
ACTA ARITHMETICALXXXIII.2 (1998)
On an equation with prime numbersbyA. Kumhev (Columbia, S.C.) and T. Nedeva (Plovdiv)1. Introdution. B. I. Segal ([13℄, [14℄) was the �rst to onsider in1933 additive problems with non-integer degrees. He studied the inequality(1) jx1 + x2 + : : :+ xk �N j < "and the equation(2) [x1℄ + [x2℄ + : : : + [xk℄ = N;where  > 1 is not an integer, and proved in both ases that there existsk0() suh that the orresponding problem has solutions if k � k0 andN is suÆiently large. Later Deshouillers [4℄ and Arkhipov and Zhitkov[1℄ improved Segal's result on (2). One may also mention the papers ofDeshouillers [5℄ and Gritsenko [7℄, where the equation (2) in two variableswas onsidered.In 1952 I. I. Piatetski-Shapiro [12℄ onsidered (1) with x1; : : : ; xk re-strited to prime numbers. Let H() denote the least k suh that theinequality (1) with �xed " > 0 has solutions in prime numbers for everysuÆiently large real N . Piatetski-Shapiro proved thatlim sup!1 H() log  � 4:He also proved that H() � 5 for 1 <  < 3=2. The theorem of Goldbah{Vinogradov [16℄ motivates the onjeture that for  lose to 1, H() � 3.This was proved by D. I. Tolev [15℄. He showed that if 1 <  < 15=14 and" = N�(1=)(15=14�) log9N then the quantityD(N) := Xjp1+p2+p3�N j<" log p1 log p2 log p31991 Mathematis Subjet Classi�ation: 11P05, 11P32.Researh of the �rst-named author supported by Bulgarian Ministry of Eduation andSiene, grant MM-430. [117℄



118 A. Kumhev and T. Nedevais positive for a suÆiently large N . Reently Y. C. Cai [3℄ improved theupper bound for  to 13/12.In [10℄ Laporta and Tolev onsidered the orresponding equation of thetype (2). For 1 <  < 17=16 they proved an asymptoti formula for the sumR(N) := X[p1℄+[p2℄+[p3℄=N log p1 log p2 log p3:In the present paper we improve the range of  they obtained.Theorem 1. Assume that 1 <  < 12=11 and Æ > 0 is arbitrary small.Then for any suÆiently large integer N we have the asymptoti formulaR(N) = � 3(1 + 1=)� (3=) N3=�1 +O(N3=�1 exp(�(logN)1=3�Æ)):We also improve the result from [3℄. We obtain an asymptoti formulafor the sum D(N). Sine the proof is similar to the proof of Theorem 1, weomit it.Theorem 2. Assume that 1 <  < 11=10 and Æ > 0 is arbitrary small.Then for any suÆiently large real N and " � N�(1=)(11=10�)+� for some� > 0 we have the asymptoti formulaD(N) = 2"� 3(1 + 1=)� (3=) N3=�1 +O("N3=�1 exp(�(logN)1=3�Æ)):The range of  in both problems depends on the estimate of an exponen-tial sum over primes. In [10℄ and [15℄ Vaughan's identity and the exponentpair (1=2; 1=2) are used. We derive Theorem 1 from a more preise estimateof this sum (Lemma 5 below). To prove it we use the identity of Heath-Brown [8℄, van der Corput's method as desribed in Chapters 2 and 3 of [6℄and the estimate of a double exponential sum due to Kolesnik [9℄.2. Notation. Sine for 1 <  < 17=16 Theorem 1 is proved in [10℄,we an assume that 17=16 �  < 12=11. In this paper � > 0 is a �xedsmall number depending only on ; P = N1=; ! = P 1��� ; p, p1; : : : areprimes; � 2 (0; 1); " is an arbitrary small positive number, not neessarilythe same in di�erent appearanes. We use [x℄, fxg and kxk for the integralpart of x, frational part of x and the distane from x to the nearest integerrespetively. �(n) is von Mangoldt's funtion. Moreover,� e(x) = exp(2�ix);� f(x)� g(x) means that f(x) = O(g(x));� f(x) � g(x) means that f(x)� g(x)� f(x);� x � X means that x runs through a subinterval of [X; 2X℄;� f(x1; : : : ; xn) �� g(x1; : : : ; xn) means that



