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Imaginary quadrati �eldswith small odd lass numberbySteven Arno, M. L. Robinson andFerrell S. Wheeler (Bowie, Md.)1. Introdution. Let �d be the disriminant of an imaginary quadrati�eld with lass number h(�d). As is well known, Gauss [9℄ onjeturedthat h(�d) tends to in�nity with d. Hene, for �xed m, it was natural toask for a omplete list of negative fundamental disriminants �d suh thath(�d) = m. This problem is usually referred to as Gauss' lass numberproblem or Gauss' lass number m problem.In 1934, Heilbronn [14℄ sueeded in proving Gauss' onjeture, therebyplaing the lass number problem on �rm ground. The following year,Siegel [20℄ showed that for any " > 0 there exists a onstant " > 0 suh thath(�d) > "d1=2�" as d ! 1. Unfortunately, neither result was e�etive,and no further progress was made until the 1950's when Heegner [13℄ of-fered a solution for the lass number 1 problem based on new ideas from thetheory of modular funtions. It is interesting to reall that Heegner's proofwas generally disounted until the \gaps" in his argument were explainedmany years later (see [5℄, [8℄, [21℄, [24℄). In the interim period, however, the�rst aepted proof of the lass number 1 problem was given by Stark [23℄in 1966. Shortly thereafter, Baker [2, 4℄ found another proof based on thetheory of transendental numbers. In 1971, Baker [3, 4℄ and Stark [26{28℄independently resolved the lass number 2 problem as well. However, thereseemed to be little hope of generalizing these methods to solve higher lassnumber problems.In 1976, Goldfeld [10℄ presented a deep and entirely unexpeted resultwhih provided the framework for a general attak on the lass numberproblem. He showed that if there exists a Weil urve whose assoiatedL-funtion has a zero of at least the third order at s = 1, then for any " > 01991 Mathematis Subjet Classi�ation: Primary 11R; Seondary 11Y, 11J.Key words and phrases: binary quadrati forms, imaginary quadrati �elds, lassnumbers, disriminants. [295℄



296 S. Arno et al.there exists an e�etively omputable onstant " suh that(1:1) h(�d) > "(log d)1�":Of ourse, the utility of Goldfeld's result depended on �nding an appropri-ate ellipti urve. And though one would expet to �nd a Weil urve witha high order zero at s = 1 based on the elebrated onjeture of Birh andSwinnerton-Dyer [5℄, tehnial diÆulties kept things on hold for severalyears. Finally, in 1983 Gross and Zagier [11℄ were able to show that er-tain urves must have a zero of at least the third order at s = 1, therebyompleting the attak of Goldfeld.Goldfeld's proof was later simpli�ed by Oesterl�e [19℄, who provided,among other things, expliit onstants for Goldfeld's theorem. As a re-sult, Oesterl�e was able to omplete the lass number 3 problem as well. Thelass number 4 problem was solved by the �rst author [1℄ who ombinednew tehniques with the well-known methods of Stark [22℄, Montgomery{Weinberger [18℄, and Oesterl�e [19℄. In hindsight, [1℄ ontains a prototypefor the partitioning of minima (of redued quadrati forms of disriminant�d), whih plays a ruial role in this paper.The entral onern of this paper is the lass number m problem forsmall, odd m. The aforementioned partitioning of minima enables us tosigni�antly improve on earlier estimates. Our results are summarized inthe following theorem.Theorem 1. For eah odd integer m satisfying 5 � m � 23, the lassnumber m problem is solved. For eah suh m, a omplete list of nega-tive fundamental disriminants �d for whih h(�d) = m an be found inAppendix A.Let �d be the disriminant of an imaginary quadrati �eld with lassnumber h(�d). In Table 1 we present the number of �elds satisfyingh(�d) = m and the largest suh d for eah odd m satisfying 1 � m � 23.Table 1. Upper bound on d satisfying h(�d) = mm # of d max. d1 9 1633 16 9075 25 26837 31 59239 34 1062711 41 1566713 37 2056315 68 3448317 45 3712319 47 3870721 85 6148323 68 90787



Imaginary quadrati �elds 297The paper is organized as follows. In x2 we use Oesterl�e's [19℄ expliitonstants to produe a d3(m) suh that if d � d3(m), then h(�d) 6= m.In x3 we provide the theoretial justi�ation for the partitioning of minimamentioned above. In x4 we prove several tehnial lemmas onerning anauxiliary funtion whih are needed in x5.We divide x5 into three subsetions, eah of whih rules out a ertainrange of fundamental disriminants. In x5.1, following the approah ofMontgomery{Weinberger [18℄, we produe a d2(m) suh that if d2(m) �d � d3(m), then h(�d) 6= m. At the end of x5.1 we note that the meth-ods of x5.1, even when pushed to their limits, do not redue the rangeof admissible disriminants d to the point where a omputationally inten-sive sieve (like the one introdued in x6) an be used to omplete the lassnumber m problem when m > 7. This shows that some new argument isneessary. In x5.2 we exploit the partitioning of minima introdued in x3to produe a d1(m) suh that if d1(m) � d � d2(m), then h(�d) 6= m.When m is odd and 5 � m � 13, d1(m) is small enough to allow thelass number m problem to be ompleted with the omputationally inten-sive sieve of x6. In x5.3 we use a more sophistiated version of the ar-guments in x5.2 to produe a d0(m) suh that if d0(m) � d � d1(m),then h(�d) 6= m. When m is odd and 15 � m � 23, d0(m) is smallenough to allow the lass number m problem to be ompleted with theomputationally intensive sieve of x6. We ombine the partitioning of min-ima with the aforementioned sieve to omplete the proof of Theorem 1in x6.Notation. Let Z, Z+, Q , R and C denote the ring of integers, the setof positive integers, the �eld of rational numbers, the �eld of real numbers,and the �eld of omplex numbers, respetively. Let p and q denote primes inZ+. The Kroneker symbol is denoted by either �mn � or (mjn), depending onwhih is more onvenient. As is ustomary, we let !(n) denote the numberof distint prime divisors of n and d(n) the total number of positive divisorsof n. Finally, let e(x) = e2�ix.The number �d denotes a negative fundamental disriminant or, equiv-alently, the disriminant of an imaginary quadrati number �eld. In otherwords, we have either �d � 1 (mod 4) and d is square-free, or 4 j d and�d=4 � 2 or 3 (mod 4) and d=4 is square-free. �1 denotes the real primi-tive harater with �1(n) = (�djn).A binary quadrati formQ(x; y) = ax2 + bxy + y2of disriminant �d = b2 � 4a is redued if it satis�es either(1:2) �a < b � a <  or 0 � b � a =  (a; b;  2 Z):



298 S. Arno et al.Note that this implies(1:3) a � (d=3)1=2:Let Qd = fQ(x; y) = ax2 + bxy + y2 : b2 � 4a = �d; Q is reduedgdenote the �nite set of redued binary quadrati forms with disriminant�d.Note h(�d) = jQdj. The notationPQd denotes a sum over all Q 2 Qd alongwith the assoiated oeÆients a, b, and .The modi�ed Bessel funtion of the seond kind of order zero is given by(1:4) K0(z) = 1\1 e�(z=2)(t+t�1) dtt (<z > 0):2. The high range. As mentioned in x1, Oesterl�e [19℄ provided expliitonstants for the " in Goldfeld's inequality (1.1). Indeed, if �d is a negativefundamental disriminant with lass number h(�d) and#(d) =Yp j d��1� b2ppp+ 1 �;where the produt is taken over all prime divisors p of d with the exeptionof the largest prime divisor, then#(d) log d � Ch(�d)where C = 55 if (d; 5077) = 1 and C = 7000 otherwise.In order to evaluate #(d) when h(�d) is odd, reall that the FundamentalTheorem of Genera due to Gauss [9℄ implies that2!(d)�1 jh(�d):If h(�d) is odd, then the preeding result implies that d has only one primedivisor. Sine �d is a disriminant, we see that �d is either �4, �8, or�p for some odd prime p � 3 (mod 4). It follows that when h(�d) is odd,#(d) = 1. Sine h(�4) = h(�8) = 1, we have(2:1) h(�d) is odd and h(�d) > 1) d is prime and d � 3 (mod 4):Hene, when h(�d) is odd and h(�d) > 1, (2.1) implies that (d; 5077) = 1(for 5077 is a prime equal to 1 modulo 4), and we havelog d � 55h(�d):Thus, for m 2 f5; 7; : : : ; 23g, we have h(�d) > m if d � d3(m) where d3(m)is given in Table 2.



Imaginary quadrati �elds 299Table 2. h(�d) 6= m for d � d3(m)m d3(m)5 101207 101689 1021511 1026313 1031115 1035917 1040719 1045421 1050223 10550Note that when h(�d) is even, d may be omposite. This allows thepossibility that a minimum a of a redued form ould satisfy (a; d) > 1.This introdues many tehnial diÆulties, the least of whih is a smallervalue of #(d). For these reasons, we on�ne our attention to the ase whereh(�d) is odd.3. Minima results. The oeÆient a is referred to as the minimumof the form ax2 + bxy + y2 2 Qd, while the multiset of minima for a givennegative fundamental disriminant �d is denoted byMd = fa : ax2 + bxy + y2 2 Qdg:From (1.2) it is easy to see that 1 ours inMd preisely one. We heneforthrefer to 1 2 Md as the prinipal minimum sine 1 is the minimum of theprinipal form (i.e., either x2+(d=4)y2 or x2+xy+((d+1)=4)y2 depending onthe parity of d). Furthermore, we note that all elements of Md are positiveby (1.2).Lemma 1. If a 2Md, then any positive divisor of a is also in Md.P r o o f. Let a1 > 0 be a divisor of a. If a1 = a there is nothing to prove.Hene, we may assume a1 � a=2. It follows from (1.3) that(3:1) a1 � (d=12)1=2 :Let ax2+ bxy+ y2 2 Qd so that b2� 4a = �d. It follows at one that thequadrati ongruene z2 � �d (mod 4a1) is solvable. Hene, there existsa b1 suh that b21 � �d (mod 4a1); with �2a1 < b1 � 2a1. Further, thisrange an be sharpened to ensure that �a1 < b1 � a1 by replaing b1 withb1 � 2a1 if a1 < b1 � 2a1 and b1 with b1 + 2a1 if �2a1 < b1 � �a1. Let1 = (b21 + d)=(4a1) and observe that 1 � d=(4a1) > a1 using (3.1). From(1.2) we see that the quadrati form Q = a1x2 + b1xy + 1y2 is redued.



