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Abstract. Let E be a Banach space with a separable dual. Zippin’s theorem asserts
that F embeds in a Banach space E7 with a shrinking basis, and W. J. Davis, T. Figiel,
W. B. Johnson and A. Pelczynski have shown that E is a quotient of a Banach space
FE> with a shrinking basis. These two results use the interpolation theorem established by
W. J. Davis, T. Figiel, W. B. Johnson and A. Petczyniski. Here, we prove that the Szlenk
indices of E; and E2 can be controlled by the Szlenk index of E, where the Szlenk index
is an ordinal index associated with a separable Banach space which provides a transfinite
measure of the separability of the dual space.

Introduction. Let E be a Banach space with a separable dual. Zippin’s
theorem ([Z]) shows that E' embeds in a Banach space E; with a shrinking
basis, and in [D-F-J-P] it is shown that E is a quotient of a Banach space
E5 with a shrinking basis. These two results use the interpolation scheme
of [D-F-J-P]. Close to the index introduced by W. Szlenk in [S], the Szlenk
index of E, denoted by Sz(FE), is defined by slicing the dual unit ball of E
with w*-open sets. Here, we show that we can control the Szlenk indices of F
and E5 by the Szlenk index of E. More precisely, there exist universal maps
p1 w1 — wy and @9 : w1 — wy such that if Sz(F) < o < w; then we can
choose Fy and Ey with Sz(E;) < ¢1(a) and Sz(E2) < ¢a(a) (Theorems 3.1
and 4.2). We do not know ¢; and o more precisely, in particular we do not
know if 1 or 5 can be the identity map.

We use tools from descriptive set theory (see [K-L]) and some results from
[B1] (see also [B2]). This study is closely related to the Borel regularity of
the interpolation scheme of [D-F-J-P].

The first section is devoted to notations and recalls, and the second
one to preliminary lemmas. In the third section, we prove that ¢, exists,
following [G-M-S] in the proof of Zippin’s theorem. As a corollary, we obtain
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the control of Sz when embedding a reflexive separable space in a reflexive
space with a basis.

In the fourth section, we prove the existence of s.

This work answers some questions that were formulated by G. Godefroy,
and the author would like to thank him for his invaluable suggestions and
encouragement.

I. Notations and preliminaires. We will denote by w = {0,1,2,...}
the first infinite ordinal, by w* the set w \ {0}, by wy the first uncountable
ordinal. Let A be a set. We will denote by A“ (resp. A<“) the set of all
infinite (resp. finite) sequences in A, and by P;(A) the set of all finite subsets
of A. If a is an element of A¥ or A<%, we will write a = (a;);, and when A
is a topological space, @ = {a; : i}. Concatenation is denoted by —.

Let C(I) be the Banach space of all continuous functions on the Cantor
set I = {0, 1}*. It is classical that every separable Banach space is isometric
to a subspace of C'(I). Let X be a Banach space. Then By is its closed unit
ball. If A C X, then conv(A) denotes its convex hull, sp(A) (resp. spg(A))
the vector (resp. Q-vector) space spanned by A, conv(A) and Sp(A) their
closures, A+ the orthogonal of A and diam(A) = sup{|z — y| : z € A4,
ye A} If AC X* then A" denotes its w*-closure.

If A and x are finite or infinite sequences respectively in R and X, we
will write Ax =) \jz;. If x € X¥ and y € Y where Y is a Banach space,

and k € [1,00), then x Xy will mean
1
VAER™, x| < Ayl < Bl

and we will write x ~ y if there exists some k € [1,00) such that x X y.
If X and Y are isomorphic (resp. isometric), we will write X ~ Y (resp.
X=Y)

We recall the definition of the Szlenk index Sz(X) when X is a separable
Banach space. Let F' be a w*-closed subset of Bx«. For € > 0, we set

F! = {a* € F : for any w*-neighborhood V of z*, diam(V N F) > ¢},
FO = F,
and we define by transfinite induction
Flett) — (F(@)if o is a countable ordinal,

Fl®) = ﬂ F¥ if o is a limit countable ordinal.
B<a
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Then we set

C(F) = {inf{a : Fs(a) =0} if it exists,

w1 if not,
C(F) = SgISCE(F% Sz(X) = ((Bx~).

If X ~ Y, we have Sz(X) = Sz(Y'). It is classical (see [D-G-Z], Theorem I-5-2,
for instance) that X is a Banach space with a separable dual iff Sz(X) < wy.
It is not difficult to see that if Y is a Banach subspace of X with a finite
codimension, then Sz(Y') = Sz(X).

Let P be a Polish space, and O a basis of open subsets of P. We denote
by F(P) the set of all closed subsets of P equipped with the Effros—Borel
structure (i.e. the canonical Borel structure generated by the family {{F €
F(P): FNO # 0} : 0 € O} (see [C]). We have the following easy result
(see [B-1], Lemma 2.6, for instance) where S C F(C(I)) is the subset
consisting of the Banach subspaces.

Fact 1.1. The following subsets are Borel sets:

(i) {(F.G) € F(P)?: F C G},

(ii) {(z,F) € P x F(P):x € F},

(iii) {(x, F) € P* x F(P) : % = F},

(iv) {(x,X) € C(I)* x SE : 5p(x) = X }.

If in addition P is compact, the Effros—Borel structure of F(P) is gen-
erated by the Hausdorff topology, thus by the family

{{FeFP):FCO}:0e€O0}.

