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Fixed points of Lipschitzian semigroups in Banach spaces
by

JAROSLAW GORNICKI (Rzesz6w)

Abstract. We prove the following theorem: Let p > 1 and let E be a real p-uniformily
convex Banach space, and C a nonempty bounded closed convex subset of E. If T =
{Ts:C— C:s5¢ G =[0,00)} is a Lipschitzian semigroup such that

[2]

1
s Lo 1 .
g= ég;gmf Gén.sgo o §)||Tg+5H d8<1+e,

where ¢ > 0 is some constant, then there exists £ € ¢ such that Tyz = @ for all 5 € G.

1. Introduction. Throughout this paper, F will always stand for a
Banach space with norm || ||. Let C be a nonempty (and, generally, bounded
closed convex) subset of E. A mapping T : C — C is called Lipschitzian if
there exists a positive number k such that .

[Tz — Ty|| < kllz -y forall z,yin C,

and in particular nonexpansive in the case k = 1. For these mappings we
have the well known result (see, for example, [11]):

THEOREM 1 (Browder, Gohde, Kirk, 1965). Let C be a nonempty bounded
closed convex subset of a uniformly convexr Banach space E. If T : C — C
is nonexpansive then it has o fived point.

On the other hand, it is quite easy to find examples for which fixed point
free nonexpansive self-mappings exists. Also, if B is the closed unit ball in
£2,e>0,er = (1,0,0,...) and § is the right shift operator, then the mapping
T': B — B defined by Tz = (1 — ||z]|}e1 + Sz is a fixed point free mapping
having Lipschitz constant 1 + ¢. This example shows that Theorem 1 may
fail to hold for the class of mappings T having Lipschitz constant k > 1, no
matter how near to 1 we choose k.

1991 Meathematics Subject Classification: 47H10, 4TH09, 47H20.
Key words and phrases: Lipschitzian semigroup, fixed point, p-uniformly convex Ba-
nach gpace.
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102 J. Gérnicki

In 1973, Goebel and Kirk [10] introduced the notion of a uniformiy k-
Lipschitzian mapping (k > 1) on C:

Tz —T"y|| < kllz —y|| forevery z,ycCandn=12,...
The fixed point theory for these mappings has a double interest:

(i) uniformly Lipschitzian mappings are a natural generalization of the
nonexpansive mappings, ‘

(ii) there is a close connection between these mappings and the stability
problem for the fixed point property for nonexpansive mappings (cf. {11]).

It is natural, therefore, to study the existence of fixed points of such
mappings. '

The first fixed point theorem for uniformly k-Lipschitzian mapping was
given by Goebel and Kirk [10] in uniformly convex Banach spaces (cf. [32]).
A different and more general approach was proposed by Lifshitz [23] and
recently by Dominguez Benavides et al. (cf. [4], [5], [6], [14}). In particular,
they established the following

TaeoREM 2 (Lifshitz, 1975). Let C be a nonempty bounded closed convez
subset of o Hilbert space and suppose T' : C' — C is uniformly k-Lipschitzian
for k < +/2. Then T has a fized point in C. m

Lifshitz [23] found an example of a fixed point free uniformly =/2-
Lipschitzian mapping which leaves invariant a bounded closed convex subset
of £2 (cf. [1], [11])- The validity of Theorem 2 for v2 < k < m/2 remains
open.

The existence of a fixed point of a uniformly k-Lipschitzian mapping
has been widely investigated by many authors (cf. [1, 3, 4; 5, 6, 16, 23-25,
27-31, 34]). Downing and Ray (7] showed that Lifshitz’s Theorem is valid
for a uniformly k-Lipschitzian semigroup which is left reversible, and many
authors extended this result to more general semigroups (cf. [12, 18-20, 27,
32, 33, 36)).

In 1988, Gérnicki and Kriippel [16] indicated some applications of an
asymptotic density in fixed point theorems for uniformly k-Lipschitzian
mappings and next proved the following (cf. [13, 16, 21]):

TrEOREM 3 ([L17]). Let C be a:nonempty bounded closed convex subset of
a real p-uniformly convex Banach space (p > 1). If T : C — C' is a mapping
such that

1 g
liminf = Y " 4T¥|P
E&fnizlui“ I*<1+d,

where d > ¢ {3 some ‘consia_nt, then T has a fized point in C (for o Hilbert
spacep=2 andd=1). m :
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The purpose of this paper is to prove some new fixed point theorem for
Lipschitzian semigroups in p-uniformly convex Banach spaces.