300 S. Arno et al.Lemma 2. Let a satisfy 2 � a � (d=4)1=2 and gd(a; d) = 1. Thena 2Md if and only if every prime divisor p of a satis�es (�djp) = 1.P r o o f. First, assume that a 2Md. Sine b2 � 4a = �d, we see that(3:2) b2 � �d (mod 4a):If 2 j a, then we see at one that b2 � �d (mod 8). We know that �d mustbe odd beause a is even and, by hypothesis, gd(a; d) = 1. Sine 1 is theonly odd square modulo 8, we have d � �1 (mod 8). Thus (�dj2) = 1. Ifp is any odd prime dividing a, it follows at one from (3.2) that b2 � �d(mod p). Thus (�djp) = 1, and the \only if" diretion is proved.Conversely, assume that (�djp) = 1 for eah prime divisor p of a. If pis odd, then the ongruene z2 � �d (mod p) is solvable, and by Hensel'slemma, the ongruene z2 � �d (mod p�) is solvable for all � 2 Z+. Ifp = 2, note that (�dj2) = 1 implies d � �1 (mod 8). Hene, the ongruenez2 � �d (mod 8) is solvable. Furthermore, it is well known that solutionswith z � �1 (mod 8) an be lifted to a solution of the ongruene z2 � �d(mod 2�) for all � 2 Z+. Hene, by the Chinese Remainder Theorem, thereexists a b suh that the ongruene b2 � �d (mod 4a) is solvable. Reasoningas in the proof of Lemma 1, there is in fat suh a b with �a < b � a. Let = (b2 + d)=(4a). If b 6= 0, then  > d=(4a) � a sine a � (d=4)1=2 byhypothesis. If b = 0, then  = d=(4a) � a. In every ase, ax2 + bxy + y2 isredued, and a 2Md.Lemma 3. Suppose h(�d) is odd. If a > 1 and ax2 + bxy + y2 2 Qd,then ax2 � bxy + y2 is a distint member of Qd.P r o o f. Sine a > 1 and a 2Md, we know that h(�d) > 1. Hene, (2.1)implies that d is prime. Sine ax2 + bxy + y2 is a redued form, we knowthat ax2 � bxy + y2 will be a distint redued form unless (i) b = 0, (ii)b = a, or (iii) a = . If (i) is true, then 4a = d, ontraditing the fat thatd is prime. If (ii) is true, then a2 � 4a = a(a� 4) = �d. Sine a > 1 andd is prime, we have a = d, whih is impossible sine a < (d=3)1=2. If (iii) istrue, then b2�4a2 = (b�2a)(b+2a) = �d. Sine b � 0 in ase (iii) and d isprime, we know that 2a� b = a+ (a� b) = 1. This leads to a ontraditionsine a > 1 by hypothesis and a � b by (1.3).Lemma 4. Suppose h(�d) is odd. Let a 2 Z+ be odd and satisfya � (d=4)1=2. If a 2Md, then a appears in Md exatly 2!(a) times.P r o o f. If a = 1, it is easy to see from (1.2) that a appears preiselyone in Md. Thus, we may heneforth assume that a> 1. Of ourse, thisimplies that h(�d) > 1 as well. We want to ount the number of integersb suh that ax2 + bxy + ((b2 + d)=(4a))y2 2 Qd. By (1.2) this is just the



Imaginary quadrati �elds 301number of integers b that satisfy (b2+d)=(4a) 2 Z with either �a < b � a <(b2 + d)=(4a) or 0 � b � a = (b2 + d)=(4a). Assume, for the moment, that(b2 + d)=(4a) 2 Z. Sine h(�d) > 1, we see from (2.1) that d � 3 (mod 4).It follows at one that b is nonzero. Using the hypothesis, a � (d=4)1=2 , wethen dedue a � d=(4a) < (b2 + d)=(4a). It follows that we want to ountthe number of integers b that satisfy b2 � �d (mod 4a) with �a < b � a.From (2.1), we know that d is prime. Sine a � (d=4)1=2 < d, we see thatgd(a; d) = 1. Let p be any prime divisor of a. By Lemma 2, we see that(�djp) = 1. Sine a is odd, we know that p is also. Hene, the ongruenez2 � �d (mod p) has exatly two solutions. By Hensel's Lemma, we knowthat the ongruene z2 � �d (mod p�) has exatly two solutions for all� 2 Z+. Also, sine d � 1 (mod 4), we know that the ongruene z2 ��d (mod 4) has exatly two solutions. Thus by the Chinese RemainderTheorem, we see that there are preisely 2!(a)+1 integers b that satisfy both(3:3) b2 � �d (mod 4a)and �2a < b � 2a. Now either both b and b+2a satisfy (3.3) or neither do.Hene, the number of b that satisfy (3.3) with �2a < b � �a is equal to thenumber of b that satisfy (3.3) with 0 < b � a. A similar argument with band b � 2a shows that the number of b that satisfy (3.3) with a < b � 2ais equal to the number of b that satisfy (3.3) with �a < b � 0. It followsthat exatly 2!(a) integers b satisfy (3.3) with �a < b � a, thereby provingLemma 4.Lemma 5. If a > 1, a 2Md and (a; d) = 1, then a > (d=4)1=h(�d).P r o o f. Suppose p j a and p is an odd prime. Then b2 � �d (mod p)implies (�djp) = 1. Also, if 2 j a, then b2 � �d (mod 8). Hene, �d � 1(mod 8), so that (�dj2) = 1. Thus, if p is any prime dividing a we have(�djp) = 1. This implies that p splits in Q(p�d), hpi = }1}2 with }1 6= }2.Thus, }h(�d)1 = h�i is a prinipal ideal, and � 62 Z. It follows that ph(�d) =N(}h(�d)1 ) = N(h�i) � d=4. Sine a � p, it follows that a � (d=4)1=h(�d).Note that a > 1 implies h(�d) > 1, so that (d=4)1=h(�d) 62 Z. The lemmafollows.It follows from (1.3), (2.1) and Lemma 5 that(3:4) �d4�1=h(�d) < a � �d3�1=2 (a 2Mdnf1g; h(�d) > 1 is odd):To improve on these bounds, we separate the minima to a ertain extentusing the multipliative struture of Md developed in Lemmas 1{4.Assume that h(�d) > 1 and h(�d) is odd. From Lemma 3 we know thatevery a 2 Mdnf1g appears an even number of times in Md. Also, by (3.4)



302 S. Arno et al.if d > 2h(�d)+2, then 2 is not a minimum. It then follows by Lemma 1 thata must be odd if a 2 Md. In the remainder of this setion assume thatd > 2h(�d)+2. De�ne the multiset M�d by(3:5) M�d = fa : ax2 + bxy + y2 2 Qd; a > 1; b > 0g:From Lemma 3 we have jM�d j = (h(�d) � 1)=2:Definition 1. A partition for d is a list of (h(�d)� 1)=2 pairs of fun-tions (la(d); ua(d)), eah inreasing in d, orresponding to the (h(�d)�1)=2elements in M�d .Definition 2. We say a partition for d overs Md ifla(d) � a � ua(d)for every a 2M�d .We begin with a simple example. Suppose that h(�d) = 5. Let p bethe smallest nonprinipal member of Md. By Lemma 1, p is prime. In pastinvestigations of minima one generally used the result ontained in Lemma 5,whih states that all minima a, exept a = 1, must satisfy a > (d=4)1=5. Inpartiular, the minima ould simultaneously be small, eah minimum lyinglose to the bound (d=4)1=5. However, using Lemma 2 and Lemma 4, we seethat if p is about (d=4)1=5 in size, then there are exatly two redued formswith minimum p and two redued forms with minimum p2 and one reduedform with minimum 1, whih provides us with �ve redued forms. Thisexludes the possibility that any other minimum is simultaneously small.Using similar reasoning it is not hard to see that if h(�d) = 5, then Md isovered by one of the following three partitions:1 (d=4)1=5 � p � (d=4)1=4 (d=4)2=5 � p2 � (d=4)1=22 (d=4)1=4 � p � (d=4)1=3 (d=4)1=4 � a � (d=3)1=23 (d=4)1=3 � a � (d=3)1=2 (d=4)1=3 � a � (d=3)1=2For eah �xed value of m= 5; 7; : : : ; 23, a set of partitions overing allpossible Md is given in Appendix B. In these tables, p and q denote the�rst and seond smallest prime minima in Md, respetively, while a denotesa generi member of Md, v = d=4 and w = d=3. In order to simplify ourpresentation of a overing partition, we now introdue some additional no-tation. The notation (3p.), for example, denotes that the inequalities for the�rst three powers of the prime are trivially inferred. Similarly, the notation(3), for example, means the inequality is to be listed three times. In this



Imaginary quadrati �elds 303notation, the overing partitions for Md when h(�d) = 5 are given by1 v1=5 � p � v1=4 (2p:)2 v1=4 � p � v1=3 v1=4 � a � w1=23 v1=3 � a � w1=2 (2)In order to give a better idea of how the partitions in Appendix B weregenerated, we will go through the details of partition number 10 for lassnumber 23 (Table B10). The partition is given by10 v1=10 � p � v1=8 (4p:) v3=16 � q � v1=4 (2p:) v23=80� pq � v3=8 (2)v31=80 � p2q � v1=2 (2) v3=8� a � w1=2Assume the smallest nonprinipal minimum p satis�es v1=10 � p � v1=8;then p2; p3; p4 are all � (d=4)1=2, implying that p; p2; p3; p4 2 Md, whihaounts for 8 minima. If the seond smallest minimum q satis�es q �(d=4)3=16, then q; q2; pq; pq2; p2q are � (d=4)1=2 , implying that they are inMd. But this aounts for 16 new minima, whih would make 25 total. Thus,v3=16 � q. Assume q � (d=4)1=4. Now, q; q2; pq; p2q � (d=4)1=2 , so we haveaounted for 21 minima. If any further minima a satisfy a � (d=4)3=8, thenpa � (d=4)1=2 would imply that there are more than 23 minima. Therefore,the remaining two minima must satisfy (d=4)3=8 � a � (d=3)1=2 . All of thepartitions in the tables of Appendix B are omputed in this same fashion.By using a disjoint set of assumptions on the �rst and seond largest primeminima p and q, these sets of partitions an be seen to over all possibleMd.4. Properties of an auxiliary funtion. In this setion we prove twotehnial lemmas onerning the auxiliary funtion F de�ned by(4:1) F (x) = px 1Xn=1 d(n)K0(nx) (x > 0);where K0(z) is de�ned in (1.4).On several oasions in x5.2 and x5.3 we will need to ompute aurateapproximations to F at ertain small arguments. For suh purposes, thefollowing rude generalization of [18, Lemma 7℄) suÆes.Lemma 6. If x > 0, N is a nonnegative integer , and�N(x) = F (x)�px NXn=1 d(n)K0(nx);then j�N (x)j � 2px(1 + log(N + 1 + 2=x))e�(N+1)x=2where the empty sum is understood to equal zero when N = 0.



