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1. Introduction and the main results. Throughout the paper K
denotes a fixed algebraically closed field. By an algebra we mean an asso-
ciative finite-dimensional K-algebra with an identity, and by an A-module a
finite-dimensional (unital) right A-module. We shall denote by modA the
category of A-modules, by I'4 the Auslander—Reiten quiver of A, and by 74
the Auslander—Reiten translation D Tr in 4.

For an algebra A with basis a; = 1,...,a,, we have the structure con-
stants c;;, defined by a;a; = > cijrar. The affine variety moda(d) of
d-dimensional A-modules consists of n-tuples m = (mq,...,m,) of

d X d-matrices with coefficients in K such that my is the identity matrix
and m;m; = Y myc;jr holds for all indices ¢ and j. The general linear
group Gly(K) acts on mod 4(d) by conjugation, and the orbits correspond
to the isomorphism classes of d-dimensional modules (see [15]). We identify
a d-dimensional A-module M with the point of mod4(d) corresponding to
it. We denote by O(M) the Glg(K)-orbit of a module M in mod4(d). Then
one says that a module N in mod 4(d) is a degeneration of a module M in
mod(d) if N belongs to the Zariski closure O(M) of O(M) in mod4(d),
and we denote this fact by M <qeg N. Thus <qeg is a partial order on the
set, of isomorphism classes of A-modules of a given dimension. It is not clear
how to characterize <4 in terms of representation theory.

There has been important work by S. Abeasis and A. del Fra [1], K. Bon-
gartz [11]-[13], and Ch. Riedtmann [18] connecting <ge; with other partial
orders <ext, <virt and < on the isomorphism classes in mod 4(d). They are
defined in terms of representation theory as follows:

o M <. N :& there are modules M;, U;, V; and short exact sequences
0—U; - M; — V; — 0in mod A such that M = My, M;+, = U; &V,
1<i<s,and N = Mg for some natural number s.

o M < iyt N:&M®X <g4eg N ®X for some A-module X.
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o M < N :& [X,M] <[X,N] holds for all modules X.

Here and later on we abbreviate dimx Hom 4 (X,Y") by [X,Y]. Then for
modules M and N in mod(d) the following implications hold:

MSextNéMSdegNﬁMgvirtNiMSN

(see [11], [18]). Unfortunately the reverse implications are not true in gen-
eral, and it would be interesting to find out when they are. This is the case
for representations of Dynkin quivers and Kronecker modules [11]. Tt was
shown recently in [13] that <4, and < coincide for representations of ex-
tended Dynkin quivers. For a module M in mod A, we shall denote by [M]
the image of M in the Grothendieck group Ko(A) of A. Thus [M] = [N] if
and only if M and N have the same simple composition factors including
the multiplicities. Observe that, if M and N have the same dimension and
M < N, then [M] = [N].

We are interested in degenerations of modules whose indecomposable
direct summands belong to a connected component C of the Auslander—
Reiten quiver I'y of an algebra A. Namely, we may ask when M <4os N
for M and N from the additive category add(C) of C with [M] = [N].
Then the following partial order on the isomorphism classes in add(C) occurs
naturally [25]:

o M <¢ N :& [X,M] <[X,N] for all modules X in add(C).

Clearly, for M and N in add(C), M < N implies M < N.

In the representation theory of algebras an important role is played by
generalized standard Auslander—Reiten components. Recall that following
A. Skowronski [22] a connected component C in I'4 is called generalized stan-
dard if rad™ (X,Y’) = 0 for all modules X and Y from C, where rad™ (X,Y)
denotes the intersection of all powers radi(X ,Y), i@ > 1, of the radical
rad(X,Y’). The Auslander—Reiten quiver I'4 of any algebra A of finite rep-
resentation type is generalized standard. Examples of infinite generalized
standard components are the preprojective components, preinjective com-
ponents, the connected components of tilted algebras, and tubes over tame
tilted algebras and tubular algebras (see [19]). It was shown in [20] that
any generalized standard component without oriented cycles is a glueing
of finitely many preprojective and preinjective components. The structure
of arbitrary generalized standard components is not known. In general we
know only by [22] that if C is a generalized standard component in I'4, then
all but finitely many 74-orbits in C are periodic. It is known that <. and
< coincide in the case when I is preprojective (preinjective) [11] or a gen-
eralized standard quasi-tube [25]. Moreover, there are generalized standard
components (see [18], [25]) for which <y and <geg do not coincide. But
the question whether M <y N implies M <gez IN for M and N from the
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additive category of a generalized standard component I is still an open
problem. The situation is not even clear in the case of finite representation
type, although it is known that then the orders < and <,; coincide [18].
Our first main result is as follows.

THEOREM 1. Let A be an algebra, I' a generalized standard component
in I'a, and M, N modules in add(I") with [M] = [N]. Then M <yix N if
and only if M <p N.

In the study of simply connected algebras of polynomial growth, a nat-
ural generalization of the notion of a tube appeared, called a coil, and then
a more general concept of a multicoil, which is a glueing of a finite number
of coils by directed parts (see [3], [4], [5]). By abuse of language we consider
a directed Auslander—Reiten component as a (trivial) multicoil. One of the
important results proved in [24] (see also [23]) says that a strongly simply
connected algebra A is of polynomial growth if and only if every compo-
nent of I'4 is a generalized standard multicoil. Our second main result is as
follows.

THEOREM 2. Let A be an algebra, I' a generalized standard multicoil in
I'y, and M, N modules in add(I") with [M] = [N]. Then M <4qeg N if and
only if M <p N.

The paper is organized as follows. In Section 2 we fix the notation,
recall the relevant definitions and facts, and prove some preliminary results
on modules which we apply in our investigations. Section 3 is devoted to the
shape of arbitrary generalized standard components. In Section 4 we prove
some results concerning dimension functions on the generalized standard
components, playing a fundamental role in the proofs of our main results.
Sections 5 and 6 are devoted to the proofs of Theorems 1 and 2, respectively.

For basic background on the topics considered here we refer to [4], [5],
[8], [11], [19], [21], [22]. Main results of the paper were announced at the
Conference on “Tame Algebras and Deformations” in Luminy (18-22 March

1996).

The author would like to Andrzej Skowroriski for inspiration, comments
and helpful suggestions during the preparation of the paper.

