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Approximable dimension and acyclic resolutions
by

A. Koyama (Osaka) and R. B. Sher (Greensboro, N.C.)

Abstract. We establish the following characterization of the approximable dimension
of the metric space X with respect to the commutative ring R with identity: a-dimg X <n
if and only if there exist a metric space Z of dimension at most n and a proper vvni
mapping [ : Z — X such that H"(f_l(x);R) = 0 for all x € X. As an application we
obtain some fundamental results about the approximable dimension of metric spaces with
respect to a commutative ring with identity, such as the subset theorem and the existence
of a universal space. We also show that approximable dimension (with arbitrary coefficient
group) is preserved under refinable mappings.

1. Introduction. Approximable dimension was introduced in [10], and
is motivated by some results concerning cohomological dimension. The prin-
cipal motivation for this concept is the following well-known result (and its
proof; see [13, Section 6]) about cohomological dimension.

THEOREM 1. A compactum X has cohomological dimension < n if and
only if there exist a compactum Z of dimension at most n and a cell-like
mapping f: Z — X.

In fact, the concepts of cohomological dimension and approximable di-
mension agree when the coefficient group is Z or Z,. Thus approximable
dimension is appropriate for extending results about cohomological dimen-
sion with coefficients in Z or Z, to other coefficient groups. As an example,
consider the following result from [10, Theorem 7.1] about acyclic resolu-
tions.

THEOREM 2. Let G be an abelian group. If a (separable) metric space
X has a-dimg X < n, then there exist a (separable) metric space Z of
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djmension at most n and a proper UV t-mapping f : Z — X such that
H™(f~Y(2);G) =0 for allz € X.

As for the converse, the first author [8, Theorem C] gave the follow-
ing characterization of the approximable dimension of a compactum with
coefficients in a commutative ring with identity.

THEOREM 3. Let R be a commutative ring with identity. A compactum
X has a-dimg X < n if and only if there exist a compactum Z of dimension
at most n and a UV '-mapping f : Z — X such that H"(f~*(z); R) = 0
forallxz € X.

In Section 2 we will extend Theorem 3 to metric spaces. The correspond-
ing extension of Theorem 1 was obtained by Rubin and Schapiro [12, Theo-
rem 1.3]. Employing a well-known join-method (originally due to Hurewicz
[6]), in Section 3 we prove that approximable dimension with coefficients in
a commutative ring with identity is actually a dimension-function. In Sec-
tions 3 and 4 we obtain several fundamental results about approximable
dimension as a dimension theory. For example, we establish the subset the-
orem and the existence of universal spaces. The main tool for all of this
is the Characterization Theorem for approximable dimension (Corollary 1).
We conclude by showing, in Section 5, that approximable dimension is pre-
served under refinable mappings.

The notations and definitions used in this paper may be found in [10].
Nevertheless, for convenience we shall repeat some of them here.

The notation “c-dimg X < n” means that every mapping f : A —
K(G,n) of a closed subset A of the space X to an Eilenberg-MacLane
space K(G,n) admits an extension over X, and should be read as “the
cohomological dimension of X with respect to G is at most n”.

DEFINITION 1. Let P and @ be polyhedra. Let G be an abelian group,
n be a natural number and U be an open cover of P. A mapping ¢ : Q — P
is (G, n,U)-approzimable if there exists a triangulation T of P such that for
any triangulation M of @ there is a mapping 1’ : |M (™| — |T()| such that

(1) d(@’, Yl jpem ) <U, and

(ii) for any mapping « : |[T™| — K(G,n), there exists an extension
B:Q — K(G,n) of o).

In the above, the notation d(¥’, [ ;m))) < U means that for any point
x € |[M(™)|, there exists U € U containing both v () and 1 (z). By a polyhe-
dron we mean the space |K| of a simplicial complex K with the Whitehead
topology.

DEFINITION 2. A space X has approzimable dimension with respect to a
coefficient group G of at most n (abbreviated a-dimg X < n) if for every
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polyhedron P, mapping f : X — P and open cover U of P, there exist a
polyhedron @ and mappings ¢ : X — @, 9 : Q — P such that

(i) d(f,¢ o) <U, and
(ii) ¢ is (G, n,U)-approximable.

As regards the relationship between approximable dimension and coho-
mological dimension, the reader should see [10]. We refer the reader to [2]
for the fundamentals of cohomological dimension theory.

Throughout this paper R shall denote a commutative ring with identity
and G an abelian group unless otherwise noted.

The authors would like to express their thanks to J. Dydak for some
helpful discussions.

