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In this paper wild tilted algebras are studied. Following [6] an algebra
B is called tilted (of type A) if there exists a finite-dimensional hereditary
algebra A over some field k and a tilting module T in the category A-mod of
finite-dimensional left A-modules with B = End4 (7). The tilting module
T has a structure as an (A, B)-bimodule and induces in B-mod a splitting
torsion pair (X,)), where the torsion-free class ) is the full subcategory of
B-mod, defined by the objects M with Torg (T, M) = 0, whereas the torsion
class X is defined by the objects N with T"®pg N = 0.

A tilted algebra B of type A is only wild if A is wild hereditary. It was
shown in [9] that the study of ) (respectively, X') can be reduced to the
case of tilting modules without nonzero direct summands in the preinjective
component Z(A) (respectively, preprojective component P(A)). Ounly this
case will be considered here, and it was shown in [9] that in this situation
B is wild if and only if A is wild. In this paper the torsion-free class ) is
studied, dual results hold for X'. For basic terminology and general results
we refer to [6, 16]. The main result of this paper is:

THEOREM 1. Let A be connected wild hereditary, T a tilting module
i A-mod without indecomposable preinjective direct summand and B =
Enda(T). If F = Homu(T,—) denotes the tilting functor and (), X) the
torsion pair in B-mod induced by T, we have:

1. The Auslander—Reiten quiver I'(B) of B has exactly one preprojective
component P(B).
(a) C = B/annP(B) is connected wild concealed.
(b) If Ty is a preprojective direct summand of T, then F(Ty) is pre-
projective in B-mod.

2. If X € )Y is indecomposable and not in the connecting component,
then:
(a) 5™ X is in C-mod for m > 0.
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(b) 753" X = 1cT5™ ' X for m > 0.
(c) If X is notin P(B), then 75" X is a reqular C-module for m > 0.

3. All regular C-modules are in Y. If X is a regular C-module, then
7o X = TBTamilX form > 0.

The first part of the theorem was the main result in the paper [17] of
Strauss. The remaining parts had been first shown in [11].

The original proofs are quite complicated. A unified, shorter and more
conceptual proof will be given here. Many of the ideas for this proof can be
found in [2, 11, 17].

Additionally it turned out that rather similar results hold for some classes
of quasi-tilted algebras (see for example [13, 14], and [4] for the concept of
quasi-tilted algebras).

It should also be mentioned that by parts 2 and 3 of the theorem there is
a bijection between the set (2(C) of regular components of the Auslander—
Reiten quiver of C' and the set £2()) of those components of I'(B) which
are completely contained in ) and are different from the preprojective com-
ponent. In particular, no component in £2())) has empty stable part. Hence
by [9] there is a bijection between §2()) and the set 2(A) of regular com-
ponents of the Auslander—Reiten quiver of A, too. For more details see [2,
9, 11].

In order to make the proof less technical, the theorem will be reformu-
lated. The tilting module T" defines in A-mod a torsion pair (G, F) where the
torsion class G consists of the A-modules generated by the tilting module 7.
The torsion-free class F is defined by the modules Y with Hom(7,Y) = 0.
The torsion class G is equivalent to Y under the functor F'. In G there exist
relative Auslander—Reiten sequences; the relative Auslander—Reiten trans-
lation in G will be denoted by 7g. If t is the torsion-radical associated with
G, then 7g = t74, and 7¢ is a full functor. Moreover, one has F1g = 75 F.
The relative Auslander—Reiten quiver of G is denoted by I'(G) and its pre-
projective component or components by Pg. The image of Pg under the
tilting functor F is P(B).

If A is hereditary with n simple modules and U is a partial tilting mod-
ule with m pairwise nonisomorphic indecomposable direct summands, we
denote by U™ the full subcategory of A-mod defined by the objects Y
with Hom(U,Y) = 0 and Ext(U,Y) = 0. In this case UL is an exact
abelian subcategory of A-mod which is closed under extensions. Moreover,
Ut = H-mod, where H is a hereditary algebra with n — m simple modules
(see [3, 5, 18]). Hence the Auslander-Reiten translations in U+, denoted by
TyL, Ty OF TH, Ty, are full functors in Ut.

