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1. Introduction. We study the distribution of rational points on certain
K3 surfaces defined over an algebraic number field k of finite degree, namely
the Kummer surfaces S/k attached to abelian surfaces A/k which are k-
isogenous to E x E, the product of an elliptic curve with itself. (We will
also make some minor simplifying assumptions, such as A[2] C A(k), and if
E has CM, then k contains the CM field.) These are precisely the abelian
surfaces which contain infinitely many abelian subvarieties of dimension one.
The image of these abelian subvarieties of A in the Kummer surface S gives
infinitely many rational curves on S.

Our main results (see Theorems 3.2 and 3.6 for details) describe the
height counting function for the rational points on S which lie on the rational
curves just described. Our results are compatible with one of the conjectures
of Batyrev and Manin, but do not provide a proof of the conjecture because
S(k) may contain points not lying on these rational curves.

1.1. Distribution of rational points on a variety. Let k be an algebraic
number field of finite degree and V/k a non-singular projective variety. It
is one of the most important problems in number theory to study the set
V (k) of k-rational points on V.

One can study the structure of V(k), especially the distribution of k-
rational points on V', by using height functions in the following way:

Let hp : V(k) — R be an absolute logarithmic height function associated
with an ample k-rational divisor D on V. We define the counting function
NV (k),hp;T) for T € Ry by

N(V(k),hp;T) = #{P € V(k) : hp(P) < T}.

For varieties V of certain type, one can obtain very important information on
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2 A. Sato

V (k) by investigating the asymptotic behavior of N'(V (k), hp; T) as T — oc.
We quote two classical results.

EXAMPLE 1.1 ([Sc]). For the (n — 1)-dimensional projective space P"~1,
we have the following asymptotic formula:

NP k), hpn—1;T)
_ ndT O(TeT) ifn=2 d=1,
et { O(e?=DT)  otherwise,
where hpn—1 : P"~1(k) — R denotes the standard absolute logarithmic height
function on P*~! which is a height function associated with a hyperplane
H, d denotes the degree of k, and ¢ is a positive number which can be

expressed in terms of the class number of k, special values of the Dedekind
zeta function of k, etc.

as T — oo,

EXAMPLE 1.2 ([N]). For an abelian variety A/k, we have the following
asymptotic formula:

N(A(k),hp;T) = c¢T™? + O(TT=Y/2)  as T — oo,

where r denotes the rank of the Mordell-Weil group A(k) and c is a positive
number which depends on the algebraic equivalence class of D. This is a
consequence of the Mordell-Weil Theorem and the theory of the canonical
height functions.

REMARK 1.3. We can show a similar formula to Example 1.2 for a variety
which has an abelian variety as an unramified covering, say a hyperelliptic
surface (see [MS]).

We note that these formulas have the form “main term + error term”,
and that the growth order and the leading coefficient ¢ of the main term are
closely related to geometric invariants of V' and arithmetic invariants of k.

In view of these results, an optimist might have a dream that, for any
variety V', investigating the asymptotic behavior of the counting function
N(V(k),hp;T) as T — oo presents something which is related to geometric
invariants of V' and arithmetic invariants of k.

However, after a short study on some other varieties, we have to realize
that the dream is just a dream. For example, let A/k be an abelian surface
and V — A the blow-up of a k-rational point on A. For such a variety V', we
cannot expect that investigating the asymptotic behavior of N'(V (k), hp; T')
would work for studying the geometry of V. Indeed, Example 1.1 combined
with Example 1.2 tells us that the counting function presents the information
only on the exceptional curve. In other words, the exceptional curve has too
many rational points than its complement does. We cannot view the whole
shape of V through the counting function without removing the exceptional
curve.
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It sometimes happens that rational points on a variety concentrate on
closed subvarieties of lower dimension. Accordingly, studying the distribu-
tion of rational points on a variety V/k, we have to investigate the asymp-
totic behavior of the counting function N (U(k), hp;T) for a suitable non-
empty Zariski open subset U/k of V.

1.2. A conjecture of Batyrev and Manin. Recently, Batyrev and Manin
[BM] introduced geometric and arithmetic invariants for ample divisors on
a variety, and described a conjecture about their relation (cf. also [Mo]
and [S3]).