2. A characterization of approximable dimension of metric
spaces

THEOREM 4. If f : Z — X is a proper UV" L-mapping from the met-
ric space Z of dimension at most n onto the metric space X such that
H™(f~Y(z); R) =0 for all z € X, then a-dimg X < n.

Proof. Suppose that Z is a closed subset of an ANR Y. Let us take a
mapping g : X — P of X to a polyhedron P and an open cover U of P. We
shall construct a polyhedron Q and mappings ¢ : X — @, ¢ : Q@ — P such
that d(g,v o ¢) < U and ¢ is (R, n,st(U))-approximable, thereby showing
that a-dimgp X < n.

Consider a triangulation T of P such that

(1) {st(v,T) |veTO} </,

where U’ is an open cover of P and U’ <* U. Here < means “is a refinement
of” and <* means “is a star refinement of”. Since dim Z < n, there exists
a mapping h : Z — |T™| such that d(h,g o f) < U’. Then h can be
extended over some neighborhood of Z in Y. Hence we may assume that h
is a mapping of a neighborhood O of Z in Y to |T("™)| satisfying

(2) d(hlz, g0 f) <U.

Let z be a point of X. Note that for each point z € O, there exist an
open neighborhood A of z in O and a compact subpolyhedron C of |T()|
such that h(A) C C. By this and the compactness of f~1(x), there exist an
open neighborhood O, of f~1(x) in O and a compact subpolyhedron S, of
|T(™)| such that h(O,) C S,. Moreover, by (2) we may assume that

(3) h(O.) Cc U,  for some U, € U.

Because S, is a compact polyhedron of dimension at most n, H"(S,; R) is
a direct sum of k copies of R and the quotient rings R/m;R for i =1,... 1.
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For each i=1,..., k + 1, let «; be the identity of the ith direct summand.
Because H"(f~!(x); R) = 0 we may assume, replacing O, with a smaller
neighborhood if necessary, that (h|O,)* (o) = 0 for all i = 1,...,k + L.
Consequently,

(4) (hlo,)" = 0.

Let us consider the open collection {O, | x € X'}, which covers Z. Since
f is proper and UV"~! we can find a collection V of open subsets of O
which covers Z and satisfies the following conditions:

(5) Y FVNZ)=VNZiorall VeV, and

(6)  for a simplicial pair (K, L) such that L D K and a mapping ¢ :
|L| — O such that for each simplex s of K, {(|]sN L|) C V; for some
V., € V, there exists an extension ¢ : [K(™ U L| — O such that for
each simplex s of K, ((|s N K™|) C O, for some z(s) € X.

We call the collection V an n-refinement of {O, | v € X} (see [3]).
By (5), there exists an open cover W of X such that

(7) f7fowv) <* v,  and
(8) W <* g H({st(v,T) | v e TOY).

Then there exist a subcomplex N of the nerve of W and a surjective mapping
¢ : X — |N| = Q such that

9) o ' (st(W,N)) C W for each vertex W € N.

Note that each vertex W of N is a member of the cover W. It then follows
from (8) and (9) that for each vertex W of N we can find a vertex (W) of
T such that

(10) e M (st(W,N)) C g~ (st(w(W), T)).

Clearly, condition (10) implies the existence of a mapping ¢ : Q = |N| —
|T'| = P such that

(11) d(g, o @) < {st(v,T)jv e TO} < U.
To complete the proof we need only show the following:
CLAM. v is (R, n,st(U))-approzimable.

Proof of Claim. It suffices to consider an arbitrary subdivision K
of N instead of any triangulation of |N| as in Definition 1. For each vertex
k of K, let us take a vertex W (k) of N such that
(12) ke st(W(k),N).

Moreover, choose a point u(k) € f~1(W(k))
(ko,k1,...,km) of K, the collection {W(ko),

C Z. For any simplex s =
W(k1),...,W(kp)} spans a
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simplex of N. Hence (", W (k;) # 0. By (7), we have
plko), p(kr)s s ilkn) € [ F7HW (Ra)) C st(f (W (o)), £ (V) C Vs
i=0

for some V; € V. Then condition (6) implies that there exists an extension
K™ — O of p: |[K©| — O such that
(13)  for each simplex s of K, £(]s N K™|) C O, 4 for some z(s) € X.