An equation with prime numbers 119�j1+:::+jn�xj11 : : : �xjnn f(x1; : : : ; xn) = �j1+:::+jn�xj11 : : : �xjnn g(x1; : : : ; xn)(1 +O(�))for all n-tuples (j1; : : : ; jn) for whih it makes sense.We use sums of two types, whih we de�ne in the following way:� type I sums: XXm�M;n�Lmn�X amF (mn);� type II sums: XXm�M;n�Lmn�X ambnF (mn);where the oeÆients satisfy the onditions am � m", bn � n".We de�ne � = exp((logN)1=3�Æ):We also set S(�) = Xp�P log p � e(�[p℄);Ri = \
i S3(�)e(��N) d� (i = 1; 2)where 
1 = (�!; !) and 
2 = (!; 1� !).3. Some preliminary resultsLemma 1. Let D be a subdomain of the retangle f(x; y) j X � x � 2X,Y � y � 2Y g (X � Y ) suh that any line parallel to any oordinate axisintersets it in O(1) line segments. Let �, � be real numbers, �� 6= 0,� + � 6= 1, � + � 6= 2, and let f(x; y) be a real suÆiently many timesdi�erentiable funtion suh that f(x; y) �� Ax�y� throughout D. SettingN = XY , F = AX�Y � , we have��� X(x;y)2D e(f(x; y))���� (NF )"(F 1=3N1=2 +NY �1=2 +N5=6+NF�1=4 +NF�1=8X�1=8+�2=5F 1=5N9=10X�2=5 +�1=4NX�1=4):P r o o f. This is a version of Theorem 1 of [9℄. The proof may be foundin [11℄.Lemma 2. Let 3 < U < V < Z < X and suppose that Z � 1=2 2 N,X � 64Z2U , Z � 4U2, V 3 � 32N . Assume further that F (n) is a omplex-



120 A. Kumhev and T. Nedevavalued funtion suh that jF (n)j � 1. Then the sumXn�X �(n)F (n)may be deomposed into O(log10X) sums, eah either of type I with L > Z,or of type II with U < L < V .P r o o f. This is Lemma 3 of [8℄.Lemma 3. Let x not be an integer , � 2 (0; 1), H � 3. Thene(��fxg) = Xjhj�H h(�) e(hx) +O�min�1; 1Hkxk��where h(�) = 1� e(��)2�i(h + �) :P r o o f. See Lemma 12 of [2℄.In the following lemma we estimate the number N (�) of quadruples(h1; h2; n1; n2) for whih h1; h2 � H, n1; n2 � N andj(h1 + �)n1 � (h2 + �)n2j � �:Lemma 4. Suppose that  6= 0, � 2 (0; 1), � > 0, H � 3 and N is large.Then N (�)� �HN2� +H3=2N log(2HN):P r o o f. We follow the approah of D. R. Heath-Brown [8℄. We de�nethe quantityN (�; a; b) = #f(h1; h2; n1; n2) j h1; h2 � H; (h1; h2) = a; n1; n2 � N;(n1; n2) = b; j(h1 + �)n1 � (h2 + �)n2j � �gwhih we are going to estimate. If h1; h2 � H, n1; n2 � N and j(h1 +�)n1 � (h2 + �)n2j � � we have�����n1n2� � h2 + �h1 + � ����� �HN  ; ����h2h1 � h2 + �h1 + � ����� 1H ;hene(3) ����h2h1 ��n1n2������ 1H + �HN  :We also have(4) ����n1n2 ��h2 + �h1 + ��1=����� �HN  :



An equation with prime numbers 121From (3) and (4), arguing as on pp. 256{257 of [8℄, we obtainN (�; a; b)� �HN  � H2N2a2b2 +min�H2a2 ; N2b2 + HN2a2b2 �:Sine N (�) � Xa�2H Xb�2NN (�; a; b);the proof of the lemma is omplete.4. The main lemmaLemma 5. Suppose that X > P 9=10, H = �X�1 and h(�) are omplexnumbers suh that jh(�)j � (1 + jhj)�1. Then, uniformly with respet to� 2 (!; 1� !), we haveT (�) = Xjhj�Hh(�) Xn�X �(n) e((h + �)n)� X2��%for some suÆiently small % > 0, depending only on .P r o o f. We use Lemma 2 with F (n) = e((h + �)n) to redue theestimation of T (�) to the estimation of the sumsTi(�) = Xjhj�H h(�)Xi (i = 1; 2)where P1, P2 are type I and type II sums, respetively. We hoose theparameters U , V , Z as follows:U = X2�2+2%=256; V = 4X1=3and Z = 8<: [X(16�16)=3+3% ℄ + 1=2 if 17=16 �  < 14=13,[X(13�13)=3+3% ℄ + 1=2 if 14=13 �  < 13=12,[X(20�21)=2+5% ℄ + 1=2 if 13=12 �  < 12=11 .Let us onsider T2(�). We have(5) T2(�)� max!���2 jT (1)2 (�)j + (logX) max2�J�H jT (2)2 (�;J)jwhere T (1)2 (�) = Xm�M Xn�L ambne(�(mn));T (2)2 (�;J) =Xh�J h(�) Xm�M Xn�L ambne((h+ �)(mn)):



