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Abstract. For a space X and a regular uncountable cardinal x < |X| we say that
k€ D(X) if for each T € X2 — A(X) with |T| = &, there is an open neighborhood W of
A(X) such that |T—W| = k. If w; € D(X) then we say that X has a small diagonal, and if
every regular uncountable k£ < | X| belongs to D(X) then we say that X has an H-diagonal.
In this paper we investigate the interplay between D(X) and topological properties of
X in the category of generalized ordered spaces. We obtain cardinal invariant theorems
and metrization theorems for such spaces, proving, for example, that a Lindelof linearly
ordered space with a small diagonal is metrizable. We give examples showing that our
results are the sharpest possible, e.g., that there is a first countable, perfect, paracompact
Cech-complete linearly ordered space with an H-diagonal that is not metrizable. Our
example shows that a recent CH-result of Juhdsz and Szentmikléssy on metrizability of
compact Hausdorff spaces with small diagonals cannot be generalized beyond the class of
locally compact spaces. We present examples showing the interplay of the above diagonal
conditions with set theory in a natural extension of the Michael line construction.

1. Introduction. As part of his study of functions defined on product
spaces, M. Husek introduced a family of diagonal conditions in a topological
space X ([H1, H2|]). For a cardinal number «, he defined that the diagonal
A(X) of a space X is k-inaccessible if for any T C X2 — A(X), |T| = &
implies that |T" — W| = k for some open neighborhood W of A(X). If
the diagonal of X is wj-inaccessible, he said that X has a small diagonal.
Subsequently, these notions have played a role in metrization theory ([Zh,
JS]) and in the study of Cp,(X) ([A, AT]), often for compact spaces, and
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sometimes using additional set-theoretic assumptions such as the Continuum
Hypothesis (CH).

For regular uncountable s, HuSek’s diagonal properties generalize the
notion of a Gs-diagonal. Given the central role played by Gs-diagonals in
metrization theory for compact Hausdorff spaces and for linearly ordered
spaces (see [S] and [L1], for example), it is natural to ask about the role of
Husek’s diagonal conditions in metrization of such spaces, and several posi-
tive results have been obtained. The first is due to Juhdsz and Szentmikldéssy
[JS] and the second, due to van Douwen and Lutzer, was announced in [H2]
but no proof has been published until now.

(1.1) THEOREM [JS]. The Continuum Hypothesis implies that any com-
pact Hausdorff space with a small diagonal is metrizable.

(1.2) THEOREM [H2]. Any compact linearly ordered topological space with
a small diagonal is metrizable, and the same is true for any Lindeldf linearly
ordered topological space with a small diagonal.

Historically, metrization theorems for compact Hausdorff spaces have of-
ten been generalized to metrization theorems for the progressively larger
classes of locally compact spaces, then Cech-complete spaces, and finally
the p-spaces of Arkhangel’skii, often with the additional hypothesis of para-
compactness ([Bo, Ok]). Parallel generalizations have been found for G-
and p-embedded subspaces of linearly ordered spaces ([L2]). It is, therefore,
reasonable to ask whether the results in (1.1) and (1.2) can be generalized
to those larger classes. The first step is very easy:

(1.3) PROPOSITION. Suppose Y is paracompact, locally compact, and has
a small diagonal.

(a) Under CH, Y is metrizable.
(b) In any model of set theory, if Y is a subspace of a linearly ordered
space, then Y is metrizable.

Proof. Such a space is locally metrizable and paracompact. =

One of the goals of this paper is to show that further generalization of
(1.3) to Cech-complete spaces, or to p-spaces, is not possible.

A second goal of the paper is to introduce and study a relative of Husek’s
small diagonal condition.

(1.4) DEFINITION. For a space X, let D(X) be the set of regular un-
countable cardinals x such that:

(a) < |X[; and
(b) the diagonal of X is k-inaccessible, i.e., if T C X? — A(X) and
|T| = K, then |T'— W| = & for some open neighborhood W of A(X).
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(1.5) DEFINITION. The space X has an H-diagonal provided D(X) =
{k < |X]|: Kk is a regular uncountable cardinal}.

It is easy to see that if X is an uncountable space with a Gs-diagonal
then X has an H-diagonal, and that if X has an H-diagonal, then X has
a small diagonal. Examples (6.2) and (7.7) show that neither implication
can be reversed. Using the notion of an H-diagonal, we prove the following
generalization of (1.2):

(1.6) PROPOSITION. Any locally compact generalized ordered space with
an H-diagonal is metrizable.

Proof. The key step is to prove that a generalized ordered space with an
H-diagonal must be paracompact. That result appears in Section 5, below. m

The possibilities for further generalization of (1.1) and (1.2) are ex-
tremely limited, as can be seen from:

(1.7) EXAMPLE. There is a non-metrizable, Cech-complete, linearly or-
dered topological space that has an H-diagonal (and hence a small diagonal).

Even though Cech-complete linearly ordered spaces with H-diagonals
may fail to be metrizable, they are not without special structure, as can be
seen from:

(1.8) PROPOSITION. Let X be a linearly ordered topological space with an
H-diagonal. If X is either Cech-complete or a p-space, then X has a dense
metrizable subspace.

Other examples in our paper illustrate the interactions of H-diagonals
with various base conditions in ordered spaces, e.g.:

(1.9) EXAMPLE. If M* denotes the smallest linearly ordered topological
space that contains the Michael line M as a closed subspace, then M* is
not metrizable, has a o-disjoint base, and does not have an H-diagonal.
However, it is undecidable in ZFC whether or not M™* has a small diagonal,
and it is undecidable in ZFC whether or not ¢ € D(M*).

Our paper is organized as follows. In Section 2 we present definitions
from ordered space theory and remind the reader of a standard tree con-
struction. In Section 3 we use the tree construction to establish certain
cardinal function inequalities for ordered spaces with various diagonal con-
ditions. In Section 4 we apply those results to prove Theorem (1.2) above.
In Section 5 we investigate properties of generalized ordered spaces with H-
diagonals, and prove (1.6). Examples in Section 6 show the role of Husek’s
diagonal conditions in familiar ordered spaces. Section 7 uses the “splitting
points” technique to produce the space of Example (1.7). Section 8 uses
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another ordered space construction to investigate the role of H-diagonals in
the presence of certain base conditions, partially proving (1.9) among other
results. Section 9 translates and extends certain results from Section 8 using
the language of w* and its ordering <*, and completes the proof of (1.9).

The authors would like to thank K. P. Hart for showing how to substan-
tially shorten proofs of several results in this paper, and for pointing out
results that appear in Section 9.

2. Definitions and the tree construction. Recall that a linearly
ordered topological space (LOTS) is a triple (X, 7T, <) such that < is a linear
ordering of X and 7 is the usual open interval topology of <. A subspace of a
LOTS may fail to be a LOTS when equipped with the subspace topology and
the restricted ordering. Subspaces of LOTS are called generalized ordered
spaces (GO-spaces) and may be characterized another way: GO-spaces are
triples (X,7,<) where < is a linear ordering of X and 7 is a Hausdorff
topology on X that has a base consisting of order-convex sets. The best
known GO-spaces are the Sorgenfrey line ([So]) and the Michael line ([M1]).
Neither is a LOTS under any linear ordering.

Intervals in a linearly ordered set will be denoted by |a, b, [a, b, [a,b] and
|, b], etc. In many cases, members of the underlying linearly ordered set will
be ordered pairs, and intervals will have forms such as |(a, 0), (b, 1)[. Cardinal
functions ¢(X), d(X), w(X), I(X), hl(X) and hd(X) are defined as in [E].
For any GO-space X, we know that [(X) < hl(X) = ¢(X) < d(X) = hd(X)
(see [L2]).