Let k be an algebraic number field of finite degree and V/k a non-singular
projective variety. Let N.S(V') denotes the Néron—Severi group of V', and let
N1(V) be the closed cone in NS(V) @z R generated by effective divisors
onV.

For an ample k-rational divisor D on V', we define a geometric invariant
a(D) e R of D by

a(D)=inf{y eR:D@vy+ Ky ®@1¢€ Ng(V)},

where Ky is a canonical divisor on V. For an ample k-rational divisor D on
V and a non-empty Zariski open subset U/k of V', we define an arithmetic
invariant By (D) € RU{—oo} of D and U by

1
—— infes e R: Hp(P)™® <ooy,
[k: Q] { per:(@ b }

Bu(D) =

where Hp : V(k) — Ry is an absolute exponential height function associ-
ated with D. Since the height function Hp is defined up to multiplying by
bounded functions, Sy (D) does not depend on the choice of Hp. It is easy
to see that a(D) and [y (D) depend only on the algebraic equivalence class
of D, and that

a(mD) = %Oé(D) and [y(mD) = %ﬁU(D)
for m € Z.

REMARK 1.4. (i) It is known that the signature of o(D) and (D) are
independent of the choice of D.

(ii) One easily observes that either Sy (D) = —oo or Gy (D) > 0. The
former case holds if and only if U(k) is a finite set. In the latter case, Gy (D)
can be expressed with the counting function as follows:

By (D) = inf{0 € Ry : N(U(k),hp;T) < T as T — c0}.

1
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4 A. Sato

CONJECTURE 1.5 ([BM]). For any € > 0, there is a non-empty Zariski
open subset U/k of V' such that
BU(D) § a(D) + €.

We have o(H) = Opn-1(H) = n in Example 1.1, and a(D) = 4(D) =0
in Example 1.2. Thus the conjecture holds for these varieties. We note that,
in the case a(D) < 0, the conjecture for a field k¥ immediately implies the
conjecture for any subfield of k.

ExaMPLE 1.6. If V = C is a curve of genus g, we easily see
2—2g
D) =
(D) deg D
for an ample divisor D on C. Thus we have:
(i) a(D) > 01if g = 0.
(ii) (D) =0 if g = 1.
(ili) (D) < 0if g > 2.
Note that the conjecture for the case g > 2 is nothing but the Mordell-
Faltings Theorem.

EXAMPLE 1.7 ([Mo]). If V' = S is a surface, then the Kodaira dimension
%(S) and the geometric invariant a(D) satisfy the following:

(i) a(D) > 0 if k(S) = —o0.
(ii) (D) =0 if K(S) =0 or 1.
(iii) a(D) < 0 if x(S) = 2.

Let S/k be a non-singular projective surface without (—1)-curves and of
Kodaira dimension zero. For such a surface S, Conjecture 1.5 asserts: For
any € > 0, there exists a non-empty Zariski open subset U/k of S such that
Bu(D) <e.

In cases where S is an abelian surface or a hyperelliptic surface, we have
Bs(D) = 0 (see Example 1.2 and Remark 1.3). Moreover, it is known that
the conjecture for Enriques surfaces can be reduced to the conjecture for
K3 surfaces (cf. [Mo]).

If there exists a rational curve (i.e., a curve of genus zero with a ratio-
nal point) L/k lying on S, one easily observes that there exists a positive
constant § such that

N(L(k),hp;T) > T as T — o

(cf. Proposition 3.4). Therefore, if there exist infinitely many rational curves
L/k lying on S and if the conjecture for S holds, we must take the subvariety
U again and again infinitely many times as € tends to zero. Thus, we have to
estimate the distribution of rational points on such rational curves in order
to show the conjecture for S.
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In the past several years, rational points on certain classes of K3 surfaces
have been studied in a number of papers. In 1991, Silverman [S2] constructed
the canonical height functions with respect to certain automorphisms of a
K3 surface and applied them to study the distribution of rational points
(see also [CS1]). This work has been generalized and studied precisely in
[Ba], [Bi], [CS2] and in [W]. Some of these papers showed that their results
are compatible with Conjecture 1.5, but did not provide the proof of the
conjecture. It seems that studying rational points on K3 surfaces is still
difficult. However, for the class of K3 surfaces called Kummer surfaces,
one can say a bit by applying the theory of abelian varieties (cf., e.g., [S1,
Example 4.4]).

