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0. Introduction. Let A, be a set of positive integers with the least
common multiple of each pair of terms not exceeding = and |A,| being the
largest. In 1951, P. Erdés [3] proposed the following problem: what is the
value of |A,|? It is known that

\/%;—FO(D < A, < Viaz +0(1).

For a proof one may see Erdés [4]. The problem is problem E2 and a part of
problem B26 in the well known problem book [5] of Guy. Choi [1] improved
the upper bound to 1.638y/x, and later [2] to 1.43\/x.

In number theory, it is rare to give an asymptotic formula for such a
problem. In this paper an asymptotic formula for |A,| is given. Further,
let B, be the union of the set of positive integers not exceeding /x/2 and

the set of even integers between /x/2 and v/2z. It is clear that the least
common multiple of each pair of terms of B, does not exceed x. We will
show that A, is almost the same as B,. That is,

THEOREM. We have
|Az \ By| = 0(\/5)
In particular,

Al = 1Bal + 0(vD) = /32 + 0(V).

Note. From the proof of the Theorem we will see that o(1/x) can be given
explicitly. By the Theorem we have

|Ae N By| = [Az| — |As \ Be| = \/ %374‘0(\/5)
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and
1By \ Az| = |Bz| — [Az N Be| = o(Vx).

1. Preliminary lemmas

LEMMA 1. Let M be an integer with M > 3, and let cg, c1 and co be real
numbers with ¢; > co > 0. Then there exists an xo = xo(M, o) such that if
x > xo and a;, by (1 <1 <t < M/2) are integers with (a;,b;) =1 (1 <i <1t)
and with each prime factor of H§:1(ai” + b;) exceeding M for any integer
n, then there exists an integer k € (c12'/? 4 co, c1(x'/? + 21/*) + ¢3) such
that each prime factor of [i_,(a:k + b;) exceeds

1
6log M 27

Proof. We employ the standard Eratosthenes—Legendre sieve. One may
refer to [6], p. 31, Theorem 1.1. We take
¢
{ H (aik+b;) : k€ (c1:1:1/2 + 02,c1(:v1/2 + x1/4) + 02)},
=1

P:P17 z = logaj7 X:cll.1/47 AO:

M,

N[ =

6log M
w(p) being the number of solutions of
t

H(am +b;) =0 (mod p).

i=1

Noting that P = () we have |Rq| = |rq| < w(d) if u(d) # 0. By Theorem 1.1
of [6], p. 31, we have

S(A;P,z) = XW(z )+0(1+A )?

—cx1/4H< )+9<1+;M>z

p<z
M 561/4
2601'1/4 H (1—)—MZ>>A“,
M<pes 2p (log log z)M/

where [#] < 1 and > depends only on M and c¢y. From this we obtain the
assertion of Lemma 1.

Note. a; and b; may depend on x, co, ¢; and co. zo(M, cy) can be effec-
tively computed. For a stronger result one should use Brun’s sieve. Here the
conclusion is sufficient for the present paper.

LEMMA 2. Let ¢; (3 <i < 6) be nonnegative real numbers with ¢4 > c3.
Let D and M be integers with |D| < csx® and with each prime factor of D
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exceeding

1 .
Glog M 27
Then the number of a with (a, D) > 1, a € [cs3x'/?, c4x'/?] is O(\/z/loglog x),
where O depends only on M and ¢; (3 <i <6).

Proof. If D = 0, then z < M!? and the conclusion is trivial. Now we
assume that D # 0. Let |D| = pll1 pé2 ...plr be the standard factorization of
|D|. Then

1 T
rlog (610gM logm) < Zlogpi <log |D| < log x.

i=1
Thus
log
loglogz’
Hence

> 1323 > 1§ZT:<(C“_}§)\/E+1>

a€lez/x,ca/T) =1 a€lczy/T,ca\/T] =1

(a,D)>1 pila
log log log x

This completes the proof of Lemma 2.

2. General lemmas. For an interval I = (a,b], let
IVE 0 A = o) 11V,
1IN Ay N (22)] = o0 (1) 1|/,
IIVZEN A, 0 (2Z + 1) = V(1|17

where | X | denotes the number of elements of X or the length of an interval
X, and 27 and 2741 denote the sets of all even integers and all odd integers
respectively. Let Z = {I1,...,[;} be a set of pairwise disjoint intervals with
I; = (a;,b;) and 0 < ag < a1 < ...< a. Let

ai=al), o =al(L), ol =a®(), M =40+ ),

where [a?] denotes the integral part of a?. It is clear that o; = 0450) + al(.l).
LEMMA 3. Let 15 (j=1,...,ki; i =1,...,1) be distinct integers with