The following tree construction is standard in GO-space theory, but no-
tation varies from one author to another. We will need the details of the con-
struction in Section 3, so we outline it here. Our construction can be carried
out in any GO-space, but it is most easily described in its historical context,
namely in situations where X is a GO-space having ¢(X) = k < d(X). We
know that hli(X) = ¢(X) = k (but we do not know that « is regular or
uncountable).

Let D(0) = |{G : G is open in X and |G| < k}. Because hi(X) = &,
the subspace D(0) can be covered by k open sets, each with cardinality at
most &, so that |D(0)| < k. Hence D(0) cannot be dense in X. Let U(0) be
the family of all convex components of X — cl(D(0)).

For each open convex C' C X — cl(D(0)), let f(C) € C be chosen in
such a way that C'— {f(C)} has two convex components C’ and C”, each
with cardinality greater than k, named in such a way that each point of
C" is less than each point of C”. Such a choice is always possible, because
each non-empty open set disjoint from D(0) must have cardinality greater
than k.
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Suppose a < k1 and that for each 3 < « we have collections U(3) and
sets D(3) satisfying:

(a) each U(3) is a nonvoid, pairwise disjoint collection of nonvoid, convex,
open subsets of X;

(b) if 3 is a limit ordinal then U((3) is the family of convex components
of X — cl(U{D(7) : 7 < B}) and D(B) = HD() : 7 < B}.

(c) if B =~ + 1 is not a limit ordinal, then D(3) = {f(C) : C € U(v)}
and U(B) ={C",C" : C e U(y)}.

(d) for each 8 < a, we have |U(F)| < k and |D(f)| < k.

(e) if ¥ < # < «a, then each member of U(3) is contained in a unique
member of U(7).

We now define D(a) and U(«). If « is a limit ordinal, let D(a) =
U{D(B) : B < a}. Then |D(a)| < K, so that D(a) cannot be dense in
X. Let U(«) be the family of all convex components of X — cl(D(«)). If
a = [+ 1 is not a limit ordinal, let D(a) = {f(C) : C € U(B)} and let
U(a) = {C",C" : C € U(P)}. Observe that the function f : U — X is
injective.

This recursive construction, carried out under the assumption that ¢(X)
= Kk < d(X), gives non-empty collections U () and non-empty sets D(«) for
each « < k7. Let U = | J{U () : e < K}

(2.1) PROPOSITION. The collection U is a tree and if ¢(X) =k < d(X),
then U has no subcollection V with |V| = k1 that is linearly ordered by
inclusion. In particular, noV C U with |V| = k™ has V #0. =

(2.2) COROLLARY. If ¢(X) = k < d(X), then the set D = |J{D(a) : a <
kt} is dense in X and has |[D| =K. m

(2.3) COROLLARY. For any GO-space, either d(X) = ¢(X) or else d(X)
=c¢(X) . m

It is consistent with ZFC that a LOTS X can have ¢(X) = w and yet
d(X) = w;. Such an X is a Suslin space.

3. Cardinal invariants and D(X) for GO-spaces. As noted in Sec-
tion 2, for any GO-space X, we have [(X) < hl(X) = ¢(X) < d(X) =
hd(X). In this section we will investigate the interplay between those cardi-
nal functions and the cardinals in D(X).

It will sometimes be useful to have a translation of the statement “x €
D(X)” into the language of open coverings.

(3.1) PROPOSITION. Suppose that X is any topological space and that k
is a reqular uncountable cardinal. Then k € D(X) if and only if for each set
T C X% — A(X) having |T| = &, there is an open cover G of X and a subset
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To C T such that |To| = k and such that if (x,y) € To, then no member of
G contains both x and y.

Proof. Suppose that x € D(X) and T C X? — A(X) are given, with
|T'| = k. Find an open neighborhood W of A(X) such that |Ty| = &, where
To =T — W. For each x € X find an open set G(x) C X such that (z,z) €
(G(x))2CW. Let G = {G(z) : z € X}.

Conversely, suppose that X satisfies the covering condition above. Given
T, find Ty and G. For each x € X choose G(z) € G with x € G(x) and let
W = U{(G(x))? : * € X}. Then Ty C T — W as required to prove that
keEDX). m

(3.2) PROPOSITION. Suppose (X,7T,<) is a GO-space such that kT €
D(X). If ¢(X) < k then d(X) < k.

Proof. From (2.3), we know that either d(X) = ¢(X), in which case
there is nothing to prove, or else d(X) = ¢(X )+. For contradiction, suppose
that d(X) = ¢(X)" and d(X) > k. Then ¢(X) = x and d(X) = &*.

The construction in Section 2 yields pairwise disjoint collections U ()
for each av < k™. For each C' € U(«), recall that C’,C" are the two convex
components of C'— {f(C)} and that C’ C |«, f(C)] and C"” C ]f(C),—|.

Let T = {(f(C), f(C")): C €U}. Then T C X? — A(X) and |T| = xT.
Because kT € D(X), there is an open neighborhood W of A(X) having
T —W|=rtT.Let V={CelU:(f(C),f(C") €T —W}. Then |V|=rT.

For cach 2 € X, choose an open set G(z) with (z,2) € G(z)* C W.
Because [(X) < hl(X) = ¢(X) = k, there is a collection G C {G(x) : x € X}
having |JG = X and |G| = k. For each G € G define V(G) = {C € V :
f(C) € G}. Then V = |J{V(G) : G € G}. Because |V| = kT, for some
Go € G we have |V(Gy)| = kT.

Consider two distinct members C1, Cy € V(Gp) numbered in such a way
that f(Cy) < f(C3). Because f(C1) € Gy we must have f(CY) € G, for
otherwise (f(C1), f(CY)) € Go x Go C W, contrary to (f(C1), f(CY)) €
T — W. But then f(Cs) < f(CY), so that f(C2) € |f(Cy), fF(CY)] C Ch.
Because C'; and Cs are members of a tree and are not disjoint, it follows
that C; C Cy or Cy C Cy. Therefore V(G) is linearly ordered by inclusion,
and that is impossible by Corollary (2.1). m

(3.3) PROPOSITION. Suppose that X is a GO-space with k™ € D(X). Let
J={a€X: for someb>a, Ja,b| =0}. If I(X) < &, then |J| < k.

Proof. For contradiction, suppose |J| > k. Choose S C J with |S| = ™.
For each a € S, choose b(a) > a with Ja,b(a)[ = 0. Let T = {(a,b(a)) :
a € S}. Then |T| = st and TN A(X) = 0, so that some open neighborhood
W of A(X) has [T —W|=xr".Let So ={a €S : (a,bla)) €T —W}. Then
|Sol = KkT.



Diagonal conditions in ordered spaces 105

We claim that Sy is a closed discrete subspace of X. For any z € X,
let G(z) be an open convex subset of X with G(z) x G(z) C W. If a €
G(z) N Sy then b(a) ¢ G(x), for otherwise (a,b(a)) € G(z)* C W, contrary
to a € Sp. Therefore a € G(x) NSy implies G(x) C |«,b(a)[ = |«,al, so
that |G(z) NSy < 1.

But then Sy is a closed discrete subspace of X even though I(X) < &
and |Sp| = kT, and that is impossible. =

Recall that for any subset Y of a space X, (Y, X) is the least cardinality
of a collection U of open sets such that (U = Y. For example, the assertion
“D(A(X), X?) = w” is the statement that X has a Gs-diagonal.

(3.4) PROPOSITION. Let X be a GO-space with kt € D(X). If ¢«(X) < k
then Y (A(X), X?) is less than or equal to k.

Proof. In the light of (3.1) and (3.3), we know that d(X) < k and
|J| < k. Let D be a dense subset of X with cardinality k. We next define a
family of open covers of X. There are two cases to consider:

(1) If a < b < ¢ are points of D, define G(a, b, c) = {]<,b|, ]a, c[,]b, —[}.

(2) If = € J, then there is a unique point b(z) such that z < b(x) and
|z, b(x)[ = 0. Then define G(z) = {]«<, b(x)[,]z, —[}.

