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We estimate the maximum of H?Zl |1 — 2% | on the unit circle where
1 <a; <ap <...is asequence of integers. We show that when a; is 4% or
when a; is a quadratic in j that takes on positive integer values, the max-
imum grows as exp(cn), where ¢ is a positive constant. This complements
results of Sudler and Wright that show exponential growth when a; is j.

In contrast we show, under fairly general conditions, that the maximum
is less than 2™ /n", where r is an arbitrary positive number. One consequence
is that the number of partitions of m with an even number of parts chosen
from aq,...,a, is asymptotically equal to the number of such partitions
with an odd number of parts when a; satisfies these general conditions.

1. Introduction. Let A = {a,,}3°_, a1 < a2 < ..., denote a sequence
of positive integers. Let ¢§ ,,(m) denote the number of solutions to

m:ajl+...—|—ajr (1§]1<<3T§n)

where 7 is an even natural number and let g3 ,,(n) denote the number of
such solutions with r odd. We consider the generating function for g, , (m)

qil,n (m) - qil,n (m)

Fan(@) = [0 =) = 3 qanmp™

m>0

The case of a; = j has received a very careful analysis by Sudler [16]

and Wright [17], [18]. Sudler shows that if a; = j and
Mo = max[g,,, (m)|
then
log M4, = Kn+ O(logn)
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where K is explicitly given (K = .19861...). The fact that M, grows ex-
ponentially is perhaps surprising since Euler’s pentagonal number theorem
states that

[Ja-ah= 3 (pymatemm/s
k=1 m=—o00
(see Hardy and Wright [9]).

Let A, denote the sequence formed by taking the integers not divisible
by the prime p. P. Borwein [3] has determined the corresponding K for the
sequences A, for p =3,5,...,17.

In this note we first derive upper bounds on My, (see Theorem 2.1)
under the general conditions of Roth and Szekeres [14]. We then derive
asymptotic estimates for ¢% ,,(m) ~ ¢5,,(m) for m sufficiently near the
maximum of g3 ,,(m) (see Theorem 2.2).7

We next consider lower bounds for M4 ,. There is a close analogy be-
tween this problem and the following problem of Erdds and Szekeres [8]:
Estimate M (n) where

n

M(n) = min maxH|1—xkj|.

{Rseodon 2l =1

Here k4, ..., k, may be any positive integers, not necessarily the first terms
of a given sequence A.
The best upper bound for M (n) is that of Belov and Konyagin [2]

M(n) < exp(O((logn)*)).

Previously Atkinson [1] and Dobrowolski [6] proved the upper bound of
exp(O(n'/?logn)), and the upper bound of exp(O(n'/3(logn)*/3)) was ob-
tained by Odlyzko [12]. M. N. Kolountzakis [10] proved the upper bound
exp(O(n'/3logn)) for M(n).

The strongest lower bound v/2n is due to Erdés and Szekeres [8]. Erdés [7]
has conjectured that for all large n, M(n) > n*, k any constant. There has
been little progress on this old conjecture. The only non-trivial results are
due to Maltby [11]. These concern the norm of products of length n for
n=7,9,10,11 and show that the L; norm of these products exceeds 2n.

Define

[7() | oc = max [h(x)].
|z|=1
Clearly, any lower bound for M (n) is a lower bound for ||F4 ()] cc-

We exhibit families of polynomials, p(j), such that if a; = p(j) then
My, > c", c a positive constant. We also exhibit sequences A such that
M, < exp(O(n/? logn)).



Growth of the product H;L:1(1 — %) 157

We further conjecture that My , grows exponentially if a; is a polyno-
mial that takes integral values for integral j. (Such a polynomial p(j) is an
integral combination of binomial coefficients.)

2. Theorems and proofs. We shall use the following two conditions of
Roth and Szekeres [14] on a sequence A = {ay}:

(I) limg— o logag/log k = s exists, s > 0.
(I1) If

3
1
J == i f 4 27
§ (2ak)_11n§a§1/2 log k ; lovas

then J, — oo as k — oo (here ||z|| denotes the distance of z from the nearest
integer).

Roth and Szekeres [14] showed that the following sequences satisfy (I)
and (II):

(i) The sequence a; = f(j), where f(z) is a polynomial which only
takes integral values for integral x and has the property that corresponding
to every p there exists an integer = such that p{ f(x).

(ii) The sequence a; = f(p;), where f(z) is a polynomial as in (i) and p;,
denotes that jth prime.

Note that (ii) includes the case a; = p;. Also note that each of the above
f(z) is an integral combination of binomial coefficients (}).

THEOREM 2.1. Suppose A is a non-decreasing sequence of positive inte-
gers in which infinitely many members are even, and infinitely many mem-
bers are odd. Let A, = {a;, }?2 a5, < ag, < ..., be the subsequence of A
formed by all the odd elements. Moreover, suppose that A and A, satisfy (1)
and (IT) above. Then

|1 Fan(x)]loo <2"n™"  for any constant r > 0.