2. Preliminary results

2.1. Throughout the paper A denotes a fixed finite-dimensional asso-
ciative K-algebra with an identity over an algebraically closed field K. We
denote by mod A the category of finite-dimensional right A-modules, by
ind A the full subcategory of mod A formed by indecomposable modules, by
rad(mod A) the Jacobson radical of mod A, and by rad™ (mod A) the inter-
section of all powers rad’(mod A), i > 1, of rad(mod A). By an A-module
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we mean an object from mod A. Further, we denote by I'4 the Auslander—
Reiten quiver of A and by 7 = 74 and 7= = 7, the Auslander-Reiten
translations D Tr and Tr D, respectively. We identify the vertices of I’y
with the corresponding indecomposable modules. For M in mod A we de-
note by [M] the image of M in the Grothendieck group Ky(A). Further, for
X, Y from mod A we abbreviate dimx Hom 4 (X,Y) by [X,Y]. For a family
F of A-modules, we denote by add(F) the additive category given by F,
that is, the full subcategory of mod A formed by all modules isomorphic to
the direct sums of modules from F. Finally, for a quiver I', we denote by
(I")o the set of all vertices of I'.

2.2. Following [18], for M, N from mod A, we set M < N if and
only if [X, M] < [X, N] for all A-modules X. The fact that < is a partial
order on the isomorphism classes of A-modules follows from a result by
M. Auslander (see [6], [10]). M. Auslander and I. Reiten have shown in
[7] that, if [M] = [N], then for all nonprojective A-modules X and all
noninjective modules Y the following formulas hold:

[X,M] - [M,7X]=[X,N]— [N, 7X],
[M,Y]~ ["Y,M] = [N,Y] - [r"Y,N].
Hence, if [M] = [N], then M < N if and only if [M, X] < [N, X] for all
A-modules X.
2.3. Let M and N be A-modules with [M] = [N] and
Y: 0-D—-FE—F—0

an exact sequence in mod A. Following [18] we define the additive functions
om,N, Oy s> O and 0% on A-modules X as follows:
O (X) = [N, X] = [M, X], 0y n(X) = [X,N] - [X, M],
0x(X) =dp,per(X) =[D® F,X] - [E,X],
05(X) = 0, por(X) = [X, D& F] - [X, E].
From the Auslander—Reiten formulas (2.2) we get the following very useful

equalities:
om,N(X) =0y n(TX), S n(TX) = 0y n(X)

0p(X) =05(r"X), Oo(rX)=d5(X)

for all A-modules X. Observe also that dy; n(I) = 0 for any injective
A-module I, and 6}, x(P) = 0 for any projective A-module P. In particular,
we see that the following conditions are equivalent:

(1) M <N,
(2) op,n(X) >0 forall X €ind A,
(3) 0y n(X) >0 for all X € ind A.

and
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2.4. For an A-module M and an indecomposable A-module Z, we denote
by (M, Z) the multiplicity of Z as a direct summand of M. For a noninjec-
tive indecomposable A-module U we denote by X'(U) an Auslander—Reiten
sequence

YWU): 0-U—-EU)—71U=0.
We need the following lemmas.

LEMMA 2.5. Let M, N be A-modules with [M] = [N] and U an indecom-
posable A-module. Then

(i) If U is noninjective, then dxry(M) = u(M,U) and
BN U) = 5(M, U) = 83y (U) = Sy (BU)) + 83y (70,
(ii) If U is injective, then [U, M] — [U/soc(U), M| = pu(M,U) and
H(N,U) = 0(M, U) = 83y (U) = 8y (U 500(0)
(iii) If U is nonprojective, then 5’2(TU)(M) = pu(M,U) and
p(N,U) = (M, U) =0, Nn(U) =S n (E(TU)) + o n (TU).
(iv) If U is projective, then [M,U] — [M,rad U] = u(M,U) and
p(N,U) = (M, U) = 5y n(U) — dpr,nv(rad U).

Proof. (i) The Auslander—Reiten sequence X(U) induces an exact se-
quence

0 — Homyu (77U, M) — Homa (E(U), M) — rad(U, M) — 0,
and hence we get
oxw)(M)=[Uas T U M| -[EU), M|
= [U, M| — dimg rad(U, M) = u(M,U).
Similarly we have
[U®t U N|—-[EU),N]=u(N,U)
and consequently
W(N,U) = u(M, U)
=(Uer UN|-[Usr U M| —([EU),N]-[EU),M])
= Shy (U) = By (BU)) + 3y (70,
(ii) Since Hom 4 (U/soc(U), M) ~ rad(U, M) as K-vector spaces, we have
[U, M] — [U/soc(U), M] = u(M,U).
Similarly we have
U, N] - [U/soc(U), N] = (N, U)

and consequently
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:u(Nv U) - ”(Mv U)
= ([U, N] = [U, M]) = ([U/s0c(U), N] = [U/soc(U), M])
= 0y, n(U) = 0pg, v (U/s0c(V)).

We obtain (iii) and (iv) by duality.

LEMMA 2.6. Let I' be a generalized standard component of I'a, M and N
be two modules in add(I") with [M] = [N] and assume that there are modules
Ui, Vi in I for all i > 1 such that all V; are pairwise nonisomorphic. Then

(i) If there exists in I' a sectional path Vi — Vo — V3 — ... and meshes
Ui
Vi Uit
Viga
for alli > 1, then
Vi, M] = [U, M] =) u(M, V)
i>1

and
She v (Vi) = Oy (U1) = D (n(N, Vi) — u(M, Vi)
i>1
(ii) If there exists in I" a sectional path ... — V3 — Vo — Vi and meshes
Ui

/ N\

UZ'+1 V;