2. Preliminaries. A family T = {T, : s € G = [0,00)} of mappings T,
of C into itself is said to be a Lipschitzian semigroup on C if it satisfies the
following conditions:

(i) Tytnz =T, Thx for all s,h € G and z € C;
(ii) for each # € C, the mapping s - T,z from G into C is continuous;
(iii) [Tz — Toyll < ||Tell - |o — g for all z,y € C and s € G, where
[ Tel| = sup{|[Toz — Toyl//llz ~ vl : z # v, 3,y € C} <00
for every s € G.

Let p > 1, A € [0,1] and Wp(A) = A(1 ~ A)F + XP(1 - A).

The functional || - ||? is said to be uniformly convex [34] on the Banach
space E if
(¥)  there exists a positive constant ¢, such that for all A € [0,1] and

x,y € E,

Az + (1= NyllP < AP + (1= Dgl® — caWo(M)]z -yl

~ Xu [34] proved that || - |{? is uniformly convex on E if and only if E is p-

uniformly conves, i.e. there exists a constant ¢ > 0 such that the modulus of
convexity of F (see [11]) satisfies §g(e) > cc? for all 0 < ¢ < 2. We note that
a Hilbert space H is 2-uniformly convex (indeed, éy(g) = 1— /1 — (¢/2)? >
(1/8)e?) and an L* space (1 < p < 00) is max(2, p)-uniformly convex.
Now, we establish an existence lemma in p-uniformly convex Banach
spaces. :

LeMMA 1. Let p > 1, let E be a real p-uniformly convex Banach space and
C o nonempty closed convez subset of E, and let {Z4}acg C E be bounded.
Then there emists a unique point z in C such that

lim sup 1 i ||z — zs}|° df < limsup 1 ’il llz — zgliP 48 — cpllz — =||P
Gaa—roo O 0 Gaa—oo & b
for every z in C, where ¢, > 0 is the constant given in (*).
Proof. Continuity. For any fixed § € G, 2,y € C, we have
Iz~ zgl” < (lly — gl + = — yll)"-

Let a = ||y — zg|| and b = ||z — y||. Then by the Mean Value Theorem,
(a+ b)P = aP + bp(P~? for some ¢ € (a,a + b). Since { < a + b < 2d, where

d = max{diam(C),sup{||z — .|| : z € C, s € G}},
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we get
liz — zll” < lly — zp|® + ||z — yllp(2d)yP~".
Hence
r(z) < r(y) + o — yllp(2d)P?,

where

, 1 -
r(€) = limsup = (5] IE —zalPdp, ¢eC.

o0
Changing the roles of x and y, we get
r(@) = ()| < llo = ylp(2d)P~
Uniform converity. By the inequality (%), we have
(1~ Nz + Ay — zglf*
= (1 = Mz —zp) + Ay — z)|IP
< A=Az = 26)|I” + Allly = 2a)|IP ~ epWp(Mlz ~ P,
hence
1) (1= XNz + M) < (1~ Nr{z) + Ar(y) — e Wp( M)z — yll”.

Thus the functional r(-) is uniformly convex [35} on F and by Lemma 2 of
[17], there is a unique point z € C (called the asymptotic center of {z4}ace
in C) such that

r{z) = inf{r(g): £ € C}.
It follows from. inequality (1) that
r{z + Mz = 2)) < Ar(z) + (1~ A)r(2) ~ pWp(Allz - yl?

for  in ¢ and 0 < A < 1. Noticing that r(z) < r(z + A(z — 2)} for z in C
and 0 < A £ 1, we derive that

0< lim r(z+ Az — 2)) — r(2)
A—04 ‘ A

<r(@) —r2) - pllz —yllP
and the desired inequality follows. =
3. Main result, In this section we prove an existence theorem for fixed

points of mappings with Lipschitzian iterates by means of techniques of
asymptotic centers and inequalities in real Banach spaces.
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THEOREM 4. Let p > 1 and let E be a real p-uniformly conver Banach
space, and C o nonempty bounded closed conver subset of BE. If T = {T} :
C—C:56G=10,00)} is a Lipschitzian semigroup such that

=3

1
i . P
g= Glél;lnf Gg%fzo - g | T5+s]IP dB < 1+ ¢p,

then there exists xo € C such that Texg = zg for all 5 € G.
Proof. Let {ay} C G (ay — 00 as y — 00) and {6,} C G be such that

[+1 o

1 17
NP | I B
fminf N § 1 ool a6 = Jim, oty 2 | Ts+6, 7 dB = g < 1+ cp.

