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Analogs of A(z) for triangular Shimura curves
by

SHUJUAN J1 (New York, N.Y.)

We construct analogs of the classical A-function for quotients of the
upper half plane H by certain arithmetic triangle groups I' coming from
quaternion division algebras B. We also establish a relative integrality result
concerning modular functions of the form A(az)/A(z) for @ in B*. We give
two explicit examples at the end.

1. Introduction. By a triangular Shimura curve, we mean the canon-
ical model X of I'\'H, the quotient of the upper half plane H by a co-
compact arithmetic triangle subgroup I' of SLy(R). To be concise, let F'
be a totally real algebraic number field of degree d, and B a quaternion
algebra over F, with B ®g R = My(R) @ H?!, where H is the Hamil-
ton quaternion algebra. Let O be an order of B, and I'(O) = {v € O :
70 = O, Np,p(7) is totally positive}. A Fuchsian group I" of the first kind
is called arithmetic if it is commensurable with I'(O) for some B and O.
It is triangular if it can be generated by 3 elliptic or parabolic elements
Y1, v2 and 3 such that v1v2v3 = £1. Its fundamental domain is the union
of two copies of hyperbolic triangles. I" is cocompact unless F' = Q and
B = M5(F'), in which case I" is commensurable with SLy(Z).

A well-known example is given by I'(2) := {y € SLy(Z) : v = 1
(mod 2)}, whose fundamental domain has all of its vertices at infinity (“cusp”
namely at 0, 1, co. Even the modular group SLs(Z) belongs to this class,
as its fundamental domain has vertices i, o = €2™/3 and co. The function
fields of I'(2)\'H and SL2(Z)\'H are generated by the classical elliptic mod-
ular functions A(z) and j(z), respectively. Moreover, there is a distinguished
modular form A(z) = q[[,,>;(1 — ¢")**, ¢ = €*™ for SLy(Z), which spans
the space of cusp forms of weight 12 for SLy(Z). By a well-known theorem,
one knows that, for any N > 1, the modular function A(Nz)/A(z) is, when
suitably normalized, integral over Z[j] (see [Lang]). This fact leads to many
interesting results in number theory and geometry.
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In this paper, we find analogs of A(z) and prove such an integrality result
for arithmetic triangular groups I" which are cocompact. We also give two
explicit examples in the last section.

A complete (finite) list of cocompact arithmetic triangle groups I, given
by congruence conditions, is available ([Ta], §3 & §5; [Sh1], p. 82). Further-
more, one knows by Shimura that the algebraic curve I'\H and the three
vertices are defined over an explicit extension M of F'. For each such I,
we first find weights k such that Si(I") is one-dimensional, generated by
an Fp-rational modular function with a unique zero at one of the vertices
of &; we call this function Ap r (or Ap for short). We also present some
explicit analogs jp(z) of the classical j-function. The fact that they exist is
a consequence of Shimura’s theory of canonical models ([Shl]) (see Theo-
rem 3 in §4). We determine an explicit expression of jp as a quotient with
denominator Ap in the main cases of interest. We also use the A analogs
to find algebra generators of appropriate spaces of modular forms. A typical
result is as following:

THEOREM A. Let I' be the group of signature (2,3,7), coming from the
quaternion algebra over Q(2m/7) which ramifies only at two infinite places.
There are A forms A1, A1g and Asg of weight 12, 16, 30 respectively, which
have a simple zero at the three respective vertices. Moreover, they generate
the algebra of all modular forms of even integral weight. Finally, Al,/A3,
s a generator of the function field.

We also have the following theorem concerning the integrality:

THEOREM B. Let (I', B, k) be as above. Then ((a,2)*Ap(az)/Ap(2) is
integral over M[jg] for all o € B, where ((a, 2) is an automorphy factor.