Vi
for alli > 1, then
(M, V] = [M,U1] = Y (M, V;)
1>1
and
Sarn (Vi) = Sar, v (U1) = D (n(N, Vi) — u(M, V7).
i>1
Proof. (i) By assumption there are irreducible maps hy : V43 — U;
and f; : V;—V;4q for all ¢>1. By induction we define irreducible maps
gi : Ui—U;;1 and h;y 1 @ Vip1—U;q for all i> 1 as follows. Assume that
a map h; : V; — U; is defined for some ¢ > 1. Then [ ] Vi—oVigieU
is a left minimal almost split morphism. Thus there exist irreducible maps
hit1: Vizr — Uiyq and g; : U; — U4 such that [hi11,—gi] 0 [ ] =0, so
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gih; = h;y1 f;. Hence we have maps f;, g;, h; such that g;h; = h;11 f; for all
1>>1. Since I is generalized standard, for all indecomposable modules X and
Y in I', any nonzero morphism in rad(X,Y’) is a linear combination of the
composites of irreducible morphisms between indecomposable modules in I
Clearly, in order to prove the formula [Vi, M] — [Ui, M] = >, p(M,V5),
we may assume that M is an indecomposable module in I'. First, observe
that the induced map Homa(hy, M) : Homa (U, M) — Homa(Vi, M) is
a monomorphism. Indeed, take a nonzero map w in Homy (Uy, M). Then
there exists r > 0 such that w € rad” (U, M)\rad"t* (U, M). Applying now
the dual of Corollary 1.6 in [16] we see that hy : V4 — Uj is of infinite right
degree, and consequently why € rad”"(Vy, M) \ rad"t?*(Vi, M). In partic-
ular, why # 0 and we are done. Further, we know that any irreducible map
V; — W with W indecomposable is of the form a.f; + ¢, ¢ € radQ(Vi, Vi1),
or ah; + 1, ¥ € rad*(V;,U;), for some 0 # o € K. Hence, if M # V;,
for any ¢ > 1, then using the equalities g;h; = h;11f; we see that the map
Hom 4 (hy, M) is an isomorphism. Then

Vi, M] = [0, M] =0 =) u(M,V3).
i>1
Assume M = V; for some j > 1. Then we get
Homu (Vi, M) =imHomy(hi, M)+ Kf;j_1... f1

where, in case j = 1, fq is the identity map V3 — Vi. Moreover, by [9],
fj—1... f1 does not belong to im Hom 4 (hy, M), because 7= V; = U; 41 % Vito
for any ¢ > 1. Therefore, we get
Vi, M) = [Uy, M] =1 = u(M,V;) = > (M, V3)
i>1

because the modules Vi, Vs, ... are pairwise nonisomorphic. Moreover, we

have
O, v (Vi) — 3 n(U1) = ([Vi, N] = [Uy, N]) — ([V1, M] — [Uy1, M])

= > u(N,V;) =y p(M,V;)

i>1 i>1
= > (u( (M, V;)).
i>1

The proof of (ii) is dual.

2.7. Let I" be a connected component of I'4. For modules M and N in
add(I") we set

M <p N & [X,M] < [X, N] for all modules X € add(I").

Clearly, M<N implies M<p N. By [25], <p is a partial order on the iso-
morphism classes of modules in add(I") having the same dimension vectors.
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COROLLARY. Let M and N be two modules in add(I") such that [M] =
[N]. Then M ~ N if and only if M <p N and N <p M.

Moreover, if M and N belong to add(I") and [M] = [N] then the follow-
ing conditions are equivalent (see (2.3)):

(1) M <p N.
(2) o, N (X) > 0 for all modules X in I.
(3) 8 N (X) >0 for all modules X in I'.

2.8. Following I. Assem and A. Skowroniski ([3], [4]) a translation quiver
C is said to be a coil if there exists a sequence of translation quivers Iy, I, ...
.., I'ym = C such that I} is a stable tube and, for each 0 < i < m, ;41 is
obtained from I; by an admissible operation of type (ad 1), (ad 1*), (ad 2),
(ad 2%), (ad 3) or (ad 3*). A coil C is said to be proper [4, (3.3)] if each of
its vertices belongs to an oriented cycle in C. Finally, a translation quiver
I' is said to be a multicoil if I" contains a full translation subquiver I'" such
that I'” is a disjoint union of (proper) coils and no vertex in I" \ I'" belongs
to an oriented cycle of I'. For more details on coils and multicoils we refer
the reader to [4].
We end this section with the following lemma.

LEMMA 2.9. Let C be a proper coil. Then there exist in C pairwise dif-
ferent vertices U;, i > 1, and pairwise different vertices Vj, j > 0, such that
any oriented cycle in C contains some vertex U;, and one of the following
conditions is satisfied:

(i) In C there are meshes

V() Ul / \4
\ / and 'V, Uiv1  fori>1.
/

Vi AN

Viga
(ii) In C there are meshes
Ui
Vo / N\
\ / and  U;yq Vi  fori>1.
Vi
Vi

Proof. First, we prove the existence of modules U; and V; satisfying
one of the conditions (i) or (ii). If C is a stable tube, Uy — Uy — Us — ...
an infinite sectional path in C with U, lying on the mouth, and V; = 77U, 11
for all j > 0, then clearly the condition (i) is satisfied. Assume that C is not
a stable tube. Then C is obtained from a coil C’ by an admissible operation.
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Assume that this operation is one of the types (ad 1), (ad 2) or (ad 3). Then
C admits a full translation subquiver of the form

X! T X!
N SN
ot1 T X1
NN
s+2 .

where s = 0 or X, is injective (see [4]). Then, for U; = 77X, |, > 1,
and V; = X, j > 0, the condition (i) is satisfied. Dually, if C is obtained
from C’ by an admissible operation of type (ad 1*), (ad 2*) or (ad 3*), then
there are U; and Vj satisfying (ii). Assume now that we have in C vertices
Ui, i > 1, and Vj, j > 0, satisfying (i). We claim that any oriented cycle
in C contains at least one vertex U;. First, observe that for each vertex X
in C, there exists exactly one infinite sectional path in C with source X.

Moreover, if two infinite sectional paths
X=X —-X9—>X3—... and Y =Y1—->Y,—>Y;— ...

have a common vertex X = Z =Y}, then Xy1; = Y;4; for any ¢ > 1. If
this is the case, we say that X is equivalent to Y. This divides the set of
all vertices of C into (disjoint) equivalence classes A, As, ..., A,. We may
assume that, for each 1 < ¢ < p, any arrow in C with source in A; has a
target in A; or A;41 (where A,11 = A;y). Observe then that each oriented
cycle in C has at least one vertex from any set Ag, 1 < k < p. Moreover, by
the property (i), if it contains a vertex from the set Ay containing Uy, then
it contains a vertex U;, for some 7 > 1. This shows our claim. The proof is
similar if the modules U; and V; satisfy the condition (ii).