304 S. Arno et al.P r o o f. Sine x > 0, we see from (4.1) and (1.4) that0 � x�1=2�N (x) � 1Xn=N+1d(n)1\1 e�nxt=2 dtt = 1Xn=N+1 d(n) 1\nx=2 e�u duu :Using partial summation, we havex�1=2�N (x) � 1\(N+1)x=2 e�u� Xn�2u=x d(n)�duu :For y � 1 we haveXn�y d(n) = Xn�y � yn� � yXn�y 1n � y(1 + log y);so that jx�1=2�N(x)j � 1\(N+1)x=2 e�u 2ux (1 + log(2u=x))duu :An integration by parts givesjx�1=2�N (x)j � 2x�(1 + log(N + 1))e�(N+1)x=2 + 1\(N+1)x=2 e�u duu �:Note that the funtion g, de�ned byg(v) = 1\v e�u duu � e�v log(1 + 1=v);is inreasing for v > 0, and limv!1 g(v) = 0. Hene,1\(N+1)x=2 e�u duu � e�(N+1)x=2 log�1 + 2(N + 1)x�;and the lemma follows.The next lemma will play an important role in x5.2 and x5.3.Lemma 7. F (x) is a stritly dereasing funtion of x for x > 0.P r o o f. From (4.1) we haveF (x) = px 1Xn=1 d(n)K0(nx) = px 1Xn=1Xd jnK0(nx) = px 1Xd=1 1Xm=1K0(dmx);where K0 is the modi�ed Bessel funtion of the seond kind of order zero



Imaginary quadrati �elds 305given by (1.4). Hene, we getF (x) = px1\1 � 1Xd=1 1Xm=1 exp�� dmx2 (t+ t�1)��dtt= 1\1 � 1Xd=1 pxexp �d(t+t�1)2 x�� 1�dtt :For b > 0, de�ne fb(x) = pxebx � 1 :Sine x 7! x=(exb � 1) dereases on (0;1), we know that x 7! fb(x) alsodereases on (0;1). Lemma 7 follows immediately.5. The medium range. Let � be a real primitive harater modulok for some integer k > 1. In the ase where �k is a negative fundamentaldisriminant we take �(n) = (�kjn) (see [7, p. 40℄). De�neAd(s) =XQd �(a)a�sand Pk(s) =Yp j k(1� p�s):In 1966 Stark [22℄ exploited a formula for the zeta funtion of a quadratinumber �eld (i.e., �(s)L(s; �1)) to show that if a tenth fundamental disrim-inant �d of lass number 1 existed, then d > exp(2:2 � 107). Later Stark[25℄ developed a formula for L(s; �)L(s; ��1) analogous to the formula for�(s)L(s; �1). Montgomery and Weinberger [18℄ exploited this formula toobtain similar results for lass numbers 2 and 3. Indeed, if (k; d) = 1, then(5:1) �kpd2� �s�1=2� (s)L(s; �)L(s; ��1) = Td(s) + Td(1� s) + Ud(s)where Td(s) = �kpd2� �s�1=2� (s)�(2s)Pk(2s)Ad(s);(5:2) Ud(s) = 4p�k XQd a�1=2 1Xn=1Ks�1=2��npdak �ns�1=2VQ(s; n);and VQ(s; n) =Xy jn y1�2s <� kXj=1 �(Q(j; y))e� jnky�e� bn2ak��:



306 S. Arno et al.Let s0 = 1=2 + it0, with t0 > 0, be a zero of L(s; �). Substituting s = s0into (5.1) gives Td(s0) + Td(s0) = �Ud(s0):Applying the Shwarz Reetion Priniple to Td implies2jTd(s0)j os(arg Td(s0)) = �Ud(s0);whih, in turn, gives(5:3) jsin arg(iTd(s0))j = ���� Ud(s0)2Td(s0) ����:The method for the middle range onsists in showing that this equalityis false for large intervals of d under the assumption that h(�d) is some �xedodd integer. Indeed, for �xed k and t0, de�ne the onstants�1 = t0=2;(5:4) �2 = t0 log� k2��+ argfi� (1=2 + it0)�(1 + 2it0)Pk(1 + 2it0)g;(5:5) �3 = 2j� (1=2 + it0)�(1 + 2it0)Pk(1 + 2it0)j:(5:6)To show (5.3) is false, all we need to show is that(5:7) jsin(�1 log d+ �2 + argAd(s0))j > jUd(s0)j�3jAd(s0)j :5.1. The range d2(m) � d � d3(m)Lemma 8. Let t 2 R+ . Suppose m = h(�d) is odd and �xed. Then(5:8) jAd(1=2 + it)j � 1� m� 1(d=4)1=(2m) :Furthermore, if d > maxf4e2m; 4(m� 1)2mg, then(5:9) jargAd(1=2 + it)j � t(1� 1=m) log(d=4)(d=4)1=(2m) � (m� 1) :P r o o f. Both (5.8) and (5.9) are trivially true if m = 1, so assumem > 1. Using the lower bound in (3.4) givesjAd(1=2 + it)� 1j = ��� XQd;a6=1�(a)a�1=2�it���� XQd;a6=1 a�1=2(5:10) � m� 1(d=4)1=(2m) :(5:11)Now, (5.8) follows from (5.11) and the triangle inequality.



Imaginary quadrati �elds 307For the remainder of the proof assume d > maxf4e2m; 4(m � 1)2mg.Sine d > 4(m� 1)2m, we know from (5.11) thatjAd(1=2 + it)� 1j < 1;so that Ad(1=2 + it) lies in the right half plane. Hene, when we writeargAd(1=2+it) in (5.9) and below, we an, without loss of generality, assumewe are dealing with the prinipal value of the argument. Let L be theline segment joining 1=2 to 1=2 + it. Then an equation for L is given by`(u) = 1=2 + iu, 0 � u � t. Sine d > 4(m � 1)2m, we know by (5.8) thatAd does not vanish on L. Furthermore, Ad(s) is an entire funtion of s. Itfollows [17, p. 218℄ that\L A0d(z)Ad(z) dz = t\0 A0d(1=2 + iu)Ad(1=2 + iu) i du = logAd(1=2 + iu)jt0:Evaluating the right-hand side and taking imaginary parts yieldsjargAd(1=2 + it)j = ����= t\0 A0d(1=2 + iu)Ad(1=2 + iu) i du����(5:12) � t max0�u�t ����A0d(1=2 + iu)Ad(1=2 + iu) ����:Note that jA0d(1=2 + it)j = ��� XQd;a6=1�(a)a�1=2�it log a���(5:13) � XQd;a6=1 a�1=2 log a:Now, x�1=2 log x is a dereasing funtion of x for x > e2. Using (3.4) andthe hypothesis d > 4e2m, it then follows from (5.13) that(5:14) jA0d(1=2 + it)j � (1� 1=m) log(d=4)(d=4)1=(2m) :Using (5.14) and (5.8) in (5.12) yields (5.9), and the lemma is proved.Lemma 9. Let t 2 R. If k > 1 is an odd square-free integer , then(5:15) jUd(1=2 + it)j � 4d1=4 Xrjk 3!(r)2!(k)�!(r)r1=2 Xa2Md F��pd r2ak �:P r o o f. From the de�nition of Ud in (5.2) we dedue at one that(5:16) jUd(1=2 + it)j � 4p�k XQd a�1=2 1Xn=1K0��pd nak �jVQ(1=2 + it; n)j:



308 S. Arno et al.Using an argument of Weil [30, his inequality (5)℄, Montgomery and Wein-berger [18, Lemma 7℄ have shown thatjVQ(1=2 + it; n)j � 2!(k)k1=2Xyjn Yp j (y;n=y;k) p1=22= 2!(k)k1=2Xr j k 2�!(r)r1=2 Xy jn(y;n=y;k)=r 1;beause k is square-free. Sine (y; n=y; k) = r implies r2 jn, we havejVQ(1=2 + it; n)j � 2!(k)k1=2 Xr j kr2 jn 2�!(r)r1=2d(n):Inserting this into (5.16) gives(5:17) jUd(1=2 + it)j� 4p�k1=2 Xa2Md 1a1=2 Xr j k 2!(k)�!(r)r1=2 1Xn=1r2 jn d(n)K0��pdnak �:Let n = r2m and note that d(n) � d(r2)d(m) = 3!(r)d(m) sine r is square-free. From (5.17) we havejUd(1=2 + it)j� 4p�k1=2 Xa2Md 1a1=2 Xr j k�32�!(r)2!(k)r1=2 1Xm=1d(m)K0��pd r2mak �:Applying de�nition (4.1) to the inner sum gives the result.Corollary. Let t 2 R and m = h(�d). If k > 1 is an odd square-freeinteger , thenjUd(1=2 + it)j � 8k1=2 log k31=4�1=2d1=4 (m� 1 + e��(d1=2�p3)=(2k))Yp j k(2 + 3p�3=2):P r o o f. Replae F in Lemma 9 with the upper bound given in Lemma 6with N = 0 to getjUd(1=2 + it)j � 8k1=2�1=2d1=2 Xr j k�32�!(r)2!(k)r�3=2� Xa2Md a1=2�1 + log�1 + 2ak�d1=2r2��e��d1=2r2=(2ak):