We use the notation X7 (resp. IT{) for analytic (resp. coanalytic) subsets

and we refer to [K-L] for definitions and results in descriptive set theory.
Let SE (resp. SE(¢1)) be the set of all closed vector subspaces of C([)

(resp. ¢1). We will denote by e = (e;);c. the canonical basis of ¢;. If H €

SE(¢y) and e € £y, then é¥ will be the class of e in £1/H, and 6¥ = (6H)c,.
It is a classical result that the spaces (¢;/H)* and H+ are isometric and
w*-isomorphic via the map I,,, defined by I, (y*)(e) = y*(e¥) for y* €
(fl/H)* and e € 61.

We recall some results without proof (see [B1] or [B2]). The subset SE
(resp. SE(¢1)) is a Borel subset of F(C(I)) (resp. F(¢1)), thus a standard
Borel space (i.e. its Borel structure is generated by a Polish topology).

We write By, = (By,w*) and we fix a countable basis Oss = (Op)new
of open subsets of By,. We equip the set K = F(By) with the Hausdorff
topology and if « is a countable ordinal, we define

Ko ={KeK:((K)<a}, H,={HecSE):92({;/H) < a}.
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If H e SE(¢y1), we define K(H) = By, and we have ((K(H)) = Sz(¢1/H),
thus H € H, implies K(H) € K,. The index ¢ is a II{-rank on
{K € K:({(K) < w1} € II{, the index Sz is a IT{-rank on {X € S¢ :
Sz(X) < wy} € II} and the index defined by H + Sz(¢1/H) is a IT{-rank on
{H € SE(t1) : Sz(41/H) < w1} € IT} (see [B1], Ch. 4, or [B2]). Here, we

will use the following direct consequences.
PROPOSITION 1.2. Let a be a countable ordinal.

(i) The sets Ko and H, are Borel sets, thus standard Borel spaces.
(ii) If AC{X € 8E:Sz(X) <wi} is X1, then there exists a countable
ordinal B such that Sz(X) < 3 for any X € A.

We recall the interpolation scheme of Davis-Figiel-Johnson—Pelczynski
(see [D-F-J-P]). Let Y be a Banach space, and W a closed convex symmetric
and bounded subset of Y. For every n € w, U, (W) is 2"W 4 2=" By, and
Jn is the gauge of U, (W). We denote by Z(W) the vector subspace of Y
consisting of those y’s for which [|y[|3yy = 3=, Jn (y) is finite. Then Z(W)
equipped with the norm | - || z(w) is a Banach space containing W, and its
unit ball is

CW)={yeY :llyllzmw) <1}

Fact 1.3. (i) If Y is a subspace of a Banach space X, then the results
of the interpolation scheme in'Y and in X starting from W is the same.

(ii) If k € [1,00), then the identity is an isomorphism between Z(W)
and Z(kW).

Proof. (i) For any n € w, let ¢, be the gauge of 2"W +2-"Byx and
C'={yeX:> _ F2(y) <1}. We have

ncw "n

C'C(2"W+2"Bx C (| p(W)+2"Bx Csp(W) CY.
necw necw

Consequently, ¢! = C(W), and (i) follows.
(ii) We have

O + 2 "By C 2"k W + 27 "By C k[2"W + 27" By].
Thus C(W) C C(kW) C kC(W) and (ii) follows. m

Finally, let x be a basic sequence in a Banach space X. Then x is shrink-
ing if (5p(x))* = Sp(x*), where x* is the sequence of biorthogonal functionals
of x. And x is boundedly complete if (3p(x*))* = sp(x).

II. Some preliminary lemmas. We state some definitions and lemmas
which will be useful in the following sections.

LEMMA 2.1. The map H — K(H) = By from SE(4y1) into K is Borel.
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Proof. First we have
CrLAIM. The map k : ¢ — K defined by k(w) = By is Borel.
Indeed, let O € O and A(O) = {w : k(w) C O}. We have
AO)={w:Vy ¢ O, In € w,3e € Q*, |y(w,)| > 2¢}
={w:Yy €O, Imecw, ye€ Oy,
Je € Q" In€w, W € O, |y'(wn)| > e}
As €O is compact, we see that w € A(O) iff there exists I € Pg(w) such that
(i) Yme I, 3e € Q*F, In € w, Yy € Op, |y(wy)| > &,
(i) O € Upnes Om-
If m,e and n are fixed, the set (), .o, {W : [y(wn)| > €} is closed, thus
A(O) is Borel, and the claim follows.
With this claim and Fact 1.1(iii), the subset {(H,w,K) : w = H,
k(w) = K}) of SE(41) x €9 x K is Borel, therefore its projection {(H, K) €
SE(l) x K : K = K(H)} is X1, and thus Borel by the separation theorem.

Lemma 2.1 follows. m

For every K € K we define by transfinite induction {K2" : m,n € w,
(3 countable ordinal} as follows: for every m,n € w, K%° = K, for 8 < w;
and n € w,

KBt _ KB if diam(O,, N K2m") > 27™
" KB\ O, if not,
Kg“l‘lzo — ﬂ K,B,TL7

m
necw

and if 3 is a limit ordinal, K20 = ﬂ7<5 K0,
Let a be a countable ordinal. If K € Iy, then ((K) < a, and clearly for
every m € w there exist 3 < o and n € w such that K2™ = (). We have

LEMMA 2.2. Let m,n € w, and 3 < « fized. The map K — K2 from
Ko into Ko, is Borel.

First we will use two lemmas.

