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1. Introduction. It is known (see [L]) that the sequence Si, 53, ...
of symmetric groups and canonical inclusion maps S, x S; — Sp44 gives
rise to a graded bicommutative Hopf algebra (R(S ), ¢, 1), where R(Ss) =
@.>, R(S,) is the direct sum of the additive groups of the complex rep-
resentation rings of S, (in degree 2n), R(Sp) = Z. The multiplication
¢: R(Seo) ® R(Sec) — R(So) comes from the induction maps

Ind %+ R(Sp) ® R(Sy) ~ R(S, x Sg) = R(Spiq)

p XS,
and the comultiplication ¢ : R(Ss) — R(S~) ® R(Sx) comes from the
restriction maps

Resgpﬂ R(Sp+q) = R(Sp x Sq) = R(Sp) ® R(S).

pXSq *

The Hopf algebra (R(Sw),®,%) is isomorphic to the Hopf algebra
Z[y1,y2, . ..] with the usual multiplication (y1,y2, ... being algebraically in-
dependent over Z); moreover, 1 (y,) = > . ., Yp @ Yq, each y, has degree
2n and corresponds to a trivial representation of S,.

In the present paper we apply a similar construction to the sequence
A1, As, ... of alternating groups. The canonical inclusion maps A, x 4, —
Apiq, Ay X Ay — Ay, are not conjugate (for odd p,q), as they are in
the case of symmetric groups. This results in the non-commutativity of
the ring R(Aw) = @, -, R(Ay). The structure of this ring is described in
Theorems 1 and 2. It is also shown that the canonical comultiplication does
not induce a Hopf algebra structure on R(A).

2. Notations. We denote by A,, n = 1,2,..., the group of even per-
mutations on n letters. The canonical inclusion maps A4, x A, — Ay, give
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rise to the induction maps
AI’ q ~
IndAp;Aq 1 R(Ap) ® R(Aq) = R(Ap x Ag) — R(Apiq)

which are associative in an obvious sense; thus we have the graded ring
R(Aw) = @B, R(A,), where R(A,,) is the additive group of the complex
representation ring of the group A,, having degree 2n, R(Ay) = Z and
multiplication R(Ax) ® R(Ax) — R(Ao) comes from the above induction
maps.

For any partition a of n (written o F n) let o’ denote the conjugate
partition and let [] be the corresponding equivalence class of an irreducible
representation of S, in R(S,,) which is a free Z-module with basis {[&]}arn-
The maps wy, : R(S,) — R(S,), [a] — [d/], determine an automorphism
w = @ w,, of the Hopf algebra R(S) (see [L]).

We denote by ¢, : R(A,) — R(S,) and 7, : R(S,) — R(A,) the induc-
tion and restriction maps. It is clear that t = @1, : R(Ax) — R(Sx) is a
ring homomorphism. It is well known (see [JK, 2.5.7]) that for a - n,

(1) if o # o then r,([a]) = r,([¢/]) is the class of an irreducible rep-
resentation of A,; we denote it by a, = ao ([a] | A, in the notation of
[JK]);

(2) if « = o/ and n > 2 then r,([a]) is a sum of two distinct classes of
irreducible representations of A,, which we denote by a} and a,, ([o]T, [a]~
in the notation of [JK]).

In this way, for @ - n we get all classes of irreducible representations of
A,,. Moreover,

(1) if a # ' then 1, (aq) = [o] + [];
(2') if « = @ and n > 2 then Ln(ag) = 1,(ay) = [a].

To describe the characters Ca+, ¢“  of the representations a, a let
h(a) = (hY, ..., he) be the decreasing sequence of the lengths of the main
hooks (i.e. (7,7)-hooks) of the Young diagram associated with . The con-
jugacy class C"(®) of S, consisting of all permutations with cycle partition
h(«), is the only class which splits over 4,, into two classes C’h(a)+, che)”
on which each of the characters (O‘+, ¢ takes distinct values. The class
CM@)™ contains an element (1,2,...,h1)(hi+1,...,hy +hy) ... and CM()"

is conjugate to Chle)” by any transposition. We have (see [JK, 2.5.13])
(3) Ch(a)+ = Uq £ Va, Ch(a)— = Ua F Va,

where u, = %Cﬁ‘(a), Vo = %(C,‘j(a) [1;_, h$)Y/? and (5 denotes the value of

the character (% of [a] on the conjugacy class C7 of S,, and similarly for
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+
(> . Moreover,

(4) 2T =¢g/2 fory # hla).

For a finite group G we denote by R(G) the complex representation ring
of Gand by (, )g, or briefly (', ), the Schur inner product of representations
as well as that of their classes or characters. The classes of irreducible
representations form an orthonormal basis of R(G) with respect to this
product.