In each case, we obtain an open cover of X, and the family of covers so
obtained has cardinality < k.

We next show that if p < ¢ are points of X, then there is an open cover
H defined as above so that ¢ & St(p, H) and hence p & St(g, H). There are
again two cases to consider:

(a) If the interval |p, ¢[ is infinite, we may choose points a < b < ¢ in
D Np,q| and then St(p,G(a,b,c)) = ]<,b], which does not contain q.

(b) If the interval |p, ¢ is finite, then p € J so that G(p) is defined and
St(p,G(p)) = ]<, p|, which does not contain q.

For each of the open covers H defined above, define W (H) = [J{H? :
H € H}. We thereby obtain k-many open subsets of X xX whose intersec-
tion is A(X), as required. m

Combining (3.2), (3.3), and (3.4) we obtain:

(3.5) PROPOSITION. Suppose that X is a GO-space and that k™ € D(X).
If ¢(X) < K, then P(A(X),X?) <c(X)=hl(X)<d(X)<k. =

If we consider linearly ordered spaces, rather than GO-spaces, then we
can add the Lindelof degree [(X) to the list in (3.5).

(3.6) PROPOSITION. Suppose X is a LOTS with k™ € D(X). IfI(X) < &,
then c(X) < k and hence P(A(X), X?) < c¢(X) = hl(X) < d(X) < k.
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Proof. If not, then there is a family U = {]Jz(a),y(a)[ : & < T} of
pairwise disjoint, non-empty, open intervals in X. Write A = [0,xT[. Let
T = {(z(a),y(a)) : « € A}. Then TNA(X) = (. Because k™ € D(X), (3.1)
yields a convex open cover G of X and a set Ty C T with |Ty| = kT and
with the property that if (z(a),y(«)) € Ty then no member of G contains
both z and y. Because I[(X) = k we may assume that |G| = k.

For each G € G, let A(G) = {a € A : z(a) € G}. Because |G = X,
we have A = [J{A(G) : G € G}. Hence, some Gy € G has |A(Gy)| = xT.
Choose a, 3,7 € A(Gp) such that z(a) < z(5) < z(7). Easy examples show
that the order relationship between those points and the associated points
y(a),y(B),y(y) may vary, so there are cases to consider. If y(a) < z(7),
then convexity of Gy yields z(«), y(a) € [z(a), z(y)] C Go, contrary to « €
A(Gp). Hence z() < y(a). Next, either z(v) < y(5) or else y(5) < z(7). In
the first case we have z(a) < z(08) < z(y) < y(8) and z(«a) < z(8) < z(v) <
y(a), so that z(v) € |z(8),y(B)[ N ]z(a), y(a)[ = O, which is impossible. In
the second case we have z(a) < z(8) < y(8) < z(7y), so that convexity of
Go yields z(8),y(B) € [z(a),z(7)] C Go, contrary to (b(5),y(B)) ¢W. =

4. Metrization of ordered spaces and small diagonals. In this
section, we will use the cardinal function inequalities proved in Section 3 to
provide a proof of Theorem (1.2) of the introduction.

(4.1) THEOREM. Suppose X is a Lindeldf LOTS with a small diagonal.
Then X is metrizable.

Proof. If |X| < w, there is nothing to prove, so assume that X is
uncountable. Then w® = w; € D(X). We are given that [(X) = w so that
(3.6) yields ¢(X) < w. But then (3.4) yields ¥(A(X), X?) < w, i.e., that X
has a Gs-diagonal. Hence X is metrizable ([L1]). m

(4.2) Remark. It is crucial in (4.1) that X be a LOTS and not merely
a GO-space, as can be seen from the example of the Sorgenfrey line.

(4.3) Remark. Example (6.2) below is a LOTS with a small diagonal
that is not even first countable, let alone metrizable. Thus some hypothesis
beyond the existence of a small diagonal is needed in order to make an
arbitrary LOTS metrizable.

Because Suslin spaces are a frequently studied class of linearly ordered
spaces, it might be worthwhile noting that no Suslin space can have a small
diagonal. Indeed, a slightly more general consequence of (3.2) is available,
namely:

(4.4) PROPOSITION. Suppose X is a GO-space with a small diagonal. If
c¢(X) = w, then X is separable. m
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It is often the case that diagonal metrization theorems can be proved for
countably compact spaces. Among GO-spaces, we have:

(4.5) PROPOSITION. Suppose X is a countably compact GO-space with a
small diagonal. Then X is metrizable.

Proof. If we can show that X is paracompact, then it will follow that
X is compact and (4.1) will apply to complete the proof. Suppose that
X is not paracompact. Then there is a stationary subset S of a regular
uncountable cardinal s that embeds in X as a closed subset. Then S inherits
both countable compactness and a small diagonal.

Consider S with the topology and ordering inherited from [0, x[. For each
s € S, let t(s) be the first point of S that is greater than s and let o be the
first element of S such that S; = {s € S : s < o} is uncountable. Let T' =
{(s,t(s)) : s € S1}. Then T C S? — A(S) has |T| = w;. Because w; € D(S),
(4.1) yields an open convex cover G of S and an uncountable subset Ty C T’
such that if (s,t(s)) € Ty then no member of G contains both s and t(s).
Because T is uncountable, we may choose a sequence s(1) < s(2) < ... of
points of Sy such that (s(n),t(s(n)) € Ty for each n. Because S is countably
compact, there is a point p € S such that p = lim{s(n) : n > 1}. Choose
G € G such that p € G. Then for some n, s(n) € G. Then s(n) < t(s(n)) <
s(n—+1), so that convexity of G forces {s(n),t(s(n))} C [s(n),s(n+1)] C G,
and that contradicts (s(n),t(s(n)) € Tp. =

5. GO-spaces with H-diagonals. Recall that a space X has an H-
diagonal provided every regular uncountable cardinal k < |X| belongs to
D(X). It is immediate that:

(5.1) LEMMA. If X has a Gs-diagonal, then X has an H-diagonal.

The converse of (5.1) is false, as Example (7.7) shows. In this section we
will show that GO-spaces with H-diagonals share two important properties
with the class of GO-spaces having Gs-diagonals, namely hereditary para-
compactness and first countability. Examples in Section 6 will show that
GO-spaces (and even LOTS) with only small diagonals need not have these
properties.

(5.2) LEMMA. Suppose Y C X. If X has an H-diagonal, then so does Y.

Proof. Suppose k < |Y] is a regular uncountable cardinal. Then ~ €
D(X). If T C Y? — A(Y) has cardinality &, then T C X? — A(X), so that
some open neighborhood W of A(X) has |[T'— W| = k. But then W NY is
an open neighborhood of A(Y') and |T'— (W NY)|=|T — W| = k&, so that
k € D(Y), as required. m
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(5.3) PROPOSITION. Suppose S is a stationary subset of a regular un-
countable cardinal k. Then k & D(S). Consequently, if X is any GO-space
with an H-diagonal, then X s hereditarily paracompact.

Proof. Given a stationary S C [0, k[, for each s € S, let s’ be the first
element of S that is larger than s. Let 7' = {(s,s’) : s € S}. Then |T| = k
and an easy Pressing Down Lemma argument shows that |77 — W| < &k
whenever W is an open subset of X2 that contains A(X), as required.

Now let X be any GO-space with an H-diagonal. If X is not hereditarily
paracompact, then it follows from [EL] that there is an uncountable regular
cardinal k and a stationary subset S C [0, k[ that embeds in X. According

o (5.2), S must have an H-diagonal, and that is impossible in the light of
the first paragraph of this proof. m

(5.4) Remark. Proposition (5.3) is false for GO-spaces that have only
a small diagonal, as can be seen from Example (6.3) below.

(5.5) PROPOSITION. Suppose X is a GO-space with an H-diagonal. Then
X s first-countable.