Imaginary quadrati �elds 309In the inner sum, the a = 1 term is treated separately. When a > 1 weuse the inequality a � (d=3)1=2. In both ases, we also use the inequalitiesr � 1, d � 3, and�1 + log�1 + 2k�p3��e��p3=(2k) � log k (k � 2)to �nish the proof of the orollary.For the remainder of x5.1, we assume there exists a disriminant�d withthe following properties:(I) h(�d) = m, where m 2 f5; 7; 9; : : : ; 23g is �xed;(II) d2(m) � d � 10850, where d2(m) is given in Table 3 near the end ofthis subsetion.Our goal is to show that (5.7) is true for d with a suitable hoie of kand s0. For this purpose, we need a small zero, s0 = 1=2 + it0, of L(s; �).Weinberger [31℄ has omputed several suh zeros, eah orresponding to adi�erent value of k. In this setion, we usek = 115147 and t0 = 0:003157614where the absolute error in t0 is less than 10�8, but we only make use ofthe �rst 4 signi�ant plaes. From (5.4){(5.6) we then have�1 = 0:001579; �2 = 0:02875; �3 = 555:8;where these approximations are aurate to the number of plaes shown.Sine m � 23 and d � d2(m) � 1063 by Table 3, the right-hand side of(5.8) is positive. Hene, letting t = t0 in Lemma 8, we see from (5.8) thatjAd(s0)j does not vanish. Thus, using (5.8) and the orollary to Lemma 9with t = t0, we have jUd(s0)j�3jAd(s0)j � R2(d);whereR2(d) = 8k1=2 log k(m� 1 + e��(d1=2�p3)=(2k))Qp j k(2 + 3p�3=2)�331=4�1=2d1=4(1� (m� 1)=(d=4)1=(2m)) :Clearly R2(d) is dereasing in d so that(5:18) jUd(s0)j�3jAd(s0)j � R2(d2(m))sine d � d2(m). Upper bounds for R2(d2(m)) are given in Table 3.Sine 5 � m � 23 we have maxf4e2m; 4(m � 1)2mg = 4(m � 1)2m <1063 < d2(m). Hene, all of the hypotheses of Lemma 8 hold for t = t0 andm 2 f5; 7; : : : ; 23g. We dedue from (5.9) thatjargAd(s0)j � �2(d);



310 S. Arno et al.where �2(d) = t(1� 1=m) log(d=4)(d=4)1=(2m) � (m� 1) :It is easy to see that �2(d) is dereasing for d � 4e, so we ertainly have(5:19) jargAd(s0)j � �2(d2(m))sine d � d2(m). Upper bounds for �2(d2(m)) are given in Table 3.Let �2(m) be de�ned by�2(m) = �1 log d2(m) + �2 � �2(d2(m))and 2(m) be de�ned by2(m) = �1 log 10850 + �2 + �2(d2(m)):Lower bounds for �2(m) and upper bounds for 2(m) are given in Table 3.Using Table 3, the fat that d2(m) � d, and (5.19), we have0 < �2(m) � �1 log d+ �2 + argAd(s0):Using the fat that d � 10850, (5.19), and Table 3, we have�1 log d+ �2 + argAd(s0) � 2(m) < �:Hene,(5:20) jsin(�1 log d+ �2 + argAd(s0))j � minfjsin�2(m)j; jsin 2(m)jg:Lower bounds for jsin�2(m)j and jsin2(m)j are given in Table 3.From (5.20) and Table 3 we dedue thatjsin(�1 log d+ �2 + argAd(s0))j > R2(d2(m)):In light of (5.18), (5.7) follows immediately. Sine (5.3) is false, we onludethat h(�d) 6= m for m 2 f5; 7; : : : ; 23g and d2(m) � d � 10850. Note thatfrom Table 2 in x2, we have ertainly overed the range d2(m) � d � d3(m).Table 3. h(�d) 6= m for d2(m) � d � 10850m d2(m) R2(d2(m)) �2(d2(m)) �2(m) jsin �2(m)j 2(m) jsin 2(m)j5 1065 2:2 � 10�14 1:4 � 10�7 0:264 0:26 3:121 0:0207 1065 3:3 � 10�14 1:1 � 10�5 0:264 0:26 3:121 0:0209 1066 2:5 � 10�14 9:9 � 10�5 0:268 0:26 3:121 0:02011 1068 9:9 � 10�15 3:9 � 10�4 0:275 0:27 3:121 0:02013 1073 6:8 � 10�16 8:2 � 10�4 0:293 0:28 3:121 0:02015 1076 1:5 � 10�16 1:7 � 10�3 0:303 0:29 3:122 0:01917 1079 3:1 � 10�17 2:9 � 10�3 0:312 0:30 3:124 0:01719 1079 3:8 � 10�17 5:6 � 10�3 0:310 0:30 3:126 0:01521 1079 4:8 � 10�17 1:1 � 10�2 0:304 0:29 3:132 0:00923 1079 6:8 � 10�17 2:0 � 10�2 0:295 0:29 3:141 5:9 � 10�4



Imaginary quadrati �elds 311The d2(m) listed in Table 3 are far too large to allow the ompletion ofthe lass number m problem using the omputationally intensive sieve inx6 to investigate the range d < d2(m). Pushing the preeding argumentsto their limit, it is possible to produe a d�2(m) (< d2(m)) suh that ifd�2(m) < d < d3(m), then h(�d) 6= m. Approximate values of d�2(m) aregiven in Table 4. Note, however, that for odd m > 9, d�2(m) is also fartoo large to allow one to omplete the lass number problem by using aomputationally intensive sieve. Some type of further argument is neessary.In x5.2 and x5.3, the idea of partitioning minima is introdued, whih allowsus to redue the range of admissible disriminants so that a omputationallyintensive sieve an be used. It turns out that our new arguments are powerfulenough to rule out the range d�2(m) < d < d2(m), obviating the need to pushthe arguments of this subsetion to their tedious limits.Table 4. Lower bounds on d obtained without partition estimatesm d�2(m) 4(m� 1)2m5 4:5 � 1012 4:2 � 1067 4:4 � 1014 3:1 � 10119 2:2 � 1018 7:2 � 101611 7:0 � 1023 4:0 � 102213 8:7 � 1029 4:6 � 102815 2:1 � 1036 9:7 � 103417 8:4 � 1042 3:5 � 104119 5:3 � 1049 2:0 � 104821 5:0 � 1056 1:8 � 105523 6:8 � 1063 2:3 � 1062The last olumn of Table 4 undersores the fat that the methods in thissubsetion do not suÆe when m > 9. This olumn arises from the fatthat the denominator on the right-hand side of (5.9) must be positive. Inother words, d > 4(m � 1)2m. Note that when m > 9, the last olumn ofTable 4 preludes the use of the omputationally intensive sieve in x6, nomatter how sharp we make the other estimates in this subsetion.5.2. The range d1(m) � d � d2(m)Lemma 10. Let t 2 R+ . Assume that m = h(�d) is odd and the partitionP overs Md in the sense of De�nition 2. Then(5:21) jAd(1=2 + it)j � 1� 2 Xa2M�d la(d)�1=2:Furthermore, if the right-hand side of (5:21) is positive, then(5:22) jargAd(1=2 + it)j � 2tPa2M�d f(la(d))1� 2Pa2M�d la(d)�1=2



312 S. Arno et al.where f is the noninreasing funtion de�ned byf(x) = � 2=e for 0 � x � e2,x�1=2 log x for x > e2.P r o o f. The proof is idential to the proof of Lemma 8 exept that in-equality (3.4) is replaed with the partition inequalities la(d) � a � ua(d).Lemma 11. Let t 2 R and m = h(�d) > 1. Suppose that m is odd andthe partition P overs Md in the sense of De�nition 2. If k is an odd prime,thenjUd(1=2 + it)j � 24m(�p3 k + 2)d1=4(�p3)3=2k2 e��p3k=2+ 16pk(�pd+ 2k)�3=2d e��pd=(2k) + 16d1=4 Xa2M�d F� �pdua(d)k�:P r o o f. We use Lemma 9. In the outer sum of (5.15), r = 1 or r = k.By Lemma 7, F is dereasing, so we an bound the inner summands fromabove by using upper bounds on a. When r = k we use the general upperbound a � (d=3)1=2 of (3.4). When r = 1 and a > 1 we use the partitioninequality a � ua(d). Thus, we havejUd(1=2 + it)j� 12md1=4k1=2F (�p3 k) + 8d1=4F��pdk �+ 16d1=4 Xa2M�d F� �pdua(d)k�:Using Lemma 6 with N = 0 and x = �p3 k and the inequality log(1+x) < x(valid for x > 0), we havejF (�p3 k)j � 2p� 31=4pk�1 + 2�p3 k�e��p3k=2:Similarly, for x = �pd=k, we obtainjF (�pd=k)j � 2pkp� d1=4�1 + 2k�pd�e��pd=(2k):Lemma 11 follows easily.For the remainder of x5.2, we assume there exists a disriminant �dsatisfying the following properties:(I) h(�d) = m, where m 2 f5; 7; 9; : : : ; 23g is �xed;(II) d1(m) � d � d2(m), where d1(m) is given in Table 5 near the endof this subsetion and d2(m) is given in Table 3.