In terms of the torsion class G in A-mod, Theorem 1 reads as follows.
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THEOREM 2. Let A be connected wild hereditary, T a tilting module in
A-mod without indecomposable preinjective direct summands, G the class of
A-modules generated by T and I'(G) its relative Auslander—Reiten quiver.

1. There exists exactly one preprojective component Pg in ['(G). If Ty
18 the direct sum of all indecomposable direct summands X of T con-
tained in Pg and T =T, & T, then:

(a) C = End(T1) is connected wild concealed.
(b) Ty is regular in A-mod.
(c) Ty is a preprojective tilting module in Ts-.

2. Denote by G the torsion class G N Ts- in Ts-. If X € G is indecom-
posable and not preinjective in A-mod, then:
(a) 75X s in T3 for m > 0.
(b) gMX = TgNTg_m_lX form > 0.
(c) If X is not in Pg, then 75" X is a regular T3--module for m > 0.

3. If X is regular in Ts-, then X = TgT;f%lX for m > 0.
2 2

If M is regular in T3, then M € G with TeM = 7o M by 1(c). It
should be mentioned that the theorem trivially holds if T is a preprojective
tilting module, in particular, if A has only two simple modules. Therefore,
we assume that T is not preprojective and A has n > 2 simple modules.
The proof will be by induction on n.

1. The Strauss decomposition of 7. We assume that T is a square-
free tilting module with n pairwise nonisomorphic indecomposable direct
summands, none of them preinjective and not all of them preprojective in
A-mod. By Pg we denote the preprojective component or components of
the relative Auslander—Reiten quiver I'(G). Then T has a decomposition,
usually called the Strauss decomposition,

T=T 3T

where T} is the sum of all indecomposable direct summands of 1" which are
G-preprojective, that is, which are in Pg. It has to be shown that 77 # 0,
that Enda(71) is a connected wild concealed algebra and that all A-pre-
projective direct summands of T" are in T7. The second summand 75 has
a decomposition 7o = P & R where P is preprojective and R is regular in
A-mod. It is easy to show

LEMMA 1.1. T} € T5t and Ty © P € R*.
In the sequel the summand R will be studied in detail.
LEMMA 1.2. R # 0.



70 O. KERNER

Proof. The statement is obvious if 77 = 0, since T' has regular direct
summands by assumption. Suppose T # 0 but R = 0. Since End(T) is not
concealed one has P # 0. The algebra End(T) is connected and Ty € T3
by 1.1. Consequently, there exist indecomposable direct summands X of
Ty and Y of P with Hom(X,Y’) # 0. Since only X is in Pg, each nonzero
homomorphism f : X — Y has an arbitrary long factorisation through G-
preprojectives, that is, there exist infinitely many indecomposable modules
M with Hom(M,Y') # 0, an absurdity.

An indecomposable regular A-module Y is uniquely determined by its
quasi-length r and its quasi-socle X (respectively, quasi-top Z) (see [15]).
We write Y = X (r) (respectively, Y = [r]Z) in this case. If Y is quasi-simple
we have Y = Y (1) = [1]Y with this convention.

If Y = X(r) is an indecomposable regular A-module of quasi-length r
and with quasi-socle X, the wing W(Y) with top Y and length r is the
mesh complete full subquiver of the regular component C containing Y,
which consists of the vertices {7,"X(j) | 1 < j <7, 1 <i+j <7} (see
[16]).

If X = X(r) is a direct summand of R, the wing W(Y) contains ex-
actly r indecomposable direct summands of T' (see [16, 17]). Since these
r summands are connected by G-irreducible maps, all of them are direct
summands of R. We therefore get a decomposition

where all r; indecomposable direct summands of W, are contained in the
same wing W(S;(r;)) with S; quasi-simple and W(S;(r;)) N W(S,(r;)) = 0
for i # j (see for example [11]). The tops S;(r;) of the wings W(S;(r;)) are
summands of R. The class G and the relative Auslander—Reiten quiver I'(G)
remain unchanged outside the wings W(S;(r;)) if we additionally assume
that W; is W(Si(r;))-projective, that is, W; = @}~ Si(j) (see [11], 2.5). In
particular, Pg remains unchanged.