122 A. Kumhev and T. NedevaFirst we estimate T (2)2 (�;J). We obtainT (2)2 (�;J)� X"J Xm�M Xq�Q ��� X(h;n)2Iq d(h; n) e((h + �)(mn))���where jd(h; n)j � 1, Q > 1 is a parameter to be de�ned later and for q � Q,Iq = f(h; n) j h � J; n � L; 5(q � 1)JL < Q(h+ �)n � 5qJLg:So, using the Cauhy inequality, we getjT (2)2 (�;J)j2 � X"MQJ2 XXh1;h2�Jn1;n2�Lj�j�5JL=Q ��� Xm�M e(�m)���where � = (h1+�)n1�(h2+�)n2. We estimate the innermost sum triviallyif j�j � M�, and using the exponent pair (13=40; 11=20) otherwise. FromLemma 4 we now obtainjT (2)2 (�;J)j2� X"MQJ2 (M N (M�)+ maxM����5JL=Q(�13=40M (9+13)=40 +��1M1�)N (�))� X"(J�1=2M2LQ+ J13=40M (49+13)=40L(80+13)=40Q�13=40+ J�1M2�L2�Q+ J�7=40M (49+13)=40L(40+13)=40Q27=40):We hoose Q via Lemma 2.4 of [6℄ and the onditions on J , M and L imply(6) max2�J�H jT (2)2 (�;J)j � X2��%+":Let us now estimate T (1)2 (�). Using the Cauhy inequality and Lemma2.5 of [6℄ we getjT (1)2 (�)j2 � X"�M2L2Q + MLQ Xq�QXn�L ��� Xm�M e(�((n+ q) � n)m)����where Q � L is a positive integer. We apply the exponent pair (13=40;11=20) to the innermost sum and hoose Q via Lemma 2.4 of [6℄ to obtainjT (1)2 (�)j2 � X"(M2L+ �13=40M (49+13)=40L(67+13)=40+�13=53M (75+13)=53L(93+13)=53)and using the onditions on M , L and � we get(7) max!���2 jT (1)2 (�)j � X2��%+":The needed estimate for T2(�) follows from (5){(7).



An equation with prime numbers 123Let us now onsider T1(�). We have(8) T1(�)� X" maxj�j2(!;H+1) Xm�M ��� Xn�L e(�(mn))���:If L � X(57�49)=23+3% we estimate the sum over n using the exponentpair (8=41; 26=41) to obtain(9) jT1(�)j � X2��%+":Otherwise we �rst use the Cauhy inequality and Lemma 2.5 of [6℄ tothe sum on the right-hand side of (8) and obtainjT1j2 � X"�M2L2Q + MLQ Xq�J Xn�L Xm�M e(f(m;n; q))�where f(m;n; q) = �((n+ q) � n)m, J � Q=2 and Q� L is a parameterto be hosen later. Then we apply the Poisson summation formula (Lemma3.6 of [6℄) to the sums over m and n suessively and Abel's transformation:Xq Xm;n e(f(m;n; q))= Xq;nX� ��2f(m�; n; q)�m2 ��1=2e(1=8 + f(m�; n; q)� �m�)+O(MLJF�1=2 + LJ logX)�MF�1=2���Xq;�Xn e(f1(�; q; n))���+XJF�1=2 + LJ logX�MF�1=2����Xq;�X� ��2f1(�; q; n�)�n2 ��1=2e(1=8 + f1(�; q; n�)� �n�)����+MF�1=2JFM�1(LF�1=2 + logX) +XJF�1=2 + LJ logX�MLF�1��� Xq;�;� e(g(�; �; q))���+ F 1=2J logX + LJ logX +XJF�1=2where F = �JM L�1, f1(�; q; n) = f(m�; n; q)� �m�,g(�; �; q) = f1(�; q; n�)� �n� �� 0(�q)1=(2�2)�1=2�=(2�2) � F;0 is a onstant depending only on , � = J=L, � � FL�1, � � FM�1.HeneX�"jT1j2� X2Q�1 +X2F�1Q�1Xq�J ��� X��FM�1 X��FL�1e(g(�; �; q))���(10) +X2F�1=2 +XL+XF 1=2:



124 A. Kumhev and T. NedevaIf X1=2 � L < X(57�49)=23+3% we estimate the sum over �; � in (10)using Lemma 1 with X = FM�1, Y = FL�1 and f(x; y) = g(�; �; q). Weget X�"jT1j2 � X2Q�1 + F 1=3X3=2 +XF 1=2L1=2+X7=6F 2=3 +X3=2F 3=5J2=5L�4=5 +XF 3=4M1=8+ J1=4X5=4F 3=4L�1=2 +X2F�1=2 +XL:Now we substitute the expression for F in the last estimate and hoose Qvia Lemma 2.4 of [6℄. We obtain (9).If Z � L < X1=2 we interhange the roles of � and � and prove (9) again.This ompletes the proof of the lemma.5. Proof of Theorem 1. It is easy to see thatR(N) = 1\0S3(�) e(��N) d� = R1 +R2:The integral R1 is studied by Laporta and Tolev [10℄, pp. 928{929. Theyproved that if 1 <  < 17=16 thenR1 = � 3(1 + 1=)� (3=) N3=�1 +O(��1N3=�1)but the same argument shows that this asymptoti formula holds for 1 < < 3=2. Hene the theorem follows from the estimate(11) R2 � ��1P 3�:It is not diÆult to prove thatR2 � P logP max�2
2 jS(�)j:To prove (11) it remains to show thatmax�2
2 jS(�)j � ��1P 2�:We have S(�) = Xn�P �(n) e(�n) e(��fng) +O(P 1=2):So, it is suÆient to prove that for X satisfying P 9=10 < X � P ,S1(�) = Xn�X �(n) e(�n) e(��fng)� ��1X2�:
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