LEMMA 2.3. Let m € w and O € Oy . The map from K into K defined
by
K if diam(KNO)>2"™,
K K= {K\O if not,
s Borel.

LEMMA 2.4. Let 3 < wy. The map from KP into K defined by (K.)y<p —
ﬂ7<ﬁ K., is Borel. In particular, the map K* — K defined by (F,G) — FNG
s Borel.
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Proof of Lemma 2.2. It follows from Lemmas 2.3 and 2.4 by trans-
finite induction. =

Proof of Lemma 2.3. Let 2 € Oy. We have
{K:K'C2}={K:KC}
UK :K\OCQ2}n{K :diam(KNO)C27™}.
Clearly, {K : K C 2} is Borel, and sois {K : K\ O C 2} = {K : K C
O u 2}
Let
V={(Vi,Va) € O :V(a},23) € Vi x Vo, |2} — x5 >27™}.

CrLaiMm. We have

{K:diam(KNO)>2""}= ] {K:KnVinO#0, KNVanO # 0},
(Vl,VQ)EV

By this claim, {K : diam(K N O) < 27™} is a Borel set, thus so is
{K : K’ C 2}, and the lemma follows.

We prove the claim. Suppose diam(K N O) > 2~"™. There exist 2*, y* €
KNO and = € By, such that (z* —y*)(x) > 27™. Let A = z*(z), p = y*(x)
and €; > 0 be such that A — u > € 4+ ¢;. Then the two subsets of B,__,

Li={z":2"(x) > A —¢e1/2}, Lo={z":2"(x) < u+e1/2},
are w*-open, and x* € L1, y* € Ly, thus KNL1NO # () and KNLyNO # ().
If 27 € Ly and 25 € Lo, we have
xi(z) —x3(x) >AN—e1/2—p—e1/2>ec+e1 —e1 =¢,
thus ||z — x3|] > € and there exists (V1,V2) € V such that V; C L; and
V4 C L. Consequently,
{K:diam(KNO)>2""}C | {K:KnVinO#0, i€ {1,2}}.
(Vi,Va)eV

The other inclusion is clear and the claim is proved. m

Proof of Lemma 2.4. Let 2 € Oy and
h(Q) = {(KV)Kﬁ () K, C Q}
v<pB
We have
h(£2) = {(Ky)y<p: Vo < B,V € K5, z€ 2, or Iy <, x ¢ K}

= ﬂ {(Ky)y<p : Vo € K5, In € w, z € O, and
i<p
(O, CRor I <, 0,NK, =0)}.
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As K is compact, we obtain (K )y<g € h(§2) if and only if for any 6 < £,
there exists J € P¢(w) such that

(ii) Vn € J such that O,, £ O, Iy < 3, O, N K, = 0.

It follows easily that h({2) is Borel and that proves the lemma. m
Let o < wy. The set
Lo={(K,F)eK*:¢((K)<a, FCK, F#0}

is Borel (use Fact 1.1 and Proposition 1.2).

We now use the so-called “dessert selection” (|G-M-S]). With (K, F) €
L, we associate sk (F') € F in the following way. For any m € w, there exist
B < a and n € w such that K™ = (), thus there exist ap < o and ng € w
such that N K200 #£ () and F N K2omott = (. We write A, (K, F) =
FNKgomo, Then we have diam(A,, (K, F')) < 27™. By induction, we define
(Em(K> F))méw by

ZU(K7F):F7 Em+1(K7F):Am+1(K72m(K7F))'
For any m € w, X, (K,F) # 0 and diam(X,,(K,F)) < 27™, thus
Minew 2om (K, F') has a single element that we denote by sk (F). We have

LEMMA 2.5. The map from L, into By defined by (K, F) — sk (F) is
Borel.

Proof.
CrAM. Let m € w. The map A, : Lo — K defined by (K,F) —
A (K, F) is Borel.
Indeed, let 2 € O . We have
{(K,F): A (K, F) C 2}
={(K,F):38<a, Incw, FNKP" 40 and FNKS" C 0}
and this last subset is Borel by Lemmas 2.2 and 2.4. The claim follows.

Then an induction proves that the map £, > (K,F) — X, (K,F)
is Borel, and by Lemma 2.4, so is the map defined by £, > (K,F) —

nme Zm(K7 F)
Consequently, if O € O, we have

{(K,F): sg(F) € O} = {(K, F): () ZalK,F)C o}
mew
and this last subset is Borel. The lemma follows. =

If x is a basic sequence in a Banach space X, we denote by x* = (x})icw
the sequence of its biorthogonal functionals.



62 B. Bossard

LEMMA 2.6. Let X be a separable Banach space, S(X) the subset of
XY consisting of basic sequences, and B(X) the subset of normalized bases,
when X has a basts.

(i) The set A(X) = {(x,y) € S(X) x X : y € 5p(x)} is Borel, and
the map from this set into X, with m € w fized, defined by (x,y) —
Y icm Ti(y)xi is Borel.

(ii) The set B(X) is Borel, thus a standard Borel space, and the map
from B(X) into (Bx~,w*)* defined by x — x* is Borel.

Proof. (i) First, S(X) is Borel because

x € S(X) & IM € w, ¥n,p € w, YA € Q<¥, H 3 N
=0

n—+p
< MH Z i
1=0

Thus, by Fact 1.1, A(X) is Borel. In A(X) x X x R“, the subset {((x,y), z,

(Y(i))iew) : 2 =30, y(i)z;, and Ve € Q*F, AN € w, ¥n > N, |13, y(i)z;
—y|| < e} is clearly Borel. Consequently, its projection -

{((th)az) e = Z x:(y)xz}

i<m

is X1, thus Borel by the separation theorem, and (i) is proved.
(ii) Let £ be a dense sequence in X. Then x € B(X) iff x € S(X),
||z;]] =1 for all ¢ € w and
Vee Q*, Vicw, IN€Q, | Ax—y <e.