By Lemma 1 and induction, we define a sequence {z,}3_; in C in the
following manner:

e C arbitrary
g1 = 2(Tm), Mm=1,2,...,

where z(zy,) is the unique point in C that minimizes the functional

Oy

, 1
Tm (%) = limsup — S iz ~ Tg+51mml|‘" dg
Yoo a’Y 0

over £ in C. In view of inequality (%), for any s € G, f+ 6, € G and
0 <A <1, we have

[AZm + (1 = A)TeZm — Lp45, Tm-1 "
= [|Mam — To+s,2m-1) + (1 = A)(Te%m — Tprs, Tm-1}|I”
< Mzm = Tts, Fm—1l® + (1 = V| Tszm — ot oy Tm1 ||
= cpWp{A)&m — Tozml”

and
17 '
lim sup — S IAZ s + (1 — M TsZm, — Tpts, Trm | dB
7o Oy g

Oy

1
< Alimsup — S [lm — Toys,Tm—1|F dB
y—oo Oy 3

oy

1
+ (1= Nlimsup — § |Tsm — Tps, e |P dB
o0 Gy g

— eWp(Mlzm - Tyzm| P
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Hence
Cpr()‘)””—'m - Tyzm ||
Gy

1
< Alimsup — S lZm — Tat6,Tm—1||F dB
y—oo Qb 0

ey

1
+(1 =N limsup ~— { |Ts@m — Toss,@m—17 dB

y—oe Oy 0
ey

1
—limsup— § [Azm + (L = N)Tatm — Tpps,@m—1 |7 48

y—roe Gy o

Gy

1.
< (1~ A)limsup — S |Tsm — 511;3+.5A,-’ﬂm-—1|1p dg
yveo Oy 3
17
— (1 =) limsup — S |em — Tats, Cm—1|i dB.
y—oo Gy g

Dividing by 1 — X and taking A =1, we get
Qy

1
tpl|Zm — Tsxm [P < limsup — S | Tetm — Tps, Tm—1|IF dB
7—oo Oy 0

Oy

R 1
— lim sup — S l£m — Ta+5,2m—1||” 2B
y—oo Oy 0

1 3
< limsup { — S | Ts@m ~ Tp+6,Tm-1]" dB
yooo L Oy

1Y
FITP 2 | llom = Teooay s, moalPd
¥

a8

o
]. T

— limsup — S |Zm — Tpys, Tm—1iF 46
y—oo Oy o

: 1t
< limsup {a_ S | Ts@m — To+6,Tm-1[F dB

y—+00 1
1Y
+ nTsuP(— [ lem — Tors, 2msll? 48
. ay 5

1Y
L o~ Tass, 2l dﬁ) }

%Y ay—s
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17
— limsup — S |l2m ~ Toys, Tme1]|P dB
1Y
< (ITel?” - Vlimsup — | |2 ~ Tpps, 8m-1 " dB
Yoo Oy 0

< (176l = Drm-s(zm) < (1Tl = Drm-a(zm-1),

since

1 &
a—S [Tezm — Tpts, Tm—1FdB — 0 asy — oo,
T o

[+
1 ¥
- S iz — Tﬁ-‘r&,mm—l“p dgd —0 asy— o0,
g 0y —8

Pr—1{®m)} £ Pm-1{Bm_1).
Therefore for any s € G, we obtain the estimate

cpllzm — Tozm P < (| TslP — Drm—1(®m—1)

and as a consequence

oy

. 1
¢p lim sup — S | zm — Tars, Tmlif 46
< ( lim iaf | Tsse. I[P dB =1 ) 7rmcs (@mer)
il P oy ) y
and
'f"m(mm) < Brmml(mmml)
where
B=2( tm = T | Tss. |17 46 — 1) <1
Cp Yoo a,r b v

In a similar way, we get

P () < B™ My (z1), m=1,2,...

