
k,1=0
near zero. In that case we say that f is 1-resummable.
In this paper we assume that f(z,u) on the right hand side of (1) is the
1-sum in z of a formal power series

1
;l:ogkl (w1 + i)+ (imy + )1+

with coefficients g;(u) holomorphic for every (k,l) € N2, on some fixed
neighbourhood U of zero in C, and gx;(0) = 0.
Therefore, if we write
[ee]

o0
R 1
pr— j
f(z,u) . (Z kY ) (z1 + iwo) 1 (i + o)1

oo o0 1
=2\ 2 e ul
(x1 + iwe )R+ iy 4 x9)lHT

j=1 k,l=0

x>
Ju

.

.

then we can write f(z,u) = Z;il c¢j(x)u? where cj(x) is the 1-sum of the
formal series

. 1

k;o (@1 + i) *H1 (dy + 22) 1

and f is holomorphic in u on U. Hence, we have c;(z) = |, e **T}(z) dz for
some Laplace holomorphic functions ;. Moreover, T; are holomorphic on
the same sector S for all j, and the constants ¢ and C in (2) are independent
of j.

THEOREM. If T;(0) # 0, then there exists a family of 1-resummable
solutions of equation (1) of the form

i 1
— 331 + ZIL'Q V1+1 (le + $2)V2+1 :
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This means that
(3) u(z) = | e™*T(2) dz
L

with T being a Laplace holomorphic function on L. Moreover, every formal
solution u of (1) of the above form is 1-resummable.

The proof will be divided into three parts.

1. Convolution equation. Applying A to u in the form (3) we arrive
at the complex symbol of A as the complex polynomial

1+ 1—1 1—2 1414
P(zl,zg):zf+z§:<\/§zl+ﬂ22><\/§21+\/§22>.

In the new variables
¢ 1412 +1—z’ C 1—34 +1+z’
= —2 —27 = —2Z _—
Y T T Y TN

P becomes the polynomial ﬁ((l, (2) = (31 - (2, and after changing variables
on the left hand side of (1) we get

Au(xy, z9) = (P21, 22)T)[e “171 7 ¥2%2]

= (15(41,Cg)f)[e*xl(%41+;—j§<2)7mz(%cl+21:/;;42)]

22,

_ (B(¢1, &) T)[e” AT im0 -G m i)

So we are looking for a solution

u(y1,y2) = f[e*ylﬁlnyCQ] — u<

1—14 +1+z’ 1414 +1—z’ >
x x2, x x

2v27 ' 2v2 U222

of the convolution equation

(4) (6T = f'T

where f *T = Z;’il fj « T* with T* denoting the jth convolution power

of T,ie. T* =T ..« T (j times). From now on we write 7" instead of 7.
We can assume that 77(0) = 1, for otherwise we modify slightly the

change of variables after dividing equation (1) by T7(0).

Since our existence proof for the solution of (4) essentially follows that
of Braaksma [Br|, we shall consider T" having the formal expansion

(5) =" dultc
k,1=0

with P = ¢?/I'(p + 1). Then due to the convolution formula
L Ok = it
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we find
m m
Fr = Z Z Chms Gl G5 ( Z diiC CQ)

]:1 ml,mzzo k)l 0
o0 o0 0o

= (mame Tvi4Hri+i—1

_Z Z mim,61 G2 T ¥ Z dyl...deC1 j
j=1mi,m2=0 vi+...4v;=0

o

§ C] d, d, Zm+V1+---+Vj+j
1y

1m+vi+...+v;=0

M1

J
k41

<Z > .d,, ...d,,j)gkﬂ

0 J=lm4vi+..4vj=k+1-j

p"qg

k

for k,m,v; € N3, j=(4,7), 1= (1,1), k = min{k, k2}.
Inserting this in (4) we find

E+1

(6) di(k+1) =) > Aody, ...dy,,

J=lm+tvi+.. +vj=k+1-]
since
¢-CP=(p+1)¢.
In particular, we can take dgg arbitrarily (since cby = 1), d1o = cg1doo, do1
= ¢§1doo,
20 = chodoo + clodio,  2do2 = chadoo + i dot,
3d11 = ¢} doo + ciodor + chydio + caodoos - - -
We are going to prove that T' defined formally by (5) with coefficients d,,

satisfying the recurrence (6) is a holomorphic function of exponential growth
in some sector S.