It follows that B(X) is Borel.

Now, let (x!);c., be a sequence of elements of B(X), and x € B(X) such
that x! — x in X“. We are going to show that w*-lim; z* = ¥ for every
1 € w. As x is a basis, it is enough to show that

li%n 2t (Ax) — 27 (Mx)[ =0
for any A € Q<. We have
o (Ax) — 2 (Ax)| < | (W) — 2" ()| + [ (') — 2} ()|
< JAx = A+ A= Al
As \is a finite sequence, lim; | Ax—Ax'|| = 0, thus lim; |z* (Ax) —z(Ax)| = 0

and w*-lim; x'* = z7. The lemma follows. m

ITI. On Zippin’s theorem. In [Z], M. Zippin shows the following the-
orem:

THEOREM. Fvery Banach space with a separable dual embeds in a Banach
space with a shrinking basis.
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The aim of this section is to give a “quantitative” refinement of this
theorem.

THEOREM 3.1. There exists a universal map @1 : wy — wy such that for
every Banach space E with a separable dual and every countable ordinal o,
if Sz(E) < «, then E embeds in a Banach space Z with a shrinking basis
which satisfies Sz(Z) < p1(a).

We will follow the proof of Zippin’s theorem given in [G-M-S| to which
we refer for some results.

Let fo € C(I) be a fixed function that separates points in I, and 1 be the
constant function which is equal to 1 everywhere. First we define a standard
Borel space.

LEMMA 3.2. Let a be a countable ordinal. In SE(L1) x £ x C(I)* x SE
the subset

Sa = {(H,h,x,X) : S2(X) < a, 55(x) = X,
spth) = H, x~&", 1€ X, fo € X}

1s Borel, thus a standard Borel space.

Proof. This is clearly a consequence of Fact 1.1, Proposition 1.2 and
the following.

Cram. In C(I)¥ x ¢, the subset Ay = {(x,h) : x L &8H with H =
sp(h)} is Borel.

Indeed, for (x,h) € C(I)¥ x ¢y, we have the equivalence: (x,h) € A; if
and only if for any A € Q<¢, || Ax| = |[Aé¥ . Thus (x,h) € A4, if and only if
for any A € Q<v,

(i) Vi € Q=% [[Ax]| < || Ae + phl],
(i) Ve € Q*F, Jv € Q<¥, ||de + vh|| < [|Xx| +e.

Then it is not difficult to prove the claim, and the lemma follows. =

Fora € S, we write a = (H (a),h(a),x(a), X (a)) with h(a) = (hi(a))icw
and x(a) = (x;(a))iew- The proof of Theorem 3.1 is a straightforward con-
sequence of the following central lemma which will be proved afterwards.

LEMMA 3.3. Let a < wy. In the set {Y € SE 'Y has a shrinking basis},
there exists a 2% subset T, such that for any a € S, there is some V € T,
in which X (a) embeds.

Proof of Theorem 3.1. For any a < wy, as 7, C {X € S§& :
Sz(X) < w1}, by Proposition 1.2 we can choose # < wy such that for any
V € 7, we have Sz(V) < ( and we define ¢; by p1(a) = (3. It remains to
check that ¢ satisfies the required conditions.
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Let E be a separable Banach space such that Sz(FE) < «. We may suppose
that £ € S&, and we define X (F) € S€ by

X(E)={z+No+pl:zcE, (\pu)cR?}.

As in X(F), codim(F) < 2, we have Sz(X(F)) = Sz(E) < a. There exists
H € S&(¢1) such that X (FE) is isometric to ¢1/H, thus there exists a € S,
such that X (a) = X(F). Then by Lemma 3.3 there exists a Banach space
V € 7, with a shrinking basis such that Sz(V') < ¢1(«), and in which X (E)
embeds, thus F too, and Theorem 3.1 is proved. =m

The proof of Lemma 3.3 follows the proof of Zippin’s theorem in [G-M-S].

Let « be a fixed countable ordinal, and a = (H,h, x, X) € S,. We denote
by T,, or T', the map from ¢, /H into C(I) defined by T'(¢/) = 2;. Without
proof we will use some results of the proof of Zippin’s theorem given in
[G-M-S] to obtain a Banach space Z(a) with a shrinking basis in which X
embeds isomorphically.

The set of Radon measures on I is denoted by M(I). As Sz(¢1/H) =
Sz(X) < aand T*(M(I)) C (¢1/H)*, T*(M(I)) is separable. Since fo € X
separates points in I, T is one-to-one on the set {d; : t € I} of Dirac
measures. Moreover, fy and 1 belong to T'(¢1/H) = X. We consider on I
the following metric:

A(s,t) = sup{|p(s) — @(t)| : ¢ € T(Be, /) = Bx} = ||T7(8s) = T7(8¢) |-
The w*-topology of (¢1/H)* induces the usual topology of I via the map
I >t~ T*(5). Thus I is separable for the metric A, and for any € > 0
every closed subset of I contains a non-empty relatively open subset with

A-diameter less than ¢ (see [G-M-S]).
We denote by 1, or ¢ the map from I into the unit ball of (¢1/H)*

defined by v (t) = T*(d;), and Ja =1 = I,,, o 1. Then we have
K (H)) =4 (By) = 1.
CLAIM. For any m,n € w and 8 < wi, the subset
D™ = (K (H))pm \ ¢ (K (H))
of I has a A-diameter less than 27™.