Imaginary quadrati �elds 313Our goal is to show that (5.7) is true for d with a suitable hoie of kand s0. In a manner similar to x5.1, we let s0 = 1=2 + it0 and usek = 17923 and t0 = 0:030985799:Weinberger [31℄ has shown that the error in t0 is less than 10�8 but we onlyuse the �rst 5 signi�ant digits. From (5.4){(5.6) we then have�1 = 0:01549; �2 = 0:2216; �3 = 57:1;where all approximations are aurate to the number of plaes shown.As in x3, let Md denote the multiset of minima for �d. Turning toAppendix B, note that eah entry in Table Bm�32 (e.g., when m = 15, referto Table B6) onsists of (m � 1)=2 pairs of funtions (la(d); ua(d)), eahinreasing in d, orresponding to the (m � 1)=2 elements in M�d . In otherwords, eah entry of Table Bm�32 is a partition for d aording to De�nition 1in x3. Sine d � d1(m) � 2m+2 from Table 5, the arguments at the endof x3 show that there is some partition for d in Table Bm�32 whih oversMd in the sense of De�nition 2 in x3. We heneforth denote this partitionby P1.Applying the �rst part of Lemma 10 with t = t0 and P = P1, we havejAd(s0)j � 1� 2 X(la;ua)2P1 la(d)�1=2(5:23) � minP �1� 2 X(la;ua)2P la(d)�1=2�;where the minimum is heneforth understood to be over all partitions P ford ourring in Table Bm�32 . Sine la(d) is inreasing in d, we replae d withd1(m) in the lower bound of (5.23) giving the new lower bound(5:24) minP �1� 2 X(la;ua)2P la(d1(m))�1=2� > 0;with the positivity following from diret omputation.From (5.23), (5.24), and Lemma 11 with t = t0, k = 17923, and P = P1,we have jUd(s0)j�3jAd(s0)j � R1(d;P1);where we de�neR1(d;P) = �24m(�p3 k + 2)d1=4(�p3)3=2k2 e��p3k=2 + 16(�pd+ 2k)�3=2d e��pd=(2k)+ 16d1=4 X(la;ua)2PF� �pdua(d)k���n�3�1� 2 X(la;ua)2P la(d)�1=2�o:



314 S. Arno et al.Thus from (5.23) and (5.24) we havejUd(s0)j�3jAd(s0)j � maxP R1(d;P);where the maximum is heneforth understood to be over all partitions P ford ourring in Table Bm�32 .Note that for eah ua ourring in eah of the partitions for d inTable Bm�32 , pd=ua(d) is a nondereasing funtion of d. It follows fromLemma 7 that F (�pd=(ua(d)k)) is a noninreasing funtion of d. There-fore, the numerator of R1(d;P) is dereasing in d for any partition P for dappearing in Table Bm�32 . Thus, with the aid of (5.24), we have(5:25) jUd(s0)j�3jAd(s0)j � maxP R1(d1(m);P)sine d � d1(m). Upper bounds for maxP R1(d1(m);P) an be found inTable 5. In order to produe these approximations, we need estimates forthe funtions F evaluated at small positive arguments. Suh estimates areeasily obtained by applying Lemma 6 with suitably large N .Note that from (5.23) and (5.24) we know the right-hand side of (5.21)is positive for all partitions for d appearing in Table Bm�32 . Applying theseond part of Lemma 10 with t = t0 and P = P1, we obtainjargAd(s0)j � �1(d;P1);where we de�ne �1(d;P) = 2t0P(la;ua)2P f(la(d))1� 2P(la;ua)2P la(d)�1=2 :It follows from the rightmost inequality in (5.23) and (5.24) that(5:26) jargAd(s0)j � maxP �1(d;P);where the maximum is over all partitions P for d ourring in Table Bm�32 .Now �1(d;P) is dereasing in d for any �xed partition P for d appearingin Table Bm�32 . Hene,(5:27) jargAd(s0)j � maxP �1(d1(m);P)sine d � d1(m). Table 5 ontains upper bounds for maxP �1(d1(m);P).Let �1(m) be de�ned by�1(m) = �1 log d1(m) + �2 �maxP �1(d1(m);P)and 1(m) be de�ned by1(m) = �1 log d2(m) + �2 +maxP �1(1037;P):



Imaginary quadrati �elds 315Lower bounds for �1(m) and upper bounds for 1(m) are given in Table 5.Using Table 5, the fat that d1(m) � d and (5.27), we have0 < �1(m) � �1 log d+ �2 + argAd(s0):In the other diretion, we laim that�1 log d+ �2 + argAd(s0) � 1(m) < �:Note that from Tables 3 and 5 we haved1(m) < 1037 < d2(m):If 1037 < d, our laim follows from the fat that d � d2(m), (5.26) oupledwith the fat that �1(d;P) is dereasing in d for any �xed partition P for dappearing in Table Bm�32 , and Table 5. When d � 1037, note that by (5.27)we have�1 log d+ �2 + argAd(s0) � �1 log(1037) + �2 +maxP �1(d1(m);P):With the aid of Table 5, diret alulation shows that�1 log(1037) + �2 +maxP �1(d1(m);P) < 1(m):Thus our laim is also true when d � 1037. Hene,jsin(�1 log d+ �2 + argAd(s0))j � minfjsin�1(m)j; jsin 1(m)jg:From the preeding inequality and Table 5, we onlude thatjsin(�1 log d+ �2 + argAd(s0))j > maxP R1(d1(m);P):In light of (5.25), (5.7) follows immediately. Sine (5.3) is false, we onludethat h(�d) 6= m for m 2 f5; 7; : : : ; 23g and d1(m) � d � d2(m).Table 5. h(�d) 6= m for d1(m) � d � d2(m)m d1(m) maxP R1(d1(m)) maxP �1(d1(m);P) maxP �1(1037;P) �1(m) 1(m)5 3:6 � 1011 0:555 0:041 2:39 � 10�4 0:592 2:5427 2:0 � 1012 0:547 0:072 1:89 � 10�3 0:588 2:5439 7:9 � 1012 0:519 0:134 5:70 � 10�3 0:547 2:58311 4:6 � 1013 0:444 0:245 1:15 � 10�2 0:463 2:66013 4:9 � 1014 0:291 0:448 1:89 � 10�2 0:297 2:84615 1:9 � 1016 0:148 0:643 2:77 � 10�2 0:158 2:96117 1:2 � 1018 0:062 0:794 3:82 � 10�2 0:072 3:07919 9:2 � 1019 0:024 0:906 5:06 � 10�2 0:027 3:09121 7:7 � 1021 0:009 0:991 6:58 � 10�2 0:010 3:10723 6:6 � 1023 0:004 1:065 8:47 � 10�2 0:005 3:125Form 2 f5; 7; 9; 11; 13g, the d1(m) in Table 5 is small enough to allow thelass number m problem to be ompleted by the omputationally intensive



316 S. Arno et al.sieve of x6. However, form 2 f15; 17; 19; 21; 23g, we have to resort to furtherre�nements in x5.3.5.3. The range d0(m) � d � d1(m)Lemma 12. Let t 2 R+ . Assume that m = h(�d) is odd and the partitionP overs Md in the sense of De�nition 2. Let p be the smallest nonprinipalminimum in Md. If l is a nonnegative integer suh that the orrespondingset Sl = fp; p2; : : : ; plg �M�d (where S0 is understood to be the empty set),then(5:28) jAd(1=2 + it)j � ����1� 21� �p(t)l+11� �p(t) ����� 2 Xa2M�d�Sl la(d)�1=2;where �p(t) = �(p)p�1=2�it. Furthermore, if <Ad(1=2 + i�) > 0 for0 � � � t and the right-hand side of (5:28) is positive, then(5:29) jargAd(1=2 + it)j � 2t(log pjPlj=1 j�jp(t)j+Pa f(la(d)))��1� 2 1��l+1p (t)1��p(t) ��� 2Pa la(d)�1=2 ;where f is as de�ned in Lemma 10 and the sums are over all a 2M�d �Sl.P r o o f. The proof uses arguments similar to those in the proofs ofLemmas 8 and 10.For the remainder of x5.3, we assume there exists a disriminant �dsatisfying the following properties:(I) h(�d) = m, where m 2 f9; 11; : : : ; 23g is �xed;(II) d0(m) � d � d1(m), where d0(m) is given in Table 6 near the endof this subsetion and d1(m) is given in Table 5.Our goal is to show that (5.7) is true for d with a suitable hoie of kand s0. As in x5.2, let s0 = 1=2 + it0 and usek = 17923 and t0 = 0:030986:From (5.4){(5.6) we then have�1 = 0:01549; �2 = 0:2216; �3 = 57:1;where all approximations are aurate to the number of plaes shown.For eah partition P for d in Table Bm�32 , de�ne `P to be the num-ber of powers of the smallest minima in M�d that an be shown to appearin P using the arguments of x3, if the number of suh powers exeeds 2.Otherwise, set `P = 0. Denoting the smallest minimum in M�d by p, letS`P = fp; p2; : : : ; p`P g if `P > 0, and the empty set if `P = 0. Finally, letP� denote the set of (la(d); ua(d)) in P for whih a 62 S`P .



Imaginary quadrati �elds 317Sine d � d0(m) > 2m+2 by Table 6, the arguments at the end of x3show there is some partition in Table Bm�32 whih overs Md in the sense ofDe�nition 2 in x3. We heneforth denote this partiton by P0. Applying the�rst part of Lemma 12 with t = t0, P = P0, l = `P0 , and letting �p = �p(t0),we havejAd(s0)j � ����1� 21� �`P0+1p1� �p ����� 2 X(la;ua)2P�0 la(d)�1=2(5:30) � minP �����1� 21� �`P+1p1� �p ����� 2 X(la;ua)2P� la(d)�1=2�;where the minimum is heneforth understood to be over all partitions P ford appearing in Table Bm�32 . Let �q = �(q)q�1=2�it0 and note that la(d)and ua(d) are inreasing in d. Note that we an �nd a further lower boundfor the lower bound in (5.30) by evaluating the bound at all possible primesp. To this end, letQ = fq prime : lp(d0(m)) � q � up(d1(m)); (lp; up) 2 Pg:Now, a new lower bound for (5.30) is given by(5:31) minP minq2Q�����1� 21� �`P+1q1� �q ����� 2 X(la;ua)2P� la(d0(m))�1=2� > 0;with the positivity following from a diret omputation. From (5.30), (5.31),and Lemma 11 with t = t0, k = 17923, and P = P0, we havejUd(s0)j�3jAd(s0)j � R0(d;P0);where we de�neR0(d;P)= 24m(�p3k+2)d1=4(�p3)3=2k2 e��p3k=2 + 16(�pd+2k)�3=2d e��pd=(2k) + 16d1=4 PP F � �pdua(d)k ��3�minq2Q ���1� 2 1��`P+1q1��q ��� 2PP� la(d0(m))�1=2�� :Thus from (5.30) and (5.31) we havejUd(s0)j�3jAd(s0)j � maxP R0(d;P);where the maximum is heneforth understood to be over all partitions P ford ourring in Table Bm�32 .