Proof. It will be enough to prove that if p € X and if [p, —[ is not
open, then the cofinality of |«—, p[ is w, and if |+, p] is not open, then the
coinitiality of |p,—| is also w. The two proofs are analogous and we will
outline the first.

For contradiction, suppose k = cf(]«—,p[) is uncountable. Being a co-
finality, x is a regular cardinal. Hence x € D(X). Choose a strictly in-
creasing net {z(a) : @ < k} in |«,p[ that converges to p. Then the net
{(z(a),z(a + 1)) : @ < K} converges to (p,p) in the space X2. Let T =
{(z(a),z(a+1)) : @ < k}. Then TNA(X) = 0. However, any neighborhood
W of A(X) must have |T'— W| < k, contrary to K € D(X). m

(5.6) Remark. Proposition (5.5) is not valid for GO-spaces, or even
for LOTS, having only a small diagonal, as can be seen from Example (6.2).

Our next result summarizes the cardinal function inequalities from Sec-
tion 3 for GO-spaces with H-diagonals.

(5.7) PROPOSITION. Let X be a GO-space with an H-diagonal. Then
P(A(X), X?) < e(X) = hl(X) =d(X) = hd(X).

Proof. We know that hl(X) = ¢(X) < d(X) = hd(X) < ¢(X)" because
X is a GO-space. Let ¢(X) = k. If T > |X|, then |X| = k, so that K =
c(X) < d(X) <|X| = . In addition, ¥(A(X), X?) < |X?| = k. Combining
these two inequalities yields the desired conclusion. And if k™ < |X|, then
because X has an H-diagonal and k™ is regular, we have k™ € D(X). The
desired conclusion now follows from (3.5). m
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(5.8) Remark. As the example of a metrizable discrete LOTS with
cardinality w; shows, we can have (A(X), X?) = w < w; = ¢(X) = d(X) =
hI(X) in (5.7).

If we consider linearly ordered spaces, rather than GO-spaces, then we
can add one more cardinal function to the list in (5.8), namely the weight
w(X) of X.

(5.9) PROPOSITION. Suppose X is a LOTS with an H-diagonal. Then
AKX, X?) < o(X) = W(X) = d(X) = hd(X) = w(X).

Proof. It will be enough to show that ¢(X) > w(X). Let kK = ¢(X) and
let J(X)={a € X : some b(a) > a has |a,b(a)[ = 0}. From (3.3) we know
that |J(X)| < k and from (5.7) we know that d(X) = . But in a LOTS,
w(X) =d(X)+|J(X)| <k + kK, as required. m

We now consider metrization theory for GO-spaces with H-diagonals.
We begin by proving the result announced in (1.6).

(5.10) PROPOSITION. Let X be a locally compact GO-space with an
H-diagonal. Then X is metrizable.

Proof. By (5.3), X is paracompact. By (4.1), X is locally metrizable.
Hence X is metrizable. m

As noted in the introduction, Example (7.7) shows that (5.10) cannot
be generalized to Cech-complete GO-spaces (or even Cech-complete LOTS)
with H-diagonals. However, such GO-spaces do have some special structure,
as we will show in our next result.

(5.11) PROPOSITION. Suppose X is a GO-space that is Cech-complete or
1 a p-space with an H-diagonal. Then X has a dense metrizable subspace.

Proof. According to (5.3), X is hereditarily paracompact. According to
[vW, Theorem 2.1.7], there is a perfect, order preserving mapping F from
X onto a metrizable GO-space Y because X is a paracompact p-space.

For each y € Y, let C(y) = F~![{y}]. Each C(y) is a compact convex
subset of X and must therefore have the form C(y) = [a(y),b(y)] for some
points a(y) < b(y) of X. Because X has an H-diagonal, it follows that the
compact set C(y) is metrizable. Define M = [J{Int(C(y)) : y € Y'}. Being
locally metrizable and paracompact, M is a metrizable subspace of X.

Let W be the family of all convex components of the open set X —cl(M).
Observe that if W € W and y € Y, then W NInt(C(y)) = 0. It follows that
no non-empty open subset of W can be finite.

Next observe that the order preserving nature of F' guarantees that,
with the possible exception of the two end points of W, if x € W, then
C(F(z)) ¢ W. In addition, if p < ¢ < r are points of W, then it cannot
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happen that F(p) = F(q) = F(r), because that equality would force ¢ €
W NInt(C(F(q)). Therefore, if y € Y and C(y) C W, then |C(y)| < 2.

Consider any point p € W such that C(F(p)) ¢ W. Then p must be
an endpoint of W, say the left endpoint. We claim that p € cl(W — {p}).
For otherwise there would be a convex open neighborhood N of p such that
NN (W —{p}) = 0. We already know that [p, —[ is open, because p is the
left endpoint of the open set W (and p € W). It then follows that {p} is
open in X, and that is impossible, as noted above. Therefore, by removing
at most the two endpoints of W, we obtain a convex open subset V C W
such that:

(a) V is dense in W;
(b) V- =FF[V]];
(c) if x € V then Int(F~[F(z)]) C V.

Fix W e W, find V C W as above, and let f be the restriction of F' to
V. Then f is an order preserving, perfect mapping of V' onto some subset
of Y. In addition, f is an irreducible mapping. For suppose Vj is an open,
convex subset of V. Then Vj is not finite, so we may choose points a < b < ¢
in V. Then f~1[f(b)] C [a,c] C Vo, as required to show that f is irreducible.

Because f[V] is a subset of the metric space Y, there is a dense subset E
of f[V] such that F is the union of countably many discrete subsets E(n),
each closed in the space Y. Because f is irreducible, the set f~1[E] is dense in
V and hence also in W. Write D(W) = f~}[E]. For each n, {f~[{e}]: e €
E(n)} is a closed discrete collection in the space X. Because each f~1[{e}]
consists of at most two points, it follows that the set D(n) = |J{f ‘[{e}] :
e € E(n)} is a discrete closed subset of X. Therefore, D(W) is a GO-space
that is o-discrete, and hence D(W) is metrizable.

Therefore, we now know that for each W € W, there is a dense metrizable
subspace D(W) of W. Because M and the members of W are pairwise
disjoint open sets in X, it follows that Z = [J{D(W) : W € W} U M is a
dense metrizable subspace of X, as required. m

6. Preliminary examples. Z denotes the set of all positive and negative
integers and R denotes the set of real numbers.

(6.1) EXAMPLE. There is a first countable hereditarily paracompact
LOTS that does not have a small diagonal.

Proof. Let S be the Sorgenfrey line and let S* =S x {n € Z : n < 0},
ordered lexicographically. Then S* is the smallest LOTS that contains S as
a closed subspace. We begin by proving that if T5 is any uncountable subset
of {((z,—1),(x,0)) : x € S}, then for any neighborhood W of the diagonal
in (S*)2, we have W N Ty # ().
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Given such a Ty let So = {z € S : ((x,—1),(2,0)) € T»}. Then S; is an
uncountable subset of S, so that S, contains a point p with the property
that for every € > 0 the set [p, p+ €[N S2 is uncountable. Suppose W is any
open neighborhood of the diagonal in S* x S*. Then there is a § > 0 such
that ([(p,0), (p + 6,0)[)> € W. Choose = € |p,p + §[ N S. Then in S* we
have (p,0) < (z,—1) < (z,0) < (p+4,0), so that ((x,—1),(z,0)) € TLNW,
as claimed.

To show that S* does not have a small diagonal, let S; be any subset
of S with cardinality wq and let Ty = {((z, —1), (2,0)) : @ € S1}. If S* had
a small diagonal, there would be an open neighborhood W of the diagonal
such that the set 7o, = T7 — W is uncountable. Apply the first part of the
proof to show that T, N W # (), contradicting the definition of T5. m

(6.2) EXAMPLE. There is a LOTS X with |X| = we and wy ¢ D(X)
and w1 € D(X). Thus, X has a small diagonal but not an H-diagonal. In
addition, X is not first countable.