Now we shall show that the composition ¢/ = ho ¢ : |[K™| — [T™)|
satisfies conditions (i) and (ii) of Definition 1. Let us consider an arbitrary
mapping « : [T™| — K(R,n). Then to verify condition (ii) it suffices to
show the existence of an extension 3 : |[K (1| — K(R,n) of aot)’. For each
(n + 1)-simplex s of K, it follows from (13) that £(|0s|) C Ogs) for some
z(s) € X. Condition (4) implies that a0 h|O, s ~ 0. Hence acoho]jgs =~ 0.
We therefore have an extension &, : |s| — K(R,n) of a0 ho{|5s. Thus, by
simplexwise extension, we obtain an extension 8 : |K(™*Y| — K(R,n) of
aohof=aoy).

As for condition (i), let z be a point of [K(™| and let s = (kg, k1, ..., k),
t < n, be the carrier of z. Then, by (12), (9) and (10),

oM (2) C (YW (ki) C g7 (st (¥ (W ko)), T), and
=0

¥(z) € st(p(W (ko)), T).
Hence we have
U(2),g(u) € st(p(W(ko)),T) for any u € p~*(2).
On the other hand, by the construction,

pu(ko)s k1), - o p(ke) € st(f~H(W (ko)), (W) C Vs €V,
f(Z) Ef(</€0,]{71,...,kt>) Cox(s), and Vi Cox(s).

Hence, because f~!(p71(2)) C Oy N Z, it follows from (3) that
ho&(2), M) € h(Ous)) C Uysy €U for any u € ' (u).
Moreover, by (2),
h(w),g(u) =go f(u) € Uy for some Uy € U.

Therefore, by (1), ho§(2),v¥(2) € st(Uo,U). Thus, we have d(¢’, ]| m)|) =
d(h o &, Y| |xm)) < st(Ud). This completes the proof of the Claim. m

Theorems 2 and 4 imply the following characterization of approximable
dimension with coefficients in a commutative ring with identity. This extends
Theorem 3 to (separable) metric spaces.
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COROLLARY 1 (Characterization Theorem). A (separable) metric space
X has a-dimp X < n if and only if there exist a (separable) metric space Z
of dimension at most n and a proper UV™ -mapping f : Z — X such that
H"(f~Y(x);R) =0 for allz € X.

3. Some fundamental properties of approximable dimension.
First we make note of a useful lemma (see [5], Problem 4.3.C and its hint,
for an outline of the proof).

LEMMA 1. For every metric space X there exist a 0-dimensional metric
space S and a proper surjective mapping f : S — X.

The following result shows that we may define the approzimable di-
mension of the space X with respect to R in the expected way. That
is, if n denotes a nonnegative integer and we adopt the convention that
a-dimp X = —1 if and only if X = (), then

(i) a-dimp X = n if a-dimp X < nis true and a-dimp X < n—1 is false,
and
(ii) a-dimp X = oo if a-dimpr X < n is false for every n.

THEOREM 5. If X is a metric space and a-dimg X < n, then a-dimg X <
n+ 1.

Proof. By the Characterization Theorem, there exist a metric space Z
of dimension at most n and a proper UV" !-mapping f : Z — X such that
H"(f~'(x); R) = 0 for all x € X. By Lemma 1, there is a proper mapping
h:S — X from a 0-dimensional metric space S onto X. We then consider
the subset

Y = J{f'@«h (@) |ze X} C Z%8S,
where A x B denotes the join of the spaces A and B. Since f and h are
closed, Y is a closed subset Z % S. Clearly, dimY < dimZ xS <n+ 1.

We define the mapping ¢ : Y — X by o(f~1(x) *x h=(z)) = z for all
r € X. Since ¢ 1(K) C f~Y(K) * h~}(K) for any compact subset K of
X, and since both f and h are proper, ¢ is also proper. For each point
r € X, o Nx) = f~1(x) x h~!(z). Since f~1(x) has property UV"~! and
h=Y(z) # 0, ¢~ (z) has property UV"™. Moreover, since dim f~!(z) < n,
dimh~'(x) = 0 and H"(f~*(z); R) = 0, we have

(4 () b () R) 2 P (f (@) % b (@) R)
D H (@) R) © B (b (2):2) = 0.

i+j=n

12

Thus, ¢ is a proper UV™-mapping with R-acyclic point inverses. It fol-
lows from the Characterization Theorem that a-dimgp X <n—+1. =
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The Characterization Theorem also allows us to immediately obtain
the following fundamental property of approximable dimension for metric
spaces.

THEOREM 6 (Subset Theorem). If A is a subspace of the metric space
X, then a-dimg A < a-dimpg X.