We therefore assume W; = @2:1 S;(j) for the rest of the paper. In [11]
this was called the normalised form of T.

We will frequently use

LEMMA 1.3. (a) For X,Y regular in A-mod we have Hom4 (X, 77 ™Y)
=0 form> 0.
(b) Homy (S, 7,™8S;) =0 for all m > 0.

Proof. (a) was shown in [9] and (b) follows from [11], 1.2, since the S;
are quasi-simple bricks.
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2. The wing quiver Qyy(T"). We call the decomposition

T=Ty®Po (EZBWi)
i=1

with W; = ED;’:I Si(j) and S; quasi-simple regular the (normalised) wing
decomposition of T. Moreover, we decompose P = @;:1 P; with P; in-
decomposable preprojective in A-mod. This decomposition will be used
throughout the paper.

The wing quiver Qw(T) of T has {1,...,l} as set of vertices and no
loops. For 1 < i # j < [ there exists an arrow i — j exactly if we have
Hom(S;,7,™S;) # 0 for some m > 0. Let m(i,j) > 0 be in this case the
smallest natural number m with Hom(S;, 7,™S;) # 0.

LEMMA 2.1. Qw(T) has no oriented cycles. Therefore it has sinks.

Proof. Suppose, first, Qyy(T) has an oriented cycle i — j — i of
length 2. Since Hom(S,,745¢) = 0 for all 1 < r,¢ <[, all nonzero maps f €
Hom(S;, 7= 8;) and g € Hom(S;, 7™ S;) are injective or surjective
(see [6], 4.1). If f is surjective, then fr—"()g . §; — 7= (mEN+mGA) G, jg
nonzero. From 1.3(b), m(i,j) +m(j,i) = 0 follows and f therefore is a split
mono, hence an isomorphism, a contradiction to ¢ # j. A similar argument
works for f injective.

Suppose next that Oy, (T') has an oriented cycle, say

11—l — ... — 1. — 1
of minimal length r > 2, therefore with i, # i, for 1 <z # y < r. Again
we use [6], 4.1. If 0 # f € Hom(S;,,7~™(11:%2) G, ) is surjective, we get
Hom(S;,, 7~ (M) +m23)) G ) £ (0. Then iy — i3 — ... — i, — i is a
cycle of smaller length r — 1, a contradiction. If f is injective, we construct
a cycle io — ... — i, — iy of length » — 1.

For the rest of the paper we assume that [ is a sink of Qw (7).

LEMMA 2.2. Let X(r) be indecomposable regular of quasi-length r > 1.

(a) If Y is indecomposable and not in W(X (r)), then Homy (X (r),Y)
= 0 (respectively, Homu (Y, X (r)) = 0) if and only if Homx(U,Y) = 0
(respectively, Homx(Y,U) = 0) for all U € add W(X (r)).

(b) The wing W(X(r)) is a standard wing, that is, rad™ (U, V) = 0 for
all U,V € addW(X (r)), if and only if X (r) is a brick.

Proof. See [11], 1.4 and 1.6.

It should be mentioned that it is 2.2(a) which allows us to consider only
the normalised form W; = @::1 Si(j) (1 <i<l)of T.

LEMMA 2.3. (a) Hom(S;, W;) =0 fori < .
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b) Hom(W;,W;) =0 fori <.

c) Hom(Wl,T;sz») =0 fori<land j>0.
d) Hom(Wy, 7' W;) = 0 for j > .

) If T=W,&U, then U € Wit.

(f) For X € addT we have rad™(W;, X) = 0.

Proof. (a) Hom(S;, W;) # 0 for some i < [ is equivalent to Hom(S,
717 8i) # 0 for some j with 0 < j < 7; (see [11], 1.4). This cannot happen
by definition of {.

(b) Consider for 1 < j < 7 the exact sequence 0 — S; — Si(j) —
7,51(j —1) — 0. From Hom(7,S;(j — 1), W;) = Hom(S;(j — 1), 7aW;) =0
and Hom(S;, W;) = 0 we get Hom(S;(5), W;) = 0, hence Hom(W;, W;) = 0.