318 S. Arno et al.Note that for eah ua ourring in eah of the partitions for d in Ta-ble Bm�32 , pd=ua(d) is a nondereasing funtion of d. Let P be any of thepartitions for d appearing in Table Bm�32 . It follows from Lemma 7 thatF (�pd=(ua(d)k)) is a noninreasing funtion of d. Therefore, the numer-ator of R0(d;P) is dereasing in d for any partition P for d appearing inTable Bm�32 . Hene with the aid of (5.31) we have(5:32) jUd(s0)j�3jAd(s0)j � maxP R0(d0(m);P):Upper bounds for maxP R0(d0(m);P) an be found in Table 6. In orderto produe these approximations, we need estimates for the funtions Fevaluated at small positive arguments. Suh estimates are easily obtainedby applying Lemma 6 with suitably large N .Note that from (5.30) and (5.31) we know the right-hand side of (5.28)is positive for all partitions for d appearing in Table Bm�32 . Suppose that0 � � � t0. If `P0 = 0, then we havejAd(1=2 + i�)� 1j � 2 X(la;ua)2P0 la(d)�1=2� maxP 2 X(la;ua)2P la(d0(m))�1=2 < 1;by a diret alulation. Hene, <Ad(1=2 + i�) > 0 when `P0 = 0. On theother hand, suppose `P0 6= 0. It follows from Table Bm�32 and Table 5 thatthe smallest minimum p 2 M�d satis�es p � (d1(m)=4)1=6 � 7406. Hene,0 < 2t0 log p < �, and it is not diÆult to see that<Ad(1=2 + i�)� 1� 2 `P0Xj=1 p�j=2 + 2 + 2 os(2t0 log p)p � 2XP�0 la(d0(m))�1=2� minP minq2Q�1� 2 `PXj=1 q�j=2 + 2 + 2 os(2t0 log q)q � 2XP� la(d0(m))�1=2�:It then follows by diret omputation that <Ad(1=2 + i�) > 0 for0 � � � t0. Hene, we may apply the seond part of Lemma 12 witht = t0, P = P0, and l = `P0 to obtainjargAd(s0)j � 2t0(log pjP`P0j=1 j�jpj+P(la;ua)2P�0 f(la(d)))��1� 2 1��`P0+1p1��p ��� 2P(la;ua)2P�0 la(d)�1=2 :



Imaginary quadrati �elds 319Hene, sine la(d) and ua(d) are inreasing in d, we havejargAd(s0)j � �0(d;P0);where we de�ne�0(d;P) = maxq2Q �2t0(log qjP`Pj=1 j�jq j+P(la;ua)2P� f(la(d)))��1� 2 1��`P+1q1��q ��� 2P(la;ua)2P� la(d)�1=2 �:It follows from (5.30) and (5.31) thatjargAd(s0)j � maxP �0(d;P):Sine f is noninreasing and lp(d) is inreasing in d, we know �0(d;P)is dereasing in d for any �xed partition P for d appearing in Table Bm�32 .Hene,(5:33) jargAd(s0)j � maxP �0(d0(m);P)sine d � d0(m). Table 6 ontains upper bounds for maxP �0(d0(m);P).Let �0(m) be de�ned by�0(m) = �1 log d0(m) + �2 �maxP �0(d0(m);P)and 0(m) be de�ned by0(m) = �1 log d1(m) + �2 +maxP �0(d0(m);P):Lower bounds for �0(m) and upper bounds for 0(m) are given in Table 6.Using Table 6, the fat that d0(m) � d, and (5.33), we have0 < �0(m) � �1 log d+ �2 + argAd(s0):Using the fat that d � d1(m), (5.33), and Table 6, we have�1 log d+ �2 + argAd(s0) � 0(m) < �:Hene,jsin(�1 log d+ �2 + argAd(s0))j � minfjsin�0(m)j; jsin 0(m)jg:From the preeding inequality and Table 6, we onlude thatjsin(�1 log d+ �2 + argAd(s0))j > maxP R0(d0(m);P):In light of (5.32), (5.7) follows immediately. Sine (5.3) is false, we onludethat h(�d) 6= m for m 2 f9; 11; : : : ; 23g and d0(m) � d � d1(m).



320 S. Arno et al.Table 6. h(�d) 6= m for d0(m) � d � d1(m)m d0(m) maxP R0(d0(m)) maxP �0(d0(m);P) �0(m) 0(m)9 6:4 � 1012 0:553 0:089 0:589 0:77111 2:2 � 1013 0:555 0:100 0:597 0:81013 4:2 � 1013 0:556 0:116 0:591 0:86215 9:4 � 1013 0:557 0:128 0:591 0:93117 1:9 � 1014 0:556 0:138 0:592 1:00519 3:5 � 1014 0:555 0:149 0:591 1:08321 6:5 � 1014 0:542 0:173 0:576 1:17623 10:6 � 1014 0:548 0:177 0:580 1:249A omparison of Tables 5 and 6 shows that the gap between d0(m) andd1(m) is inreasing rapidly as m inreases from 9 to 23.6. The low range. In this setion, we omplete the proof of Theo-rem 1, the statement of whih appears in x1. Using the results of x2 and x5(see Tables 5 and 6 in partiular), it suÆes to �nd all negative fundamentaldisriminants �d with h(�d) 2 f5; 7; : : : ; 23g suh that d � 1:1 � 1015.To this end, we �rst onsider the small disriminants d � 7:5 � 106 forwhih an exhaustive searh is employed. For eah d in this range, we om-puted the lass number by ounting the number of redued forms of dis-riminant �d. In other words, we searhed for integers a, b, and  with0 < a < (d=3)1=2 and  = (b2 � d)=(4a) suh that either �a < b � a <  or0 � b � a = . This straightforward approah required only 32 minutes ona Cray C90, rendering further optimization unneessary. A omplete listingof the negative fundamental disriminants with odd lass numbers m in therange 1 � m � 23 that we found in this searh is given in Appendix A.It is worth noting that Buell [6℄ had previously omputed lass numbersof imaginary quadrati number �elds for d � 4 � 106, and our results agreeperfetly with his in this range. Furthermore, in reent unpublished work,Buell has independently veri�ed our results up to 7:5 �106, using our methodof separating minima that was introdued in x3.The largest value of d found in the above searh was d = 90787. Thus, toomplete the proof of Theorem 1 we need to show that there is no negativefundamental disriminant �d with odd h(�d) � 23 in the range(6:1) 7:5 � 106 � d � 1:1 � 1015:It is infeasible to diretly hek all d in the range (6.1). Instead we usedpartition-type information in the following form.Lemma 13. If d > 8 and h(�d) � 23 is odd , then(i) (�djp) 6= 0 for all primes p < d;(ii) (�djp) = �1 for all primes p � (d=4)1=23;



Imaginary quadrati �elds 321(iii) (�djp) = �1 for all primes p � (d=4)1=6 with at most one exeption;and(iv) (�djp) = �1 for all primes p � (d=4)1=4 with at most two exeptions.P r o o f. Item (i) follows diretly from (2.1) and item (ii) follows fromLemmas 1 and 5. If two odd primes p; q � (d=4)1=6 satisfy (�djp) = 1and (�djq) = 1, then p; p2; p3; q; q2; q3; pq; p2q; pq2 2 Md, whih impliesh(�d) � 25 by Lemmas 1 and 4. Thus, item (iii) is true. Lastly, if threeprimes p; q; r � (d=4)1=4 satisfy (�djp) = (�djq) = (�djr) = 1, then Lem-mas 1 and 4 give p; p2; q; q2; r; r2; pq; pr; qr 2Md, whih implies h(�d) � 25.This proves item (iv).Now, we an build up a substantially smaller set (than (6.1)) of pos-sible d by using the Chinese Remainder Theorem on the residue require-ments impliit in (i){(iv) for a set of small primes. Consider an intervald0 � d � d1. Let pi denote the ith prime number and hoose k suh thatm = 8Qki=2 pi > d1. Here, m is the Chinese Remainder Theorem modu-lus when onstruting integers d based on the vetor of Kroneker symbolsh(�djpi)i1�i�k. LetSk(d) = f~" 2 f1;�1gk : ~" = h(�djpi)i1�i�k satis�es (i){(iv)gand for eah ~" 2 f1;�1gk letD~" = f0 � d < m : h(�djpi)i1�i�k = ~" g:To searh all possible d in d0 � d � d1 we use the Chinese Remainder Theo-rem to onstrut D~" for eah ~" 2 Sk(d0). The requirement that (�djp) = �1(or (�djp) = 1) implies that d is in one of (p � 1)=2 residue lasses modp for odd primes p, and in one residue lass mod 8 for p = 2. Thus,jD~"j = Qki=2(pi � 1)=2 � d1=2k+3. Eah d 2 S~"2Sk(d0)D~" is then hekedusing the neessary onditions (i){(iv) for the primes fpk+1; : : : ; plg for l suit-ably hosen whereby no d satis�es the onditions. If l exists, then there is nofundamental disriminant �d with d0 � d � d1 and h(�d) 2 f1; 3; : : : ; 23g.We use this approah on (6.1) by dividing it up into 3 subintervals orre-sponding to k = 10; 12; 13.First, onsider 2:9 � 1013 � d � 1:1 � 1015. Take k = 13 so that m =1217001054108840 > 1:1 � 1015. The bounds in (ii), (iii) and (iv) appliedto d0 = 2:9 � 1013 are 3, 137, and 1604, respetively. Therefore, (�dj2) =(�dj3) = �1 and at most one of the 11 primes in fp3; : : : ; p13g satis�es(�djp) = 1. Hene, jS13(d0)j = 12 resulting in at most 1:3 � 1011 possibleourrenes of d modm. Using l = 56, these were eliminated in 95 minuteson a Cray C90. As a hek on the auray of the omputer program,we printed out the last holdout, namely d = 123461955393043. Note that(�djp) = �1 for all primes p � p56 = 263 exept for p = 19, 179 and 263.