755 = Tuv| < 9(Ti55 Tuw) @il
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where g(a,b) =14 $(1 — (=1)*)(1 — (=1)). Let
]{750) = |{T1j : 2|T”7] - 17- . -aki}‘7
k0, =1

Then
I

1
>k + kM afV) < 2 4 0((loglog z) 7'/),
i=1
where O depends only on T.
Proof. Let K = 22:1 k. If K =0 or 1, then by the definitions of ago)

and a( ) the assertion of Lemma 3 is true. In the following we assume that
K > 2 Let 6 be a small positive number which will be determined later,
and let

Ii(t) = (ai + t<5, a; + (t + 1)(5]
For the (index) set
{tijlogtij < ]Iz\/é—l, ti; €l, j=1,...,k; Z:]_,,l}

we first show that

‘U (ti))VET N Ay 0(2Z+m]))‘ 5\F+O< VT )

loglog x
where O depends only on Z. To do this we consider the set
a) = | J{Ms; + ri; + 2a},
iJ
where [;; are integers which will be determined later such that
(1) (a; + ti;0)Vr < MW+ iy < (a; +t3;6) (Vo + 2/
hold for j =1,...,k;; i =1,...,1. For convenience we rewrite A(0) as
A0) ={M!y +ri, Mg+ roy..., Mk + 1K}
Since a;a, < M/4 (i,u =1,...,1), by the conditions of Lemma 3 we have
|ri —rj| < M/2, d,5=1,...,K,

whence K < M/2. Now we take [; satisfying (1). Suppose that we have
chosen ly,...,l, (u < K). By Lemma 1 for 2 > x¢(M,ag/M!) there exists
a l,+1 satisfying (1) such that each prime factor of

u
M!
I (- )
i—1 Tu+1 — T4 Tu+1 — T4

exceeds

1
6log M 08T
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Thus by induction we have determined all [, (1 <u < K). Let

M! M!
D= || ly — ly+1].
<r Ty — Ty + )

—-r
1<v<u<K N Y v

Then each prime factor of D exceeds

1
6log M o8 e

and by (1),
DI <[] MUt re— MU, — 7y

1<v<u<lK
< (le\/E)K(Kfl)/2 < (2bl)M(M71)xM(M71)'

By Lemma 2, the number of a such that (a, D) > 1 and a € (0,b;4/x] is
O(y/z/loglog ), where O depends only on Z. Let

B = {a:ae O(Ii\/fﬂZ), (a,D) = 1}.

If a € (0,6+/2/2] and
M, +r,+2a€B, MlI,+r,+2a€B,
then for u # v we have
(2)  (MUy+ry +2a, My, + 7, + 2a)
= (MW, + 7y +2a, M (1, — 1) + 14 —74)
= (MWy + 1y 420,74 — 1) < g(ru,r0) Hra — 0.
Thus for a € (0,/z/2] with
M!l;; +ri; + 2a € B,
Myy +7up +2a € B, (i —u)>+(j —v)? #£0,
by (1), (2) and the conditions of the lemma we have
Lem AMU;; + rij + 2a, My, + ryy + 2a}

(M‘ll] + 7’7;]‘ + 2a, M‘luv + Tuv + 2a)

S (ai —I—tijé)(au +tuv5)l‘
rij = Tuol

> (ai + tij(S)((Lu + tuvé)x > 2

Qi Qq,

g(rija ruv)
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So |A(a) N BN A,| < 1. Since (see (1))
Litij)Ve N (2Z + ri;)
C (MW +rij, M5 + 135 + 63/x]
U (@ + ti6)V/z, (a; + ti36) (Va + /) N (2Z + riy)

0<a<é/z/2

U (((CLZ + tijé)ﬁ, (ai + tzJ(S)(\/E + $1/4)] N Z),

we have

U(fi(tz‘j)\/fﬂ (2Z + 7135))
C ( U U{M'lm + 71y + 2a}>

0<a<d/x/2 1,J

0 (U@ + 15300V, (as + 150) (VE + /4] N 2)

i?j

c( U 2w)

0<a<é/z/2

O (U@ + 150V, (@i + 1,0 (Va + 2] 12)).

Hence

(U (ti; )V N Ay mBm(zerrw))‘
N > (@i +tyd)a/* +1) < %5\/5+ D (@i + L'/ +1)

2 1,7 (2]
1 1
< 56\/E+ z:(biasl/‘1 +1) < 55\/5+ K maxbz'/* + K
.. (2
Z?]