Indeed, let s,t € D™ Then

A(s, 1) = [9(s) = (D) = [l (s) = P(@)]]-
As ¥(s) and (t) belong to (K(H))%m™ \ (K(H))2™! we have A(s,t)
<27™,
With the definitions used in [G-M-§], it is easy to build a “A-fragmenta-

tion” (fm)mew, of I where, for any m € w, f,,, is a “well ordered slic-
ing” defined from the set of difference sets {D?" : (3,n) € A,,} with
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A = {(B,n) : D&™ # 0} equipped with the lexicographical order. Then
we consider the “dessert selection” ([G-M-S]) which associates with a closed
subset A C I an element s,(A) = s(A) € A in the following way. For any
m € w, there exist # < o and n € w such that AN @Zfl[(K(H))gz"] # () and
AN (K (H))3mH] = 0. We set Ly, (A) = ANy [(K(H))%. We de-
fine Sp(A) = A and by induction for any m € w, Sy,+1(A) = Lynt1(Sm(4)).
Then s(A) is the single element of [, Sm(A4). We will prove the next
lemma later.

LEMMA 3.4. Let A be a closed subset of I. The map from S, into I
defined by a — s4(A) is Borel.

For every o € 2<“ we set A, = {t € [ : 0 < t}. By a property of the
“dessert selection” ([G-M-S], Theorem (A)), fori € {0, 1}, if s(45) € Ay,
then s(A,~(;)) = s(As). We define

ot = Jt—; = O—A(l) if S(AU"(O)) - S(AO')7
Lo (0) if not.

Let (B,(a))new be the sequence of elements of {Ag} U {A,+ : 0 € 2<%}
equipped with the following order: for any o, 7 € 2<%, A, is before A, if the
length of o is less than the length of 7, or if they have the same length and
o is before 7 in the lexicographical order. In [G-M-S] it is shown that the
sequence b(a) = (bn(a))new = (1B, (a))new is @ monotone basis for C(T).

LEMMA 3.5. The map from S, into C(I)* defined by a — b(a) is Borel.

Proof. First by Lemma 3.4 the map from S, into the product space
[[(As : 0 € 2<¥) defined by a +— ($4(Ay))seca<w is Borel.

CLAIM. The map & from [[(As : 0 € 2<%) into (2<%)2°° defined by
(80—)0—62<w — (Sg.)o-€2<w with
/ UA(l) if So~(0) = So>
o (0) if not,
s Borel.

Indeed, fix 7,7/ € 2<% and let M = {(sy)pe2<w : 8- = 7'}. Then M is
Borel because

o if 7' = 77(0), then M = {(55)5 : 5:~(0) 7# 5r}>

o if 7/ =77(1), then M = {(55)5 : 87~ (0) = 8-},
and M = () in the other situations. The claim follows.

The image of (s4(Ay))sea<w by the map £ is (o)) eco<w. The map 2<% 3
o +— 14, is clearly Borel, thus so is the map S, 3 a +— (b, (a))new. ®

Let a = (H,h,x,X) € S,. For any i € w, we denote by P; = P;(a) the
projection from C(I) onto sp({b,(a) : n < i}) corresponding to the basis
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b(a) of C(I), and we set

W(a) = U PT(Be,/u) = U P;(Bx).
S 1EW
LEMMA 3.6. The map from S, into F(C(I)) defined by a — W(a) is
Borel.

Proof. It is enough to show that the set w(F) ={a € S, : W(a) C F'}
is a Borel subset when F' is a closed subset of C(I). We write (by,)new =
(bn(a))new and (b})new is the sequence of the biorthogonal functionals. We
have a € w(F) iff

View, Pi(Bx)CF,
iff
View, VAEQSY, Pi(\x) € For || Xx|| > 1,
that is to say, iff

Vicw, VA€ Q™, > bi(Ax)b, € F or |Ax] > L.
n=0

By Lemmas 3.5 and 2.6, w(F) is Borel, and Lemma 3.6 follows. m
Now, we apply the interpolation scheme to W (a). In [G-M-S], it is shown
that b(a) defines a shrinking basis of the Banach space Z(W(a)) = Z(a),

and £1/H embeds in Z(a), thus so does X. We denote by (by,(a))new = b(a)
the sequence b(a) regarded as a basis of Z(a). We define

To={VeSE:3acS,, V=20a)}

LEMMA 3.7. In S8€, T, is X1}.

End of proof of Lemma 3.3. For any a € S,, there exists V € §&
such that V' = Z(a), thus V € 7, and X (a) embeds in V. By Lemma 3.7,

Lemma 3.3 is proved. m

Proof of Lemma 3.7. The set 7, is a projection of the following
subset of S, x C(I)* x SE&:

R={(a,v,V):5p(v) =V, v ~ b(a)}.