As pointed out in [15], if X is a metric space and a-dimpr X < n, the
proof of Theorem 2 provides a proper UV" l-mapping 7 : Z — Y from a
metric space Z of dimension at most n onto a completely metrizable space Y
containing X as a dense subset such that H*(7~!(y);R) =0 forally € Y.
Then, by Theorem 4, a-dimgr Y < n. Therefore we have the following.

THEOREM 7 (Completion Theorem). Every metrizable space X for which
a-dimg X <n admits a metrizable completion X such that a-dimgp X < n.

We end this section with the following theorem and an application.

THEOREM 8. Suppose X is a metric space and R = @Zl R;. Then
a-dimp X = max;{a-dimpg, X}.

Proof. It suffices to consider the case R = R; & Rs. Suppose n is a
nonnegative integer. By the Characterization Theorem, if a-dimp X < n,
then a-dimp, X < n for i = 1,2. We shall complete the proof by showing
that a-dimp X < n if a-dimp, X <n for i =1,2.

Consider a mapping f : X — P of X to a polyhedron P and an open
cover U of P. Since a-dimp, X < n, there exist a polyhedron )1 and map-
pings ¢1 : X — Q1, ¥ : Q1 — P such that

(1) d(pro¢r, f) <U,

(2) Y1 is (Ry,n,U)-approximable.

Choose an open cover Uy of ()1 such that

(3) any two U;-close mappings of Z to 1 are homotopic,
(4) Uy < i U).

Moreover, since a-dimpg, X < n, there exist a polyhedron (2 and mappings
02 : X — Q1, P2 : Q2 — Q1 such that

(5) d(¢2 o Y2, (101) S ula
(6) 9 is (Rg,n,U, )-approximable.

By (1), (4) and (5), we have the following (which is not a numerical inequal-
ity, but whose meaning should nonetheless be clear):

d(1p1 01ha 0 o, ) < d(11 0 b2 0 @, 11 0 1) + d(11 0 1, f) < st(U).

Now we will show that 1)1 015 : Q2 — P is (R1 @ Ra, n, st(U))-approximable.
Suppose that T is a triangulation of P demonstrating the (Ry, n,U)-approxi-
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mability of ¢, and T} is a triangulation of Q; demonstrating the (Rg,n, U )-
approximability of 5. Consider an arbitrary triangulation M of Q2. Then
there exist mappings ¢ : |[M ™| — |T1(n)\ and ¥ : |T1(n)] — |T™)| such that
(7) d(wlhwl "Tl(n)‘> S u7
(8) d(y, Y2 || ) < U,

(9) for any mapping o : [T | — K(Ry,n), there exists a mapping
@: Q1 — K(Rq,n) such that a\le' = a o)), and
1
(10)  for any mapping 3 : |T1(n)| — K(Rg,n), there exists a mapping
B : Q2 — K(Ra,n) such that 5‘|M(ﬂ>| = [ o1y,
By (4), (7) and (8),
d(1) 0 Py, 1 0 o jprem))
< d(Yq 01y, 1 0 5) 4+ d(1 0 g, b1 0 Yo [1prem) < stU).
Consider now a mapping a : |[T™| — K(Ry,n) x K(Rg,n). By (9), there
exists a mapping 1 : Q1 — K(R1,n) such that ﬁﬂ‘T(n)l = p1 oo,
1
where p; : K(R1,n) X K(Ra,n) — K(R;,n), i = 1,2, is the projection.
Then, by (3) and (8), 8] o ¥afjprm| = p1 o oty oy, Hence there is a
mapping (31 : Q2 — K(Rq,n) such that B1|prm) = p1 oot oy, On the
other hand, by (10), there exists a mapping (2 : Q2 — K(Rg,n) such that

Balpmy) = p2 o @ ot} o 1hy. Hence we obtain the mapping 3 = (81, 52) :
Q2 — K(R1,n) x K(Rg,n) such that f[ ;) = ao (1] 095). Thus, 11 01hy
is (R1 ® Ra,n,st(U))-approximable. We conclude that a-dimp X <n. m

In [10] it is shown that if X is a metrizable space, then
c-dimg X < a-dimg X < c-dimz X < dim X.

This result, along with Theorem 8, provides the following (cf. [8, Theorem
DJ).

COROLLARY 2. Suppose that X is a metric space and G is a finitely
generated abelian group. Then a-dimg X = c-dimg X.

4. Universal spaces for approximable dimension. We recall the
notion of a universal space.

DEFINITION 3. Let C be a given class of topological spaces. Then a space
X € C is called a universal space for the class C provided that any Y € C
can be embedded in X.