Acknowledgements. The author would like to express his thanks to
Professor Yasuo Morita for wonderful suggestions.

2. Notation and definitions. Let £ be an algebraic number field of
finite degree, A/k an abelian surface, and let S be the Kummer surface of
A. Then we have the following commutative diagram:

N

_E>.57

o)

e

-

N

where o : A — A denotes the blow-up of the sixteen points A[2] of order
two on A and 7 : A — S the natural projection. Let A denote the open
subvariety A — A[2]/k of A on which the rational map w is regular. For
each Q € A[2], we have a (—1)-curve o~ 1(Q)/k lying on A\, which provides

a rational curve (defined over k) lying on S. We denote by L the rational
curve and by S the open subvariety S — U ap Lo /k of S. Then we have

w1 (S(k)) = A(k) N A(k),

where A(k) denotes the set of points P on A such that {P,—P} is stable
under the action of Gal(k/k):

A(k) = {P € A(k) : {P,—P} is Gal(k/k)-stable}.
REMARK 2.1. (i) For P € A(k), one of the following holds:

(a) P is defined over k.

(b) P is defined over a quadratic extension K/k and satisfies P7(5) =
—-P.
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Here o(K) denotes the generator of Gal(K/k). Thus we have
Alk) = A(k)u | ] {PeAK): P7¥) = —P}.
[K:k]=2

(ii) Each set {P € A(K) : P°®) = —P} can be identified with the set
of k-rational points on the twist of A with respect to the 1-cocycle
1 ifolg =1,
[—1] if o|x = o(K).
We note that the sets A(k) and {P € A(K) : P°5) = —P} are almost

disjoint. More precisely, we have
A(k)N{P € A(K): P°5) = _P} c A[2]

Gal(k/k) — Aut(A), o {

and
{Pe AK): P°5) = _Pyn{P e AK'): P"K) = _P} c A2

for distinct quadratic extensions K and K’ of k.

(iii) We can describe the distribution of k-rational points on A and on
each twist of A. However, that does not help us to study the set A(k), for k
has infinitely many quadratic extensions.

Suppose that there exists an elliptic curve (i.e., a one-dimensional abelian
subvariety) C/k lying on A. Then, for each Q € A[2], the curve 7o(C)/k
lying on A is stable under [—1] € Aut(A), and hence it provides a rational
curve (defined over k) lying on S. Here 7¢ denotes the translation-by-Q map
on A. We denote by Lg ¢ the rational curve.

Let C denote the set of all elliptic curves (defined over k) on A, and £
the set of rational curves on S obtained as described above. For each L € L,
we denote the open subvariety L N S of L by L. Note that the surjection

A[ ] XC—>,C, (Q,C)HLQL',

gives four-to-one correspondence between A[2] x C and L. More precisely,
one easily shows:

LEMMA 2.2. For (Q,C),(Q',C") € A[2] x C, the following conditions are
equivalent:

(a) Lg.c = Lo cr-
(b) C=C" and Q = Q" (mod C[2]).

For a projective variety V/k, a “height” function h : V (k) — R and a sub-
set V C V(k), we define two counting functions N'(V, h; T) and N (V, h; T)
of T'€ Ry by

NV, T)=t{PeV:h(P)<T},
Ni(V,T)=#{PeV:0<h(P)<T}
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3. Main results. The purpose of this paper is to study the distribu-
tion of rational points on rational curves L € L in the case where the set
L consists of infinitely many rational curves. This condition, §£ = oo, is
equivalent to the following (see Proposition 4.1):

(CO)  The endomorphism algebra End(A) ®z Q is isomorphic to Ma(F)
over a field F.

We note that the field F' in (CO) is isomorphic to the field Q of rational

numbers or an imaginary quadratic field.

Until the end of this section, we assume the condition (C0). Then there
exists an elliptic curve E/k satisfying the following two conditions (see Re-
mark 4.2):

(i) A is isogenous to E x E (over k).

(ii) End(FE) is isomorphic to the maximal order R of F.

We fix such an elliptic curve E and an isogeny ¢ : A — E x E. Then the
map C +— ¢(C) gives one-to-one correspondence between C and the set of
all elliptic curves lying on E x E, and its inverse is given by E’ +— QZ(E' ),
where g/g : E x E — A denotes the dual isogeny of ¢.