By Shimura’s theory of canonical models ([Sh1]), we know that the value
of any arithmetically defined modular function relative to a congruence sub-
group I' at any CM point z lies in a class field of a totally imaginary
quadratic extension K, of F. This in particular applies to our functions
((a, 2)*Ap(az)/Ap(2). One may view our result as an integral refinement
in a special case. Since for F = Q, it gives abelian extensions of complex
quadratic fields, we are mainly interested in the case F' # Q.

This constitutes a part of the author’s Ph.D. thesis at Caltech ([Ji]).
The author thanks her advisor, Dinakar Ramakrishnan, for his guidance
and inspiration throughout. She is also indebted to Farshid Hajir and David
Roberts for many helpful comments and suggestions.

2. Notations

e [I: totally real number field with [F': Q] = d,
e B: quaternion algebra over F with B ®g R = My(R) @ H4~1,
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e ¢&: the composite map

0 €BLBRgRE MR GHG...oH 2 My(R) 3 £(a),
e Bt ={be B: Ng,p(b) is totally positive},
e O: a maximal order of B,
e 7: a two-sided integral O ideal of B,
e '=I(0,7)={y€ Bt :yisaunit of O and y—1 € 7} (we also use
I" to denote the image of I" under &),

Fr: the ray class field of F' corresponding to (7 N Op)wy where wy is
the product of all archimedean primes of F',

(Xr, ¢): the Shimura canonical model defined over Fr,

e M(I'): the space of meromorphic modular functions for I,

e M(I')g ={f e M(I): f is rational over Fr},

e Si(I) : the space of holomorphic cusp forms of weight k for I'; since
I" has no cusps, all holomorphic forms are cusp forms,

o Si(I')g = {f € Sk(I') : f is rational over Fr}.

3. Analogs of A(z). In this section, we determine the class of (I k)
such that Sk (I") is one-dimensional and can be generated by a modular form
which is nonvanishing outside one elliptic point.

If I' = (y1,72,73) with 47" = 752 = 75* = 717273 = 1 as an automor-
phism of H, then (e1,es,e3) is called the signature of I'. Let P, , P.,, P,
be fixed points of 71,72, y3 respectively.

THEOREM 1. For the following I' and k, Sk(I") is one-dimensional, gen-
erated by an Fr-rational modular form Ap = Ag(I',k), which is an eigen-
form of Hecke operators. Moreover, Apg is nonzero everywhere except at a
unique elliptic point.

Signature of I'  k Divisor of Ag

(2, 3, 8) 12, 16, 32 2Ps, Py, 2P;

(2, 4, 5) 8, 16, 24, 32 Ps, 2Ps, 3P, 4P

(2, 3, 10) 12, 20 4Py, 2Py

(2, 5, 6) 12 4P5

(2,3,7) 12, 24, 28, 36, 42, Pr, 2Py, Py, 3Pz, P,
48, 56, 60, 72 4P7, 2P3, 5P7, 6P;

(2, 3,9) 18 P

(2, 3, 11) 12, 24 5P11, 10P;,

Proof. Applying the Riemann—Roch theorem to I'\'H, we have the fol-
lowing
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LEMMA 1.

and for even k > 2,

2)  dimSy(I) = [(61 M] + [(ezl)ﬂ + {(631)’1 — k41

2eq 2eq

Furthermore, if k > 2 and f € Si(I"), then
(3) Z Op(f)—l—OPl(f)+OP2(f)+OP3(f):<1—1—1—1>];

P#Py,P,Ps ‘1 = €3
where Op(f) is the order of f at P.

Proof (of Lemma 1). For the proof of (1) and (2), see ([Sh2], §2.6).

For any P € H, denote by P the image of P under the projection H —
I'\'H. Let Gp be the isotropy group of P and e(P) the order of Gp; then
e(P;) =e;fori=1,2,3 and e(P) = 1 for other P. Choose a local parameter
zp such that Gp operates on zp by multiplication by eth roots of unity;
then t = (zp)° is a local parameter of P in I'\’{.