1
< 55\/54‘ O(z'/*),
where O depends only on Z (note that K < M), whence

(U (tij)VE N Ay m(2Z+r,j))‘

1(S\FJFO( 1/4)+O< Ve ) 5f+0< Ve >

2 loglog x loglog x

where O depends only on Z. Since Iy, ..., I; are pairwise disjoint, we have
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‘ U U (tij)VT N Ay N (2Z + 145) )+‘ U (Ii(t1)Vr N Ay 0(22))‘

i<l—1 j Jl 1
2le

ky
i ‘ U ut)venA.n(2Z + 1))‘
2)[7”;-

15\F+O< v >

loglog x

\)

Hence, if k:(l) > 1 and u > 0, then

‘ U Ut ven A, 02z +ryy) )+‘ U (I (t1;)vVz N Ay ﬂ(QZ))‘

i<l—1 3 iz
2|T'lj
k1
+ ’ U (Iz(kl(l)qur)\/EﬂAm N(2Z + 1))‘
r=0
kM utr<|1|/5-1
< 15\/5+0 VT
2 log log =
Thus
11|
([,41)5 +1 ‘ L i(tij)ﬁmAxﬂ(22+rij))‘
! i<l—1 j
I
+<[,€’(1>5] )’ U (Lt )Vx N Ay O(QZ))‘
!
2|m
kl(l)_1
* 2 ) U (L(kMu+ )z N A, N (2Z + 1))

o<u<[|L|/ (kM s r=0
<usUnl/ G0, T2 s

<37 [agma) +2) ol (] =) woes)

o ‘ U U<Ii(tij)\/§m’4xﬂ(2z+rij))‘

|Il
Rap

‘ U (I(t;)v/z N Ay N (22))

2‘TZJ
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+ ‘ U @ovenanez+ 1))’

0<t<| ;| /01
1 I I
5\/5< |(1l)| +1)+O(< |(1l)| +1) vz >
2 ko ko loglogz

‘ U Ultti)ven A, m(zZ+r”))(

i<l—1 j

<

So

ki

+ ( U (Llty)vanA.n (QZ))’

J=1,2|ry;

kDo
L ‘ U (Il(t)\/EﬂAxﬁ(2Z+1))‘

|4 0<t<|I
<t<|I;|/6—-1

1 1 kMs2 e AN
<=6 - .- o1+
T2 \/5+2 1] Vet << " 11| >10glogx>

1 1 Ko? K§ VT
<6 - 0
2 \/5+2 1] Yt << ’Iz|>10g10g$>

IN

15f+0<52f+ v >

2 log log x
Noting that

U  @evena.nez+)

0<t<|L| /51

= IVEN A, N (2Z+ 1) - 65z (0<6M <1)
= oV |n|vz — 6V ova,

we have

‘ U Udt)van 4, m(QZ+rlJ))’
i<l—1 j

ki

+‘ U (Il(tlj)ﬁﬂAmﬂ(2Z))’+kl(1)al(1)5\/5

j=1,2Ir;
(1) 52
gléx/@rel(”k o 5274 —YZ
2 |17 loglog
1
<Lsvzro(vee L2
2 loglog x
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It is clear that if k:(l) =0, (3) also holds. Similarly, we have

U Ut)ven a,n @z + )| + £0alV6vE + KVasva

i<l—-1 j
1
2 logloga:

Continuing this procedure we have

l
(Ve + kVaM)sva < %5\/5 +0 <52\/5 + ﬁ) :

P log log x

—1/2

where O depends only on Z. Taking 6 = (loglog x) , we have

1
1

>0l + Vi) < S+ O((loglog 2) 7172,

i=1
This completes the proof of Lemma 3.

COROLLARY. Let the conditions be as in Lemma 3 and mgo), .. ,ml(o),
(1)

my ...,

mgl) be nonnegative integers with

t t
(4) Yom <3Sk, t=1,.05 v=0,1
=1 =1

Then
!

1
> Pl +mVal) < =+ O((loglog ) 7'/?),
i=1
where O depends only on 1.
Proof. Let m; = m(o) + m(l) By (4) we may rearrange {r;;} as
{wij:i=1,...,; j=1,..., m}UA
such that w;; = 7y, implies that u <4, and

m$® = [{wij : 2| wij, j=1,....m}l.

Thus
lwij — wirjr| = Tuw — Twor | < 9w, Turer)Gutur < g(wig, wirgr)azag.

Then the Corollary follows from Lemma 3.