We shall partially order the elliptic curves lying on E x E (or the elliptic
curves lying on A) according to their degrees, and study the asymptotic
behavior of the number of elliptic curves C' € C of bounded degrees (cf. [K,
Corollary 1.3]). We fix {O} x E+ E x {O} as an ample divisor on E x E
and define the degree of E' (with respect to {O} x E + E x {O}) by

deg ' = E'.({0} x E+ E x {0})
for elliptic curves E’ lying on E'x E. Then we obtain the following asymptotic
formula which will be shown in Section 4.2:
PRroPOSITION 3.1. We have
#{C eC:degop(C) < T} < THFQl 45T — 0.
For simplicity, we assume that the field k is sufficiently large so that the
following conditions are satisfied:

(C1) Every two-torsion point on A is k-rational.

(C2) The elliptic curve E is defined over k.

(C3) Any element of End(E) is defined over k.

(C4) The isogeny ¢ : A — E X E is defined over k.
Then each L € L is defined over k (see Proposition 4.9(iii)). Moreover, the
rational curves L € L are almost disjoint. More precisely, we have

@ H(L(k) N L' (k) € Ak) N AR)ior

if L # L' (see Remark 4.11). Note that the set A(k) N A(k)o, is finite (cf.
Remark 2.1).
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Let D be an ample k-rational divisor on S, and let hp : S(k) — R (resp.
Hp : S(k) — Ry) be an absolute logarithmic (resp. exponential) height
function associated with D. To state the main results, we need three positive
constants my, co, ¢;,. We will give their definitions later (see Lemma 4.7 and
Lemma 5.1(i)), and just mention their dependencies for the present. The
constant mg is an analogue of the class number of F' and depends only on
F, while the constants ¢y and ¢} are used to compare two different height
functions on A and depend on the choice of E, ¢ and D.

The following theorem, which will be shown in Section 5.2, shows that the
distribution of rational points on | J; ., L is compatible with Conjecture 1.5:

THEOREM 3.2. For each M > 0, define a finite subset Ly C L by
Ly ={Loc:Q€ A2, Cel, degop(C)< M}.

Then
N((L = La)[k], hps T)
. 4|k -
< T eXp<[k:(]%]mocoT> uniformly in M as T — o0,
where

(L-Luw)kl= | L.

LeL—Ly

COROLLARY 3.3. The Dirichlet series

> Hp(P)®

Pe(L—La)[K]

converges for s > 4[k : Qlmoco /M.
In a similar fashion to the proof of Theorem 3.2, we can prove:
PROPOSITION 3.4. For each (Q,C) € A[2] x C, we have
N(Lq,c(k),hp;T)

Ak : Q](C) T) uniformly in (Q,C) as T — oo.

> e —
(g

COROLLARY 3.5. The Dirichlet series

> Hp(P)*

PELQ,c(k)
diverges for 0 < s < 4[k : Q]/(mocy deg o(C)).

From Theorem 3.2 and Proposition 3.4, we conclude:
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THEOREM 3.6. For each M > 0, take N > M sufficiently large so that
{CeC: M <degpp(C) < N/(mdcoch)} # 0.
Then
N((ﬁ—ﬁM)[k],hD;T)NN((ﬁN—ﬁM)[k],hD;T) asT—>oo,
where
Ly - L)k = | LK)
LeLn—Lm

From the last theorem, we see that, for any subset £ C L, almost
all rational points on J; ., L concentrate on finitely many rational curves
L € L’ of lower degree (note that £ — L consists of finitely many rational
curves).

Although J; ., L is a dense subset of S, the set |J, ., L(k) of ratio-
nal points might be tiny as compared with S(k). Therefore we have not
proved Conjecture 1.5 for S. However, we have seen that | J; ., L has a large
amount of rational points at the same time. Theorem 3.6 suggests: What-
ever non-empty Zariski open subset U/k of S we take, the counting function
N(U(k),hp;T) will not be able to describe the whole shape of S. Thus, we
cannot expect an asymptotic formula for S as in Examples 1.1 or 1.2. It

seems that these results present an evidence for the difficulty inherent in
the study of the distribution of rational points on a K3 surface.

4. Elliptic curves lying on abelian surfaces. In this section, we study
the set C in a different way from [K] and give the proof of Proposition 3.1.
Until the end of Section 4.2, all varieties and morphisms are assumed to be
defined over k.