Let f € Sp(I"). Then w = f(dz)*/? is invariant under I'; hence represents
a holomorphic differential form of I'\H. Let Op(w) be the order of w at P
in I'\'H. We have

w = f(£)(dt)*? = utOFW) (dt)*/? = u(zp)OF@) (e(2p)*Ldzp)*/?
_ uek/Q(Zp)e(O};(w))—i-k(e—l)/Z(dzp)k/Q’

where u is locally holomorphic and nonzero around P. Therefore
(4) Op(f) = €eOp(w) + k(e —1)/2.

As we know, on an algebraic curve of genus g, the sum of the orders of a
differential form of degree 1 is equal to 2g — 2. Here g = 0. Hence

(5) Y O0pw)+O0p, () + O0p,(w) + Op, (w) = —k.
P#P,,P>,P3
(3) results from (4) and (5).

Next we compute dim Sk(I") and possible divisors for those I" listed in
Shimura’s table. Theorem 1 gives a complete list of those I’s and k’s for
which one knows explicitly from the above formula that Ag (I, k) is zero at
only one elliptic point.

Since X is defined over Fr, and S,(I") & H°(Xr/c,w;,) where w;, is
the sheaf of modular forms of weight k which is also rational over F, this
cohomology group evidently admits an F structure Si(I")o. We choose Apg
to come from Si(I")o. It is obviously a Hecke eigenform as dimSi(I") = 1. =m
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In many cases, one can even prove that the modular forms nonvanishing
outside the elliptic points generate the graded algebra

S(I) = fj Si(D).

k=0, k even

Here are two examples.

THEOREM 2. (1) Let I’ be the group with signature (2,3,8). Let Aq2, Aqg
be the generators of S12(I"), S16(I") respectively, from Theorem 1. By (2)
and (3) in Lemma 1, Sso(I") is one-dimensional and generated by a modular
form Asg, whose divisor is Po + Ps. Then S(I") = C[A12, Ayg, Aso]-

(2) Let I' be the group with signature (2,3,7). Let Aqa, Agg, Ago be the
generators of S12(I"), Sas(I"), Saa(I") respectively, from Theorem 1. Then
S(F) = C[Alg, AQS, A42}.

Proof. We only prove (1). The proof of (2) is similar.
We use induction on k. For k < 30, we can construct the following table
from (2) and (3) in Lemma 1:

k 246810 12 14 16 18 20 22 24 26 28 30
dim Sy, (F) 0000 O 1 0 1 0 0 O 1 0 1 1
generator Aqa A1g A%g A190A16 Asg

One sees that all Sg(I") for k& < 30 can be generated by Ajs, Ajg and
Aszg.

For k > 30, consider the map Sk_16(I") — Sk(I") with f € Sp_16([") —
fA1s € Sk(I'). It is an isomorphism if and only if dim Sk (I") = dim Si—16(I").

By (2) in Lemma 1,

dim 8,(T") = m + m + [7’“} —k+1

4 3 16
= [k:lm] +4+4 m + [W] +7—(k—16)—16+1
_ S+ m ML Y

Since

-{i

we can reduce k by 16 if £ Z 0 (mo .If £k =0 (mod 3), then £ = 0
(mod 6). As k > 30, k = 12l or k = 30+12(l—2) for some [ > 2. So

] + 5 otherwise,
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Al, € 8i(I') or AzgAl5% € Si(IN). Both are nonzero at Py since Ay and
Agg are. Given any f € Si(I"), we can choose suitable ¢ € C such that
g = f—cAly or f— cAzgAlS? vanishes at Ps. Then g = hA6 for some
h € Sk_16(I"). Again k is reduced by 16. m

4. Analogs of j(z). Let P, @ and R be the three elliptic points of
I'. In this section, we modify the Shimura canonical model to get a new
parametrization jp with a simple zero at P and a simple pole at @), and
such that it is integral at R.