3. Shape of generalized standard components

3.1. We shall recall some definitions introduced in [17]. Let (I',7) be a
translation quiver. A vertex x of I is said to be left stable if 7™x is defined
for all n > 0, right stable if 7"X is defined for all n < 0, and stable if it
is both left and right stable. We denote by ;I" (I, sI") a full translation
subquiver of I consisting all left stable (respectively, right stable, stable)
vertices of I". The connected components of ;I" (I, sI") are called left stable
(respectively, right stable, stable) components of I

A connected full subquiver A of I" is said to be a section in I" if it has
the following properties:

(S1) There is no oriented cycle in A.
(S2) The subquiver A meets each 7-orbit in I" exactly once.
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(S3) Each path in I" with end-points in A lies completely in A.

Observe that for any section A in I and an integer n, if 770 is defined
for all 6 € A, then the quiver 7" A, with the set of vertices (77" A)y = {776 :
0 € Ao} and arrows 7"z — 7"y for all arrows z — y in A, is also a section
in I

Let A be a section in I'. If A consists of left stable vertices, then we
denote by L£(A) the full subquiver of I" with the set of vertices

LA =] A ={r"6:n>0, 6 € A}.
n>0
If A consists of right stable vertices, then we denote by R(A) the full sub-
quiver of I" with the set of vertices

R(A) = |J (" A)y ={r"0:n <0, 5 € A}.

n<0

Immediately from the above definition, the arrows in £(A) are of the form
™x — 1y, 7"ty — 77z for any n > 0 and arrows x — y in A. Dually,
the arrows in R(A) are of the form 7"z — 7"y, 7"y — 7" 1z for any n < 0
and arrows x — y in A.

A translation subquiver L(A) (R(A)) of I'is called a proper left part in I"
(respectively, a proper right part in I') if A is finite and the subquiver £(A)
(respectively, R(A)) is closed under predecessors (respectively, successors)
in I'. Of course, if £L(A) (R(A)) is a proper left (respectively, right) part in
I, then for any N > 0, £(tV A) (respectively, R(77V A)) is also a proper
left (respectively, right) part in I" and it is a cofinite subquiver of L(A)
(respectively, R(A)).

3.2. Let 7(X) be a translation quiver

«px./.\.wx
@2)(./ \oéx\olpzx
ex NSNS N\

with the set of vertices
T(X)o = {¢"/ X 14,5 > 0}
and arrows
O X - P X, PP X - X,
where T(pipI LX) = it X for all 4,7 > 0. For convenience we set
e YOX =o' X, PP X =PI X, "X = X.
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For p,q > 0 let T(X,p,q) be the quiver obtained from 7 (X) by iden-
tifying the vertices ¢**tPe/ X and ¢%)7T9X for all 4,5 > 0. Observe that
{7 X :i>0,0<j < q} is a complete set of pairwise different vertices in
T(X,p,q)-

ox /N
NG

® oYX

ex /o N
o/ N

71>‘0 @I X=pPX
N KT NS

A subquiver of a translation quiver I" is called a proper subtube if it is of
the form 7 (X, p,q) and for any 4,7 > 0 there is a mesh in I

I X
g0i+11/}jX s0721/}]’4-1)(

QOi+1Q/)j+1X
We can see that if 7 (X, p, q) is a proper subtube in I' and Y = ©*1)! X, then
T(Y,p,q) (where p'7Y = o tFpiT1X) is a cofinite subquiver of 7 (X, p, q)
and it is a proper subtube in I

LEMMA 3.3. Let I' be a connected component of I'a and I be a left
stable component in I" without T-periodic modules and consisting of finitely
many T-orbits. Then there exists a subquiver C of I'' such that C is a proper
left part or a proper subtube in I' and the following conditions are satisfied:

(i) For any Y in I'" there is an integer N such that ™Y belongs to C for
alln> N.

(ii) For any Y in I"" there is an integer N’ such that 7Y does not belong
to C for allm < N'.

Proof. Let Y be any module in I"”. Since Y,7Y,7%Y,... are pairwise
nonisomorphic and there are at most finitely many projective modules in
I, there is m > 0 such that for n > m the vertex 7"Y has no immediate
projective predecessor.

Now, let Z be an immediate predecessor of 7FY, for some k > 0, such
that Z does not belong to I''. Then Z is not left stable and consequently
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there is [ > 0 such that 7'Z # 0 is an immediate projective predecessor of
7Y . Thus k +1 < m, and so k < m. Hence, for n > m, the immediate
predecessors of 7Y belong to ™.

Let S be any complete set of representatives of the T-orbits in I”. Since
S is a finite set, there is N > 0 such that for all n > N and Z € S the
immediate predecessors of 7" Z belong to I".

Assume that I'” does not contain an oriented cycle. By [17, Theorem 3.4]
there exists a section A in I'V. By the condition (S2) in the definition of a
section, Ag is a complete set of representatives of T-orbits in I, so Ay is
finite. Thus there is N > 0 such that £(7" A) has no immediate predecessor
which does not belong to I"”. Since 7IVA is also a section in I, we may
assume that N = 0. Hence L£(A) is closed under predecessors in I'. This
implies that £(A) is a proper left part in I" and of course the conditions (i)
and (ii) are satisfied for C = L(A).

Assume now that I'"” contains an oriented cycle. By [17, Section 2] there
exists a sectional path in I'": ... — X1 — X — ... — X; and numbers
r > s > 0 such that {X;,..., X} is a complete set of representatives of
7-orbits in I and for alla > 0, 1 < b < s, Xgs4p = 7 Xy (s0 Xeys = 7" Xe
for all ¢ > 1) and I contains a full subquiver of the form