Proof. Let X = ([0,w2[XZ) U {(w2,0)} with the lexicographic order-
ing. m

(6.3) EXAMPLE. There is a LOTS with a small diagonal that is not
paracompact.

Proof. Let S = {a < w3 : cf(a) = wa}. As a subspace of [0,ws[, S is
stationary and therefore is not paracompact. Of course, S is not a LOTS
in its natural ordering. However, because S is scattered, a result of Purisch
[P] shows that S can be reordered in such a way that S becomes a LOTS.
Because S is not paracompact, we know from (5.3) that S does not have an
H-diagonal.

To show that S has a small diagonal, observe that any subspace of S
with cardinality w; is a closed and discrete subspace of .S and is therefore
metrizable. Now suppose that 7' C (S x S) — A(S) has cardinality w;. Let
So = m1[T] U m3[T] where m; are the natural coordinate projections. Then
T C (So)?—A(Sp), so that, Sy being metrizable, there is an open subset U of
S? with A(Sp) € U and with |T—(UN(Sp)?)| = wy. Let W = UU(S%2—(Sp)?).
Then W is open in S?, contains A(S), and has T — W =T — (U N (Sy)?).

We note that one can consistently obtain a non-paracompact LOTS with
a small diagonal and having cardinality wy. One begins with an E(ws) set
(something that consistently exists), i.e., a stationary subset S C [0, wo[ such
that cf(a) = w for each @ € S, and if A < wy has cf(\) = wy, then the set
[0, A[NS is not stationary in [0, A[. One proves by induction that [0, A[N S is
actually metrizable for every such A and it follows that [0, A\] NS is an open
metrizable subspace of S for each \ < ws.

Now consider any set T C Sx.S — A(S) having cardinality w;. For some
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A < we we have T C (SN [0,A])2 — A(S N [0,A]). Because S N [0, ] is
metrizable, there is an open set Wy C (S N [0, A])? containing A(S N [0, \])
and having |T' — Wy| = w;. Let W = Wy U (JA,w2[NS)%. Then W is open in
S2, contains A(S), and has |T — W| = w;. Hence S has a small diagonal.

Because S is stationary in we, the space S is not paracompact. Therefore,
(5.3) implies that we ¢ D(S), so that S does not have an H-diagonal. As
with the ZFC example given above, there is a reordering of S under which
Sis a LOTS. =

(6.4) EXAMPLE. There is a Lindelof GO-space X with a Gs-diagonal
(and hence an H-diagonal) that has ¢(X) = 2¥, and a Lindeléf LOTS with
a o-disjoint base that does not have a small diagonal.

Proof. Let B be a Bernstein set in the usual space R of real numbers,
i.e., an uncountable set such that both B and C' = R— B meet every uncount-
able closed subset of R (cf. [Ox]). Define a GO-space X by retopologizing R
in such a way that all points of B have their usual neighborhoods, and so
that each point of C' is isolated. Then X is a GO-space with a Gs-diagonal.
Let Y = (B x {0}) U (C x Z). Lexicographically ordering Y, we obtain a
Lindelof LOTS with a o-disjoint base. Because of (4.1), Y cannot have a
small diagonal. m

7. A non-metrizable Cech-compete LOTS with an H-diagonal.
In this section, we use a familiar technique of “splitting points” together
with a metric space constructed by A. H. Stone [St] to construct the space
described in (1.7). We want to thank R. Pol for mentioning Stone’s space
to us.

(7.1) CONSTRUCTION. Let Y be a subset of a linearly ordered set X
where |Y| is an uncountable regular cardinal number. Let

E(Y,X) = (X =Y) x{0h U (Y x{-1,1})
and order E(Y, X) lexicographically. Let E(Y, X) have the usual open in-
terval topology of that order.

(7.2) PROPOSITION. Let X be a metrizable LOTS and suppose Y C X.
Let k be a regular uncountable cardinal. Then the following are equivalent:

(a) & € D(E(Y, X)),

(b) whenever S C'Y has |S| = k, then there is a set Sy C S such that
|So| = Kk and Sy is discrete and closed in X.

Proof. Write Z = E(Y, X) and define 7 : Z2 — X2 by 7((x,1), (y,7)) =
(x,7y). Then 7 is continuous, so that the set A* = 771[A(X)] is a Gs-subset
of Z2. Note that A* = {((z,0),(x,0)) : * € X — Y} U {((y,4), (y,7)) :
y€eY andi,je {~1,1}}.
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Suppose (b) holds, and suppose T' C Z? — A(Z) has regular uncountable
cardinality s. Either |T'N A*| < k or else |T'N A*| = k. In the first case
we replace T by T'— A* and complete the proof under the assumption that
T N A* = (). In the second case, we replace T by T'N A* and complete the
proof under the assumption that 7" C A*.

If TN A* = (), then the fact that A* is a Gs-subset of Z2 yields an open
set W C Z? that contains the diagonal and has |T — W/| = &, as required.

Next, suppose that T C A*. Because T'N A(Z) = () we know that
T Cc {((y,i),(y,7)) - y € Y and {i,j} = {—1,1}}. Then there is a subset
S C Y of cardinality x such that T = {((y,—1),(y,1)) : y € S} or else
T={((y,1),(y,—1)) : y € S}. The two cases are analogous, and we consider
only the first.

Because S has cardinality k, there is a set Sy C S that is closed in X
and has cardinality . For each y € Sy there is an open interval I(y) in X
such that I(y) N Sy = {y}. In addition, the open set X — Sy is the union of
the pairwise disjoint collection {I, : « € A} of its convex components.

For an open convex set I C X, define J(I) = {(z,i) € Z : x € I}.
Then J(I) is an open convex subset of Z. Using that notation, define V' =
U{J (1) : @« € A} and for each y € Sy let K~ (y) = J(I1(y)) N ], (y,—1)]
and K (y) = J(I(y)) N [(y,1), —[. The resulting sets cover Z, so that the
set W =V2U(U{(K~ ()2 U (K™ (y))?:y € So}) is a neighborhood of the
diagonal A(Z) for which W NT = (). Thus (a) holds.

Conversely, suppose (a) holds. Let S C Y have cardinality . Let T' =
{((y,—1),(y,1)) : y € S}. Then there must be an open neighborhood W of
A(Z) in Z? such that [T — W| = k. Let So = {y € S : ((y,—1),(y,1)) €
T-Wwh.

With the exception of endpoints of Z (to be treated separately by analo-
gous arguments), for each z € Z there are points (a(2),i(2)), (b(2),j(2)) € Z
such that, with G(z) = |(a(z),i(2)), (b(2), j(2))[, we have (G(z))? C W.

Ifz € X—-Y let H(z) = |a(x,0),b(x,0)] and if z € Y let H(x) =
la(xz,—1),b(x,+1)[. Observe that if € X =Y then H(x)NSy = (). Further, if
x €Y, then |H(x)NSy| < 1, for otherwise, choose y € H(x)NSy with y # x.
In case y < x we have (a(z,—1),i(z,-1)) < (y,—1) < (y,1) < (z,—1),
so that ((y,—1),(y,1)) € (G(z,—1))> C W, contrary to y € Sp. And if
x <y then ((y,—1),(y,1)) € (G(x,+1))? C W, again contradicting y € So.
Therefore, Sy is a closed and discrete subset of X, as required. m

(7.3) COROLLARY. Let Y C X where X is any metrizable LOTS. Then
E(Y,X) has an H-diagonal if and only if for every regular, uncountable
cardinal k < |X| and any subset S C Y with cardinality k, there is a set
So C S that is closed in X, discrete in itself, and has |Sp| = k. m
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The next result allows us to recognize when the space E(Y,X) con-
structed in (7.1) will be metrizable.