LEMMA 4. Let m, nq,...,n, be nonnegative integers with m < ny + ...
..+ n,.. Then there exist nonnegative integers my, ..., m, such that
m=mi+...+m, and m;<n;, t=1,...,r

The proof is clear.
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LEMMA 5. Let the conditions be as in Lemma 3. Let ﬁ%v), R l(v) (v =
0,1) be nonnegative real numbers with
t t
(%) S <SR =105 v=0,1.
1=1 i=1
Then

1
1
DB + 5 ag) < S+ O((loglog )™/,
i=1
where O depends only on T.
Proof. Let n and n( v) (1 <i<1; v=0,1) be nonnegative integers
with

(v) (v)
<6(v) ii_’_l, i=1,...,0; v=0,1.

n
Then (5) implies that

t

t
(6) Soa <n3 K, t=1,...5 v=0,1L

i=1 i=1
Now we use induction on ¢ to prove the following proposition P(t): There
exist nonnegative integers n( ) (1<i<t;1<j<n;v=0,1) such that

n® an v=0,1;i=1,....t

1] )

and
E n(.’?)<§ k(”) s=1,...,t; 7=1,...,n; v=0,1.
- ’LJ —'7 1 M ) Y M ) ) )

By (6) and Lemma 4, P(1) is true. Suppose that P(t) (1 <t <) is true.
Now by (6) and the induction hypothesis we have

t+1 t+1

) <n2k(”) Zn(v Si(zk(“) Zn(m)

and
<« (v) ; (v)
Dl =D g =0,
=1 =1

By Lemma 4 there exist nonnegative integers n{?) (1<j<n;v=0,1)

(t4+1)j =
such that
t+1

n) (v) (v) o
(t+1)J<Zk an, j=1,...,n,
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and
n

(v) (v) _
nth = iy, v=0,1
=1

So P(t+1) is true. Hence P(t) is true for all ¢, 1 < ¢ < [. In particular, P(l)

is true, that is, there exist nonnegative integers n( v) (1<i<lj1<j<m
v =0, 1) such that

(U) Zn(v) v=0,1;1=1,...,1,

1y )

and
t
Zn(”)<2k§.”), t=1,...,; j=1,....,n; v=0,1.

By the Corollary of Lemma 3 we have
l

Z( E;)) 50) +n (1) (1)) < - 5 —i—O((loglogx) 1/2)7 ji=1,...,n.

i=1
Hence
!
S (10 +nPa) < Zn+ Ofnloglog)~/2).
i=1
that is,

( ) ( )

Z( o T (1)> < 5+ O((loglog z) /%),
i=1

where O depends only on Z. Letting n — oo we obtain the statement of

Lemma 5.

LEMMA 6. Let
l

1
> ol + kPal) < 5+ O((10glog 7))
i=1
(j = 1,...,7) be r relations obtained by using Lemma 3 (not necessarily
from the same {r;;}). Let ﬂ%v), e ,ﬁl(v), 01,...,0, (v=0,1) be nonnegative
real numbers with

(7) Zﬁ(”)<225k2’), t=1,...,1; v=0,1.

=1 j=1
Then

T

!
Z(ﬁ(o) (0)+ﬁ(1) (1) < 22(5 +O<Z<5j(loglogac)*1/2>,
i—1

=1 =1
where O depends only on L.
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Proof. As in Lemma 4, if v and v; (1 < j < r) are nonnegative real
numbers with v < Z;Zl 0;vj, then there exist nonnegative real numbers
U1, ..., u, such that

T
UZZ(S]"LLJ', UjS’Uj, jzl,...,T.

Using this fact and (7) we infer, as in the proof of Lemma 5, that there exist
nonnegative real numbers ﬂ-(?) (i=1,...,0;j=1,...,r,v=0,1) such that

B = Z(S] ©) =1, v=0,1,

1y

and

t
Zﬂi(;)<2kl(;), t=1,...,0; j=1,...,r; v=0,1.
i=1

By Lemma 5 we have

1

1
Z(ﬁg))az(-o) + Bi(;)agl)) < 5 + O((log loga:)_l/Q).

i=1
Hence
Z (Zé ﬂ(o) (0) +Z<5 5(1) (1)) < ;iéj +O<i5j(loglogx)—1/2),
j=1 j=1
That is,
! L )
;(@(0)@50) +8Va") < 3 ]Zl 5;+ O(jz1 5, (loglog m)ﬂm)’

where O depends only on Z. This completes the proof of Lemma 6.
LEMMA 7. Let r; (j =1,...,k;; i =1,...,1) be distinct integers with
Tij = Tuo| < aiay.