(c) From Hom(S;,7,7S;) = 0 for all j > 0 and i < [ we get, again
by [11], 1.4 or Lemma 2.2(a), Hom(Sl,TXjWi) =0 for all j > 0. Assume
Hom(W7, ng W;) # 0 for some j. Take j minimal with this property, hence
4> 1Dby (b). Let m > 1 be minimal with Hom(S;(m), 7’ W;) # 0. As in
(b) we get a contradiction if we apply Hom(—,7,”W;) to the short exact
sequence 0 — S; — Si(m) — 7, 5;(m —1) — 0.

(d) follows from (1.3) and [11], 1.4, whereas (e) follows from 1.1 and part
(b) of the lemma.

(f) Let X = X; & Xy with X; € addU and X, € addW;. Since
Hom(W;, X1) = 0, we have rad™ (W}, X) = rad™ (W}, X3) = 0 by 2.2.

3. Relative Auslander—Reiten translations. If 7 is a torsion class
in A-mod, where A is some finite-dimensional algebra and X is indecompos-
able in 7, not Ext-projective, then the relative Auslander—Reiten translate
77X of X in 7 is the 7-torsion submodule t74 X of 74X (see [1, 7]). If A is
hereditary and 7 a torsion-class, the cokernel of the embedding 77X — 74X
is Ext-injective in the corresponding torsion-free class F, see [10, 11]. If G
is a tilting torsion class induced by a tilting module this implies (see [11],
2.2):

LEMMA 3.1. Let A be hereditary and T a tilting module without prein-
jective direct summand. If X is in G, not Ext-projective, then there is a
short exact sequence 0 — 7g X — 14X — F — 0 with F € add74T. If X
is not in Pg, then F is in add 74T5.

From 3.1 we deduce (see for example [12], 3.2):
LEMMA 3.2. Let X € G be indecomposable and r > 0.
(a) If 75X # 0 there is a short evact sequence

075X > 74X 585 —0
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where S has a filtration S =S, D Sr—1 D ... D51 DSy =0 with S;/S;_1 €
add 74T, or even S;/S;—1 € add 74Ty for all i if X & Pg.
(b) If 7,"X # 0 there is a short exact sequence

0—>T£TX—>T§TX£>Q—>O

where () has a filtration @ = Qo O Q1 D ... D Qr—1 D Qr = 0 with
Qi/Qit1 € add 7, 'T, or even Q;/Qiy1 € add 1, "> for all i if X & Pg.

Note that 3.2(a) implies that for an indecomposable module X € G and
r > 0 either 75X =0 or T§+1X = 7475 X. Indeed, if 75X is nonzero for all
r > 0, consider the short exact sequences 0 — 75X — 74X — S — 0 and

0— Tg+1X — TATEX — T — 0. They induce an infinite chain
X ortrgX D TZQTéX D...DT X D ...

hence this chain becomes stationary [9, 2]. In particular, there are no regular
tubes in I'(G).
Lemma 3.2 has the following application.

LEMMA 3.3. Let X € G be indecomposable not in Pg, and s an integer
with 75X # 0. Then Homa(S;, 73 X) = 0 implies Hom 4 (S;, 75X ) = 0.

Proof. For s > 0 the claim follows from 3.2(a), nothing is to show for
s =0.

Let s = —r < 0. Assume Homu4(S;,7,"X) = 0 but Homa (S}, 75" X) #
0. Take 0 # f € Homa(S;, 75" X). From Hom4(S;,7,"X) = 0 we see by
3.2(b) that fr : S; — @ is nonzero. Since Q;/Q;+1 € addTgiTg we de-
duce from the definition of I that Homux (S, Q;/Qi+1) = 0 for i > 0 and
therefore Hom4 (S}, Q1) = 0. If m : Q@ — Q/Q1 denotes the canonical sur-
jection, we therefore have 0 # frmy : S; — Q/Q1. But rad™(S;,Q/Q1) =0
by 2.3(f), hence Q/Q1 has a direct summand Z € add W, and the image
of fmm, is contained in Z. Thus there exists a nonzero composition of
maps S; — 75 X — S8i(i) for some 1 < i < 7. But Homa(Si, Si(i)) is
one-dimensional as End 4 (S;)-module or End 4 (5;(7))-module, by 2.2(b) and
7' X is indecomposable. Therefore 75" X = 5j(j) for some 1 < j < 1y,
which is impossible, since r» > 1.