Before starting the resummation proof for the expansion (5), we consider
the resummation problem with respect to one variable. Therefore, let us
write (5) in the form

T= Z le(Cl)ZQ
k=0

where T (¢1) = Z?io dipCl.
In a way similar to that of deriving (6), we find that T satisfy the
convolution equation
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k+1

G+ DT =Y > T3, % Thyy * ... % Ty,
j=lm4uvi+.. . 4vj=k+1—j

for k,m,v; € Ny, where T}, = ZZOZO c{,me. For k = 0 this gives

(7) G1Tho =Ty * Tho,
which is equivalent to the equation

d
(7) b= co(t)uo,

: : _1-i 144
in the variable t = 5301 + VAL

For kK =1 we get
20Ty =Ty * T + T}« Tho + Ty + Ty
or equivalently
d
ZEUI = cp(t)uy + 1 (H)ug + 3 (t) (uo)?.

We easily see that the jth equation is linear in u; with ug,...,u;_1
regarded as coefficients. Since the solutions of linear equations with re-
summable coefficients are resummable themselves (cf. [Br], [Ziel]), we see
that all T} are Laplace holomorphic functions. The same is also true for

Ti2(¢2) = Z dzjfé-
=0

Now we pass to the proof of the convergence of the formal series (5) with
d, satisfying (6). Since the series (5) satisfies (4), for a fixed N € Ny the
series

oo
Ty= Y d;(GG=T-Sy
lj=N+1
satisfies the equation

GGTn =GN (¢ Ty) = ZZ <}1>ij « TR S;kv(]_k) —(1G2SN

j=1k=0
- < 3 <]>T] x sjéj’“)) * THF — C1GS.
k=0 ® j=k k
j=>1
We write
(8) GN(C) =D gr(Q) +v*
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where gy = Z;il T; % Sy — (1¢2SN, and g = Z;’ik (i)T] * S]*V(]_k) for
k > 0. The series g are convergent near (0,0) due to the remarks about
the resummation problem with respect to one variable and the fact that the
series > 07 pa (1 )T (Q)u?~F is convergent near 0. Moreover, we can see that for
every subsector S’ C S there exist K and ¢ = (1, ¢2) such that for ¢ € S,

) 190(0)] < K| G|V G VL ec Gl +ealCal,
19x(Q)] < KealGlrelGl for k> 1.

For p = (p1,p2), pi > 0, s = (s1,82) € R? we denote by W,(p) the
space of functions v holomorphic in the polydisc {|(1| < p1,|(2| < p2} and
such that

[¥]lsp = sup [C°9(¢)| < o0
|| <pi
Observe that for ¢ € {|(;| <p;} and 51 > —1, 59 > —1,

*m (81 + 1)mF(S2 + 1)m
(10) 9O < I B o T T Foato 5T
% ‘Cl‘m(lerl)fl‘CQ‘m(SQJrl)fl'

Therefore by the properties of the I'-function the function (8) makes sense
for 1p € Ws(p) if s is large enough.
Consider the operator

’i

(1) RO = 2006 + 2l + ) #3 2lom O,

Denoting the summands by Rgv, Rj,¢ and Qv respectively, for ¢ €
Wx_1(p) and ¢ € {|;| < pi, i = 1,2} we get the estimates

(R (O] < KIG VG Y,

2
[Rintb ()] < Kl v—1,pG N GV <F<7N>)>

(N +1
K _
:W”QM‘N 10 GN T

vc |<K<Z e A [T

Set M = Hzgg HN_l . If ||¢||n=1,p < 2M then by choosing p small and
N large we may have (by (12))