Then

1
Z kia; <14 O((loglogz)~/?),
i=1
where O depends only on L.
Proof. By Lemma 3 we have
1
1
(8) S k"0l + kMaV) < 5 T O((loglog x)"1/2).

i=1
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Let
wij =1 + 1,
ni:ki, jzl,...,ni;i:L...,l.
Then
iy — el S ai0wy 20 =KD, = KO,

By Lemma 3 we have

!
1
Z(ngo)ago) + ngl)agl)) < = 4+ O((loglog a:)_l/z).

i=1 5
That is,
l
1
9) > (kMo + kP a) < S+ O((loglog ) 71/?).
=1

By (8), (9), kEO) + kgl) = k; and o' + 0%(1) = «;, we have

!
Z ki; <14 O((loglogz)~/?).

i=1
This completes the proof of Lemma 7.
LEMMA 8. Let
l
Zkijai <14 0((loglogz)™%%),  j=1,...,r
i=1

be r relations obtained by using Lemma 7 (not necessarily from the same

{rij}). Let B1,..., 0B, 61,...,0, be nonnegative real numbers with
t t T
(10) Zﬁigzz(sjkij, t=1,...,L
i=1 i=1 j=1
Then

l T r
Z Bic; < Z 0 + O(Z 6j(logloga;)_l/2>,
=1 j=1 j=1
where O depends only on T.

Proof. By (10) and k;; = kg-)) + kz(;) we have

t t T t T
Sa <Y S gD SN ek, =10
i=1

i=1 j=1 i=1 j=1
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By the argument used in the proof of Lemma 5 there exist nonnegative real
numbers ﬁi(v) (1<i<1l; v=0,1) such that

t t T
ST <SS e, t=1,...,Lv=0,1
i=1

i=1 j=1
By the argument used in the proof of Lemma 7 we have for j =1,...,r,
l
1
>k + kM afV) < 2 4 O((loglog ) 7'/,
i=1
l
1
> (ke + k7o) < 0 4 O((loglog ) ~1/?).
i=1
By Lemma 6 we have

l T r
1 -
> (3% + 5alV) < 2375, +0( Y é;(loglog )12,
i=1 =1 j=1

l

3 (6l 4 50l < ;Zléj + O(Zl5j(loglogx)_1/2>.
J= J=

i=1

Since a; = ago) + ozz(l) and (; = ﬂi(o) + ﬁi(l), we have

l r r
Z Biay; < Z 0; + O(Z 5j(loglogm)_1/2>.
i=1 j=1 j=1
This completes the proof of Lemma 8.

3. The asymptotic formula for |A,|. Let L and S be suitable large
integers and

q=2"C0 "= (¢, ¢, T =2LS-1.
For positive real numbers «, (3, let
B(a,f)={a:a€Z, 1 <a<af}
U{a:a€Z, —min{af,a 'f—1} <a <0},
A — {B(qﬂ‘,ql’) it i > j,
Y 0 if i < j.
In the following we make the convention that ), h(a) = 0 for any function
h(t).
LEMMA 9. Let 0 < o <min{3,~v}. If a € B(a,3) and b € B(a, ), then
la = b < fr.
Proof. If ab > 0, then |a — b| < max{|al,|b|} < max{af,ay} < B7.
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Now we assume that ab < 0. Without loss of generality, we may assume
that a > 0 and b < 0. In this case we have a3 > 1 and a-y > 1. Thus

la— b =a—b<af+min{ay,a 'y -1}
<af+aly—1=py+(B-a ) (a—7) < by
This completes the proof of Lemma 9.
To use Lemma 8, let
a = (10 — 7v2)/32,
kij = Aij \ A—ny;l, " T<i<T,-T<j<L-1,
ki, =0 (-T<i<T, i#0), kor, = 1,
Bi=q'(¢—1), -T<i<L-1,
Bi=(1+a)'(¢-1), L<i<T,
5j=¢(q-1), -T<j<-1,
6j=3(g—1)( —¢77), 0<j<L—1,
op=1—q %
LEMMA 10. For =T < j < L, we have
Z kijo <14 O((loglogz)~/?),
—T<i<T
where O depends only on L and S.
Proof. The inequality

T
Z kiro; <1+ O((log logx)fl/z)
i=—T

can be deduced from Lemma 7 by taking
{rij:g=1,..  kip; i=-T,....,T} = {ro1 = 1}.
Now we assume that -7 < j < L —1.If¢ < j, then
[Aij \ Ai—1);] = 0.
If j <i<i¢ <Tand
a € Aij \ Ag-nj, b€ Avy \ Ay,

then by Lemma 9 we have |a — b| < ¢"T. Then Lemma 10 follows from
Lemma 7.