107

Now we show the convergence of the sequence {zm}5r_;- For a fixed

s € G, by Jensen’s inequality (cf. [22, p. 183]), we have

|Zm41 — ZmliP < 2PH1(||$m+1 — Tom P + ”TSmm —~zm|?),
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and hence
Qy

1
| Zm1 — TP < 2P (1111'131113 — S lzm+1 — Tg+s,Tm|i® dB

Oy

) 1
+ limsup — S 17546, Zm = Tm [P dﬂ)
y—eo Oy 5

< 2p*1(7‘m($ﬂ1+1) + rm(zm))
S 2prm(mm) S 2”3”"17‘1(:1:1) -0

as m —+ oo, This shows that {z,}3_, is norm Cauchy and strong conver-
gent. Let £o = liMyyeo Tm. Then for 8+ 6, € G, by Jensen's inequality, we

have
lzo — Tpys,20ll”

< (o = Zwll + |#m — Tos,@mll + 1 Tp6,Zem — Tots,20||)?

<3 (lzo — Zmll® + [[&m — To48, Zmll® + | Ta46,2m — Tors, 2ollP)-
Thus

Cly

L 1
lim sup ~— S llzo — Tavs,2ol||” 45
oo Oy 0

e}
- Ly

< 3t (ng — T [P + lim sup — S lzm = Tgts, Tml||P dB
y—oo Oy o

Qy

1
o = sol? i - | ||Tﬁ+57||"dﬁ)

< 3F (1 + 9)llzm — o|lP + B™ 'r1{z1)) — 0

as m — 00. Therefore
ey

1
r(zp) = limsup — S leo — Tats,zoll? dB = 0.
Qy

F—+00

This implies that for any s € G and for any & > 0 there exists s, € G such
that

(2) ilzo

Otherwise, we have

—Ty,zmol| <& and [mg ~ Tore,m0]| <e.

JseG Jeso Vs,e6 (|| — Ts,zol| >V #0 — Tous, %ol| > €)
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and
Oy

. 1
r{zo) = limsup — S lzg ~ T,5+579:g||1’ ds
y—roo Ry a

17
= liminf — -7 rq
o (S) o — Tp+s, %0l d3

=3

1
> liminf — S lzo — Tp+s,20ll” 4B > 7.
>

H—00
Let s € G and € > 0. Then by (2),
llzo — Tewoll < llzo — Tats.Toll + | Tows. 30 — Laol|
< 2o = Tots Zoll + Tl - | Ts. 20— @o|| < €+ || Telie — 0
as ¢ — 04. This completes the proof. w

4. The corollaries. In this section we give applications of the estab-
lished inequalities analogous to () in Banach spaces. We begin with the
following.

LeMMA 2. (2) In a Hilbert space H we have the identity
Az + (1 — Ngl* = A2l + (1= Allgl® = 21 = Xl —y|I?

for all z,y in H and A € [0,1].
(b) If 1 < p < 2, then for all z,y in L? and A € [0,1], we have

Az + (1= 2wl < Alz]® + @ = Nlly)* = AL -2 - Dllo - ol

(see [25], [31]).
(c) Assume 2 < p < oo and t, is the unique zero of the function g(z) =
—z?~l 4 (p~ 1)z +p—2in(1,00). Let

p—1
®) = -+ 4P = T
Then

Az 4 (1= Ayl < Alll? -+ (L= Wlyl® — eaWelA)llz = y]”
for all z,y in L and X € [0, 1] (see [24], [25], [34]). w

Remark. All constants appearing in the inequalities of Lemma 2 (e.g.,
p—1 and ¢,) are the best possible [24, 25].