IQ¥lln-—1p < 3M and [|Runy| < 3M.
Therefore the operator R acts in the space
By-1p={¢ € Wn_1(p) : [¥lln-1, < 2M}.
Observe that for 1,9 4+ x € By_1,, we have
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> (M)

=1

(¢ +2)"(C) =™ ()] =

m

T'(N 2m
<3 (7 ) IR Il s gl

=1

v
F((m])\f) Q™ 12( >H¢HN allxlliv 1

S

~

We have
Z( )uwuN Ll < Il Z( ) (200" (41)!
=1
v (610"
< 8 P OM - AMY = _
< i s gy = O,

since [|x|| < [|9 + x|l + [[¥|| < 4M. Hence

6400 = 5™ (O] = T v ™

and

§<gm F (1 +X0)™ — 0"™)(0)

2\m
= % <%\Cl€2\(m_lw_l> GG XN 10

From this and from (12), we derive that

IR(% +x) = RY[In-1,p < [Rin¥lIN-1, + Q¥ + x) — Q¥
< 5loln-1p + K'lIxXlIv-15 < SlIXlIN-1p
provided p is small enough. Therefore, for p small and N large, the operator

R is a contraction on By_; ,. Hence we get a unique function ¢ solving
the nonlinear convolution equation

(13) GGn =GN (¢ UN), YN € Bno1p

From the construction of GV it follows that for every N (sufficiently
large) the function ¢ + Sy satisfies the equation (4), hence the kth Taylor
coefficient of ¥ (at 0) must satisfy (6) (for k; > N + 1), so T defined
formally by (5) and (6) converges on {|(;| < p;}.

2. Analytic continuation of solutions. Define S(r)={(eC:|¢|<r}
N S1 (see Introduction) and let p be such that the solution ¥y of (13) is
holomorphic in the interior of S?(p) = S(p) x S(p). We shall extend this
solution to a unique solution on some complex neighbourhood of R%r.
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Choose d,p1 € Ry, § < p1 < p. Define
So = S(p1) x S(p),
Sy ={CeC?: (&1 —p1,¢) € 5(8) x S(p) or &1 =p1},
St =SyuUS,.
Then So N S+ = {p1} x S(p).
Let Wy denote the space of functions on S* which are continuous on

S1\ (Sp N Sy) and analytic in its interior. Next define ¢» € Wy by setting
¥ =1Yn on Sy and ¥ =0 on S;. Introduce the space

V_1(8) = {¢ € C°(54) N O(intS, ) : sup 165 V1 6(¢)] < o0}

For ¢ € Viy_1(0) define ¢g € Wy by extending ¢ by zero on Sy. Then
(b0 *00)(C) = | do(¢—7)do(7)dy =0
c(¢)
where C(() =C((1) xC(¢2), C(¢;) is a path from 0 to ¢;. Hence also ¢§™ =0
for m > 2. Clearly, zz*m = Yy on Sy for all m. Therefore ({/;—i— P)m =
D D) k.
Consequently, for G(¢, 1) = GN (¢, ) given by (8) we have

G(C, 9 + o) = G(C,¥) + (B * ¢o)(C)  where
O+ D mlgm + 0" )(Q).

m=2

Thus the equation
C(t + ¢o) = G(C, ¥ + do)

gives rise to a linear convolution equation

(14) $o =X+ C(B*<250)(C)

for ¢o € Vv—1(6), with x(¢) = % G(¢, ) — .
For ( € S; and ¢ € Vy_1(9) we have

— N1, G2 — 12)0(n1,m2) diy dno

D{,ﬂf\'

L]

|

N =

—P1
[ S (G =p1 =71, G—n2)o(n +P1,772)d71] dna

T

fme
i

C2 ¢1—p

< ol § [ 1 Bira -] iy
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with [|¢f| -1 = supces, 1Co N T (¢)|. Now, from the definition of B, we see
that for 7 € S(9) x S(p),

= m— L(N)2m=D) m—
|B(1)| < C(l + ;QWLH?ﬁNHN}’pWGTH . |7'2|)( 1)N> < M.