(7.4) PROPOSITION. Let X be a metrizable LOTS and let Y C X have
uncountable reqular cardinality. Then the space E(Y,X) of (7.1) is metriz-
able if and only if Y is the union of countably many subspaces, each of which
is discrete in itself.

Proof. First suppose that Z = E(Y, X) is metrizable. Let B = (J{B(n) :
n > 1} be a o-discrete base for Z. For each pair (m,n) of natural numbers,
let Y(m,n) be the set of all points y € Y such that for some B € B(m)
and some C' € B(n), we have (y,—1) € B C |+, (y,—1)] and (y,1) € C C
[(y,1), —[. It is easy to check that each Y (m,n) is discrete in itself.

Conversely, suppose Y is the union of countably many subspaces, each
discrete in itself. Because X is a metric space, it follows that Y = (J{Y (n) :
n > 1} where each Y (n) is discrete in itself and closed in X.

Recall the notation of (7.2). We have a Gs-subset A* of Z? consisting
of all points ((z,0),(x,0)) for x € X — Y together with all points of the
form ((y,1), (y,7)) where y € Y and 7,5 € {—1,1}. Clearly, A(X) C A*. In
the remainder of the proof, we will define open sets W(n) C Z? such that
A(Z) = A* N[ {W(n) : n > 1}. Once that is done, then we will know that
Z is a LOTS with a Gs-diagonal and is, therefore, metrizable [L1].

For each n and each y € Y'(n), choose an open interval I(n,y) of X with
I(n,y) NY(n) = {y}. In addition, write the open set U(n) = X — Y (n) as
the union of its convex components, say U(n) = (J{U(n,a) : a € A(n)}.
Recall from the proof of (7.2) that for each convex open subset I C X, we
have a convex open subset J(I) = {(z,i) € Z :x € I} of Z.

Define K(n,y) = J(I(n,y)) and V(n,a) = J(U(n,«)). Then define
L(TL, Y, _1) = J(I(nv y))ﬂ]<—, (ya _1)] and L(na Y, 1) = K(nv y)m [(ya 1)’ —>[
Let V(n) = J{V(n,a) : « € A(n)}. The resulting sets cover Z, so that the
set W(n) = (V(n))? UU{(L(n,y,—1))? U (L(n,y,1))* : y € Y(n)} is open
in Z and contains A(Z).

Consider any point p € A* N ({W(n) : n > 1}. For contradiction,
suppose p € A(Z). Then p = ((y,4), (y,j)) for some y € Y and i # j.
Choose n so that y € Y (n). By assumption, p € W (n). Because U(n) N
Y(n) = 0 we conclude p € (V(n))?. Hence there is a 3y’ € Y(n) such that
p € (L(n,y',—1))2 U (L(n,y',1))?> C (K(n,y"))% But then y € I(n,y’) and
therefore y € I(n,y') N Y (n) = {y'}, so that y = y'. But that is impossible
because i # j guarantees that ((y,4), (y,5)) & (L(n,y,—1))?> U (L(n,y,1))2.
Therefore p € A(Z) as required. m

Many properties of E(Y, X) are derived from X via the natural projec-
tion mapping, and we have:
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(7.5) LEMMA. The natural projection mapping 7 : E(Y,X) — X given
by m((x,m)) = x is a perfect mapping. m

To apply (7.2) to the construction of our example, we must start with
a very special completely metrizable LOTS X. The following example was
constructed by A. H. Stone in his paper [St].

(7.6) EXAMPLE. There is a completely metrizable LOTS X having a sub-
space Y that satisfies the hypotheses of (7.2).

Proof. Let D be a discrete space with cardinality w; and let Z = D%
carry the product topology. It is proved in [St] that there is a subspace
Y C Z with the following properties:

(a) [Y]=wi;

(b) Y is not the union of countably many subspaces, each discrete in
itself;

(c) if S is a countable subset of Y, then the closure of S in Y is also
countable.

Let X be the closure of Y in the complete metric space Z. Suppose S C Y
has uncountable regular cardinality x. Then x = w;. Being a metrizable
space, S contains a dense subset D = (J{D(n) : n > 1} such that each D(n)
is discrete in itself. For each n, let U(n) be the union of all open subsets V' of
X such that [VND(n)| < 1. Then D(n) is a relatively closed subset of U(n),
and U(n), being open in X, is an F,,-subset of X. Write U(n) = |J{F(n,m) :
m > 1} where each F(n,m) is closed in X. Let E(n,m) = F(n,m)N D(n).
Then E(n,m) is closed in X and is discrete in itself. If every E(n,m) were
countable, then so would be the set D and then the closure of D in Y
would also be countable. But that is not the case, because the closure of
D in Y contains the uncountable set S. Hence, some set So = E(n,m) is
uncountable and closed in X.

We next need show that X is a linearly ordered space in some ordering.
But that follows from a theorem of Herrlich ([H]; see also [E, Problem 6.3.2])
stating that any metrizable space with all of its dimensions (dim, ind, Ind)
equal to 0 carries the open interval topology of some linear ordering. Because
X is a closed subspace of the strongly zero-dimensional metric space Z, we
have ind(X) = Ind(X) = dim(X) = 0. Therefore, X is a LOTS in some
ordering. m

(7.7) EXAMPLE. There is a non-metrizable, Cech-complete LOTS with
an H-diagonal.

Proof. Use the metric space X and its subspace Y from (7.6) in the
construction of E(Y, X) outlined in (7.1). Apply (7.6) to see that X and YV
fit the hypotheses of (7.2) and conclude that E(Y,X) has an H-diagonal.
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Apply the special properties of Y combined with (7.4) to see that E(Y, X)
is not metrizable. Apply (7.5) to see that E(Y, X) is a perfect preimage
of a complete metric space, i.e., that E(Y, X) is Cech-complete. Being a
non-metrizable LOTS, E(Y, X) cannot have a Gs-diagonal [L1]. m

(7.8) Remark. In (5.12) we proved that if X is a Cech-complete space
(or a p-space) with an H-diagonal, then X has a dense metrizable subspace.
In that proof, there was a certain open, metrizable subspace M, and X —
cl(M) was the union of open convex components. Closer examination will
show that if X is a p-space, then each of those convex components will look
very much like a subspace of some E(Y, X) and that if X is Cech-complete,
then each of those convex components will be a space of the type E(Y, X),
for appropriately chosen X and Y.

(7.9) Remark. Notice that the space E(Y, X) in (7.7) does not have a
small diagonal, but does have ¢ € D(E(Y, X)) in the light of (7.2) whenever
w1 < cC.

8. The Michael line construction, base properties, and diagonal
conditions. In this section, R, P, Q, and Z denote, respectively, the sets of
real, irrational, and rational numbers, and the set of all integers. When we
say “the usual real line R” we will mean the set R endowed with its usual
Fuclidean topology. We will consider certain Michael line constructions using
various subsets S of P.

(8.1) CONSTRUCTION. Suppose S C P. Let M(S) be the set QU S
topologized so that a basic neighborhood of any point ¢ € Q has the form
la,b[ N M(S) where a < g < b are rational numbers, and where each point
of S is isolated in M (S). Define M* to be the lexicographically ordered set

M*(S) = (@ x {0}) U (S x 2).
Topologize M*(S) by using the usual open interval topology of that lexico-
graphic ordering.

We can summarize the main results of this section as follows: M*(P) is
a LOTS with a o-disjoint base. Under CH, or under (MA + —CH), M*(P)
does not have an H-diagonal. Whether or not M*(P) has a small diagonal
is undecidable in ZFC, as is the question of whether or not ¢ € D(M*(P)).

(8.2) LEMMA. For each S C P, the space M(S) is a closed subspace of
the LOTS M*(S), and M*(S) has a o-disjoint base of open sets, is first
countable, and is hereditarily paracompact. m

(8.3) LEMMA. For any S C P, the following are equivalent:

(a) M*(S) is metrizable;
(b) M(S) is metrizable;
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(¢) S is an Fy-subset of M(S);
(d) There is an F,-subset E of the usual real line such that S C E C P.