The following assertions (i), (ii) and (iii) are equivalent, where j,(a) is the
gauge of U, (W (a)) = 2"W(a) + 27" B¢y :

(i) v ~ b(a), B
(ii) YA € Q<¥, [ Av]| = [Ab(a)],
(iii) VA € Q<¥,
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VNew, Y jn(@)(Ab(a) < |Av],
n<N

Vee Q™ 3M €w, Y ji(a)(Ab(a)) < [AV] —e.
n<M
CLAIM. Let N € w. The map (a,y) — >, Jja(a)(y) from Sq x C(I)
into R is Borel. B

By this claim, Lemma 3.5 and Fact 1.1, R is clearly Borel, thus 7, is
X1, We prove the claim. Let 7 € R. We have

A = {(@y): 3 @) <rf

n<N

_ {a €8a:eQ, Y u2 <randV¥n <N, ye unUn(W(a))}.

The map from S, into F(C(I)) defined by a — U, (W (a)) is Borel.
Indeed, let O be an open subset of C(I). We have
{a:U,(W(a))NO =0} ={a: (2"W(a) + 2 "Bey) N O = 0}
={a:W(a)N27"(O+27"Be(p)) = 0}.
Since a +— W(a) is Borel (Lemma 3.6), this last set is Borel, and

a— U, (W(a)) is Borel.
Consequently, by Fact 1.1, A(r) is Borel and the claim follows. m

Proof of Lemma 3.4. We fix a closed subset A of I, and let a =
(H,h,x,X) € S,. For any m € w, we have easily
Lm(A) = 1;_1(/1,71(1’/;(/1))), Sm(A) = J_l(zm({/;(A)))
Thus we obtain
s(A) = sk (m (B(A)))].
CrAaM. The map from S, into I defined by a — JG(A) is Borel.

Indeed, let (¢;);c. be a dense sequence in A, and F' be a w*-closed subset
of Bs,. Then
{a:¢a(A) CF} = ({a: vdal(t:) € F}.
S
The claim will be shown if we prove that for any ¢ € I the map a — ¥, (t)
is Borel. Let t € I. The Borel structure of B, is generated by the subsets

{f : f(ej) < p} where p € R and e; is a vector of the canonical basis
of ¢;. Then it suffices to show, for © € R and e; fixed, that the subset

{a: QZa(t)(ej) < u} is Borel. For a = (H,h,x, X), we have
D(t)(eg) = ()(ef) = T*(5:(e1)) = 6u(T(E]1) = buly) = (1)
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Thus
{a:da(t)(e;) < p} = {a:z;(t) < p}

and this last set is clearly a Borel set. The claim is proved.
Now, let F' be a w*-closed subset of By, and {(F) = {a € S, : s4(A)
¢ F'}. Then

UF) = {a € Sa : sk (a(4)) # a(F)}
Using the claim, Lemma 2.1, Lemma 2.5 and Fact 1.1, it is not difficult to
see that ¢(F") is a Borel set, and the lemma follows. m

Using [D-F-J-P|, Corollary 6, M. Zippin proves, as a corollary of his
theorem, that a separable reflexive space embeds in a reflexive space with a
basis ([Z]). Here we have

COROLLARY 3.8. Let a be a countable ordinal. For every separable re-
flezive space E such that Sz(F) < «, there exists a reflexive space Z with a
basis such that Sz(Z) < p1(a) and E embeds in Z.

Remark. With the notations of this corollary, Sz(Z) is controlled by
Sz(E), whereas Sz is not a IT{-rank on the subset of reflexive separable
subspaces of C(I) with a basis. A IT{-rank on this set is sup(Sz(Z), Sz(Z*))
([B1]), whereas the set of separable reflexive Banach subspaces of C(I) with
Szlenk index less than w is not X7 (this follows from [L1], Proposition 4.3).

Proof of Corollary 3.8. Let Y be a separable reflexive Banach
space such that Sz(Y) < a < wy. There exists a = (H,h,x, X) € S, such
that X (FE) ~ ¢, /H, with the notation of the proof of Theorem 3.1. Clearly
X(E) is reflexive. As b(a) is a shrinking basis of Z(a), W (a) is o(Z(a),
Z(a)*)-compact, thus o(C(I),C(I)*)-compact, and consequently Z(a) is re-
flexive (use [D-F-J-P|, Lemma 2 and Lemma 1(iv), (vii)). The corollary
follows from Theorem 3.1. m

As mentioned in the introduction, we do not know if ¢; can be the
identity map. It is shown in [L1], Proposition 3.1, (or see [L2]) that a Banach
space is superreflexive iff its dentability index (an ordinal index close to the
Szlenk index) is less than w. We do not know if a separable superreflexive
space embeds in a superreflexive space with a basis.

Some slight modifications of the proof of Theorem 3.1 allow one to show
the following refinement of Theorem III.1 of [G-M-S].

THEOREM 3.9. There exists a universal map ¢} : w1 — wy which satisfies
the following. If a bounded linear operator T’ from a separable Banach space
X into C(I) has an adjoint such that ((T*(Bx+)) < a < w1, then T factors
through a Banach space Z with a shrinking basis such that Sz(Z) < ¢! («).
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IV. On a result of W. J. Davis, T. Figiel, W. B. Johnson and
A. Pelczynski. In [D-F-J-P] (Corollary 8), the following result is shown:

THEOREM 4.1. If E is a Banach space with a separable dual, then E is
a quotient of a Banach space with a shrinking basis.

Following a similar approach as in the third section we will give a “quan-
titative” refinement of this theorem.

THEOREM 4.2. There exists a universal map ps : wy — wy such that for
any Banach space E with a separable dual and for any countable ordinal «,
if Sz(E) < a, then E is a quotient of a Banach space X with a shrinking
basis which satisfies Sz(X) < ga(a).

