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Introduction. Let f : R — R be continuous and such that the difference
function Ay f(z) = f(x + h) — f(x) is bounded for every h € R. In a recent
paper [T], S. I. Trofimchuk proved that if A f is uniformly continuous for
every h € R then f is also uniformly continuous. In this note we prove
that in this theorem uniform continuity can be replaced by the Lipschitz
property. More exactly, we investigate the following question. Suppose that
f is continuous and Ay, f is Lipschitz for every h belonging to a given subset,
A, of R. We show that this condition implies that f is Lipschitz if and only
if A cannot be covered by a proper F, group of R. We also discuss the
analogous problem for uniform Lipschitz functions and for functions defined
on the circle group T = R/Z.

We shall use the following notation. We set N = {1,2,...}. Let G be any
of the groups R or T. If A, B C G then we define A+ B={a+b:a€ A,
b € B}. The sets A — B and —A are defined similarly. If & € N, the k-fold
sum A+ ...+ A is denoted by kA. By closed (open) intervals in T we mean
closed (open) connected sets. For every L > 0 we denote by Lip; the set of
functions f : G — R satisfying

[f(@) = f(y)| < L]z -y

for every x,y € G. In the case of G = T, by |z| we mean min{|z|,1 — |z|},

when we identify T with [0,1). We put Lip = {J, ., Lip;. For H C G, the

closure and the Lebesgue outer measure of H are denoted by cl H and |H]|.
The identity Ap, 1p, f(2) = Ap, f(x 4+ ha) — Ap, f(2) gives

LEMMA 0.1. Assume that L1,Ls >0, f:G—=R, B1,B, CG. If A,f €
Lipy,, for every h € B; (i = 1,2) then Anf € Lipy, 1, for h € By + Bs.

It is well known that if Fy, F5 C G are closed sets of positive measure
then the interior of F} + Fy is non-empty. This easily implies
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LEMMA 0.2. For every A C G the following statements are equivalent:

(i) kA is nowhere dense for every k € N.
(ii) |cl(kA)| = 0 for every k € N.

1. Functions defined on the circle group T

THEOREM 1.1. Let L > 0 and let A be a subset of T such that A = —A.
Then the following statements are equivalent:

(i) If f:T — R is continuous and Ay f € Lip;, for each h € A, then f
18 Lipschitz.
(ii) There is an n € N such that nA is dense in T.

Proof. Suppose (ii), and let f : T — R be a continuous function
such that Ay f € Lip; for every h € A. By Lemma 0.1, this implies that
Apf € Lip,,;, for a set of h’s everywhere dense in T. Since f is continuous,
we have Ay, f € Lip,,;, for every h € T, that is,

(1) [f(z+h) = f(x) = fly+h)+ f(y)| < nLlz —y|
for every z,y and h. Using {.(f(z+h)— f(y+h))dh =0 and (1) we obtain

1) = F@)| = | {1 @+ B) = f@) = Fly+B) + f()]dh| < nLlz—y)
T

and this proves the implication (ii)=-(i). To prove the converse we need the
following lemma.

LEMMA 1.2. Assume that A C T and |cl(kA)| =0 for any k € N. Then
there is a closed set H C T such that |H| > 0 and H + cl(kA) is nowhere
dense for any k € N.

Proof. Denote the rationals in T by Q. Clearly, |Q — cl(kA)| = 0 for
any k € N. Let B = [U,cn(Q — cl(kA)); then |B| = 0. Choose a closed
set H C T\ B such that |H| > 0. Then H + cl(kA) is closed. Suppose
that € (H + cl(kA)) N Q. Then there exist h € H and y € cl(kA) with
h+y =z € Q, that is, h = x —y € Q — cl(kA) C B, contradicting
h € H C T\ B. This implies that Q N (H + cl(kA)) = 0, and hence the
closed set H + cl(kA) is nowhere dense.

Now we turn to the proof of the implication (i)=-(ii). We may assume
that L = 1, and 0 € A. Suppose that (ii) is not true; this easily implies
that kA is nowhere dense for every k € N. We shall construct a continuous
non-Lipschitz function f : T — R such that A, f € Lip, for each h € A. We
shall define f as Sg g(t) dt, where g : T — R is summable and S(l) g(t)dt = 0.
(In this proof we identify T with [0,1).) Then f will be continuous on T
and will satisfy f(0) = lim,_1_ f(z) = f(1).
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By Lemma 1.2 we can choose a closed set H C T such that [H| > 0 and
H + cl(kA) is nowhere dense for any k € N. Put H_; = (), Hy = H and
H; =H+cl(jA) = Hj_1+cl(A) for j =1,2,... From 0 € A it follows that
Hj 1 C Hj. Put Hoo = ey Hy; then lim; oo |Hoo \ Hj—1[ = 0 by [T| = 1.
Let jo = 1. If ji_1 is defined for a k € N, choose ji such that j, > jr_1 and

(2) |Hoo \ Hj, 1| < 1/(k2").