3. Lemmas. A crucial role is played by the following

LEMMA 1. Let &, n be irreducible characters of the groups A,, A, and

let C5+, C®  be the irreducible characters of A,i, corresponding to a self-
conjugate partition € = €' of p+q. Let h(e) = (h],...,h;,) be the decreasing
sequence of the lengths of the main hooks of the Young diagram associated
with €. Denote by &n the character induced on A,y by the character £ @
of A, x Ay.

If p>2 and g > 2 then

(5) (€0, ¢ — ¢ )ayy, = (EDa(E1)gsen(l, J)

for & = ("i, n= (5i, where «, (3 are self-conjugate partitions o = o' = p,
B =0k quwith ha) = (hi,...,hi ), h(B) = (h5,,...,h5 ) such that

S
I={iy,...,is}, J = {j1,---,Jr} form a decompositioln of {1,...,k}. For

all other pairs of characters &, n the inner product (5) is zero.
If hi, = 1 and eitherp > 2, g = 1 orp =1, ¢ > 2 then for a self-conjugate
partition v such that h(y) = (h],...,hi_;) we have

+ et e~ — £ et g™
(T =) = Dy = (DO ),
where (! denotes a trivial character of A;.
If either hy, > 1 or £ is an irreducible character different from Oi then

et e” et e
(€ ¢ —¢ ) =(¢le ¢ —¢)=0.
Proof. To simplify notation we write h; instead of h§. Since the char-

acters C5+, ¢e differ only on elements of C"(¢)| by Frobenius reciprocity we
get

(€n.¢ = ¢ )ay, = (Indiy™t4 (E®1),¢ = ¢ )a,,
= (@, Resﬁiii"Aq(C€+ — (" ))a,xa,
= mpq O EX A (1) — ¢ (1)),

where my, = |A, x Ay|™" and t = (¢',t") runs over (A4, x A,) N C"E).
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Define C} = (A, x 4,) N CMe" and C_ = (A, x A,) N C"&)™ . Then
(3) implies

(.67 = ¢77) = myg | D€ m(E)20: + Y €t} (~202)]
Cy C_

= 2uamyg | 306N — D E@)m)].
Cy C_

To compute this sum we shall represent C';. and C'_ as unions of products
of conjugacy classes of A, and of A,.

It is clear that if h;, +...4+h;_ # pforeachsequence 1 <i; < ... <is <k
then the set (4, x A,) N C"?) is empty and thus the inner product is zero.
Let us denote by Z the set of all sequences I = {1 <i; < ... <1z <k} such
that h;, +...+ h;, = p. Any such sequence has a complementary sequence
J={1<ji1<...<jr<k}suchthat r+s=k, hj, +...+hj =q.

Consider a fixed sequence I. The conjugacy class chE" of Apiq is
determined by its element

(6) tp+q(5):(1,2,...,h1)(h1+1,...,h1+h2)...(...,p+q)

and consists of all elements of the form (t,44(c))? for o € A,14; the class
CME)™ consists of all elements of the same form for o € S, ,\A4,;, and
ChE™ = (ChE ™)™ where 7/ = (1,2) is a transposition.
For I € Z, denote by h(I) the partition (h;,,...,h;, ) of p and by h(J)
the partition (hj,,...,hj,) of ¢. They determine, as in (6), elements
t =t (1) = (1,2,...,h;,) .. (-..,p) € CMDT C A, x {1},
ty=tg(J)=@+1,....p+hs)...(....,p+q) € CchN"™ ¢ {1} x A,.

The element ¢,,(I)t;(J) has the same cycle partition as t,,,(¢). Hence it is
equal to (tpiq(e))” for some 7 € S,1,. It is easy to check that since all h;
are odd, we have sgn(7) = sgn(I,J) = sgn(i1, ..., s, j1,---Jr)-

Assume now that p and g are both > 2. In this case we have

(A x Ag)nCMe = | JcMD x ¢
U U (Ch(l)+ x O™y oh)™ x o)™,

where I runs over Z and it is easy to verify that if sgn(7,J) =1 (resp. —1)
then the first union is contained in C; (resp. C_) and the second one in
C_ (resp. C). Moreover, we know that CM()" = (Ch(1)+)T, Cch)™ =

(Ch(J)+)T , where 7" = (1,2) and 7”7 = (p+ ¢ — 1,p + q) are transpositions.