) FTTX::I/.\l.T/T_:X\; /.1\‘.4:1\‘.){/2.1
s+ / \.T/TLIX\ / \.{,

NN

where the vertices 7" X; and X, coincide for all ¢ > 1. By the remark at the
beginning of our proof, there exists IV > 0 such that for any n > N and 1 <
i < s the immediate predecessors of 7" X; belong to I'". Let Y; = 7V X; for
all¢ > 1. The sectional path ... — Y;41 — Y — ... — Y] satisfies the same
conditions as the sectional path ... — X117 — X — ... — X1, so without
loss of generality we may assume that N = 0. Let X = 7"X; = X 41,
p=r—s,q=r. Weset, fori,j >0, "X = 777X, 1. It is easy to
see that for 4,7 > 0 we have @' TPy7 X = )7 79X and therefore 7 (X, p,q)
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is a subquiver of I'"". Since {p!?X : i >0, 0 < j < ¢} is a complete set
of pairwise nonisomorphic modules of 7 (X, p, q), for any i,j > 0 there are
numbers k > 0, 0 < I < ¢ such that '/ X = !X = 771X}y Thus
T(X,p,q)o C{m"X;: n>0, 1<i<s}. By the above remarks, ‘)71 X
has no immediate predecessors which do not belong to I'”. This implies that
for any 4,7 > 0 we have in I" a mesh

JA

N\

i X X

g0i+1¢j+1X
and 7 (X,p,q) is a full subquiver of I". Therefore 7(X,p,q) is a full sub-

quiver of I' and moreover, 7 (X,p,q) is a proper subtube of I'. For any
a>0,0<b<r,1<c¢<s wehave also

TarerXT—i—c = Ter+c+as = Tri(Tib)X(c+as+b71)+(be)+1
_ So(c+as+b71)w(rfb)X‘

Thus for any numbers n > 0 and r+ 1 < k < r + s the vertex 7" X} belongs
to 7(X,p,q). Since {X,11,...,X,1s} is a complete set of representatives of
the 7-orbits in I, the condition (i) for C = 7 (X, p, q) holds. The condition
(2) also holds, because 7 (X,p,q)o C {7"X;: n >0, 1 <i < s} and the
vertices X1,..., X belong to pairwise different T-orbits. This finishes the
proof of our lemma.

Dually we obtain the following

LEMMA 3.4. Let I' be a connected component of I'a and I be a right
stable component in I" without T-periodic modules and consisting of finitely
many T-orbits. Then there exists a subquiver C of I"' such that C is a proper
right part or a proper subtube in I' and the following conditions are satisfied:

(i) For any Y in I"" there is an integer N such that T"Y belongs to C
for allmn < N.

(ii) For any Y in I"" there is an integer N’ such that T"Y does not belong
to C for allm > N'.

LEMMA 3.5. Let I be a connected component of I'y and I"" be an infinite
stable component in I' containing a T-periodic module. Then I consists of
T-periodic modules and there exists a proper subtube in I" which is a cofinite
subquiver of I".

Proof. Since I is a connected and locally finite quiver containing a
T-periodic module and consisting of 7-stable modules, each vertex in I is
T-periodic. By the Happel-Preiser—Ringel theorem [14], I’ is then a stable
tube of rank r, for some r > 1. Thus there is a sectional path ... — Xy —
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Xy — ... — Xy in I’ such that (I")g = {77X;: i>1,0<j<r}. LetY
in I be an immediate predecessor or successor of a module from I, such
that Y does not belong to I". Since I is locally finite, Y belongs to the 7-
orbit with projective and injective modules. There are at most finitely many
vertices Y in I' which belong to the 7-orbit with projective and injective
modules. Thus there exists N > 1 such that for any n > N and integer j,
the immediate predecessors and successors of 77X, in I" belong to I". Let
X =Xy and, for any i, >0, set ¢! X =7"7Xny;1;. Then T(X,r,r) is a
proper subtube in I'. Since the vertices of I\ 7 (X, r,r) belong to the set
{r7X;:1<i<N+nr0<j<r}, T(X,rr)is a cofinite subquiver of I".

THEOREM 3.6. Let I' be a generalized standard component of I'a and
S be a finite subset of vertices of I'. Then there exists a finite family I3,
1 € I, of pairwise disjoint translation subquivers in I" such that

(i) I"\ U,¢e; I is finite and contains S.
(ii) Fach I is a proper left part of I', a proper right part of I', or a
proper subtube of I.

Proof. Let {I7,....IV} ({I/,...,I}]'}) be a complete set of left
stable (respectively, right stable) components of I" without 7-periodic mod-
ules. Let {I7/ |,...,I7'} be a complete set of infinite stable components of
I' containing a 7-periodic module. By [22, Theorem 2.3], I" admits at most
finitely many nonperiodic 7-orbits. Thus, for any 1 < k < t, the component
I7! consists of finitely many 7-orbits. For any 1 < k < h, let I, be a sub-
quiver of I’ which satisfies the conditions of one of Lemmas 3.3, 3.4 or 3.5,
respectively. We set I = {1,...,h}. Since I" contains at most finitely many
stable components, all but finitely many 7-periodic modules in I" belong to
Uick<n I} - By Lemma 3.5, at most finitely many 7-periodic modules do
not belong to J,cp<p, 11, € Urer I If X is a left stable and nonperiodic
vertex in I', then X belongs to I} for some 1 < k < s. By Lemma 3.3(i)
there is a number N; such that 7" X belongs to I}, for all n > N;. Dually,
if X is a right stable and nonperiodic vertex in I", then X belongs to I}’
for some s < k < t and there is a number Ny such that 7" X belongs to
I for all n < N,. Therefore, for any nonperiodic 7-orbit, all but finitely
many of its modules belong to (J; <<, I}, € Upc; I7- Since I' contains at
most finitely many nonperiodic 7-orbits, all but finitely many nonperiodic
modules belong to (J,c; I7,. Thus I"\ |J,c; I}, consists of at most finitely
many vertices.

We claim that, for any 4,7 € I, if i # j then I’/ N I} contains at most
finitely many vertices. The components I}, for t<k<h are pairwise disjoint
and since they contain only 7-periodic modules, they are disjoint from I7" for
all1 <l <t Hence I[N} =0forallt <k < handl € I\{k}. Further, the
left stable components I'y’,..., I/ are pairwise disjoint, which implies that
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I',...,I'/ are pairwise disjoint. Dually I, ,..., I} are pairwise disjoint.

It remains to consider the case when 1 < k <sand s< (<t If Xisa
common vertex of I} and I} then X is a stable module. By Lemmas 3.3(ii)
and 3.4(ii), each T-orbit contains at most finitely many vertices belonging
to I, N I7. Since there are at most finitely many nonperiodic 7-orbits in I,
I N I is a finite quiver.