LEMMA 11. There exists a Lo such that if L > Lg, then

t t L
SN < SN Gk, t=-T,-T+1,....T.

i=—T i=—T j=—T
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Proof. For convenience let
t L

=Y > ik

i=—T j=—T
That is,
ft)= Z < Z |Aij \ Agnysld’ (@ — 1)
—T<i<t *-T<j<-1

% Yo A\ Apslla =)@ - q“)) +e(l—q 1),

0<j<L-1
where ¢; = 0if t < —1, and ¢, = 1 if ¢ > 0. Since
Aij 2 Ai-vy; Acr-n; =0, j=-T,

we have
t

E |Aij \ A—1);| = |Agl, > -T.
i=—T
Hence

(11)  f@t) = Z Z |Aij \ Au—1yle’ (g — 1)

—T<j<—-1-T<i<t
1 : L
t5 S Y 1A\ Ayl —D(@ — g
0<j<L—1-T<i<t
+e(l-g )
= Y Al
~T<j<-1
1 . . _
ts > Aulla- D@ —a ) Fal -,
0<j<L-1
CASE 1: =T <t < —1. Then by (11) we have
0= Y Auld@-1= > da-1)= Y B
—T<j<t —T< <t —T<i<t
CASE 2: 0 <t < L — 1. Then by (11) we have

f&= > JAyld -+ D Aylda-1)

—T<j<—t—1 —t<j<-1
1 ; _i_ _
t5 2 Mulla=1@ —q7 ) +1-g7"
0<5<t

Y

> d-D+2 Y Fg-1)

~T<j<—t-1 —t<j<—1
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+ Y (@-D) —¢7 ) +1-¢"

0<j<t
>t g T+ (1 -¢HA-q"

CASE 3: L <t < 2L —1. Then by (11) we have
fO = Y Agld@-D+ Y Ayld@-1)

—T<j<—t—1 —t<j<t—2L

Y M-y Y gl D@ -

t—2L<j<—1 0<j<2L—t

1 1 “1
+3 Z |Agil(g =1 —¢77 ) +1—¢
2L—t<j<L—1

v

—T<j<—t—1 —t<j<t—2L t—2L<j<—1

87

Yoo da-D+3 ). da-n+2 > -1

FY @y Y @ D@ -

0<j<2L—t 2L —t<j<L—1
+1—q"
9
> =T+ aldt - ")+ Z\/§+ V2o +1—q7"

]. ].
t t

9
>q g T+ ald ") + 1\@+ V2a+1—q7"

. 11 ool 11
+mln{qL<—2q—4—aq)—3q N 1<—2q—4—aq>

_ 3q2L+1}

> qt-i-l _ q—T +a(qt+1 _ qL)

> Zﬁi-

—T<i<t

The last inequality but one holds for all sufficiently large L (note that ¢ =

91/(2L)).
CASE 4: T >t > 2L. Then by (11) we have

2 50> Y Audela- D4y Y Myla- D@ -

~T<j<~1 0<j<L-1
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= Z qj(q—l)( Z 1+ Z 1)

—-T<j<-1 1<a<qitt — min{qgitt,gt=7—-1}<a<0
1 ; i
3 2 (q—l)(q]—qjl)( )RR EIDY 1)'
0<j<L—1 1<a<gitt  1-qt=i<a<0

Now we estimate each part in (12):

Yoo o d-1 ), 1= ) PR UCESY

~T<j<~1 1<a<gitt  1<a<qt-l  —T<j<—1
j>2Llog, a—t

> Z (1 o q2L log, a—t+1)
1<a<q’~!
> Z (1 7q2Llog2 a—t+1)
1<a<q®
> Y (1—ag™")
1<a<q?
1 _
> [¢'] = 57" a'N(a"] + 1)
> da-1) > 1
~T<j<—1 — min{qt+i gt~ ~1}<a<0
= > - > !
-T<j<-1 1<a<min{g**i+1,q*=7}
> Y > ¢ (q—1)
1<a<1/2+q¢* -T<j<-1

min{q**t7+1,¢* "7} >a

= Y > Pg-1)+6t)+1—-q 7

2<a<q’ —T<j<—1
min{¢' T +1,4" 77 }>a

= > 3 @lg—1)+6(t)+1-¢ T

2<a<q' 2Llog,(a—1)—t<j<—1

2 Z (1 _ q2L10g2(a—l)—t+1) +(5(t) + 1 o q—T
2<a<q?
> > (I-(a—Dg " +st)+1-q "
2<a<q?
1 _
> [g"1— ¢ "' ([¢"] — 1) — g~ " +6(¢);

2
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> (q—l)(qj—q‘j‘1)< oo+ Y 1)

0<j<L-1 1<a<gitt  1-qt=i<a<0

> > (q-D(@ —q¢7 )T+ —2)

> 4 (1 - 1q> +Lg—1)g'(1—q ") +4-3V2

t

1
> 4 <1—2q)+4—3\/§.