For any CM point z, let K, be the associated totally imaginary quadratic
extension of F’ which can be F-linearly embedded into B. By Shimura’s Main
Theorem 1 (see [Shl, p. 73]), Fr(¢(z)) = M, is a finite abelian unramified
extension of K,. If the class number of K, is 1, then M, = K. Since P, @,
R are the fixed points of v1, 72, 73, they are CM points (see [Shl, p. 66]).
Let Mp = MPMQMR.

PROPOSITION 1. There exists a modular function jp = jp(I', k), rational
over Mp, such that M(I")o®p,. Mpr = Mr(jg), div(jp) = P—Q, and jp(R)
is integral (in Mr).

Proof. As (X, ¢) is the Shimura canonical model, ¢ gives a birational
isomorphism of I"'\'H to X (C). Therefore ¢ has a simple zero X and a simple
pole Y which are both Fp-rational. From the above argument, our jp can
be obtained, up to a nonzero scalar in M, from ¢ via an automorphism
of P! over M which sends X, Y to P, Q respectively. Consequently, jp is
rational over M. For any CM point z, jp(z) will take values in M, Mp. In
particular, jg(R) € M. Now, we normalize jg so that jp(R) is integral. m

REMARKS. 1. This property of jp is an analog of the classical property
of the j-function, namely: j(oco) = oo, j(i) = 0 and j(o) = 1728 € Z.

2. Some explicit examples have been developed in the last section, where
the class numbers of the relevant CM fields are 1, so M = KpKgKRrg, the
compositum of the fields attached to P, @, R.

3. If the three elliptic elements of I' have distinct orders, then jp is
rational over Fp ([Shl], (3.18.3)).

Furthermore, we can write out our jp explicitly, up to a scalar, in terms
of our Ap’s in the following two cases.

THEOREM 3. (1) Let I' be the group with signature (2,3,8). Then
Aty JA3s is a generator of M(I') whose divisor is supported at vertices.

(2) Let I' be the group with signature (2,3,7). Then Al,/A3, is a gen-
erator of M(I") whose divisor is supported at vertices.
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The proof follows by computing the divisors: For (1), div(Al,/A3s) =
4(2Pg/8) — 3(P5/3) = Ps — Ps. It has only a simple zero and a simple pole
at vertices. (2) is similar.

5. The relative integrality result

THEOREM 4. Fix any I' and k in the table of Theorem 1. Let Ag be as
in Section 3 with zeros only at Q and jp as in Section 4. For o € BT, set

_( det(§(a)) \* Ap(az)
)= (i) o) B

Then ¢q, is a modular function for I'n = I'Na™ ' Ta. Moreover, ¢o, is integral
over Mr[jg].

Proof. Let

/ det(E(a))
Aslo = <j<s<a>,z>2

Straightforward computation gives

(AB|(1)|a—1'ya(z) = AB|Q(Z)'
Therefore ¢, = Aply/Ap is invariant under I,. Also it is easy to verify
that ¢ya(2) = ¢a(2) and ¢ay(2) = ¢a(72) = dals(2).

Now, let I'al’ = |Ji_; I'a; be a disjoint union of right cosets, and v
be any elementary symmetric function of {¢,, : ¢ = 1,...,7}. Then ¢,,
depends only on the right coset where «; lies and {¢q,;|y : ¢ =1,...,7}
is just a permutation of {¢,, : i =1,...,r} for any v € I'. So ¢|, = ¢
Consequently, 1 € C(jp).

Assume ¢ = f(jp)/g(jp) where f, g are relatively prime polynomials;
then v has a pole at any point z such that jp(z) is a root of g. Since ¢,
(hence 1) has poles only at points I'-equivalent to @ and jg(Q) = oo, g
must be a constant, i.e. ¥ € C[jg].

Since Ap is Fr rational, the map & : Si(I')g — Sp(a I a)o with Ap
Ap|q is defined over Fr from the theory of canonical models. Therefore
¢ € Mp[jp]. Hence ¢, is a root of the monic polynomial [;_,(z — ¢q,) €
Mp[jp|x].