Thus for ¢ € S (and consequently for |(1| > p1) we have

LB 00O < Klollv—i|e) Y with K = 1

Hence if we take § < Np; /M, then the operator ¢ — %B*¢0 is a contraction

M6

in the space Vy_1(0). Thus there exists a unique solution ¢ € Vy_1(0)
satisfying (14). Hence ¢ = vy on the interior of S?(p) NS, and it is clear
that ¢ extends ¥n to Sy.

A repeated application of this procedure yields an extension of ¥y to
some region U x S(p), where U is a sectorial neighbourhood of R in C.
By interchanging variables and proceeding by the same method we get an
extension of ¥y to some region S(p) x V with V' being a sectorial neigh-
bourhood of Ry in C. Finally, in the same way we obtain an extension of
1N to some sector U x V.

3. Exponential estimation. It follows from the results on analytic
continuation of the solution of (13) that there exists a function 1), holomor-
phic in some sector S containing Ri, satisfying (13) and such that (=N +1y
is locally bounded. We shall prove a global exponential estimate: for every
closed subsector S’ C S,

[U(C1, G2)| < K](Nflyecl\Cl\Jch\gz\

for ¢ € S’, with appropriate constants K and c1,ce. The proof is again a
two-dimensional variant of the reasoning given in [Br].
For p > 0 define

M(p) = SUP{|CfN+1¢(C1,§2)| :0< |G <1, |Gl =p, ¢S5}

It follows from the local estimates for ¢ that M (p) makes sense for each
fixed p > 0. Then for 0 < |(1| < 1, |G| =p, C €5,

(¢, G < M(p)IGY T,
and as in (10),
I'(N)™  (m—1)N—
5l < 37 0) (s 6l
Then, by (9), we find that for any ¢ > ca,
1

Z(gm *)(C)

< Ke®P s g™ M*™ (p)| G [V
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where ¢ is a sufficiently small constant such that

(o

1/m
|C§m1)N1|> <q formeN.
Therefore we have for 0 < |(1] < 1, |2 =p, (€5,

(Ol = [RY(Q)] < KGN et + K Y (7 5 Y ¢ ™ (7))

m=1

and for all p > 0,

(15) TN < Kefor + K (75 Y g M ™ (p)).

m=1
Denoting the right hand side of (15) by SM we get M(p) < SM(p) for
p > 0.
Consider the equation

(16) N(p) = SN(p).

Under the Laplace transformation

v(s) = LN(s) = S e P*N(p)dp
0

equation (16) becomes

K K & K 1
v(s) = —=—+—= > (qu(s))" = —-
s—C s—C “— s—=¢y 1—qu(s)
or equivalently
K
qu? — v+ — = 0.
S — Co

This equation has a unique solution analytic in 1/s at infinity, of the form
K & b
v(s) = 5 + ; pES) for s large enough

with coefficients b; € R. Hence

is a solution of (16) real-valued for p > 0 and of exponential growth: N(p) <

Kef2P with some K < oo.
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Since M(0) = 0 and N(0) = K > 0, and therefore M(p) <
=

follows from the definition of M that for ¢ € S'N{|¢]| <1, |2

(17) (O] < K(IGi] - 62N ezl
By the same method we get for ¢ € S’ N{|¢1| > 1,|¢2| < 1},

(17) (O] < K(IG1] - [ca)N et Ial,

Now we pass to the global estimate on S’. By (9) we get for ¢; > ¢;
(1=1,2),

c1|Cr]+e2]¢z] efrlGilteaCal *m
B

Using this for [(;| > 1, |(2| > 1, since ) = Ry, we get

(G, @)l < B (1D 4 e@l6h s 3™ ()
m=1

N(p), it
}

As above, under the two-dimensional Laplace transformation we are led
to considering the equation

K 1
(81 —C_l)(SQ —52) 1 —’U(Sl,SQ)
with v = L1). Again we prove that it has a solution v analytic in (1/s1,1/s2)
at infinity, so v satisfies the exponential growth condition.

v(s1,82) =
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