Proof. The equivalence of (a) and (b) is found in [L2] and the equiva-
lence of (c) and (d) is clear. That (b) implies (c) follows from the fact that
S is open in M (S), so that if M (S) is metrizable, then S must be an F,-set.
That (c) implies (b) follows from the fact that if S is an F,-set in M (S),
then M (S) has a o-discrete base for its topology. m

(8.4) PROPOSITION. Let S C P have uncountable regular cardinality k.
The following are equivalent:

(a) £ € D(M*(5));

(b) For each S; C S with |S1| = K, there is a closed subset Sy of M(S)
with |So| = Kk and Sy C St;

(c) For each S; C S with |S1| = K, there is a subset Sy C Sy with
cardinality k and such that the closure of Sy in the usual real line is contained
in P.

Proof. The equivalence of (c) and (b) is straightforward. We prove that
(a) and (b) are equivalent. Write M = M(S) and M* = M*(S).

Suppose (a) holds, i.e., kK € D(M*), and suppose S; C S has car-
dinality . Let T* = {((x,0),(z,1)) : s € S;}. Because |T*| = k and
T*NA(X) = 0, there is an open set W* C (M*)? that contains A(M*) and
has |T* — W*| = k. For each = € @) choose rational numbers a(z), b(x) such
that ((x,0),(x,0)) € (J(a(x),0), (b(z),0))? € W*. Let G(z) = Ja(x),b(x)]
for each z € Q. Define G = |J{G(z) : x € Q} and let Sy = S1 — G. Then Sy
is closed in M and if ((x,0), (x,1)) € T* —W* then z € Sy, so that |Sy| = &.
Hence (b) holds.

Conversely, suppose (b) holds and suppose T* C (M*)? — A(M*) has
cardinality . Define 7 : (M*)? — M? by w((z,m), (y,n)) = (x,y). There
are two cases to consider:

Case 1: Suppose |7[T*] — A(M)| = k. Because M has a Gs-diagonal,
there is an open set W C M? that contains the diagonal of M and has
|7 [T*] — W| = k. For each = € Q find rational numbers a(x), b(z) such that
(z,2) € (Ja(z),b(z)))> € W. Let G*(z,0) = ](a(x),0), (b(x),0)[ and for any
r € Sand any k € Z let G*(x,k) = {(z,k)}. Let W* = [ J{(G*(z,k))? :
(x,k) € M*}. Then |T* — W*| = |n[T*] — W| = &k as required to complete
the proof of Case 1.

Case 2: Suppose |71[T*] — A(M)| < k. Then |7[T*] N A(M)| = k. Let
Sy ={x € P: (x,z) € n[T*]} and use (b) to find a set Sy C S; that is
closed in M and has cardinality . For each z € Q find rational numbers
a(z),b(z) such that a(z) < z < b(z) and Ja(z),b(2)[N Sy = 0. If z € Q define
G*(2,0) =](a(2),0), (b(2),0)[ and for z € P let G*(z,k) = {(z,k)}. Letting
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W* = J{(G*(2,k))? : (2,k) € M*} we obtain an open subset of (M*)? that
contains A(M*) and has |T* — W*| = |Sy| = k. That completes Case 2. m

It is not surprising, given (8.3) and (8.4), that set theory plays a role in
deciding whether a given x belongs to M*(PP). Recall that a subset S C P is
said to be concentrated on Q provided |S — U| < w whenever U is an open
subset of R that contains Q.

(8.5) COROLLARY. M*(P) has a small diagonal if and only if no un-
countable subset of P is concentrated on Q.

Proof. In this proof, cI(S) will denote the closure of a set .S in the usual
space of real numbers. First, suppose that M*(P) has a small diagonal and
yet some uncountable S C P is concentrated on Q. Apply (8.4) to find an
uncountable set Sy C S such that cl(Sy) C P. But then W =R — cl(Sp) is
an open subset of R that contains QQ, and yet S — W must be uncountable
because it contains Sy. Hence, no uncountable set S C P is concentrated
on Q.

Next suppose that no uncountable subset of P is concentrated on Q.
Let S C P be uncountable. Because S cannot be concentrated on Q, there
must be an open subset U with Q C U C R and having |[S — U| = ws.
Let Sy = S — U. Then cl(Sy) C P. According to (8.4), M*(P) has a small
diagonal. =

(8.6) COROLLARY. Under CH, M*(PP) does not have a small diagonal.

Proof. In [M2], Michael uses CH to construct an uncountable subset
of P that is concentrated on Q. Now invoke (8.5). m

(8.7) PROPOSITION. Assume MA+—CH. If k is an uncountable regular
cardinal with k < ¢, then k € D(M*(P)). In particular, M*(P) has a small
diagonal.

Proof. Let M = M(P) and M* = M*(P). Suppose T* C (M*)? —
A(M*) has cardinality x where k is an uncountable regular cardinal with
Kk < c. Let S be the set of all x € P such that for some m,n € Z and some
y € R, either ((z,m),(y,n)) € T* or ((y,n),(z,m)) € T*. Then |S| = k
and T* C (M*(S))?. Because every subset of R with cardinality less than
¢ is a Q-set under MA + —CH (cf. [Ml]), it follows from (8.3) that M*(S)
is metrizable. Hence there is an open subset U* C (M*(S))? that contains
A(M*(S)) and has |T* — U*| = k. Because M*(S) is a subspace of M*(PP)
we may find an open set V* C (M*(PP))? such that V* N (M*(S))? = U*.
Define

W* =V*U{((z, k), (z, k) € (M*(P))?: 2 € P}.
Then W* is open in (M*(P))?, contains A(M*(P)) and has T* — W* =
T* —U*. Hence k € D(M*(P)). m
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(8.8) PROPOSITION. Suppose c is a reqular cardinal. Then the following
are equivalent:

(a) c € D(M*(P));

(b) P is the union of some family L of compact subsets of P having
L] < ¢

(¢c) d < ¢, where d is the smallest cardinality of a cofinal family of compact
subsets of P.

Proof. We know from [vD, Theorem 8.2] that d equals the least possible
cardinality of a collection of compact subsets whose union is P. Hence (b)
and (c) are equivalent. Thus, it will be enough to prove that (a) and (b) are
equivalent.

Suppose that (a) holds and, for contradiction, suppose that P is not the
union of any family of compact sets with cardinality less than c¢. Let C be
the family of all compact subsets of P. Then |C| = ¢, so we may well order
C as {Cy : a < c¢}. For each @ < ¢ we have P — ([ J{Cs : B < a} # 0
because P is not the union of fewer than ¢ compact sets. Choose a point
z(a) e P—J{Cs: B < a}.

Let S; = {z(a) : @ < ¢}. According to (8.4), because ¢ € D(M*(P))
there is a set Sy C S; with cardinality ¢ and having cl(Sy) C P, where cl
denotes closure in the usual real line topology. Let T'(n) = cl(Sp) N [—n,n].
Each T'(n) is a compact subset of P and for some m, |T'(m)NSy| = ¢ because
¢ is regular. Choose < ¢ such that T'(m) = Cjs. Because T'(m) N Sy has
cardinality ¢, there is a point x(vy) € T'(m) N Sy with v > 3. But that is
impossible because v > 3 forces z(y) € P—(J{Cs : § < v} C P — Cp.
Therefore, P can be written as a union of fewer than ¢ compact sets, so that
(b) follows from (a).

To show that (b) implies (a), suppose that £ is a family of fewer than c
compact sets and that P = | J £. Suppose S; C P has cardinality c¢. Because
¢ is regular, |£]| < ¢, and S; =|J{L NS : L € L}, there must be an Ly € L
with [L1 NS1| = c. Let Sy = L1 N S1. Then cl(Sy) C Ly C P, as required in
(8.4) to show that c € D(M*(PP)). m

(8.9) COROLLARY. If either CH or (MA + —CH) holds, then ¢ &
D(M*(P)).