For a nonnegative integer n, consider the class

C(G,n) ={X | X is a metrizable compactum and c-dimg X < n}.
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There is a great deal of interest in the question of the existence of a universal
space for the class C(G,n). This question remains open even in the case
G = 7Z. We note that Dydak and Mogilski [4] have considered the larger
class

Cs(G,n) = {X | X is a separable metrizable space and c-dimg X < n}

and have shown the existence of a universal space for the class Cs(Z,n).
Yokoi [15] applied Theorem 2 to their method and showed the parallel result
for the class Cs(Z,,n). Recently Olszewski [11] made striking progress on
the general problem. In particular, he constructed a universal space for the
class Cs(G,n) whenever G is countable.

Here we consider the class

As(G,n) = {X | X is a separable metrizable space and a-dimg X < n}.

The problem of the existence of a universal space for this class is open for
general coefficient groups. However, we may construct a universal space for
the class As(R,n). The construction is based on that of Dydak and Mogilski
[4], and is thus an application of the Characterization Theorem. Since this
construction is quite similar to that of [4], we shall omit the proof.

THEOREM 9 (Universal Space Theorem). For each integer n > 1, there
exists a universal space M, for the class As(R,n).

By Theorem 6 we have the following.

COROLLARY 3. If X is a separable metric space, then a-dimp X < n if
and only if X can be embedded into M, .

Corollary 2 and Theorem 9 provide a universal space theorem for coho-
mological dimension.

COROLLARY 4 ([4] and [15]). For a finitely generated abelian group G
and an integer n > 1 there exists a universal space for the class Cs(G,n).

5. Refinable mappings and approximable dimension. Let f : X —
Y be a mapping of a metric space X onto a metric space Y. Let U be an open
cover of X. Then the mapping f is called a U-mapping if each point y € Y
has a neighborhood O, such that f~!(0,) is contained in some element of
U. A mapping r : X — Y of a metric space X onto a metric space Y is
refinable if for each pair of open covers U of X and V of Y there exists a
U-mapping f : X — Y such that d(f,r) < V. Such a mapping f is called a
(U, V)-refinement of r.

THEOREM 10. Let r : X — Y be a refinable mapping of a metric space
X onto a metric space Y. Then a-dimg X = a-dimg Y.
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Proof. Assume that a-dimg X < n. Consider a mapping f : Y — P
from Y to a polyhedron P, and an open cover W of P. Since a-dimg X < n,
there exist a polyhedron @) and mappings ¢ : X — Q, ¥ : Q — P such that

(1) d(op, for)<W,
(2) ¥ is (G, n,WW)-approximable.

Choose a triangulation M of @ such that V = {st(v,M) | v € MO} <
¥~1(W). Then there exists a (¢~ 1(V), f~1(W))-refinement h : X — Y of
r. Since h is a ¢~ 1(V)-mapping, there exists a locally finite open cover U
of Y such that h=1(U) < =1 (V). Let N be the nerve of the cover U and
£:Y — N be a canonical mapping. Then there is a mapping ¢ : N — @
induced by the correspondence h=1(U) C ¢~ (st(¢(U), M)). Tt follows that
d(f, o o&) <st(W). Combining this with (2), we have a-dimg Y < n.

Conversely, assume that a-dimg Y < n. Consider a mapping f : X — P
to a polyhedron P and an open cover W of P. Choose a triangulation L
of P such that U = {st(v,L) | v € L{®} < W. Since r is refinable, there
exists an f~!(U)-mapping h : X — Y. Then there is a locally finite open
cover V of Y such that h=1(V) < f~1(U). Just as in the first part of the
proof, there is a mapping ( : N — P, where N is the nerve of V, and
a canonical mapping £ : Y — N such that d({ o £ o h, f) < W. For the
mapping (o0& : Y — P, because a-dimg Y < n, there exist a polyhedron @
and mappings ¢ : Y — @, ¢ : @ — P such that

(3) d(pop,(og) <W,
(4) ¥ is (G, n,W)-approximable.
Then d(f,p o1 oh) <st(W). Thus, a-dimg X <n. m
From Theorem 10 and Corollary 2, we obtain the following.

COROLLARY 5. Letr : X — Y be a refinable mapping of the metric space
X onto the metric space Y, and let G be a finitely generated abelian group.
Then c-dimg X = c-dimg Y.

We do not know whether the hypothesis that G be finitely generated
is necessary in Corollary 5. Related results about refinable mappings and
cohomological dimension theory may be found in [7] and [9].
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