144
Thus by these estimates and (12) we have
1
(13) Ft) = ld'1 = 50" a' (g + 1)
1 _
+la'l = 50 e Na' - 1) — a7 +6(1)
1 1 qt 3
s _2q>1+q+2_2\/§

If ¢t —1/2 < [¢!] < ¢* and ¢* > 2 (i.e. t > 2L), then by (13) and 6(¢) > 0
we have

2
. - 1 ~ 1
f(t) > mm{2qt—q gt 2 qt—2> —q ! <qt—2) }
1 1 t 3
—qT+<1—q> T 12-2V2

2 29144 2
> ¢t — T+ o™ —qL)+qt<2—2q+1<1—1q>1—aq>
- 2 2°)14+¢q

+2- 234 V20— g
2 4qt
> ¢ =g T+ ol —¢b)

1 1\ 1 3 1
+2<2—2q+<1—q>—aq> +2—§\/§+\/§a—§q

2 2°)14¢
Z qt+1 _ q—T + a(qt—i—l _ qL)
> Z Bi.
—T<i<t

The last three inequalities hold for all sufficiently large L. If ¢! — 1 < [¢'] <
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q¢' —1/2 and ¢* > 2 (i.e. t > 2L), then

sy= > > ¢ (g—1)

gt<a<l/24qt  —T<j<—1
min{q"t7+1,¢" 7} >a

> > ¢ (q—1)

min{q**7+1,q* =7} >[q]+1

> > ¢ (q—1)

2L log,[q*]—t<j<t—2Llog,([q"]+1)

> gt—2Llogy([q"]+1) _ ,2Llog,lg"]—t+1 - _Igtlg—ttL.
>q q Z 1t [4"]q
In this subcase, by (13) we have
1
) > gt — g— gt 4 t b, —ttl
ft) =2[g" 1 —q¢ " d'] I [g']q
1 1 qt 3
-T
- “(1-= 2 - S\2
1 +2< 2q>1+q—|— o V2
. t 1t 2 t t —t+1
me{Q(ql)q (qfl)+qt_1+1qf(qfl)q 7

2
1 _ 1 1 1\ _
2o =g) - (- 5) + e - (¢ 2) )

1 1 qt 3

-T
- “(1-= 2 - V2

1 +2< 2‘]>1+gﬂL 52

> ¢ =g T +ald™ - ")
1 1\ 1 1 3

Hlo(1l-2q)—+2—-2¢- - ——+2-=V2 2
+q<2( 2q>1+q+ q—aq 4qt_1+ 2[—#04\[

1 3
+2<<1—q>q+2—2q—aq)—8q+2—2\/§+a\/§

The last three inequalities hold for all sufficiently large L. This completes
the proof of Lemma 11.

LEMMA 12. Let D be a positive integer and x > 2D. Then

(VDa,al 0 o] =0 =),

where the O-constant is absolute.
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Proof. For any integer k > 1, since for a > vkux,
Ha,a+1,...,a+k—1}NA,| <1,

we have
1 1
[V, 2VEz) N A,| < %(2\@— VE)Wz +1= ﬁ\/@r 1.
Thus
|(VDz,z] N A,| = 3 (27D, 21V D] N A, |

1<i<ilog,(z/D)+1

1
Z <,\/5+1>
ISiS%IOgQ(m/D)—i-l 2 1\/5
1
0 ——vz).
(75¥)

This completes the proof of Lemma 12.

IN

THEOREM 1.
Adl = /32 +0(Va),  |(VE2, )N Aul = o(Va).

Proof. By Lemmas 10, 11 and 8 we have

Yo da-Dau+(+a) Y ¢'a-Da

—T<i<L-1 L<i<T

= Y Bai< Y 5+ 0((loglogz) /)

—T<i<T —T<j<L

< \/é —¢ " +1-¢"" +O((loglogz)~"/?),
where a = (10 — 7v/2)/32. Hence
(g~ TV, V22] N Ay + (1 + @)| (V22,7 Va] N A,
<32 —q¢ Vet (1-¢ ")V +O(r(loglogz)~/?).
So
1, V2x]) N Ay + (14 a)| (V2,25 N A,
< /224 (1 - ¢ )Vz+ O01(Va(loglogz)~*/?),

where O depends only on L and S. By Lemma 12 we have

(25 Va.a] 0 42| = 0a V7).

91



92 Y. G. Chen

where the Os-constant is absolute. Therefore

11, v22] N Az + (1 + a)|(V2z, 2] N Ay
<3z +(1- ¢ vz + 01 (vVz(loglogz)~1/?) + O, <2ls\/§>,

where Oq is independent of z, and O, is independent of S and z. Thus

1, V22] N Az + (14 a)|(V2z,2] N A, < \/§+o(\/5).
That is,

[ Asl + o (V22,2] N As| < /g2 + o(V2).
Since |A;| > |B,| = /%2 4+ O(1), we have

Aul = /22 +0(Va),  1(V22,2]N Au| = (V).