COROLLARY. For each o as above, there exists a nonzero 3, € Opr,. such
that for any CM point z, Bada(2) is an algebraic integer whenever jp(z) is.
In particular, Boda(z) is integral in MpK(z)2P.

>kAB(az).

Proof. Assume ¢, is a root of the polynomial

Bat™ + an_1(jB)z" " 4+ ...+ ai(jB)z' + ... + ao(jB)
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with 0 # 8o € Opmpyai(js) € Opmyljs] for @ = 0,...,n — 1; then one can
check that §,¢. is a root of the polynomial

"+ an,l(jB)x"_l + ...+ ,Bg_l_iai(jB):L’i 4+ ...+ ﬂg_lao(jB).

Evaluate the polynomial at a CM point z. If jg(z) is an algebraic integer,
then it is a monic polynomial with integral coefficients. Therefore B¢ (2)
is an algebraic integer. m

6. Examples. In this section, we will give two examples of arithmetic tri-
angular groups and find the relationship between the standard parametriza-
tions.

PROPOSITION 2. Let F = Q(v/2) and B = F + Fi + Fj + Fk where
i?=-3,2=V2and k =ij = —ji. Let

140 2—-1 2—-1)3 5 k
r = , y:\f +(\f )—1—1—1—7, z=
2 2 6 2 2
O =7Z[V2|[1,z,y,2].

Then O is a mazimal order of B.

_|_

pO |
N |

Proof. We first prove that every element in O is an integer by showing
the integrality of its reduced trace and reduced norm ([Ji], Chap. 5). The
fact that O is a ring follows from the

Multiplication table

1 x Yy z

11 T Y z
z | x x—1 WV2—1Dzx—y+=z (V2-1)+ (V2 -1z
— 3y + 2z
vy —V2-D4y—2 [(VZ-Dy+(2-1) [1-(VI-Da-(VI-1)y
+(V2-1)z

zlz| -(V2-1)—-(W2-Dz | (V2-1)+ (21 2

+3y —2 +(W2-1)y

Finally, the maximality of O can be verified by showing that the reduced
discriminant of O, disc(0Q), is v/2, the only finite prime of F' which ramifies
in B ([Vi], Corollary 5.3, p. 94). m

We consider the two groups I['* = {y € Bt : 7O = Oy} and I' = {v €
BT : Np/p(y) = 1}. We first give them an explicit description.

Let K = Q(v/2), a real quadratic extension of F. Fix an embedding
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with

= (53) (T %) (G )

Then
11 V2-14-V2 \@éfi‘@
2 2
$'_’<_g ;)’ Y7\ v vaa-ds |0

Identifying B with its image in Ma(K), let

1 24V24+V2 24V/2-Y2
_ . 2 _ _ 2 6
771—33—<_;, >a 7]2—1+95+y—(_2+\/§+% 2—&-\/5—%)’
2 2
0 24+v2— V2
_ _ 3
N3 =mm2 = )
—(2+V2+V2) 0
11 1 V2+ V2 24v2- V2
== 2 2 Ny = n2 = 2 6
-3 1) 242" _2+\/g+% \/553/5

_1 2v/2+1-2V2
_ _ 2 6
Y3 =712 = _2\/§+1+2<1/§ 1 .
2

N[ N =

2

Then as an element of the group AutH of all analytic automorphisms
on H, i =15 =n3 =mmenz = 1and 7} =73 =95 = vz = 1 It
is easy to check that I = (n1,m2,m3), I' = (71,72,73), and [[™* : I'] = 2
with I = I'U I'ng = I' U I'ns. Fundamental domains of I'* and I are
shown in Figure 1, where (1, @2, Q3 and P;, P, P3 denote the fixed points
of 11,m2,n3 and 71,72, 73 respectively.