LEMMA 3.4. For X indecomposable in G we have Homa (Wi, 75" X) =0
forr>0.

Proof. Since Hom4(W;,Pg) =0, the statement trivially holds for X €
Pg. If X is preinjective in A-mod we have 75" X =7," X =0 for r>>0.

Suppose that X ¢ Pg UZ(A). If X is preprojective in A-mod we have
Homu(S;,7,"X) = 0 for all integers r. If X is regular, there exists 7’
with Homa (S}, 7,7 X) = 0 for all j > 7/ (see 1.3(a)). Hence there ex-
ists in both cases an integer r such that Homa(S),7,?X) = 0 for all
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j > r —r;. By 3.3 this implies HOHIA(Sl,Tg_jX) =0 for all j > r — 1.
We show by induction on m < r; that HomA(Sl(m),Tg_jX) = 0 for all
j = r—r;+m—1. Assume the statement holds for all 1 < m < r;. Consider
the short exact sequence 0 — S; — Si(m + 1) — 7,5(m) — 0 and take
j>r—r;+m. We get Hom 4 (S;(m + 1),7'g_jX) = HomA(T;Sl(m),Tg_jX).
Take f € HomA(TXSl(m),Tg_jX). Then 74 f € HomA(Sl(m),TATg_jX) has
image in the torsion submodule 75 ITLX of TATG IX . Therefore 74 f = 0, by
induction. Hence f is zero and the claim follows.

Recall that P = @;:1 P; with P; indecomposable preprojective.

COROLLARY 3.5. (a) Homa (Wi, 757 S;) =0 for all i <1 and all v > 0.
(b) Homa (W, 75" P;) =0 for all 1 < j <t and all r > 0.
(c) Homa (Wi, 757S1) =0 for all v > 1.

Proof. Since Hom(VVl,TXjWZ-) =0 for all i <[ and all j > —1 by 2.3,
we get Hom(Sy, 7,7 S;) = 0 for all j > —r; by 2.2(a), and (a) follows from 3.4.
(b) immediately follows from 3.4 and for (c¢) we use Homa(S;,7,7S;) = 0
for all 7 > 0 (see 1.3).

4. Comparison of relative Auslander—Reiten translations. The
tilting module T has a decomposition T = W, & U with U € W (see
2.3). If W = A’-mod, then A’ is a wild connected hereditary algebra by
[17] and we identify Wit with A’-mod. In particular, we write 74/ for the
Auslander—Reiten translation in VVIL. Moreover, we have 75 "X e I/VlL for
X € G and r > 0 by 3.4. Notice that Pg is in WZL, too.

The module U is a tilting module in A’-mod, so it defines a torsion pair
(G,F) in Amod by G = {Y € W/* | Exta(U,Y) = 0} and F = {Y €
Wit | Homyu (U, Y) = 0}. The Auslander-Reiten translation 74/ in A’-mod
induces a relative Auslander—Reiten translation T in G.

The torsion class G in A’-mod is a full, exact and extension-closed sub-
category of A-mod, but it is not closed under factors in A-mod, hence it is
not a torsion class in A-mod. The following can be shown easily.

LeEmMA 4.1. (a) G C G.
(b) G ={Y € G | Homa(W,,Y) = 0}.

The aim of this part is to describe for X € G the relation between ¢ X
and 75X . For this Lemma 2 of [2] is used.

Let G be the minimal projective generator in VVIL. Then T" =W, & G
is a tilting module. If G’ denotes the torsion class of A-modules generated
by T’, as in [2] one has G' = {Y | Exta(W;,Y) = 0} thus G C G’ and
A’-mod = Wt C g
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It is easy to check that G & (@:l:_ll S;(i)) is the minimal projective
generator in S;(r;)* and S;(r;)t = Wit x add W(S,(r;,—1)) (see for example
[17], 4.5).

LEMMA 4.2. If M is an indecomposable A’-module, not projective, then
Ta'M is the middle term of the universal sequence

0— TASI(T’Z) ®End(TASz(7’z)) DEXt(Tg/M, TASZ(T‘l)) — TA/M — Tg/M — 0.

