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Reflexivity of isometries
by

WING-SUET LI (Atlanta, Ga.) and
JOHN E. M*CARTHY (St. Louis, Mo.)

Abstract. We prove that any set of commuting isometries on a separable Hilbert
space is reflexive.

Let C be a set of bounded operators on a Hilbert space H, Lat(C) be the
lattice of all closed subspaces of H left invariant by every element of C, and
AlgLat(C) be the algebra of all bounded operators that leave invariant every
element of Lat(C). Any polynomial in elements of C will be in Alglat(C),
and so will anything in the closure, in the weak operator topology, of this
set of polynomials: denote this set by W(C). If W(C) is all of AlgLat((),
then C is called reflezive. In this note we prove that any set of commuting
isometries on a separable space is reflexive.

The idea of reflexivity was first introduced by D.. Sarason, who proved
that any set of commuting normal operators is reflexive, and that so is
any set of analytic Toeplitz operators [10]. In [4], J. Deddens proved that
every isometry is reflexive, and later it was shown that a pair of commuting
isometries Ty and Ty with the additional property that 71 commutes with T3
is reflexive ([7] and [8, 9]). The first author and H. Bercovici have shown that
a pair of commuting isometries, one of which is a shift of finite multiplicity, is
reflexive [2]. Recently, K. Hordk and V. Miiller showed that if C is any set of
commuting isometries, then AlgLat(C) is contained both in the commutant
of C and in its double commmutant [6], and we use their result to prove that
if C i3 any collection of commuting isometries on a separable Hilbert space,
then it is reflexive. Independently, H. Bercovici has also shown that any
collection of commuting isometries is reflexive [1].
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102 W. 8. Li and J. E. M®Carthy

THEOREM 1. Let C = {Ty}aer be a collection of commuting isometries
on a separable Hilbert space. Then C is reflexive.

Proof. The isometries {7}, } have commuting unitary extensions {U,},
and so are a (possibly infinite) subnormal tuple. (A subnormal tuple is, by
definition, a set of commuting subnormal operators that have simultaneous
extensions to commuting normal operators; commuting subnormal operators
need not, in general, have commuting normal extensions, but commuting
isornetries do. See [7] for basic facts about subnormal tuples.) By Lemma 2
below, we can assume that {U,} acts on a separable space.

It was observed in [7, Section 2] for finite subnormal tuples, but is true for
all subnormal tuples with separably acting minimal normal extensions, that
they are reflexive if and only if their restriction to every cyclic subspace is
reflexive (the proofis an easy modification of the proof for a single subnormal
operator given in the book [3, Theorem VII.8.5]). Moreaver, a cyclic tuple
of isometries {7%,} can be represented as the tuple {M. } on some space
P?%(u), where p is a regular Borel measure on a torus, a product of unit
circles, P2(11) denotes the closure in L*(u) of the polynomials, and M,
denotes multiplication by the ath coordinate function.

By a result of Hordk and Miiller [6], any operator in AlgLat(C) is in the
commutant of €. The commutant of {M_} is the set of all multiplication
operators My, where ¢ is in P%(p) N L°°(u), and the weak-star topology
on the set of multiplication operators, as a subset of the bounded linear
operators on P2({y), coincides with the weak-star topology on P?(u)ML> ()
considered as a subset of L% (u). We,claim (Lemma 3 below) that the algebra
P2(p) N L>=(p) is elementary (also known as having property A;), which
means that for every weak-star continuous linear functional A on {My : 4 €
P2(1) N L% (u)}, there exist vectors f and g in P*(u) such that

A(Mg) = (M f,g) = | $fgdu.

Given the claim, it follows that any operator My in AlgLat(C) cannot be
separated from the weak-star closure of the polynomials in M, by a weak-
star continuous linear functional. Indeed, if there were a A that vanished on
the polynomials of M, , M,,, . . ., the vector g would have to be orthogonal to
the invariant subspace generated by f, and this invariant subspace would be
left invariant by My, and so A wonld vanish on My also (this argument first
appeared in [5]}. Therefore Alglat(C) coincides with the weak-star closed
algebra generated by 74,75, ..., and so C is reflexive, =

Lemma 2. Let [S] be a subnormal tuple on a separable space M. Then
the minimal normal extension of [S] acts also on o separable space.

Proof. As H is the closure of a countable union of cyclic subspaces, it
is sufficient to prove the lemma for cyclic tuples. Assume, therefore, that
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H = P?(p) for some finite Borel measure - As P?(u) is separable, the set

of monomials {27! ... 2% } has a countable dense subget {271, 2P, ..}, for
some multi-indices £y, Ba, ...