4.1. Elliptic curves lying on A. First, we show that the condition (CO0)
in Section 3 can be rephrased in terms of the endomorphism algebra of A
as follows:

PROPOSITION 4.1. The set C consists of infinitely many elliptic curves
if and only if the endomorphism algebra End(A) ®z Q is isomorphic to the
total matriz algebra Mo(F) over a field F.

Proof. For an abelian surface A, one (and the only one) of the following
holds (cf., e.g., [Mi, Proposition 12.1]):

(a) A is simple.

(b) A is isogenous to Fy x Ey for non-isogenous elliptic curves E; and Fs.

(c) A is isogenous to E x E for an elliptic curve E.

Moreover, each of these conditions implies the following, respectively:
(a)* End(A) ®z Q is a skew field.
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(b)* End(A) ®z Q is isomorphic to (End(E;) ®z Q) & (End(E>) ®z Q).
(c¢)* End(A) ®z Q is isomorphic to My (End(E) ®z Q).

In case (a) or (b), one easily shows that the set C consists of finitely many
elliptic curves:

i = {g %n case (a),

in case (b).

In case (c), the set C consists of infinitely many elliptic curves as we will
observe below. m

REMARK 4.2. In case (c) in the proof above, we can take the elliptic
curve E so that End(F) is isomorphic to the maximal order of F'.

In the rest of this section, we assume the condition (C0), and we fix an
elliptic curve F satisfying the following two conditions:

(i) A is isogenous to E x E.
(ii) End(FE) is isomorphic to the maximal order R of F'.

Moreover, we fix an isogeny ¢ : A — E x E.

4.2. Elliptic curves lying on E x E. Let p (resp. q) denote the first (resp.
the second) projection from E x E to F, and fix a ring isomorphism

[(]: R— End(E), ar~ [a].
Then each (a, 3) € R? — {(0,0)} induces a morphism
E—ExE, Pw(alP[dP),
which gives an isogeny 1, g from E to an elliptic curve E, g lying on F'x E.

REMARK 4.3. If F' is an imaginary quadratic field (i.e., F has complex
multiplication), then Ker ¢, 3 is isomorphic to m’ —1 / R and hence deg vy 5 =
Nm, 3 holds. Here, m, g denotes the (mtegral) 1deal in F' generated by a
and 3, and Nm, g its norm.

LEMMA 4.4. For (a, 3), (!, 8") € R? — {(0,0)}, we have:
(i) Eap = Eo g if af = d/p.
(ii) Eas N Eqy g C (E X E)tor, therefore Ey g # Eo g if a3’ # o/ 5.

Proof. (i) Clear.
(ii) Suppose that

([a]P,[8]P) = ([«'] P, [B']P")

for some P, P’ € E(k). Then
[af’ —d'BIP = [af —d'B]P' =

which implies P, P’ € Ei,,. =
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The proof of Proposition 4.1 is completed by the following proposition
and corollary:

PROPOSITION 4.5. The map (o, ) — E, g induces one-to-one corre-
spondence between the set PL(F) of F-rational points on the projective line
and the set of all elliptic curves lying on B x E.

COROLLARY 4.6. There exists one-to-one correspondence between P! (F)
and C.

Proof (of Proposition 4.5). It suffices to show that any elliptic curve
lying on E x E can be expressed as E,_ g for some (a, 3) € R?> —{(0,0)}. Let
E’ be such an elliptic curve. Then p|g and ¢|g are morphisms of abelian
varieties from E’ to E. Since either p|g # 0 or ¢g|g # 0 holds, E’ must be
isogenous to E. By taking an isogeny A : E — E’, we have B’ = E, 3 for
[a] =pler oA, [B] =q|lpr oA € End(E). =

Before giving the proof of Proposition 3.1, we show the following lemma:

LEMMA 4.7. There exists a positive constant mq for which the following
holds: Any element of PY(F) can be represented by some (o, 3) € R? —
{(0,0)} satisfying deg a5 < mo.

REMARK 4.8. If F' is of class number one, the lemma above clearly holds
for mg = 1.