Proof. It follows from S;(r)t = Wit x addW(S,(r; — 1)), for M €
A'-mod that 74 M = 7g,,y+ M. Since G & (@' 8,(4)) is the minimal
projective generator in S;(r;)*, the claim follows from [2], Lemma 2.

LEMMA 4.3. Let M be indecomposable in G C A’-mod, not Ext-projec-
tive. Then TgM is the middle term V' of the universal sequence

0— TASZ(TZ) OEnd(r45:(m)) DEXt(TgM, TASl(Tl)) -V —-=1mM —0.

Proof. Consider the universal sequence

0 — 7451(r))" — T4 M — 76/ M — 0

with ¢ = dimgaa(r, s, (r)) Ext(rg: M, 7451(r1)), given in 4.2.

Since 7¢gM and 7g/M are the torsion submodules of 74 M with respect
to the torsion classes G and, respectively, G’, we get from G C G’ a short
exact sequence

0—1gM =76 M —F —0
with F' € F = F(T). But F is a factor module of 7g-M, hence in G'.
Therefore F € W;t, that is, F € F.
Consider the following pullback along e:

0 0
0——>=7a5(r))! 1% TgM —0
\
0——>=TaSi ()" TaM T M —0
F F
0 0

Since 74/M and F are in Wit, also V € W;-. Applying Hom(U, —) to
the first row of the diagram, we get 0 = Ext4 (U, V) = Exta/(U, V'), hence
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V € G. Applying Hom4(—, 7451(r;)) to the same exact sequence, we get
0— HOmA(TASl(TZ)t,TASl(Tl)) = EXtA(TgM, TASl(Tl)) — 0.

Hence
0 — 748 (r) =V —176M — 0
is a universal short exact sequence.

Since V € G and F € F, the module V is the G-torsion submodule of
Ta M, that is, V = T(jM.

LEMMA 4.4. For X € G one has 75" X = TngTm_lX form > 0.

Proof. By 3.4 there exists mo with Hom4(W;,75"X) = 0 for all » >
mo, that is, 75" X € Wit for all r > my.

Therefore, DExt (75" X, 7aSi(r1)) = Hom4(S(r;), 7™ X) = 0 for all
m > mg, and the claim follows from 4.3.

5. The inductive setting

LEMMA 5.1. The tilting module U in A’-mod has no nonzero A’'-preinjec-
tive direct summands.

Proof. We have U =T} & (@221 Pj) @ (@, W;). For an indecom-
posable module X € G one has T "X =0 for some r > 0 if and only if X is
A-preinjective. Therefore for each indecomposable direct summand X of U
one has 75" X # 0 for all r > 0.

If X is a summand of 71, one has 75" X € VVZL for all r, since Pg € VVll.
For X € {S;,P; | i <1,j <t} one gets 75" X € W* for all v > 0 by 3.5. If
0—15 "X - F — TG "=1X — 0 for r > 0 is the relative Auslander—Reiten
sequence in G, then also F € WZJ-, since Wf- is closed under extensions.

Hence each indecomposable direct summand of T and each of the mod-
ules P; with 1 < j <t and S; with ¢ < [ has infinitely many successors in
A’-mod. Consequently, it is not A’-preinjective.

The irreducible maps S;(j) — S;(j + 1) for 1 < j < r; and ¢ < [ remain
irreducible in A’-mod. Therefore the claim follows.

In the notation of [17] this means that W) is a special summand of T

Let Z — Si(r;) be the irreducible epimorphism in A-mod. If Y is the
quasi-top of S;(r;) we have Z = [r; + 1]Y. Let m; be such that [m;]Y is a
brick with self-extensions (see [8, 11]).

LEMMA 5.2. (a) Z = 1575 5.
(b) 767 = IS, fori > 0.

(c) ()Y € G forall i > 1.

(d) Y €G form+1<j<m.
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Proof. (a) We have Tgr‘+1Sl = TXT’HSZ =Y and 7,5 € G by 3.5.
By 4.3 there is a universal exact sequence

0 — 748(r) ® DExt(Y, 748 (1) — 776" S — Y — 0.

By the Auslander—Reiten formula it follows from 2.2 that Ext (Y, 74.5:(r))
is one-dimensional as End 4(5;(r;))-module with basis 0 — 74.5;(r;) — Z —
Y — 0.