For ji—1 < j < ji we put ¢; = k. Thus by induction we have defined jj, for
all k, and ¢; for all j. We put gi(z) =¢; if x € H; \ Hj_; (j € N), and
g1(x) = 0 for z € T\ Ho. From (2) it follows that ¢ = {91 < oo. Let
g(x) = g1(x) — c for x € T; then | g = 0.

Letz € Hyandh € A. Theny =x+h € Hy, and thus x € H; \H;, 4
and y € H;, \ H;, 1 with suitable j, and j,. If j, < j,, theny =2 +h €
H;, +cl(A) = Hj, 11, and hence j, = j, or j, = j, + 1. Thus, in this case,
l9(y)—9(z)| = 0 or [g(y)—g(x)| = |(¢j,41—¢)—(¢;, —¢)| < 1. If, on the other
hand, j, > j, then, using A = —A, x = y— h, and interchanging the roles of
x and y, we reach the same conclusion. Therefore, |g(z+h)—g(x)| < 1 holds
forany x € Ho and he A. Ifx € T\ Hyo and h € Athen x +h € T\ Hy,.
Indeed, from x4 h € H it follows that x4 h € H; for some j > 0, and then
A=—Aimpliesz = (z+h)—h € Hj+ A C Hy, contradicting z € T\ Hy.
Therefore |g(x +h) — g(z)| = ¢—¢ = 0 holds for any = € T\ Hy, and h € A.
Thus |g(z + h) — g(z)| < 1 for z € T and h € A. Let f(z) = | g(t)dt for
x € T. To show that Ay, f € Lip, for h € A, let z,d € T be given. We have

[Anf(x+d) = Anf(z)| = [Aaf(z + ) — Aaf(2)]
x+d
=| § (gt +n) —gwyar| < a.

That is, Ay, f € Lip;. Observe that we may replace A by AU{1/n :n € N}
U{—(1/n):n € N}. Then A = [J,cncl(kA) is dense in T. Thus, for any
subinterval J of T, we have 0 < |[Ho N J| = |(H + As) N J|. Since the H,’s
are nowhere dense, there are infinitely many j’s for which [H; \ H;_1| > 0.
Hence, putting Sx = {z € T : |g(x)| > K} (K > 0), we have |Sk| > 0 for
all K > 0. Since f' = (] g(t)dt)’ = g(z) almost everywhere on T, it follows
that, for any K, the inequality |f’(x)| > K holds for almost every x € Sk.
Thus f cannot be Lipschitz and hence (i) does not hold. This completes the
proof of Theorem 1.1.

Remark 1.3. Since A_,f € Lip; follows from A, f € Lip;, the as-
sumption A = —A is natural. We show that this assumption cannot be
deleted from the implication (i)=-(ii) of Theorem 1.1.

Indeed, by a result of Haight [H], there exists an F, subset B of the
positive real line such that B — B = R but £B has zero Lebesgue measure
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for any positive integer k. Choose closed compact sets F,, of measure zero
such that B =J,, F,, and F} C F5 C ... Since B— B = R, it follows that
F,, — F,, contains an interval for a suitable n € N. Taking this F,, “mod1”
we obtain a nowhere dense compact set A such that kA is nowhere dense
for every k € N and A — A contains an interval. It is easy to see, following
the proof of Theorem 1.1, that if A,f € Lip; for every h € A then f is
Lipschitz.

Next we turn to the non-uniform case, i.e. to the case when the difference
functions are Lipschitz but not necessarily with the same constant.

THEOREM 1.4. For every A C T the following statements are equivalent:

(i) If f: T — R is continuous and Ay f € Lip for every h € A then f
18 Lipschitz.
(ii) There is no proper F, subgroup of T containing A.

Proof. (ii)=(i). Suppose (ii), and let f : T — R be a continuous
function such that Ay, f € Lip forevery h € A.Put G ={h € T : A, f € Lip}
and G, = {h € T : A,f € Lip,} for n € N. Then G = |J,,cjy Gn- Since
f is continuous, it is easy to verify that the sets G, are closed and G is
an F, set. The identities A_j, f(x) = f(z — h1) — f(x) = —=Ap, f(z — h1)
and Ap, 1p, f(x) = Ap, f(x + h1) — Ap, f(x) show that G is a group. Since
A C G, (ii) implies that G = T. Therefore, by the Baire category theorem,
there exists n € N such that GG,, contains a subinterval of T. Then kG,, = T
for some k € N. By Theorem 1.1, this implies that f is Lipschitz.