For any k € I let i, be the set of all vertices of I}, which belong to S or
belong to I for some I € I'\ {k}. By the above considerations Sy, is a finite
set. If I} = T (X, p, q) then there exists N > 0 such that "™V X ¢ Sy, for
any i,j > 0. In this case, we set I, = 7(Y,p,q), where Y = ¢V X. Then
I, is a proper subtube in I" and I \ I} is a finite quiver. If I} = L£L(A)
is a proper left part in I then there exists N > 0 such that £(7VA) does
not contain vertices from S. In this case, we set Iy = L(7NVA). Then I}
is a proper left part in I" and I}, \ I} is a finite quiver. We proceed dually
if I = R(A) is a proper right part in I". Hence,

r\|Jn.c (F\ UF,Q) uJa@\ o
kel kel kel
is a finite quiver. Of course, the subquivers [} are pairwise disjoint and do
not contain any vertices from S. This finishes our proof.

4. Dimension functions on generalized standard components

LEMMA 4.1. Let I' be a generalized standard component of I'a, T(X,p,q)

be a proper subtube in I' and assume that M and N are two modules in
add(I"\ 7(X,p,q)) with [M] = [N]. Then

(i) [¥1X] > [X] (the vector [1X]— [X] is nonzero and has nonnegative
coordinates).

(ii) There is a number n such that Sy n(e"p? X) =n for alli > 1 and
Jj=0.

Proof.(i) Since 7 (X, p, q) is a proper subtube in I', there are Auslander—
Reiten sequences

0— (,OH_I’QZJJX N C,DZY,ZJJX D (,Di+1¢j+1X N QOZQJJJ+1X =0
for all 4,5 > 0. Applying now [2, Corollary 2.2] we get exact sequences
0— PX - PYIX B X - ¢YIX —0
for all ¥ > 1. Since ¢"?X = "X, pPyp9X = p"tDaX it follows that
[p(rtDaX] — [T9X] = [p9X] — [X] for all » > 1. By induction we obtain
[Y"1X] = r([v?X]—[X])+[X]. Thus [¢?9X] > [X]. But the equality [¢7X]| =
[X] implies that the pairwise nonisomorphic modules X, 99X,4?9X ... have

the same dimension vectors, which is false by [22, Corollary 2.7]. Hence
[p9X] > [X].
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(ii) There exists a sectional path
gDi@Z)j+1X — ¢i¢j+2X — g@iquJr?’X — ...
and the meshes
@i_1¢j+sX
SOiwj—f—s)( (pi_le+1+sX

PRAREED e
for all s > 1. By Lemma 2.6(i) we obtain

5?\/[,N(90iwj+1X) - 5?\/[,N(90i71¢j+1X)

=D (N, G X) — (M, T X)) =0,
s>1
because 7 (X, p,q) does not contain any direct summands of M & N. Thus
SN (T(P" I TX)) = dp N (T(p" 171 X)), which implies
SN (@I X) = Sy n( I X)) foralli > 1, j>0.
For any numbers ¢ > 1 and j > 0 there exists also a sectional path
PRI ARD GENPLST ASD GEPLT AL ¢
and the meshes
?+s’¢}j<

QiTstlyi X @I tIX  for all s > 0.
itstLyitl X
In a similar way, by Lemma 2.6(ii), we obtain
SN (W TX) =Sy N (9" X)  foralli>1, j>0.

Therefore, there exists a number n such that dys v ()7 X) =n for all i > 1
and j > 0.

Now we prove a statement which is a generalization of [25, Lemma 5.2].

PROPOSITION 4.2. Let I' be a generalized standard component of I'a
and assume that M and N are two modules in add(I") with [M] = [N] and
M <p N. Then oy n(X) = 0 and 0}, x(X) = 0 for all but finitely many
modules X in I" and all modules X in Iy \ I.

Proof. Let S be the set of all indecomposable direct summands of
M @ N. Let {I;}res be the family of subquivers of I" satisfying the condi-
tions of Theorem 3.6 for the set S.
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Let J be the subset of I formed by all k£ such that I, = 7 (X, pk, qx) is
a proper subtube in I'. We set S, = { X, WXy, ..., 0% 1 X} for all k € J.
Then Sk is the set of all vertices of 7 ( Xk, p, qr) \ 7 (¢ Xk, Pk, qr). Let

F = (r\ Urk) UlJSe and F={WeF: sun(W)>o0}.
kel O kes
By Theorem 3.6, the sets 7’ and F are finite. Moreover, F has no injective
modules, so for any X € F we have an Auslander—Reiten sequence

YX): 0-X—-EX)—717 X—0.
Let

N = (@ EX) D) e N, M =(Pxaer X)) e
Xer XeF

Then the modules M’, N’ belong to add(I"), [M'] = [N'] and da N =

Om,N — D xer(Onm,N(X) - d5(x)). By Lemma 2.5(i)

onr N (V) = 5w (V) = D (Sw,n (X) - (Y, X)),
XeF

Hence, dpn(Y) =0 for Y € F and dpp v/ (Y) = 9, v (Y) for the remain-
ing Y € I'y. Consequently, we obtain M’ <p N’. By definition of F we
have dpr v/ (X) = 0 for all X € F'. Observe that if dp;,n(X) = 0 then
Orr.n'(X) =0 for any X in I'y. Let k be any element in I\ J, X be any
module in I, and Y be any indecomposable direct summand of M & N. Of
course Y does not belong to I';. Assume that [} is a proper left part in I
Then Y is not a predecessor of X in I'. Since I is generalized standard, we
have [Y, X]| = 0, and hence

Sun(X)=[N,X]—[M,X]=0-0=0.

Assume now that Iy is a proper right part in I'. Then 7~ X belongs to
I}, and Y is not a successor of 7~ X in I'. Since I is generalized standard,
[T~ X,Y] =0, and we get

San(X) = 8y n(7X) = 77X, N] = [r" X, M] =0 — 0 =0.

Hence 0p7,n(X) = 0, which implies that dpp n/(X) = 0 for any X in I,
where k € '\ J.