Let H € SE(¢1) and E = ¢1/H such that E* is separable. Without
proof, we give the scheme used in [D-F-J-P] to build a space X with a
shrinking basis with F a quotient of X. We denote by @ the quotient map
¢, — E. By Remark 4.10 of [J-R] there exists an element x of the set B(¢1)
of normalized bases of /1 such that

Qi(E)=H" C L=5p"l(x").

Using the notations of Lemmas 2, 3, 1 of [D-F-J-P|, we set V = Bpy.
and Vs = V U (Unew Tm(x)(V)) where 7, (x) is the natural projection
from ¢; onto the space sp{z; : i« < m} and 7}, (x) is its dual. Then W is
conv? (L4) (V) and C = C(W). The subsets V, Vg, W and C of {o, are
w*-compact. The subsequence x’ of x* formed by the elements of x* which
are in Z(W) is a boundedly complete basis of Z(W), and the sequence of
the biorthogonal functionals of x’ is a shrinking basis of a space X with E
a quotient of X.
Let x € B(¢1). We denote by cx the best basis constant of x and set

K(H) = By,
K%)= [k (| m,e0m0m)],

Cx
mew
W(K,x) =conv" (Kgs(H,x)).

The constants used ensure that these three sets are subsets of B, thus
elements of K. By Fact 1.3(ii), C(W(H,x)) is the unit ball of a Banach
space we denote by Y (H,x), and this space is isomorphic to Z(W). We
denote by £(H,x) = (&;(H,x)); the subsequence consisting of the elements
of x* which are in Y (H, x).

As above, if x is such that H+ C 5pll'll(x*), then £(H,x) is a boundedly
complete basis of Y (H,x) and the sequence £*(H,x) = (§(H,x)); of its

biorthogonal functionals is a shrinking basis of a space X (H,x) with E as a
quotient. Connected with this construction, we give three lemmas that will
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be proved later. Let « be a fixed countable ordinal. Here y is an element of
B ex@ and we write

y ={y(n,B,m) :mnecw, B<al.
We use some notations of the second section. In ICp, x B&LX**% | D,, is the sub-
set consisting of the elements (K,y) such that for any m,n € w and § < «,

if K& o4 KB+ then y(n, B,m) € K2m\ K&+l
otherwise, y(n, 3,m) = 0.
LEMMA 4.3. The set D,, is Borel.
We set D, (K) ={y: K(y) € Dy}
Remark 1. For any K € K, D,(K) # 0.

Remark 2. As {(K) < a, we easily show that if y € D,(K), then

K=yll= {y(n,f,m) :nmew,f< a}H'”.

We define in H,, x B(¢y),
Bo = {(H,x) : 3y € Do (K(H)), 7" €51 (x")}.
LEMMA 4.4. The set B, is a X} subset.
Remark 3. For any H € H,, the subset {x € B(¢;) : (H,x) € Bu}

is non-empty. This is clear by Remark 4.10 of [J-R] and Remarks 1 and 2
above.

LEMMA 4.5. The following subset of SE is X7:
Qo ={G:3(H,x) € B,, G=Z(H,x)}.

Proof of Theorem 4.2. For any a < wq, we have @, C {G € SE :
G* separable}, and Q, is 1. By Proposition 1.2, we can choose 8 < w;
such that for any G € Q, we have Sz(G) < 3. We define ¢2 by ¢a(a) = S.
It remains to check that s satisfies the required conditions. Let E be a
separable Banach space such that Sz(E) < «. For some H € H,, we have
E ~ ¢, /H. By Remark 3 there exists x € B(¢1) such that (H,x) € B,, and
there exists G € SE such that G = Z(H,x). Thus G € Q,, Sz(G) < pa2(a)
and G is a Banach space with a shrinking basis with £ a quotient of X. m

Proof of Lemma 4.3. We fix n,m € w and 8 < a. We define the
subset D, (n, 3,m) of Ko x BL**“ by: (K,y) € Do(n, 5,m) iff

KPm = K81 and  y(n,B,m) =0, or
Ky # K" and y(n, B,m) € Kot \ Kt

Using Lemma 2.2 and Fact 1.1, it is not difficult to see that D, (n, 3, m) is
Borel, thus so is D,. =
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Proof of Lemma 4.4. The set B, is a projection of the following
subset of Hy x B(f1) x B x Ky

Jo ={(H,x,y,K): K = K(H), (K,y) € Do, ¥ C5pl"l(x")}.
CLAIM. The subset {(x*,y) : ylI'l C spll'l(x*)} of BY x Buwxoxw g
Borel.
Indeed, this subset is equal to
{(x*,y):V(n,B,m) €Ewx axw, Ve € Q*, I € Q<¥,
IAx" — y(n, B,m)|| < e}
As || - ||oo is w*-lower semicontinuous, the claim follows.

Now, using Lemmas 2.1, 2.6, 4.3 and this claim, we conclude that J, is
Borel, thus B, is Xi. m

Before proving Lemma 4.5, we study the Borel regularity of some maps.
LEMMA 4.6. The map K +— conv*(K) from K into K is Borel.
Proof. We define

A:{)\GQ<‘”:Z)\¢:1, )\iZOforaninw}.

(2

We have
{(K,k,F) e Kx B xK:k = K,conv*(k) = F}
= {(K,k,F):k =K, YA€ A, \k€F,
and VO € Oy, ONF =0 orIN € A, Xk € O}.