The set of all rational linear combinations of {2#=} and {##} is then a
countable dense subset of L2(y). w

L.EMMA 3 Let 11 be a finite Borel measure on a torus. For every weak-star
coptmuous linear functional A on Piu)n L>=(u), and every £ > 0, there
exist f,g € P2(u) such that )

Ap) =\opfgdu
for every ¢ in P(u) 01 L (u), and || £, gl < (1 + £)]|A1>/2.

Proof. First, let us assume that u is a finite measure on T2 Let A
be any weak-star continuous linear functional on P2(u) N L™ (). We will
assume that A is non-zero. Let § be a small positive number that we shall
specify later. Fix a function F in Z'() so that

A9) ={8Fdp, and [Pl < (1+6)]4].

We wish to write F' as fg for some f,g in P2(y).

. (1) F%rst u;e do it approximately. Observe that F can be approximated
Wl'thli.ll 8 =46 /12 in L'(u) by a finite linear combination of characteristic
functions of disjoint sets that are the product of open intervals in the unit

circle:
n
{ JF — " akXnxu,
k=1

Moreover, this can be done in such a way that for any open rectangle I X Jy,
there are larger intervals I} > I} and Ji. O Jy such that

du < &.

i

&
XTI\ I x J, —_
w(Z i\ Ik k)<nM’

T.vhere M = ||u||(1 + max{jax| : 1 < k < n}). Let & (zesp. M%) be functions
in the disk algebra (the closure of the polynomials in the uniform norm on
ﬂ”l& unit disk) that have norm 1, modulus 1 on I, (resp. Jx) and modulus
&' /(nM) off I} (resp. Ji). As & and 7y, are approximable in sup-norm by
polynomials, the map (21, 22) — &(21)nk(22) is in P2(u). Let

o a 1A
Jo(z1, 22) = kzm:l ﬁfk (z)me(22),  golz1,22) = 1; V laxi€r(21)m(z2).
Both fo and go are in P2(u), || foll, llgol] < (1 F )| px () + 36)1/2, and

VIF — fool dp < 38 = 62/4.
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(i) Now we try to improve our approximation in the standard way. Sup-
pose we are given fi in P?(p), g1 in L?(), €1,€2 > 0 such that
1/2
{IF— fgildu<er, and Al llgrll < (|Fllzsqe + 1)~
We claim we can find fo in P?(u), gz in L?(p) such that

(4) Ifi — foll < 2vE1,  llgall < llgnl + 2vE
and
() S|F — fofa| dp < €a.

To prove the claim, fix a very small & > 0. By part {i), we can find £ in
P2(u), nin L*{p), with
liel? =l < A+ NF = ATz,

and ’

iF = figy — &0l <€ s

: find two open sets By

Let B = {z € T? : [fi(2)] < [£(2)]}. We can ;

and Bs in T? such that E C By, By C By, u(B1\ E) + p(E\ Br1) < &,
u(Ba\ B1) < €. There exists u in the poly-disk algebra of norm 2, ju(z)| = 2
if z € By, and |u{z)}| = ¢’ if z ¢ By. Now define f3 = f; +u£ and

. hout8n o (g nE)UT\ B,
2| = a7, .
7 o,f1 T z€ Ba\ (B1NE).

Thus fa, g2 will satisfy (4) and (5) if £’ is sufficiently small (to get (4), note

that [ga]] < (1/(1— &) {llgall + llnlD)- _ o
Ollle can now continue inductively, to get fn in P*(u) and g, in L*(u)

with o
SlF - f'ﬂgnl d.u < 4778 3
[ fo — fasrall 2776,
Ngntill < llgall +2776. o
irni luster-point of {gn .
Let f be the norm limit of {f,}, and A be any weak ¢
Finally let g be the projection of A from L?(y) onto P?(). Then for any ¢
in P*(p) NL¥{w), :
A$) = {¢F dp =\ pfhdp ={¢s7dn.
171 < 1 foll + 8 < ((1F ) zaguy + 36)2 + 6) < (| Al + )17 + 6,
lgll < Hgolt +8 < (4]l + &) +6.

Thus f and g are as required if ¢ is small enough, '
The modifications for finitely many isometries are obvious. If there are
an infinite number, we use the fact that any finite Borel measure on a torus
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is regular, and again approximate I!(x) functions by linear combinations of

characteristic functions of products of intervals, where all but finitely many
of the factors are the whole circle, m
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