Let k belong to J and X be any module in 7 (¢ X, px, qr). Then X ¢ F
and oy v/ (X) = oy n(X). By Lemma 4.1(ii) there exist numbers ny, for
all k € J, such that da n/(X) = 0ar,n(X) = ng, for all X € T (o Xk, Pk, qk)-
Since M <p N, we get np > 0. Further, by the above considerations,
on,n(X) = 0 for any X in (I'\Uye s 7 (0 Xk Prs ar))o = F UUge g (Lk)o-
We claim that ny = 0 for any k& € J. Observe that for any Y in I, if
Onvr N (Y) > 0, then the mesh starting at Y is contained in a proper sub-
tube I, for some k& € J. Let X be a module in I\ U, c; I'x- Then the
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mesh starting at X is not contained in I} for any k € J. The same is
true for the meshes starting at Y, where Y is an immediate predecessor
of X or Y = 7X, if X is not projective. Thus oy n/(Y) =01 Y = X
or Y is an immediate predecessor of X or Y = 7X. By Lemma 2.5(iii)
and (iv), u(N’, X) — p(M’,X) = 0. Assume now that X belongs to I},
for some k € J, so X = ¢')7 X} for some i,5 > 0. We shall compute
lx = pu(N', X) — u(M',X). Put p=pi and ¢ = gx. Assume that j > 1.
Since [y is a proper subtube in I", there is an Auslander—Reiten sequence
0 — SOz‘Jrlele—k N (piwjlek ® ¢i+1¢ij _ gOiijk: = 0.
By Lemma 2.5(iii) we get
Ux = Oapr v ("1 T X — v (97 X )
= nr v (DT TEXG) v (0797 X
=y, — n — g N (0" T Xk) + S v (9707 X
= O N (997 X)) — S v (0'97 TH X)),

If, moreover, i > 1, which is equivalent to X € 7 (py Xy, p,q), then lx =
N — Nk = 0.

Assume now that X € 7(Xg,p,q) \ 7 (¢ Xk, p, q), so

X S {Xk7 (/OXkH QOZX]C) o 7Q0pXk - qukHd}q_leH ... ka}
If X =¢iX; for1<j<qg-—1,then
Ox = 6nr N (W Xi) — S v (77T X) =0 —0 =0,
because the modules 17 X, and 17 ~1 X}, belong to S, C F'. If X = 91X},
then
Ux = 0 e (VIXE) — Oppr v (VT X) = mg — 0 = ny,.
Let now X =¢' X}, for some 0<i<p—1. We claim that £x = dp n/ (" X})
— O v (91 Xy). Assume that X is projective. Then rad(X) = piT1X,
@ F and no indecomposable direct summand of E belongs to ;. Then any
indecomposable direct summand Y of F is injective or the mesh starting
at Y is not contained in Iy, for any ¢ € J. Thus 6y n/(Y) = 0, and
consequently dy v/ (E) = 0. By Lemma 2.5(iv) we have
Ux = 0pp e (9 Xk) — O o (@1 X)) — Saar v (E)
= 5M’,N’(SOiXk) - 5M’,N’(90i+1Xk)‘
Assume that X is not projective. Then there is an Auslander—Reiten se-
quence
0— 7(¢'Xp) = E@ o™X — "X — 0.

The indecomposable direct summands of E and 7(¢’X}) do not belong to
the quiver 7 (¢Xk,pr, qr). As above, we get dp n/(E) = 0 and
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S n (T(9* X)) = 0. By Lemma 2.5(iii) we obtain
EX = 5M'7N’(SOiXk:) — (sM/’N/(gOi-i_le) — 5M/,N/(E) + 5M’,N’ (T(QOZXk))
= Onr N (0" Xk) — Oar o (9" X).

If X = "Xy, where 1 <i <p—1, then {x = n; —ng = 0. But, if X = X},
then £x = 0 — ny, = —ny, because X, € F'. Thus

M =P X)™ oW and N =P X)™ oW,
keJ keJ

where W is the greatest common direct summand of M’ and N’. By Lem-
ma 4.1(i), [% Xy] — [Xx] > 0. Since 0 = [N'] = [M'] =37, o, ne ([ 7 X3] —
[X%]) and ng > 0, we have ny = 0 for all k € J. Thus dpp n/(X) = 0 for
all X in I'. This implies that M’ <p N’ and N’ <p M’. Consequently,
M’ = N'. Hence dpr,n(X) = 0p N7 (X) = 0 for all indecomposable modules
X which do not belong to F’. Since F' C I, §3; y(X) = dp,n(7X) and
F is a finite set, we have dpr v (X) = 0 and 9}, N(X) = 0 for all but finitely
many X in I" and all X in I'y \ I". This finishes our proof.

The following proposition shows the convexity of the degenerations of
modules from the additive categories of generalized standard components.

PROPOSITION 4.3. Let A be an algebra, and I' a generalized standard
component in I'y. Assume that M, N,V are A-modules such that [M] =
[V] = [N], M <4eg V <deg N and N belongs to add(I"). Then V belongs to
add(I).

Proof. By Proposition 4.2, dp n(X) = 0 for all X in I'y \ I'. This
implies dprv(X) = 0 for all X in Iy \ I. Applying Lemma 2.5, we get
pw(V, X)=pu(V,X) — pu(M,X)=0for all X in I'y \ I". Hence V belongs to
add(I).

5. Proof of Theorem 1. Let M, N be modules in add(I") with [M] =
[N]. Clearly, M <yix N implies M <p N. Assume that dp;,n(X) > 0 for
all modules X in I'. By Proposition 4.2, oy, n(X) =0 for all X in I'q \ .
This implies M < N. We shall prove that M < j+ N applying arguments
similar to those in [18, Section 2]. Weset F = {X € I'y : dp; n(X) > 0}. By
Proposition 4.2, F is a finite subset of I" without injective modules. There
exist Auslander—Reiten sequences

YX): 0-X—-FEX)—-17T X—-0
for all X € F. Thus we have the exact sequence
Y: 0-U—-WeéeM-—-VeM-—0

where U = @y r X W = By r E(X)°E) V = Py p(77 X)),
and 6 = 0p7,ny. Therefore W & M <qee U ®V ® M. Take any X in I'4.
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Then (M @& U & V] =[N & W] and

Smevev.new (X) = du N (X) — Z N (Y) - s v)(X).
YeF

By Lemma 2.5(i), we have 5y (X) = u(X,Y). Hence dpguav.Now (X) =
6M,N(X) - 5M,N(X) -1 = 0 for any X in F and 5MG§UEBV,N€BW(X) ==
dnm,n(X) = 0 for any indecomposable module X ¢ F. Of course, the equali-
ties dmpuav,New (X) = 0, for any X in I'4, imply that M@U@V = NeW.
Thus M & W <4eg N ®W. Consequently, by definition of the relation <yir¢,
we infer that M <. IN. This finishes the proof.