ALTERNATING GROUPS 151

We can continue the computation of the inner product:
et e
(5777 C - C )Ap+q
= 2vemyg Y sen(1,0) Y[ )m(t") + (&) ("))

IeT
= €)= (@) (")
= 2vamyg 3 _sen(L,J) Y [ = (@) DIIn") = (@)™,

IeT
where (¢',t") runs over (C”‘(I)+) X (Ch(‘])+).
An irreducible character & of the group A, satisfies £(t') = &((t')")

for t' € A, with the only exception when { = Oi and t’ belongs to the
conjugacy class C") of elements with cycle partition h(y); similarly for
7. Hence a summand in the last sum corresponding to I is non-zero only
if & = Co‘i and n = Cﬁi, where « denotes a self-conjugate partition of p
with main hook lengths h(a) = h(I) and § F ¢ is similarly related to J,
h(B) = h(J). In this case all the remaining terms are zero. For £ = Cai,
n= Cﬁi we get

(6n.¢" = ¢)
= 2u.mpq sgn(l, J%mh(a)%wh(ﬁ)“g(t;) _ 5(@@7 )][77(75;/) _ n((t;’)T”)]_

Using (3) and the formulas
Gty = (D702 jCM @ =pl/ ] P,
m=1

and a similar one for 3 (see [JK, 2.5.12 and 1.2.15]) we get
ot 8 et e
(C*¢7 ¢ = ¢ ) = (F)a(F)ssen(l, J)

and the first part of the lemma is proved.

A similar computation applies also to the second part of the lemma. If
g=1and hy =1then C; =C"M" x A; and C_ =CMV)™ x A, Ifp=1
and hy = 1 then we have Cy = 4; x "7 and C_ = A; x C"™™ when
k is odd, and C, C_ are to be interchanged for even k. m

Remark 1.In the notation of Lemma 1 we have s=p and r=¢ (mod 2)
because all h; are odd. Thus the relations sgn(l,J) = (—1)*"sgn(/,J)
= (—1)P9sgn(1,J) and (5) imply that (O‘i and Cﬂi do not commute if p, g
are odd. Consequently, the ring R(As) is not commutative.

Using the Littlewood—Richardson Rule one can prove by an easy induc-
tion on r + s the following
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LEMMA 2. Ife, a, (8 are as in Lemma 1 then ([o][f], [e]) = 1.

4. The ring R(A~ ). We compute the structure constants of the ring
R(A) in terms of those of the ring R(S~) using the above lemmas.

THEOREM 1. The structure constants of the ring R(A) in the basis
consisting of elements 1,a; € R(A1),at,a- fore =¢'Fn, n=3,4,... and
elements as = ag for § 75 0'Fn,n=2,3,... are as follows.

Let p, q be positive integers, ot p, ﬁ l— g, 0 (p+q),e=¢e,5#7¢.

(i) Ifa=d, B=0,p>2,q>2 then

(agag.as) = ([][6], [0]).

If the Young diagrams associated with o and B have all main hooks of
distinct lengths and o, ﬁ, € are related as in the first part of Lemma 1 then
(aiag,aﬁ’) =1 and (aZ aﬁ, -2) =0 for o= (£1)a(£1)gsgn(l, J).

In the opposite case we have

(agag,az) = 3([[] [€])-
(i) Ifa=a/, B# ', p>2 then
(agag, as) = (agay, as) = ([ ([8] + [8), [4]),
(agap, az) = (apay,a) = ([a][B], [e]),
and consequently aas = agaZ.

(i) If a« £ o/, B # 3 then

(aaap, as) = (apaa, as) = (([o] + [o'])([8] + [8])

(anag, az) = (apaa, ar) = ([a]([8] + [8'])
and consequently a,ag = agag.

(iv) If y=+"Fp, p> 2 then

(ayar,a5) = (aray, as) = (1], [9]).

If the Young diagram associated with v does not have a main hook of

length one and v, are related as in the second part of Lemma 1 then

(aial, aX)=1 and (aial,a;A) =0 for A=(£1)y;
(alaﬁ, aty=1 and (alaf, az") =0 for pu=(£1), (-1
In the opposite case we have
(afal,a:') = (a,jytal,a;) = (alaf,ag‘) (ala,jyt,a;) =0.

(v) ayay = ag, where ay denotes the class of trivial representations of As.

Proof. Let x € R(A,), y € R(A,) and suppose zy € R(A,44) has in
our basis a representation

xy:Z(m alf +mZaZ +Zm5a5 for m,m_,ms € Z.

O,
~—
I

—~ -
—~
L
+

2
=
=
O,
~—
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Since tptq(zy) = tp(2)1q(y), by (1'), (2') we get
tp(@)ig(y) = Y (mZF +mD)[e] + Y ms([0] + [5'])

and consequently
m +m; = (zy,af +a7) = (,p(2)iq(y), [e]),
ms = (zy,a5) = (1p(2)iq(y), [0]) = (tp(x)iq(y), [6'])-

Hence the first formula in (i) follows immediately. To prove the second
one we use Lemma 1 to get (agfaéc,aj —az) = p. Since by (7) and by

Lemma 2 we have
(azag,af +a2) = ([)[8], [€]) = 1,

our result follows. The last formula in (i) follows from Lemma 1, because in
this case we have (afaj,af —aZ) =0 and (afay,af +a2) = ([a][A], €]).