This set is Borel by Fact 1.1, and its projection {(K, F') : conv*(K) = F'}
is X1 thus Borel by the separation theorem. Lemma 4.6 follows. m

LEMMA 4.7. The map (H,x) — Kg(H,x) from SE(¢1) x B(¢1) into K is
Borel, and so is the map (H,x) — W (H,x) from SE(¢1) x B(¢1) into K.

Proof. First we prove that the map from B% x B(¢;) into K defined by

A UEACIS]

mew

1
(k,x) — L(k,x) = —
Cx
is Borel. Let F' be a w*-closed subset of B,,. We have

(k%) : L(k, %) C F}
1
=<(k Vg M — ki(x;)xy € F 3.
{( ,X) Vi Ew, Ym € w, Cx;qu(x)xle }
CLAIM. Let n € w. The map from Bo, X B({1) into By, defined by
1
k — k(x;)x}
(%) — = 3 k()

. i<m
1s Borel.
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Indeed, the map (k,x) — >, k(z;)z] from (ls,w™) x B(f1) into
({0, w™) is Borel by Lemma 2.6(ii). For any b € R, we have

{x: cx<b}—{x Vn,p € w, Yu € Q<¥, Zulm@ <bH Z i T

i<n+p
and this last subset is closed. Thus the map B(El) 3 X — ¢ is Borel. The
claim follows.
Now {(k,x) : L(k,x) C F} is clearly Borel, and the map (k,x) —
L(k,x) is Borel. Consequently, by Lemma 2.1 and Fact 1.1, the subset
{(H,x,K,k,L): L=L(k,x), k =K =K(H))}

of SE(¢41) x B(41) x K x B x K is Borel, its projection {(H,x,K) : K =
Ks(H,x)} is X1, thus Borel by the separation theorem. Therefore the map
(H,x) — Kg(H,x) is Borel.

The last assertion of Lemma 4.7 follows from Lemma 4.6. =

We denote by K. the subset of K consisting of w*-closed symmetric
convex subsets of B, and for all n € w we set

1
2n+1

LEMMA 4.8. The map from K. into K¢ defined by W +— (U,,(W))new is
Borel.
Proof. Let F be a w*-closed subset of B, and n € w. We have
(W U W)YNF=0}={W:Wn(2F +22"B.) = 0}
= {W :WN[2F +22"By) N By = 0}
and this last subset is clearly Borel. The lemma follows. =

LEMMA 4.9. Let m € w. The map f from SE(¢1) x B(¢1) into By defined
by f(H,x) = &n(H,x) if it exists, and 0 if not, is Borel.

Proof. Let O € Oy. Then (H,x) € f~1(0) iff (i) or (ii), where

(i) o <li < ... <lpey <lm,x} €0, % c da(z]) <ooif0<i
<m, Y e dn(@h) =00 if g <lpand ¢ & {l; : 0 <i <m—1}.

(i) 0e Oand Vip <y < ... <lp-1 <lpm, Ji, 0<i<m, Y . jo(z])
= 00, where j, is the gauge of U, (W (H,x)).

Cramm 4.10. We fix M € R, N € w. The following subset is Borel:

{(ny)esg(el)xml )X Boo : > 52(y) }

n<N
Indeed, anNjfL(y) < M iff 3y € Q%% 3, N 72 < M and y €

Y Un(H,x) for alln < N. As U,,(H,x) = 21U/ (W (H,x)), by Lemma 4.7,
Lemma 4.8 and Fact 1.1 the claim follows.

U (W) = ——U,(W) = %(W Lo g,
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Now with Lemma 2.6 it is not difficult to see that f~1(O) is Borel, and
Lemma 4.9 follows. =

Proof of Lemma 4.5. The subset @), is a projection of the subset
__ 1 .y
Ra ={(G,g,H,x) :5p(g) = G, (H,x) € Ba, g~ (H,x)}

of S€ x C(I)* x Hq x B(¢1). The following assertions (i), (ii) and (iii) are
equivalent:

(i) g ~ € (H,x).
(ii) VA € Q=¥ [[Agll = A (H,x)|| = sup{} ; Aipi : p € Q=¥
> ew Ju(uE(H,x)) < 1} where j, is the gauge of U, (W (H,x)).
(iii) VA € Q<¥,

Ve Q< Y n(pE(H,x) <1=> N <|rgl,
new 7
VeeQt, I eQ, Y jr(wé(H,x)) <land |[Ag|—e <Y A
new

By Lemma 4.8, Lemma 4.9 and Claim 4.10, (i) defines a Borel relation, and
by Lemma 4.4 and Fact 1.1, R, is X1, and thus so is Q. =

Remark on the Borel regularity of the interpolation scheme. Let X be
a separable Banach space, and F.(X) the subset of F(X) consisting of
the bounded convex symmetric subsets, equipped with the Borel structure
inherited from the Effros Borel structure. It is not clear whether the map
Fe(X) 5 W — C(W) € F(X) is Borel, but we can prove that the map
Fe(X) 2 W — C'(W) = sp(W)NC(W) is Borel. The unit ball of the
Banach subspace Z'(W) of Z(W) spanned by W is C'(W), and Z(W) has
the same properties as Z(W). Then we can prove that, if A C F.(X) is X1,
then so is the subset {Z : IW € A, Z ~ Z'(W)} of S€.

Now let IC(X) be the set of w*-closed subsets of Bx+ equipped with
the Hausdorff topology and IC.(X) C K(X) be the subset of w*-closed con-
vex symmetric subsets. Then we can prove that the map K.(X) 2 W —
1C(W) € Ko(X) is Borel.
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