(b) We first consider i = 1. We get DExt4(T,735)) = Homa(S;, 7, T4)
from the Auslander—Reiten formula, since Hom 4 (S}, 7, T5) = 0 by definition
of I (see 2.3). If Homa(S;, 7,T1) # 0, then Homa(S;,757T1) # 0 by 3.2,
which is impossible, since 7571 € Pg. Therefore 735, € G. The relative
Auslander-Reiten sequence ending in Z is 0 — t74Z — t[r; +2]Y — Z
— 0. The first term 7395, of the short exact sequence 0 — 735, — T4Z
— 748)(r;) — 0 is torsion and the last term is torsion free. Therefore 739
= t74Z, which also implies [r; +2]Y € G.

By induction on ¢ > 2 one shows 7'}451 eg. If TASZ is in G, consider the
universal sequence 0 — TgleSl — Ti‘HSl — 7T — 0 with T € add T5. The
definition of [ and 1.3 imply T = 0, that is, Ti‘HSl eg.

(c¢) From TiJriSl € G fori> 0 and Z € G it follows by induction that
the middle term [r; + 1 4 i]Y of the short exact sequence 0 — 7,7} —
i+ 14+4Y — [ +1Y — 0isin G. Clearly [j]Y € G for j < r;, which
proves (c).

(d) By [17] the modules Z = [r; + 1]Y, ..., [my]Y are in W;t.

Lemma 5.2 also implies that the stable part of the relative component in
I'(G) containing W, is of type ZA~,. A picture of this component is given
in [11], Fig. 1.

6. The inductive step. The tilting module U in A’-mod has no
A’-preinjective direct summand by 5.1. By induction on the number of
nonisomorphic indecomposable direct summands of the tilting module, we
get for the torsion class G in A’-mod defined by U,

(indl) There exists exactly one preprojective component Pg in I'(G). If Uy
s the direct sum of all indecomposable direct summands X of U
contained in Pg and U = Uy, @ Uy then:

(a) C = End(Uy) is connected wild concealed.
(b) Uz is regular in A’-mod.
(c) Uy is a preprojective tilting module in Us- C A’-mod.

(ind2) Denote by G the torsion class of Uy in Ust. If X € G is indecompos-
able and not preinjective in A’-mod, then:
(a) Tng is in Ug~ for m > 0.
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(b) 77" X = TgATgimilX for m > 0.
(c) If X is not in Pg, then Tg_mX is a regular Us--module for m > 0.

(ind3) If X is regular in Us-, then T[;;X = TgTJQj_n_lX for m > 0.

LEMMA 6.1. If P is a preprojective component in I'(G), then it is a

preprojective component in I'(G).
Proof. If X isin P, then it is in VVZL, hence in G.
First we consider the module Z = [r; + 1]Y € G, where Y is the quasi-

top of Si(r;). It was shown already in [17] that Z is quasi-simple regular in
A’-mod. We keep the notation of 5.2.

LEMMA 6.2. The module Z is neither in Pg nor preinjective in A’-mod.

Proof. The modules [r; +1]Y, ..., [my]Y, where [my]Y is a brick with
self-extensions, are in G by 5.2. Therefore the chain of irreducible epimor-
phisms in A-mod

[m]Y = [my —1]Y - ... > Z
is also a chain of irreducible epimorphisms in G and G. Since [my]Y has
self-extensions, Z is neither in Pg nor in Z(A’).

LEMMA 6.3. Pg is a full component in the relative Auslander—Reiten
quiver I'(G). It is the unique preprojective component in I'(G).

Proof. We show that 7g and 75 coincide on Pg. Let M be in Pg, not
Ext-projective. By 4.3 it has to be shown that 0 = DExt 4 (g M, 75;(r;)) =
Hom 4 (S;(r), 7g M) = Hom 4 (S;(r;), TaM).