(i)=(ii). Suppose that there exists an F, group C such that A C C' C
T and C # T. Then we can choose nowhere dense closed sets C,, such
that €' = (J,,cy Cn. Since C' = —C, we may assume C, = —C,. Setting
D/n = {z €T : |z| < 1/n, n-x € D} for every D C T, we define
B = {0} U, ey Cn/n. Then B = —B and B is a nowhere dense closed set.
Thus, for each k € N, the set kB is a closed subset of | J,,.y C/n, as kC = C.
Since C'is of first category, so is |J, ¢y C/n. Therefore kB is a closed set of
first category and thus it is nowhere dense. By Theorem 1.1, there exists a
non-Lipschitz and continuous function f for which A, f € Lip, if h € B. It
is clear that the group generated by B contains all C},’s and hence all of C.
Thus A, f € Lip for h € C; that is, (i) does not hold.

2. Functions defined on the real line

THEOREM 2.1. Let L > 0 and let A be a bounded subset of R such that
A = —A. Then the following statements are equivalent:

(i) If f: R — R is continuous, Apf is bounded for some h # 0, and
Apf € Lipy, for each h € A then f is Lipschitz.
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(i") If f: R — R is continuous, Apf is bounded for every h € R and
Apf € Lipy, for each h € A then f is Lipschitz.
(ii) There is ann € N such that nA is dense in a nondegenerate interval.

Proof. (ii))=(i). We can assume that Ay f is bounded for some h > 0.
Fix such an h = hg, and let B be a constant such that |Ap, f(z)] < B
for all . Fix also an n with nA dense in an interval [m, M], for some
m < M. By making n larger, if necessary, we can assume that m+hg < M.
Since f is continuous, A, f € Lip,,; for all h in [m, M]. Now, for z < y,

SZ—HLO(f(y +h)— fz+h))dh = Szi:ll(f(h + ho) — f(h)) dh, so we get
[f(y) = f(@)]

m-+hg

_ ‘(1/;10) | (f@+h) = f@) = fly+h)+ f(y)

m

+ fly+h)— f(x+h))dh

m+ho y+m
< (1/ho) | |Anf(x) = Anf(y)ldh+ (1/ho) | [f(h+ ho) — f(h)| dh
m T+m
y+m
<nLly ==+ (1/ho) | [An,f(h)|dh < nLly—z|+ (B/ho)ly — x|.
x+m

Thus, f € Lip,,14B/h,-

(i)=(i") is obvious.

(i’)=(ii). Suppose that (ii) is not true. Let v denote the canonical
homomorphism which maps R onto R/Z = T. Since A is bounded and kA is
nowhere dense in R, it is easy to see that kB is nowhere dense in T, where
B =v(A) C T. Applying Theorem 1.1, we find a continuous non-Lipschitz
function g : T — R such that A,g € Lip; for each h € B. Extending
this function g from T onto R periodically, that is, taking f = g o v, we
obtain a periodic continuous non-Lipschitz function f : R — R such that
Apf € Lip; for each h € A C v=(B). Since f is obviously bounded, Ay f
is also bounded for each h € R.

Remark 2.2. 1. The condition on the boundedness of the differences
Apf cannot be deleted. Indeed, for f(x) = 2%, Anf € Lip, for every
h € [0,1], but f is not Lipschitz.

2. The boundedness of A was not used in (ii)=-(i). On the other hand,
we do not know whether or not (i")=-(ii) is true for each A C R satisfying
A=—-A

In the non-uniform case we obtain
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THEOREM 2.3. For every A C R, the following two statements are equiv-
alent:

(i) If f: R — R is continuous, Apf is bounded for every h € R and
Ay f € Lip for each h € A then f is Lipschitz.
(ii) There is no proper F, subgroup of R containing A.

Proof. (ii)=(i). Suppose (ii) and let f : R — R be a continuous
function such that Ay f is bounded for every h € R and Ay, f € Lip for each
heA Let G={h € R: Ayf € Lip} and G,, = {h € R: A, f € Lip, }
for n € N. Then G = J,,cyy Gn and G is an F;; group containing A. Hence
G = R. By the Baire category theorem, G,, is dense in an interval for some
n € N. Next it suffices to apply Theorem 2.1.

(i)=(ii). Assume that there exists an F, group C' # R containing A.
Since C' must be of the first category, we can choose closed nowhere dense
sets Cp, C [—n,n] such that C,, = —C),, and C = J,,c Cn- Setting D/n =
{z/n : 2 € D} for every D C R, we define B = {0} UJ,,cy(Crn/n?). Then
B = —B is bounded, closed and nowhere dense. The rest of the proof is
similar to the (i)=-(ii) part of the proof of Theorem 1.4.
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