Proof (of Lemma 4.7). It suffices to show the lemma in the case where
F is an imaginary quadratic field of class number greater than one. Let
m® . m® be integral ideals in F so that any ideal class of F is repre-
sented by one of these, and we fix a non-zero integer u € ﬂ?zl m(),

For any (o/,3") € F? —{(0,0)}, there exists v € F* such that m;,lﬁ/ =
ym® for some i. By putting & = yuo/ and § = yuB’, we have (a,f) €
R? —{(0,0)}, af’ = /3 and

[NE/o(p)
Nma g = N(ypmar pr) = W

Hence the inequality holds for mg = |[Np/q(u)| (cf. Remark 4.3). =

Proof of Proposition 3.1. For any («, 3) € R?—{(0,0)}, the degree (with
respect to {O} x E+ E x {O} = Ey 1 + E1) of E, s can be expressed as

degla| + deg|s
deg B g = g([ie]gqp ﬁg[ ]

Hence it follows from Proposition 4.5 and Lemma 4.7 that

H{C € C:deg¢(C) < T} < t{(a, ) € R? : degla] + deg[f] < moT7}.
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On the other hand, one easily shows that
#{(ov, B) € R? : deg[o] + deg[8] < moT} < THQ  as T — .
Hence we obtain the desired asymptotic formula. m

4.3. Some remarks on k-rationality. Now we assume the conditions (C1)-
(C4) of Section 3. These conditions imply:

PROPOSITION 4.9. (i) For any (a, 3) € R? — {(0,0)}, the elliptic curve
E, g, the isogeny Vo5 : E — Eo g and its dual isogeny Vo p : Fapg — E
are defined over k. Therefore any elliptic curve lying on E x E is defined
over k.

(ii) The dual isogeny &5\: Ex E — A of ¢ is defined over k. Therefore
any C € C 1is defined over k.

(iii) For any (Q,C) € A[2] x C, the rational curve Lg ¢ is defined over
k. Therefore any L € L s defined over k.

Since the elliptic curve E is defined over k, we can define E(k) in the
same fashion as A(k). We can also define E, g(k) and C(k) because of the
proposition above.

COROLLARY 4.10. (i) For any (o, 8) € R? —{(0,0)}, we have
Va,8(E(k)) C Eag(k),  $a,p(Eas(k)) C E(k).
(ii) For any C € C, we have
B(C (k) C SOV k), H(B(C){k)) € Clk).
(iii) For any (Q,C) € A[2] x C, we have
@ N (Lg,c(k)) = mo(C (k) N A(K).

REMARK 4.11. We recall that the rational curves L € L are almost
disjoint. More precisely, we have

@ (La.c(k) N Lo cr (k) C 1o(C{k) N1o/(C'{k)) € Alk) N AR)or
if Lo,c # Lg/, ¢ (cf. Lemmas 2.2 and 4.4(ii)).

5. Number of rational points of bounded heights. In this section,
we give the proof of Theorem 3.2. Notation and assumptions are the same
as in Section 3.

5.1. Reduction of the problem. Let dy denote the degree of the isogeny
¢ : A — E x E. For convenience, we fix the canonical absolute logarithmic
height functions on FE, F x E¥ and on A as follows:
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hp E(k) — R the height associated with (O),
ﬁExE :(E x E)(k) = R the height associated with Eq 1 + E1 g,
ha:A(k) — R the height associated with ¢(Eq 1) + ¢(F1.0)-

We recall that (O), Eo 1+ E1 and $(E0,1) + $(E1,0) are ample (and even)
k-rational divisors on F/, F x E and on A, respectively.

LEMMA 5.1. (i) There exist positive constants cg, c1, ¢, ¢y such that

doﬁA <cphpow+ecy on E(E)
and ~ ~_
dohp ow < cyha+¢;  on A(k).
(ii) We have
do/ﬁA :/f;ExEogb on A(k).
(iii) For each (o, ) € R — {(0,0)}, we have
deg Ea,ﬁ

deg ¢a,ﬁ

Proof. (i) Since the natural projection 7 : A — S is finite and surjective,
the pull-back 7*D is an ample divisor on A. Let h,«p : A(k) — R be an
absolute logarithmic height function associated with 7*D. Then

hpep = hpom+0(1)  on A(k)