From M € I/VlL we deduce Hom g (74W;, 7aM) = 0. Considering the
Auslander—Reiten sequences

0— 745, — 745,(2) = S5, —0
and
0—7a851(i) > TaSiI(i +1) & S;(i —1) — Si(i) — 0

for 1 < i < r; we get by induction Homy4 (S;(i),7aM) = 0 for 1 < i < 7.
Since Z ¢ Pg we get 0 = Exta (M, Z) = Exta(M, Z). Using, finally, the
Auslander—Reiten sequence 0 — 745;(r;)) — Z @ Si(r; — 1) — Si(r;) — 0
we get 0 = Exta(rg M, 7Si(r1)), hence g M = 75 M for all M € Pg and the
claim follows.

The second statement follows from 6.1.

LEMMA 6.4. T7 = Uy and g~: G\

Proof. The first claim follows from 6.3. Since Ty, = Uy & W;, we get

T5- = {X € A-mod | Hom(Ts, X) = 0 = Ext(Ts, X)}
= {X € A-mod = W;* | Hom(Us, X) = 0 = Ext(Us, X)}.
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This gives
G ={X € G| Hom(Ty, X) = 0 = Ext(Ts, X)}
= {X € G| Hom(Uz, X) = 0 = Ext(Us, X)} = G.

LEMMA 6.5. Ty is regular in A-mod.

Proof. By (indl) the module Us is regular in A’-mod, and consequently
it is regular in A-mod. Since 1o = Us & Wy, by 6.4, it is regular in A-mod.
In particular, P = 0 and Ty = ®L_; W;.

LEMMA 6.6. If X € G is indecomposable and not preinjective in A-mod,
then:

(a) 7g™ X isin G for m>> 0.

(b) g™ X =757 ' X for m>> 0.

(c) If X is not in Pg, then 75X is a regular T3--module for m > 0.

Proof. Take X € G indecomposable and not preinjective in A-mod.
Then 75™X # 0 for all m > 0 and by 3.4 there is an mg with 75" X € VVlL
hence in G for all m > mg. Let Y = 7o X. By 4.3, we have Tg_tY = Tg_tY
for all ¢ > 0 and Y is not preinjective in A’-mod since g 'y £ 0 for all
t > 0. The claim now follows from 6.4 and (ind2).

LEMMA 6.7. For X1, X3 € G, not in Pg, we have Homa (X1, 75" X2) =0
form > 0.

Proof. It is enough to consider X;, X5 not preinjective in A-mod.
By 6.6(b,c) there is an integer s > 0 with 75" X; a regular T5--module for
i = 1,2 and all » > s such that 75" X; = Téf’“Tg*in = T;;TTngi. By
1.3(a) we therefore get Hom(75° X1, 75" Xz) = 0 for m > 0. Since g is
a full functor, the claim follows.

The third statement of Theorem 2 is shown by induction on [. We start
with the case [ = 1.

LEMMA 6.8. Let T =Ty & W,. If X is a regular module in Wit, then
TI;/TX = TgTV*VT*IX for m > 0.
l l

Proof. Since T is a preprojective tilting module in WZJ-, all regular
Wf—modules are in @ =G and TWlLX =T15X, for all X regular in WIL.

Choose mo with Hom(Z, TI;/ZTX) = 0 for all m > myg (see 1.3). By 4.3,
we have a universal sequence

0— 74S1(r) ® DExt(TgTV_VT_lX, TAS1(11)) 4, T X EN TgTI;/J__lX — 0.
1 1 1
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We show Hom(74S;(r), T, WLX) = 0, for m > mg, which implies f =
Therefore g is an 1somorphlsm

Consider the Auslander—Reiten sequence
0 — 7481(11) = Z & Si(ri — 1) — Si(r) — 0.

Applying Hom(—, 7.7 X)) to this sequence, we get Hom(74.5;(r;), 7,/ X) &

7wl 7wL

Hom(Z, 1/ X) = 0 for m > my.

The proof of the inductive step is quite similar. Let X be regular in T5".
By (ind3) and 6.4 we get 757 X =T meorm>m0 and r > 0. Asm
Ty X):HOIH(ZT ). Since Z is
in G by 5.2, it follows that 0 = Hom(Z, 7., Tl )= Hom(Z S TT ) for
r > 0, by 6.7. In particular, Hom(74.5;(r), 757, ln X)) = 0 Considering

the universal exact sequence

0 — 745(r))" —>Tg7‘_m " 1X—>7’g —merelx 50

the proof of 6.8 we get Hom(TASl (r),,

the claim follows.
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