Proof. If ¢ = w; then the assertion follows directly from (8.6). Next
suppose that M A + —CH holds. Then ¢ is regular. If P were the union
of fewer than ¢ compact sets, then the intersection of fewer than ¢ dense
G'5-subsets of the usual real line R would be empty, and that is impossible
under MA + -CH. =

(8.10) PROPOSITION. There is a model of set theory in which ¢ €
D(M*(P)).
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Proof. In [vD, Theorem 5.1}, van Douwen shows that there is a model
M of ZFC in which ¢ = wy and P is the union of w; compact subsets
of P. Then ¢ = wy is certainly regular, so that (8.8) applies to give ¢ €
D(M*(P)). m

(8.11) Remark. Aswill be proved in (9.4) below, M*(P) does not have
an H-diagonal. That can be proved in van Douwen’s model in a different way.
As noted in (8.10), in M there is a collection £ of compact subsets of P with
|£] = w; and |JL =P. Well order £ as {L, : @ < w1} and for each a < wy
choose z(a) € P— |{Lg : B < a}. Let S = {z(a) : @ < w1} and consider
M*(S). It follows from (8.4) that w; & D(M*(S)), so that M*(S) does
not have an H-diagonal. But then, by (5.2), neither does M*(PP). Indeed,
w1 & D(M*(P)), i.e., M*(P) does not have a small diagonal.

9. Additional remarks on M*(P). K. P. Hart pointed out the following
extensions of our results in Section 8. In what follows, we will use the fact
that the usual space P of irrational numbers is homeomorphic to the product
space w®. For f,g € w* we will write f < g to mean that f(n) < g(n) for
every n, and f <* g to mean that f(n) < g(n) for all but finitely many
values of n. The cardinal functions b and d will be as defined in [vD].

The first result is a translation of (8.4) into the language of w* and <*.

(9.1) PROPOSITION. Let k be a reqular uncountable cardinal. Then k ¢
D(M*(P)) if and only if there is a subset A C P such that:

(a) Al = &;
(b) For each f € w*, the set{a € A:a <* f} has cardinality less than k.

Proof. First suppose that the set A C P exists, as described above,
and for contradiction suppose k € D(M*(P)). According to (8.4) there is a
set B C A with |B| = k and such that the closure of B in the usual real
line is a subset of P. Hence there is an open set U containing the rational
numbers and having U N B = (). But then B is contained in the o-compact
set R—U = P —U. As in [vD] there is a single function f € w“ such
that B C {a € A : a <* f}. But that is impossible because |B| = k and
{a € A:a <* f}| < k. Therefore k ¢ D(M*(P)).

Conversely, suppose k ¢ D(M*(P)). We will find the required subset
A C w”. By (8.4) there is a subset S; C P such that |S1| = x and, whenever
So C S1 has cardinality x, then the closure of Sy in the real line meets Q. Fix
a homeomorphism v from the usual space P of irrationals onto the product
space w* and let A = ¢[S;]. To verify that A has the required properties,
fix any f:w — w and note that the set FF = {g € w* : g =* f} is countable.
For each g € F, the set A(g) = {a € A : a(n) < g(n) for each n € w} is
contained in the compact set K(g) = {h € w* : h(n) < g(n) for all n}.
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Then the set S(g) = ¥~ 1[A(g)] is a subset of the compact subset ¢! [K(g)]
of P. The special properties of S; guarantee that |S(g)| cannot be greater
than or equal to x, so that |A(g)| = |S(g9)] < k. Because the set F is
countable and & is regular and {a € A:a <* f} = J{A(g) : g € F}, we see
that [{a € A:a <* f}| < K as required. m

(9.2) COROLLARY. Suppose k is a regular uncountable cardinal and w*
contains a subset that is well-ordered by <* and has cardinality k. Then
k&€ D(M*(P). m

(9.3) COROLLARY. The cardinal b does not belong to D(M*(P)).
Proof. According to [vD, Theorem 3.3],
b =min{|B| : B C w*, B is unbounded, and B is well-ordered by <*}.

Choose A C w* that is unbounded, well-ordered by <* and has cardinality
b. Fix f € w* and consider the set A(f) ={a € A:a <* f}. If A(f) were
cofinal in A, then A would be bounded by f. Hence A(f) is not cofinal in
A, so that because b is a regular cardinal [vD, Theorem 3.1(d)], we have
|A(f)] < b. According to (9.1), b ¢ D(M*(P) as claimed. m

(9.4) COROLLARY. In ZFC, M*(PP) does not have an H-diagonal.

Proof. Because b < ¢ = |M*(P)| and b is regular [vD, 3.1(d)] and has
b ¢ D(M*(P)), we see that M*(IP) does not have an H-diagonal. m

(9.5) COROLLARY. If k is regular and larger than d, then k ¢ D(M*(P)).

Proof. In [vD] it is proved that there is a set D of size d that is
<-dominating for “w. Therefore, if T' C P has size k then there must be
some z € D such that {t € T : ¢t <* 2} has size k. »

(9.6) PROPOSITION. Suppose B is a finite non-empty subset of w1, c] that
consists of reqular cardinals. Then there is a generic extension such that a
reqular cardinal \ € (w1, c] has X\ & D(M*(P)) if and only if A € B.

Proof. Index B = {k1,...,kn} where k1 < ... < K. Let C =
{(a1,...,ap) + a; < K; for 1 < ¢ < n} with the coordinatewise partial
order. Each countable subset of C' is bounded above, so that a theorem of
Hechler [Hc| yields a cce-forcing of size ¢ that introduces a cofinal subset of
“w that is order isomorphic to C. For each z € C, let f, be the element of
“w that corresponds to xz under that isomorphism.

Fix i. The set C; = {(f1,....0n) € C : B; = 0 if j # i} is well-ordered
and unbounded, and hence the set {f, : € C;} is well-ordered by <* and
unbounded. By (9.2), k; & D(M*(P)).

Conversely, suppose A is a regular cardinal in |wi,c| such that A\ ¢
D(M*(P)). According to (9.1) there is a subset A C “w such that |A] = A
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and for each f € “w, [{a € A : a <* f}| < A. For contradiction, sup-
pose A € B. For each a € A choose z, € C with a <* f, . Write z, =
(x4(1),...,24(n)). There are three cases to consider.

Case 1: Suppose A < ki. Because A < k; = cf(k;) for each j and
|A| = A, there is a 3; < k; such that z,(j) < f; for each a € A. Then
y = (f1,...,0;) € C and for each a € A, a <* f;, <* f,. Therefore
{a € A:a <* f,} has cardinality A, contrary to our choice of A.

Case 2: Suppose there is a j with j +1 < n and x; < A < Kj41.
For j+1 < i < n choose 3; < k; such that z,(i) < f; for each a € A.
For each (y1,...,7;) € [0,k1[ % ... X [0,K;[, let A(y1,...,7;) = {a € A:
xq(1) =y for 1 < i < j}. Because |[0, k1] X ... x [0,K;]| = k; < A and A is
regular, we can choose 7; < k; such that [A(y1,...,7;)] = A. Define y € C
by setting y; = v; if 1 <i < jandy;, = 6; if j +1 < ¢ < n. Then for each
a€ A(vi,...,7;) we have z, <y, so that a <* f, <* f, in “w. But then
{a € A:a <* f,} has cardinality A, contrary to our choice of A.

Case 3: Suppose k, < A. Then regularity of A guarantees that for some
choice of v; < k;, the set A(y1,...,7n) ={a € A:xy(i) =~ for 1 <i<n}
has cardinality A. Let y = (v1,...,7). Then a € A(y1,...,7,) implies
a <* fz, <* fy,s0 that [{a € A:a <* f,}| = A, once again contradicting
our choice of A. =
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