6. Proof of Theorem 2. In the proof of Theorem 2 we shall use the
following fact.

LEMMA 6.1. Let I' be a generalized standard component of I's. As-
sume that for all modules M, N in add(I") with [M] = [N] and M <p N,
there exist modules M', N' in add(I") such that [M'] = [N'], M’ <geg N’,
v N (X) <Oy N (X) for any X in I', and one of the following conditions
holds:

(i) N" = N1 & Ny & N3, where dpr n(N1) =0, 5?\/[,N(N2) =0 and N3 is
a direct summand of N.

(ii) M" = My @ Mz @& M3, where 65, n(M1) = 0, 0y n(M2) =0 and M3
is a direct summand of M.

Then the partial orders <r and <4eg coincide on the category of modules
of a fixed dimension vector in add(I").

Proof. Clearly, M <4eg NN implies M <p N. In our proof of the reverse
implication, we proceed by induction on . dm,n(X) > 0. Observe
that by Proposition 4.2, this sum is finite. If ) darn(X) = 0 then
dm,n(X) = 0 for all X € Iy, and so M <p N and N <p M. Hence,
M ~ N, and this implies M <geg N.

Assume that ) . dp,n(X) > 0. Then M <p N, and by our as-
sumptions, there exist modules M', N’ € add(I") such that [M'] = [N'],
M' <geg N’ and 0 N/ (X) < Sy n(X) for any X in I'. Assume that
N’ = Nl @NQ @Ng, where 5M,N(N1) = (%VIN(NQ) =0and N = N3 &) N4
for some module Ny in add(I"). Observe that [M & Ny ® Na] = [Ny & M']
and 5M®N1$N2,N4@M/ = 6M,N — 5M’,N’- Thus M & N1 & Ny <p Ny O M'.
Moreover,

Y dmemensven (X) = D (Oun(X) =6y v (X)) < Y Sun(X),
Xerly Xerly Xerly

because otherwise dpp n/(X) = 0 for any X in I', which implies M’ <p N’,
N’ <p M’, and consequently M’ ~ N’, a contradiction with M’ <geg N'.
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Therefore, by our inductive assumption, M & N; & No <qeg N4 & M'. Since
N4@M/ Sdeg N4@N’, we have M@N1 @NQ Sdeg N4@N/ = N@Nl @NQ.
The equality 0}, 5 (N2) = 0 implies [Ny, M @& Ni| = [Na, N & N;]. Then by
the cancellation theorem for degenerations proved in [10, Corollary 2.5], we
have M @ N1 <geg N @ Ni. The equality dar,n(N1) = 0 implies [M, N,] =
[N, N1]. Applying now the dual cancellation theorem for degenerations, we
obtain the required relation M <geg V.

In a similar way we get M <geg IV in the case when condition (ii) holds.

6.2. Proof of Theorem 2. Assume that M <p N for some modules
M, N in add(I") with [M] = [N]. It suffices to find an exact sequence
0 —U— M'—V — 0 such that the modules M’ and N' = U @ V satisty
the conditions of Lemma 6.1. By Proposition 4.2 the set

f:{X€F025M’N(X)>O}

is finite, nonempty and without injective modules.

Assume first that there is no cycle Xg - X7 — ... - X, = Xo in I"
consisting of modules from F. Then there is a module X in F such that
any immediate predecessor Y of X in I'" does not belong to F. Since X is
not injective, there exists an Auslander—Reiten sequence

YX): 0-X—-EX)—717 X—0.
We claim that X'(X) is the required sequence. By Lemma 2.5(i),

Spx),xer-x(Y) =0xx)(Y) = u(Y, X) < opn(Y).

Let Z be any indecomposable direct summand of E(X). Then 0, 5 (Z) =0,
since Z is either projective or 77 is an immediate predecessof of X and
My n(Z)=0mnN(TZ) =0. We set My = Mz =0 and My = E(X). We see
that the condition (ii) in Lemma 6.1 is satisfied, and we are done.

Assume now that there is a cycle Xg — X; — ... — X. = Xg, where
Xo,X1,..., X.—1 are modules in F. By definition of a multicoil there is a
full translation subquiver C of I" such that C is a proper coil and the cycle
Xo— X1 — ... = X, = Xy is contained in C. Without loss of generality
we may assume by Lemma 2.9 that there exist in C pairwise nonisomorphic
modules U;, for all ¢ > 1, and modules V;, for all i > 0, such that U, = X,
for some a > 1 and 0 < b < ¢ and there are Auslander—Reiten sequences

YUy): 0—-U -V —Vy—0,
YUiy1): 0—-Uip1—U;®Viyy —V; — 0, foralli>1.
Since U, = Xj, we have oy n(U,) > 0, and so the set I = {i > 1 :
Om,n(U;) > 0} is nonempty. Since Uy, Us, ... are pairwise nonisomorphic,

the set [ is finite, by Proposition 4.2. Thus there are numbers 0 <[ < k such
that 6M,N(Ui) > 0 for any <1< k, (5M,N(Uk+1) =0 and 6M,N(Ul) =0
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provided [ > 0. We set Uy = 0. Then we have Auslander—Reiten sequences

YWU;): 0-U;-Ui1@V;—=Viey —0 foranyl<i<k.

Applying now [2, Corollary (2.2)] we get an exact sequence

Y: 0=-U,—-UVey—V, —0.

We claim that X' is the required sequence. It is easy to see that

k
dvovi, UV = 0 = § Oz -
i=l+1

By Lemma 2.5(i) we have 5 (X) = S5, | (X, U;). Thus ds(U;) =1 for
alll < i<k and dx(X) =0 for the remaining indecomposable modules X.
Therefore dy, v, v,0v; = 05 < O, N-

Observe that 5M,N(Vk) = 0N (Vi) = N (Ug+1) = 0. Hence, condi-

tion (ii) in Lemma 6.1 is satisfied, if we set My = U;, My = Vi, M3 = 0.
This finishes our proof.
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