322 S. Arno et al.Next, onsider 2:58 � 1010 � d � 2:9 � 1013. Take k = 12 so that m =29682952539240 > 2:9 � 1013. The bounds in (ii), (iii) and (iv) applied tod0 = 2:58 �1010 are 2, 43, and 283, respetively. Therefore, (�dj2) = �1 andat most one of the 11 primes in fp2; : : : ; p12g satis�es (�djp) = 1. Hene,jS12(d0)j = 12 resulting in at most 6:5 �109 possible ourrenes of d mod m.Using l = 51, these were eliminated in 7.4 minutes on a Cray C90. Againas a hek, note that for d = 7647157072003 we have (�djp) = �1 for allprimes p � p51 = 233 exept for p = 43, 67 and 233.Lastly, onsider 7:5 � 106 � d � 2:58 � 1010. Take k = 10 so that m =25878772920 > 2:58 � 1010. The bounds in (ii), (iii) and (iv) applied tod0 = 7:5 � 106 are 1.8, 11, and 37, respetively. In this ase, jS10(d0)j = 46sine among the �rst 10 primes there are 11 ways to have at most oneexeption and 5 � 5 + �52� ways to have exatly two exeptions. In order toeliminate the 9:2�107 onstruted values of d with primes greater than 37, weatually ount the number of minima onstruted with the primes satisfying(�djp) = 1. Note that Lemmas 2 and 3 imply that a prime in the range37 < p � 1369 < (d0=4)1=2 satisfying (�djp) = 1 aounts for an additional 2minima inMd. When the ount exeeds 23, the value of d an be eliminated.Appendix A. Negative fundamental disriminants forlass numbers 1; 3; 5; : : : ; 23Table A1. Values of d with h(�d) = 13 4 7 8 11 19 43 67 163Table A2. Values of d with h(�d) = 323 31 59 83 107 139 211 283307 331 379 499 547 643 883 907Table A3. Values of d with h(�d) = 547 79 103 127 131 179 227 347 443523 571 619 683 691 739 787 947 10511123 1723 1747 1867 2203 2347 2683Table A4. Values of d with h(�d) = 771 151 223 251 463 467 487 587 811827 859 1163 1171 1483 1523 1627 1787 19872011 2083 2179 2251 2467 2707 3019 3067 31873907 4603 5107 5923



Imaginary quadrati �elds 323Table A5. Values of d with h(�d) = 9199 367 419 491 563 823 1087 1187 12911423 1579 2003 2803 3163 3259 3307 3547 36434027 4243 4363 4483 4723 4987 5443 6043 64276763 6883 7723 8563 8803 9067 10627Table A6. Values of d with h(�d) = 11167 271 659 967 1283 1303 1307 14591531 1699 2027 2267 2539 2731 2851 29713203 3347 3499 3739 3931 4051 5179 56836163 6547 7027 7507 7603 7867 8443 92839403 9643 9787 10987 13003 13267 14107 1468315667 Table A7. Values of d with h(�d) = 13191 263 607 631 727 1019 1451 14991667 1907 2131 2143 2371 2659 2963 30833691 4003 4507 4643 5347 5419 5779 66197243 7963 9547 9739 11467 11587 11827 1192312043 14347 15787 16963 20563Table A8. Values of d with h(�d) = 15239 439 751 971 1259 1327 1427 15671619 2243 2647 2699 2843 3331 3571 38034099 4219 5003 5227 5323 5563 5827 59876067 6091 6211 6571 7219 7459 7547 84678707 8779 9043 9907 10243 10267 10459 1065110723 11083 11971 12163 12763 13147 13963 1432314827 14851 15187 15643 15907 16603 16843 1746717923 18043 18523 19387 19867 20707 22003 2620327883 29947 32323 34483Table A9. Values of d with h(�d) = 17383 991 1091 1571 1663 1783 2531 33233947 4339 4447 4547 4651 5483 6203 63796451 6827 6907 7883 8539 8731 9883 1125111443 12907 13627 14083 14779 14947 16699 1782718307 19963 21067 23563 24907 25243 26083 2610727763 31627 33427 36523 37123



324 S. Arno et al.Table A10. Values of d with h(�d) = 19311 359 919 1063 1543 1831 2099 23392459 3343 3463 3467 3607 4019 4139 43275059 5147 5527 5659 6803 8419 8923 89719619 10891 11299 15091 15331 16363 16747 1701117299 17539 17683 19507 21187 21211 21283 2320324763 26227 27043 29803 31123 37507 38707Table A11. Values of d with h(�d) = 21431 503 743 863 1931 2503 2579 27672819 3011 3371 4283 4523 4691 5011 56475851 5867 6323 6691 7907 8059 8123 81718243 8387 8627 8747 9091 9187 9811 985910067 10771 11731 12107 12547 13171 13291 1333913723 14419 14563 15427 16339 16987 17107 1770717971 18427 18979 19483 19531 19819 20947 2137922027 22483 22963 23227 23827 25603 26683 2742728387 28723 28867 31963 32803 34147 34963 3532336067 36187 39043 40483 44683 46027 49603 5128352627 55603 58963 59467 61483Table A12. Values of d with h(�d) = 23647 1039 1103 1279 1447 1471 1811 19792411 2671 3491 3539 3847 3923 4211 47835387 5507 5531 6563 6659 6703 7043 95879931 10867 10883 12203 12739 13099 13187 1530715451 16267 17203 17851 18379 20323 20443 2089921019 21163 22171 22531 24043 25147 25579 2593926251 26947 27283 28843 30187 31147 31267 3246734843 35107 37003 40627 40867 41203 42667 4300345427 45523 47947 90787Appendix B. Covering partitions for lass numbers 5; 7; 9; : : : ; 23.The following tables give a set of partitions overing all possible multisetsMd under the assumption that h(�d) = m for m = 5; 7; : : : ; 23. Let p andq denote the �rst and seond smallest prime minima in Md, respetively,and let a denote a generi member of Md. Let v = d=4 and w = d=3. Thenotation (np.) implies that inequalities for the �rst n powers of the primeare to be inferred. The notation (n) simply means the inequality is to belisted a total of n times.



Imaginary quadrati �elds 325Table B1. Partitions for lass number 51 v1=5 � p � v1=4 (2p.)2 v1=4 � p � v1=3 v1=4 � a � w1=23 v1=3 � a � w1=2 (2)Table B2. Partitions for lass number 71 v1=7 � p � v1=6 (3p.)2 v1=6 � p � v1=4 (2p.) v1=4 � a � w1=23 v1=4 � p � v1=3 v1=4 � a � w1=2 (2)4 v1=3 � a � w1=2 (3)Table B3. Partitions for lass number 91 v1=9 � p � v1=8 (4p.)2 v1=8 � p � v1=6 (3p.) v1=3 � a � w1=23 v1=6 � p � v1=4 (2p.) v1=4 � a � w1=2 (2)4 v1=4 � p � v1=3 v1=4 � a � w1=2 (3)5 v1=3 � a � w1=2 (4)Table B4. Partitions for lass number 111 v1=11 � p � v1=10 (5p.)2 v1=10 � p � v1=8 (4p.) v3=8 � a � w1=23 v1=8 � p � v1=6 (3p.) v1=3 � a � w1=2 (2)4 v1=6 � p � v1=4 (2p.) v1=4 � a � w1=2 (3)5 v1=4 � p � v1=3 v1=4 � a � w1=2 (4)6 v1=3 � a � w1=2 (5)Table B5. Partitions for lass number 131 v1=13 � p � v1=12 (6p.)2 v1=12 � p � v1=10 (5p.) v2=5 � a � w1=23 v1=10 � p � v1=8 (4p.) v3=8 � a � w1=2 (2)4 v1=8 � p � v1=6 (3p.) v1=4 � q � v1=3 v3=8 � pq � v1=2 (2)5 v1=8 � p � v1=6 (3p.) v1=3 � a � w1=2 (3)6 v1=6 � p � v1=4 (2p.) v1=6 � q � v1=4 (2p.) v1=3 � pq � v1=2 (2)7 v1=6 � p � v1=4 (2p.) v1=4 � q � v1=3 v1=4 � a � w1=2 (3)8 v1=6 � p � v1=4 (2p.) v1=3 � a � w1=2 (4)9 v1=4 � p � v1=3 v1=4 � a � w1=2 (5)10 v1=3 � a � w1=2 (6)