This completes the proof of Theorem 1.

4. Proof of the Theorem. First we prove
THEOREM 2.
|(\/ 32, V22] N A, N (2Z + 1)| = o(Va).
Proof. Let L be an integer and
g = 21/CL), L=(¢q"], —-L<i<L.
Let
{riw:u=1,...,kj;i=—-L,—L+1,...,L};
={rj1=0,r_1=—-1,r_jo=1}, —-L<j<-1
Then by Lemma 3 we have
agp) + Qag)- < %—k O((loglogz)™Y/?), —L<j<-1.
Let
{riwiu=1,... k;i=—-L,—L+1,...,L};
={r_j1=-1,r1=0rjo=1}, 1<j5<L.
Then by Lemma 3 we have
a(_lj). + 045-0) + oz;»l) < % + O((loglogz)~%?), 1<j<L.
Let
{riw :wu=1,...)k;; i=—-L,—L+1,...,L}
={ro1=-1, r02=0, ro3=1}.
Then we have

1
a(()o) + 2a((]1) < 5 + O((loglog z)~1/2).
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To use Lemma 6, let

0 . . 0
ki =0 (i #4), Ky =1
ki) =06 #4,-), Ky =1(G>1),
1 . 1 .
KD =0 (< -1), k=23 <),
1 . 1
k( )J)J =1(=>1), kéO) =2,
55 =¢ (¢ —1), B = qi(q 1),
a=(10-7v2)/32, B =1+a)d(q-1).
Then
T (000 1 Do) = o} 420 f-L<j<0
ij Y TR BN ) NN RN R )
_L<i<L —Jj J J =J =5
Hence
©) (0) | (1) 1)y o1 —1/2
(14) Z (k0 + ki og)) < 5 + O((loglog ) ™/2).
—L<i<L
Let
g (t) = Z Z 531%(]@)7 v=0,1.
~L<i<t —L<j<L
Then
t
(15) ¢ Z Sikl) = Z 5i=> 8" -L<t<L

i=—1L i=—L i=—1L

Now we show that
t

gV =N s, -L<t<L

i=—L

For —L <t < —1 we have (note that ¢ = v/2)

13 t
(16) gD = 3 bikily = 30 0i=att =g

i=—1L i=—1L

=+ =g+ + A+ a)g "
_ qft o (1 + a)qt+1

>(1+a)@™ =g+ + A+ )"
— rnax{qL +(1+ a)q_L+1,q +1+a}

t
>(1+a) gt g = Y ph

i=—L



94 Y. G. Chen

For 0 <t < L we have

(17> g(l)(t) = Z 5_Z/€(1) 0 + Z 5k-(1) L6 kz((l) Z))

i=—L 1<i<t
= Z i +200+ Y (8 +20_;)
i=—L 1<:i<t

t
= Y BV +d" + (1 +a)gE 27" —ag'!
t=—1L
t
1 _
ST+ M+ (14 a)g "
i=—L

Y

—max{2 + aq,2¢" " + ag" ™}

t
> 3 g,
i=—L
By (14)—(17) and Lemma 6 we have

iq"q ”+Z <>+az o

t=—L t=—L i=—1L
L 1 L
= 2 (B%aY 45 al") <5 37 8 +0((logloga) %)
i=—L j=—L
< 3V2+ 5V2(g— 1) + O((loglog ) ~1/?).
Hence

(@™t d" Vo N Ayl + al(g™ " Ve N A 0 (22 + 1)
< 1V2z + 5V22(q — 1) + O(Va(loglog ) 1/?).
It is clear that

—

o0 Al < Ve
So

[1,v22] N Ay | + af(y/ 32, V22 ] N A, N (2Z + 1)
<\/2z+ 3V22(q— 1) + O(yz(loglog z) ~1/2).
Hence

(18) 1[1,v22) N A, | + of (/3. V22 ] N 41 (224 1)] < /22 + o(V).
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By Theorem 1 we have

1L, V22] N Aul = /22 + o(v2).

Thus by (18) we have
[(y/32, V22 ] N A, 0 22+ 1) = (V).

This completes the proof of Theorem 2.
Proof of the Theorem. By Theorem 1 we have

Al = 1Bal + o(vD) = /32 + 0(V).

By Theorems 1 and 2 we have

|Az \ Bz| < |Aw N[y iz, vV2z]N(Q2Z+ 1)‘ + A, N (V2x,7]| = o(\Vx).
This completes the proof of the Theorem.
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