Fundamental domain of I™* Fundamental domain of I
Ql P
Q3
Q2 Py
Py

Fig. 1
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From Section 4 there are parametrizations for I'* and I" with only a sim-
ple zero at one elliptic point and a simple pole at another one. We normalize
them as follows:

e jp : the modular function of I'™* with

div(jp) = (Q1) — (Q2) and jp(Q3)=1.
e \p: the modular function of I" with
div(Ag) = (P;) — (P3) and Ap(FPy)=1.

PROPOSITION 3. Let F', jp and Ap be as above. Then jp is rational over
F and X is rational over Mr = Q(v/2,/3,1).

Proof. Since the generators 71, ne2 and ns have different orders and the
class number of F' is 1, it follows from Remark 3 in Section 4 that jp is

rational over F.
To find My, notice that the characteristic polynomials for v1,v2,v3 are

P (x)=2*—x+1, P,(x)=2>-V2+1, P,lz)=2’=z+1.

Therefore
Kp, = F(\/gz) = Q(ﬁv \/gz)v Kp, = F(\fQZ) = Q<\/§7Z)7 Kp, = Kp,.
Using the software tool “Pari”, one knows the class numbers of Kp,, Kp,
are both 1. By Remark 2 in Section 4, we have My = Kp, Kp, = F(1/3i) =

Q(V2,v/3,i). m

In the classical case, for the canonical level 2 modular function
A T'(2)\H* — P(C),
the map from the A-line to the j-line is given by
2 3
J(A) = 2° ();\2(_/\/\_—’_1)12)
We also have this kind of result for ™ and I
THEOREM 5. Let jg, Ap be as above. Then jp = —4\p/(1 — Ap)2.

Proof. It is easy to check
V3 —v/2+/2i
:P pumy P :72.7 :P :—’
@1 1=l = 3 Q2 =P, 2+ Vot 2

V2 +2i V3i
Qs=—F72—1=, DPys=mh = ="
2+V24 V2 2V2+1+2V2
Denote by [A]* ([A4]) the I™*-equivalent (I'-equivalent) class represented by
A. Let P, be the natural projection
I'\H 25 re\H.
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?[ICI; ]S}ees prH[@"} = {[A, [P}, PTHIQa"} = {[Q:]}, PTHIQs]"} =
liTo"cicing that Agly, € M(I") and

ABlys (P1) = Ap(n3P1) = Ap(P3) = o0,
ABlys (P3) = Ap(n3P3) = Ap(Py) = 0,
ABlns(P2) = ABln, (P2) = Ap(n2P2) = Ap(P2) =1,
we have Ag|,, = 1/Ap.
Now look at 1/(1 — Ag) € M(I"). We have
1 1 1

P =L () =0, () = oo
(1_1)\3) 773(131): 1_1/\3(773 1) 1_1)\3( 3) =0,
<1—1)\B) ng(P2):<1_1)‘B> 772( 2) 1_1)\ (n2Pz) 1 1)\B(P2):oo

Hence as a modular function of I’

av (=5 (125 )| ) =m0+ aen - 2,

Viewing it as a modular function of '™,

. 1 1
dlv(l—AB <1—>\B)

therefore up to a scalar multiplication, it can be identified with jp as a
modular function of I™*.

Uk

) — (1Qu)) = ([Q)%) = div(jn),

n3

Since
1 11 g
1=Xg /|, 1=2Alps, 1-1/Ag  Ap—1’
we have
AB .
__ B _
1-rg2 78

for some nonzero constant C.

Observe that )\%(Qg) = )\B(QB))\B(TZSQ?)) = AB(Q3))\B|773(Q3) = 1, SO
AB(Q3) = £1.

Since Ap(P2) = 1, P, and Q3 are not [-equivalent, Ap(Qs3) = —1.
Combining this with the fact that jp(Qs3) = 1, we conclude C' = 1/4. So
—AB/(]. — )\3)2 = jB/4, ie. jB = —4)\3/(1 — )\B)Q. | |
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