326 S. Arno et al.Table B6. Partitions for lass number 151 v1=15 � p � v1=14 (7p.)2 v1=14 � p � v1=12 (6p.) v5=12 � a � w1=23 v1=12 � p � v1=10 (5p.) v2=5 � a � w1=2 (2)4 v1=10 � p � v1=8 (4p.) v1=4 � a � w1=2 (3)5 v1=8 � p � v1=6 (3p.) v1=6 � q � v1=4 (2p.) v7=24 � pq � v5=12 (2)6 v1=8 � p � v1=6 (3p.) v1=4 � q � v1=3 v3=8 � pq � v1=2 (2)v1=3 � a � w1=27 v1=8 � p � v1=6 (3p.) v1=3 � a � w1=2 (4)8 v1=6 � p � v1=4 (2p.) v1=6 � q � v1=4 (2p.) v1=3 � pq � v1=2 (2)v1=4 � a � w1=29 v1=6 � p � v1=4 (2p.) v1=4 � q � v1=3 v1=4 � a � w1=2 (4)10 v1=6 � p � v1=4 (2p.) v1=3 � a � w1=2 (5)11 v1=4 � p � v1=3 v1=4 � a � w1=2 (6)12 v1=3 � a � w1=2 (7)Table B7. Partitions for lass number 171 v1=17 � p � v1=16 (8p.)2 v1=16 � p � v1=14 (7p.) v3=7 � a � w1=23 v1=14 � p � v1=12 (6p.) v5=12 � a � w1=2 (2)4 v1=12 � p � v1=10 (5p.) v3=10 � a � w1=2 (3)5 v1=10 � p � v1=8 (4p.) v1=4 � q � v3=8 v7=20 � pq � v1=2 (2)v3=8 � a � w1=26 v1=10 � p � v1=8 (4p.) v3=8 � a � w1=2 (4)7 v1=8 � p � v1=6 (3p.) v1=6 � q � v1=4 (2p.) v7=24 � pq � v5=12 (2)v1=3 � a � w1=28 v1=8 � p � v1=6 (3p.) v1=4 � q � v1=3 v3=8 � pq � v1=2 (2)v1=3 � a � w1=2 (2)9 v1=8 � p � v1=6 (3p.) v1=3 � a � w1=2 (5)10 v1=6 � p � v1=4 (2p.) v1=6 � q � v1=4 (2p.) v1=3 � pq � v1=2 (2)v1=4 � a � w1=2 (2)11 v1=6 � p � v1=4 (2p.) v1=4 � q � v1=3 v1=4 � a � w1=2 (5)12 v1=6 � p � v1=4 (2p.) v1=3 � a � w1=2 (6)13 v1=4 � p � v1=3 v1=4 � a � w1=2 (7)14 v1=3 � a � w1=2 (8)



Imaginary quadrati �elds 327Table B8. Partitions for lass number 191 v1=19 � p � v1=18 (9p.)2 v1=18 � p � v1=16 (8p.) v7=16 � a � w1=23 v1=16 � p � v1=14 (7p.) v3=7 � a � w1=2 (2)4 v1=14 � p � v1=12 (6p.) v1=3 � a � w1=2 (3)5 v1=12 � p � v1=10 (5p.) v3=10 � a � w1=2 (4)6 v1=10 � p � v1=8 (4p.) v1=4 � q � v3=8 v7=20 � pq � v1=2 (2)v3=8 � a � w1=2 (2)7 v1=10 � p � v1=8 (4p.) v3=8 � a � w1=2 (5)8 v1=8 � p � v1=6 (3p.) v1=6 � q � v1=4 (2p.) v7=24 � pq � v5=12 (2)v1=3 � a � w1=2 (2)9 v1=8 � p � v1=6 (3p.) v1=4 � q � v1=3 v3=8 � pq � v1=2 (2)v1=4 � a � w1=2 (3)10 v1=8 � p � v1=6 (3p.) v1=3 � a � w1=2 (6)11 v1=6 � p � v1=4 (2p.) v1=6 � q � v1=4 (2p.) v1=3 � pq � v1=2 (2)v1=4 � a � w1=2 (3)12 v1=6 � p � v1=4 (2p.) v1=4 � q � v1=3 v1=4 � a � w1=2 (6)13 v1=6 � p � v1=4 (2p.) v1=3 � a � w1=2 (7)14 v1=4 � p � v1=3 v1=4 � a � w1=2 (8)15 v1=3 � a � w1=2 (9)Table B9. Partitions for lass number 211 v1=21 � p � v1=20 (10p.)2 v1=20 � p � v1=18 (9p.) v4=9 � a � w1=23 v1=18 � p � v1=16 (8p.) v7=16 � a � w1=2 (2)4 v1=16 � p � v1=14 (7p.) v5=14 � a � w1=2 (3)5 v1=14 � p � v1=12 (6p.) v1=3 � a � w1=2 (4)6 v1=12 � p � v1=10 (5p.) v1=4 � q � v3=10 v1=3 � pq � v2=5 (2)v5=12 � p2q � v1=2 (2)7 v1=12 � p � v1=10 (5p.) v3=10 � a � w1=2 (5)8 v1=10 � p � v1=8 (4p.) v3=16 � q � v1=4 (2p.) v23=80 � pq � v3=8 (2)v31=80 � p2q � v1=2 (2)9 v1=10 � p � v1=8 (4p.) v1=4 � q � v3=8 v7=20 � pq � v1=2 (2)v1=4 � a � w1=2 (3)10 v1=10 � p � v1=8 (4p.) v3=8 � a � w1=2 (6)



328 S. Arno et al.Table B9 (ont.)11 v1=8 � p � v1=6 (3p.) v1=6 � q � v1=4 (2p.) v7=24 � pq � v5=12 (2)v1=4 � a � w1=2 (3)12 v1=8 � p � v1=6 (3p.) v1=4 � q � v1=3 v3=8 � pq � v1=2 (2)v1=4 � a � w1=2 (4)13 v1=8 � p � v1=6 (3p.) v1=3 � a � w1=2 (7)14 v1=6 � p � v1=4 (2p.) v1=6 � q � v1=4 (2p.) v1=3 � pq � v1=2 (2)v1=4 � a � w1=2 (4)15 v1=6 � p � v1=4 (2p.) v1=4 � q � v1=3 v1=4 � a � w1=2 (7)16 v1=6 � p � v1=4 (2p.) v1=3 � a � w1=2 (8)17 v1=4 � p � v1=3 v1=4 � a � w1=2 (9)18 v1=3 � a � w1=2 (10)Table B10. Partitions for lass number 231 v1=23 � p � v1=22 (11p.)2 v1=22 � p � v1=20 (10p.) v9=20 � a � w1=23 v1=20 � p � v1=18 (9p.) v4=9 � a � w1=2 (2)4 v1=18 � p � v1=16 (8p.) v3=8 � a � w1=2 (3)5 v1=16 � p � v1=14 (7p.) v5=14 � a � w1=2 (4)6 v1=14 � p � v1=12 (6p.) v1=4 � q � v1=3 v9=28 � pq � v5=12 (2)v11=28 � p2q � v1=2 (2)7 v1=14 � p � v1=12 (6p.) v1=3 � a � w1=2 (5)8 v1=12 � p � v1=10 (5p.) v1=5 � q � v3=10 v17=60 � pq � v2=5 (2)v11=30 � p2q � v1=2 (2) v2=5 � a � w1=29 v1=12 � p � v1=10 (5p.) v3=10 � a � w1=2 (6)10 v1=10 � p � v1=8 (4p.) v3=16 � q � v1=4 (2p.) v23=80 � pq � v3=8 (2)v31=80 � p2q � v1=2 (2) v3=8 � a � w1=211 v1=10 � p � v1=8 (4p.) v1=4 � q � v3=8 v7=20 � pq � v1=2 (2)v1=4 � a � w1=2 (4)12 v1=10 � p � v1=8 (4p.) v3=8 � a � w1=2 (7)13 v1=8 � p � v1=6 (3p.) v1=6 � q � v1=4 (2p.) v7=24 � pq � v5=12 (2)v1=4 � a � w1=2 (4)14 v1=8 � p � v1=6 (3p.) v1=4 � q � v1=3 v3=8 � pq � v1=2 (2)v1=4 � a � w1=2 (5)



Imaginary quadrati �elds 329Table B10 (ont.)15 v1=8 � p � v1=6 (3p.) v1=3 � a � w1=2 (8)16 v1=6 � p � v1=4 (2p.) v1=6 � q � v1=4 (2p.) v1=3 � pq � v1=2 (2)v1=4 � a � w1=2 (5)17 v1=6 � p � v1=4 (2p.) v1=4 � q � v1=3 v1=4 � a � w1=2 (8)18 v1=6 � p � v1=4 (2p.) v1=3 � a � w1=2 (9)19 v1=4 � p � v1=3 v1=4 � a � w1=2 (10)20 v1=3 � a � w1=2 (11)Note added in proof. C. Wagner has independently solved the lass number 5 and 7problems (and the lass number 6 problem as well) in a paper: Class number 5, 6 and 7,Math. Comp. 65 (1996), 785{800.Aknowledgements. The authors would like to express their gratitudeto the referee for suggesting several improvements. All of our numerialomputations and explorations were done with the aid of Mathematia on aSPARCstation, with the exeption of the C ode written for the Cray C90disussed in x6. Referenes[1℄ S. Arno, The imaginary quadrati �elds of lass number 4, Ata Arith. 60 (1992),321{334.[2℄ A. Baker, Linear forms in the logarithms of algebrai numbers. I , Mathematika 13(1966), 204{216.[3℄ |, Imaginary quadrati �elds with lass number 2, Ann. of Math. 94 (1971), 139{152.[4℄ |, Transendental Number Theory , Cambridge Univ. Press, New York, 1975.[5℄ B. J. Birh and H. P. F. Swinnerton-Dyer, Notes on ellipti urves. II , J. ReineAngew. Math. 218 (1965), 79{108.[6℄ D. A. Bue l l, Class groups of quadrati �elds. II , Math. Comp. 48 (1987), 85{93.[7℄ H. Davenport, Multipliative Number Theory , 2nd ed., Grad. Texts in Math. 74,Springer, New York, 1980.[8℄ M. Deur ing, Imagin�are quadratishe Zahlk�orper mit der Klassenzahl Eins, Invent.Math. 5 (1968), 169{179.[9℄ C. F. Gauss, Disquisitiones Arithmetiae, Yale Univ. Press, 1966.[10℄ D. M. Goldfe ld, The lass number of quadrati �elds and the onjetures of Birhand Swinnerton-Dyer , Ann. Suola Norm. Sup. Pisa 3 (1976), 623{663.[11℄ B. Gross et D. Zag ier, Points de Heegner et deriv�ees de fontions L, C. R. Aad.Si. Paris 297 (1983), 85{87.[12℄ G. H. Hardy and E. M. Wright, An Introdution to the Theory of Numbers, 4thed., Oxford Univ. Press, London, 1968.
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