(see, e.g., [L, Chapter 4, Theorem 5.1]). On the one hand, there exist positive
constants ¢ and ¢, such that

doha o0 < cohrop+0(1) on (A= | o7'(@)®)
QeA[2]

doh-p < chhaco+0(1) on (A— |J ¢'(@)®)
QEA[2]
(see, e.g., [L, Chapter 4, Propositions 1.7 and 5.4]). Hence we obtain the
assertion.
(ii) Immediate from
¢*(Eo,1 + Er0) = do(¢(Eo,1) + ¢(E10))
(see, e.g., [L, Chapter 5, Proposition 3.3]).
(iii) Since the pull-back of Ey 1 + E, by the morphism
E—EXE, P~ ([a)P[3]P)

is algebraically equivalent to (deg[a] + deg[5])(O), we have

hexe = hEotas on Eapgk).

and

hExE o a5 = (degla] + deg[ﬂ])ﬁE on E(k),
which implies the desired equality. =
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LEMMA 5.2. (i) Let ¢o and ¢y be the positive constants as in Lemma 5.1.
For a subset C' C C, define a subset L C L by L' ={Lg,c:Q € A[2], C €
C'}. Then

WU o) 2 37 0 (0. 10

LeL’ cec’
+ SHAE) N AF)er)

(ii) Let mq be the positive constant as in Lemma 4.7. Then, for each
C € C, we have

. B oo
N(CU), RasT) < modo e (B T 00T ),

Proof. (i) It follows from Lemma 2.2, Corollary 4.10(iii) and Lemma
5.1(i) that

- 1 -~
N(U LW T) <58 (U U meC) huT),
LecL CeC QeA2]/C[2]
where T7 = (¢oT + ¢1)/dp. As we mentioned in Remark 4.11, we have

MU U me@m)hs)

ceer Qeapl/c
N (U U 7olC®)ha’) + 8Ak) 0 ARBwr)
CeC’ QeA2)/C[2]
and

N(U U @)t

CeC’ QeA[2]/C2]

- Z Z N+(TQ(C<]€>),/HA;T/) =4 Z N+(C<k>,/f;A;T’)

CeC’ QeA[2]/C[2] cec

(note that ha oTg = haon A(K)). Therefore we obtain the desired inequality.
(ii) It follows from Corollary 4.10(ii) and Lemma 5.1(ii) that
N (CkY, ha; T) < do Ny ((C) k), hipw i; doT).

By Proposition 4.5 and Lemma 4.7, we can take (o, 3) € R? — {(0,0)} so
that ¢(C) = Eq g and deg 1o 3 < mg. Then it follows from Corollary 4.10(i)
and Lemma 5.1(iii) that

7 ~ mod
Nt (Bap(k), hpxm; doT) < moNy | E(k), hg; —T ).
deg E, g

Therefore we obtain the desired inequality. m
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5.2. Distribution of rational points on |J, ., L. Now, we fix a Weierstrass
equation for E/k of the form

E: y*=z3+ar+b (a,bck, 4a® +270% #£0).
Then E{k) = 2~ 1(P!(k)) and
hg = 3hpioz+0(1) on E(k),
where hp1 : P'(k) — R denotes the standard absolute logarithmic height
function on P'. On the one hand, it follows from Example 1.1 that
NP k), hp1; T) < exp(2[k : QT) as T — oo.
These formulas imply:
LEMMA 5.3. We have
N(E(k), hg; T) < exp(d[k : QT) as T — oo.
COROLLARY 5.4. The infimum
ho = inf{hg(P) : P € E{k), hg(P) > 0}
18 positive.
By the corollary above, we obtain:

COROLLARY 5.5. Let mqg and hq be the positive constants as in Lemma 4.7
and Corollary 5.4, respectively. Then, for C € C,

modo

Ny (Clk),ha;T) =0 if deg$(C) > T.

Proof of Theorem 3.2. It follows from Lemma 5.2 that
N((L = L) k], hp; T)

< 2modg Z N+<E<k>771\E§demO

oo ? #(0) (coT + a))

+ SHAR) N AF)or)

where Cpy = {C € C : deg¢(C) < M}. Moreover, it follows from Corol-
lary 5.5 that

0, e
S (B0 s T )

CceC—Cuy

< ﬂ{C € C:deo(C) < 0N e, cl>}N<E<k>,ﬁE; " (e + >)
0

Hence we obtain the desired asymptotic formula by Proposition 3.1 and
Lemma 5.3. m
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