CorOLLARY 1 ([15]). Let C be a nonempty bounded closed conver subset
of a Hilbert space. If T = {Ty : C — C : s € G} is o Lipschitzian semigroup
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such that
lminf inf | |Tpes]d8 < 2
= 1M1 1 —
9= A Ghib0 ) B+s ’

then there exists o € C such that Tyxg = zp foralls € G. n

COROLLARY 2. Let C be a nonempty bounded closed convex subset of real
P(1<p<2). FT={T,:C — C:5 & G} is a Lipschitzian semigroup
such that

g = liminf _inf :

Tersl?d
Gaa-roo G3620 O ” ﬂ+6“ ,B <p,

0
then there exists xg € C such that T,z =x9 foralls € G. n

COROLLARY 3. Let C be ¢ nonempty bounded closed conver subset of real
I?P 2<p<o0) If T={T,:C— C:sc G} isa Lipschitzian semigroup
such that

1 o
— lminf inf — T p g .
0= Jmint nt V[ Tasal? 8 <1455
where ¢, > 0 is the constant given by (3), then there evists zo € C' such that
Taxg=xzp foralls €G. m

Using the result of Prus-Smarzewski [28, 30] and Xu [34] we can obtain
from Theorem 4 a fixed point theorem, for example, for Hardy and Sobolev
spaces.

Let HP,1 < p < o0, denote the Hardy space [9] of all functions x analytic
in the unit disc |z| < 1 of the complex plane and such that

1 27 ° 1/p
—_ 1 - [ 2]
el = i (57 | e )P o) <oo

Now, let £2 be an open subset of R". Denote by W"?(2), with k > 0,
1 < p < oo, the Sobolev space {2, p. 149] of distributions x such that
Deg e LP(2) for all |o| = a1 + ... + an < k equipped with the norm

lol = (3 [10steipan)
o<k 42

Let (24, Y, pha), @ € A, be a sequence of positive measure spaces, where
A is finite or countable. Given a sequence of linear subspaces X, in
LP(024, Xa, o), we denote by Lgp, 1 < p < 00, ¢ == max(2,p), the lin-
ear space {see [26]) of all sequences

$=.{maEXa:a€A}
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equipped with the norm

o = [ 32 leal?]

aEA
where || - ||p,« denotes the norm in LP(£2,, L, jia)-

Finally, let L? = LP(Sy, &1, p1) and L? = LI(S3, X, pa), where L <p <
00, ¢ = max(2,p) and (Si, Iy, p;) are positive measure spaces. Denote by
L(Lp) the Banach space (8, IIL.2.10] of all measurable LP-valued functions
z on S such that

/g
ot = ( § Ua(o)le)? pa(ds))
8
These spaces are g-uniformly convex with g = max(2,p) (see [28, 30|} and
their norms satisfy

Az + (1= Xy|l? < Aizll® + (1 — Ayl — dWe(A)ll= — yii*
with a constant
p—

d=dp=—~—8-— for 1< p<2,
1

d=dp= for 2 < p < 0o.

p- 2P
Hence Theorem 4 yields the following:

COROLLARY 4. Let C be a nonempty bounded closed convez subset of the
space X, where X = HP or X = WhP(£2) or X = Lgp or X = Le(Ly)
and 1 < p < 00, ¢ = max(2,p), k> 0. IfT ={T,: C > C:5€G}isa
Lipschitzian semigroup such that

1&
= liminf inf —\|Tps4s?dB<1+4,
g cl;léﬂglmcé%zoag” p+sl* 4P

then there ezists o € C such that Temo = xp for alls € G. m

5. Final remarks. 1. If & = Ny, the set of nonnegative integers, then

1 ¥ 1
- gdﬁ(t) dt=— }gdi(k),
where 1 = [a], @ € [0,00). In this setting, Theorem 4 is the natural gener-
alization of the corresponding result of [17]. - _

2. Recently, Kriippel [21] established the following inequality in all uni-
formly convex Banach spaces: for all [[z]| £ 1, ly[| £3,0<A <1,

Az + (1~ AP < Alal? + (1 = iyl ~2 z¢(2n;\)5p("m2jly|!) ,_

n=0
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where ¢ : [0,00) - [0,1/2] is the periodic function with period 1 such that
¢(t) =min{t,1 — ¢}, 0<¢ <1, and
bp(e)
i) L P P 1
=inf 3 S(l2[P+ lI*) ~ |z @+u))| 2l <Lyl <L lz -yl z e

is the p-modulus of convexity of E, 1 < p < co. By means of that inequality
and the method described in [21] one can prove Theorem 4 in uniformly
convex Banach spaces.

P
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