(7)

(6%
The remaining parts of the theorem can be proved in the same way

using Lemma 1, the equality ([«][3], [v]) = ([/][F], [Y']) and the Littlewood—
Richardson Rule. m

The next theorem presents a better insight into the structure of the ring
R(Ax).

Let A = A(z1,23,25,...) be the graded exterior Z-algebra on a free
Z-module with a basis {21, 23, 25,...} and grading deg z9;411 = 2(2j + 1),
j=0,1,... Let I' be an ideal of A with a Z-basis consisting of all monomials
221, Nzi, N ... Az, in A such that I3 > ... > and either k > 1, or k=1
and [; > 1. We define a homomorphism of Z-modules g : I' — R(A) by
the formula

g2z, Aziy Ao A z,) =al —a

o)
where a denotes the self-conjugate partition of I; + ...+ [ with main hook
lengths Iy, ..., .

THEOREM 2. The image of the homomorphism
L= @Ln : R(Ax) — R(Sx)
is a subring T = @, , T of the ring R(Se), where
T ={zn € R(Sy) : wn(zn) = 0}

is a free Z-module with the basis consisting of the elements of the form [e]
fore=¢"tn and [6] 4 [0'] for 6 # &'+ n.

The kernel L = @, 5 Ly, of the homomorphism v is a free Z-module with
basis consisting of the elements of the form aX — aZ for all self-conjugate

partitions €. The homomorphism of Z-modules g : I' — R(As) maps I’
onto L and induces a ring isomorphism of I' and L.
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Proof. The formulas w,([5]) = [#] and (1'), (2') imply the first part of
the theorem and the description of L. Hence g induces an isomorphism of
Z-modules I" and L. To prove that it is an isomorphism of rings (without
unity) it is sufficient to prove that

0 (af — az)(a} —a5) =0
if a, B are self-conjugate partitions and h{ = hf for some ¢, j and
(9) (ay —ag)(ag —az) =2sgn(l, J)(al — a7 )

if the self-conjugate partitions «, [, € satisfy the conditions of the first part
of Lemma 1. Theorem 1(i) implies that in case (8) we have

(af —az)af = (af —az)az =0

and the formula follows.

To prove (9) let us remark that since L is an ideal, (af — a;)(agr —ag) is
a linear combination of aj; —a,, for self-conjugate partitions v. Theorem 1(i)
implies that the only term that can occur with a non-zero coefficient corre-
sponds to 7 = €. Define p = sgn(7, J) (in the notation of Lemma 1). Then
we have

+
(o3

((aq —ag)(af —ag),af) = (agaj +aga; —agaf —agag,af) =2
because (afay,a?) = (ajagz,a2) = 1 and (agaj,a?) = (afagz,a2) = 0.
Hence the formula follows. m

Remark 2. The natural comultiplication ¢ : R(As) — R(Ax) ®
R(As) induced by the restriction maps R(A,1,) — R(A,) ® R(A4,) is not
a ring homomorphism, thus R(A.) is not a Hopf algebra. In fact, we
have as = aja; and P(az) = a2 ® 1 + a1 ® a1 + 1 ® az but ¥(aq)(ar) =
ara1 ® 1+ 2a; ® a1 +1® aya; hence Y(arar) # ¥(a1)y(ar).

Remark 3. The ring T' C R(Ss) is not closed with respect to the
comultiplication ¢ of R(S« ). In fact, we have

¥([2,2]) =[2,2] ® 1 +1®[2,2] + [2,1] ® [1]
+1]®2,1]+ 2] ® 2] + [1,1] ® [1,1]

by general formulas or by an easy computation. The component in R(S2) ®
R(S5) of this element is

(10) 2RI+ [L1U L=y —yi @y2 — Y2 @ Y; + 242 @ Yo

because [2] + [1,1] = y? and [2] = y2. The component T} is generated by y?
hence (10) does not belong to Ty @ Tb.

Remark 4. The ring T is not generated by [e] for self-conjugate ¢,
neither are these elements algebraically independent. In fact, there are six
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monomials in [e]’s which belong to Ty, namely
1%, 23007, 217 2207, 3,110 3,21,
and we have a relation of linear dependence among them:
3,2,1] +[2,1)% = [2,2][1])* + [3, 1, 1][1].

Nevertheless Tg is a free Z-module on six free generators.
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