In [8] Erdds and Szekeres show that ||Fa ()]s = 0(2") for a certain A.
Theorem 2.1 shows that this is true for a quite general class of A.

Proof (of Theorem 2.1). We suppose that loga; ~ tlogj and loga;, ~
slog k, where s and ¢ are positive constants. Now notice that if z = exp(mi+
2mif),—1/2 <0 < 1/2 and a; € A, then

|1 — 2% | = 1+ e*™% = 2|cos(2ma;0)| < 2exp(—clla;0]?).

Letting a dash indicate a product over elements of A,, we combine (I) and
(IT) to obtain

T —a)

j<m

< 2™Mm;"  for each r > 0, my = the number of factors,
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provided |0] > (2a,,)~!. Thus if
My =Mi(n)=1|{a; |1<j<n, aj € A— A},
we have
| Fam()]oo < 2" M (n — M;)~"2" for all r > 0.

Since n — My = [{a; | aj € Ao, a; < ay}|, and since A and A, satisfy (I) we
have n — My > aly™9/* > n(1=)/(V for |0] > 2/ay,, and

|Fan(z)|| <2"n™"  for each r > 0.

Suppose now 6| < 2/a,. If a; € A — A, then

|1 — 2% < caj/am.

Thus if Ae ={a; |a; € A—A,, a; < a},{z} and My = |A.| then

| li[l(l —a) < (] ) (;)M"‘QH_MQ

aj;E€Ae

and since a,, > n{175)/% we again have if M;(n) — oo as n — oo

n

TIa-a)

j=1

<2"™n~" for each r > 0,

proving Theorem 2.1.
Now Odlyzko and Richmond [13] prove
THEOREM 2.2. Suppose A satisfies (I) and (II) above. Let

n n
_ . _ 2
N = E aj, B= g aj.
i=1 j=1

Let L > 0 be any constant. Then if |m — N/2| < L\/Blogn and

n

H(l + %) = Z qgan(m)z™

j=1 m>1
we have
2"V2 oim-ny2?/B.

QA,n(m) ~ \/@

Theorems 2.1 and 2.2 give

THEOREM 2.3. Suppose A satisfies (I) and (II) above. Suppose also that
A° = {a; | a; =1 (mod 2)} satisfies (I) and (II) above and A — A° is
infinite. With N and B defined in Theorem 2.2 and

N
m — 2' < +/Blogn,
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one has
G0 (m) = %, (m)(L+O0(n~M))  for anyr > 0.
Proof. Since ||Fan(7)||cc < 2"n~" from Theorem 2.1 it follows from
Cauchy’s integral formula with |z| =1 that
¢, (m) = ¢% ,,(m)] < 2"n~"
for all » > 0. Theorem 2.3 follows immediately from this and Theorem 2.2
for |m — N/2| < B'/?(logm)'/? since
Gan(m) + 4%, (M) = gan(m).
We now give an example to show that we cannot in general expect ex-

ponential growth of ||F,, x ()| co. This is in Borwein and Ingalls [4] but it is
very simple and we reproduce some of it here.

LEMMA 2.1. Let 1 < 81 < (B2 < ... and let
Wa(z)= [] (-2%").
1<i<j<n
Then
[Wa(2)]leo = max W (2)| < n/2,

Proof. We explicitly evaluate the Vandermonde determinant
1 2/ . DA

Dn(z) = H ‘Zﬁj - Z/Bi| =

1<i<j<n 1 2P .. (07D

As each entry of the matrix has modulus < 1 in the unit disc, by Hadamard’s
inequality, we have ||D(2)|lc < n"/2. Thus

H H (1-— Zﬁj—ﬁi)

1<i<j<n

| = 1D < a7

Observe, as Dobrowolski did in [6], that if we take 8; = i we have

n—1
H H(l _ Zi)n—i
=1

a result first proved by Atkinson [1] using Fourier series.

2
<n"/?
o0

THEOREM 2.4. Let A = {3;}32, be the sequence formed by taking the
set {2" — 2™ | n > m > 0} in increasing order. Then for all n:

1Fa (@)oo < (320) V775,

Clearly, any a > 2 could play the role of 2 in the construction of the 3;’s
with the same conclusion. Indeed, we have
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THEOREM 2.5. Let {0;} be any sequence of integers and let {(;} be the
sequences of differences in the following order:

{61 — 09,02 — 91,02 — 80, -+, 0 — Oty -+, 0np — 00y - - }-
(So the nth block is {0, — 0p—1,...,0n — 01,0, — do}.) Then

H f[(l 2| < @2V

We now turn to the study of lower bounds for [|F4 ,,(2)]]cc-
Let A = {a;}52; be a sequence of positive integers. For p a prime let
I, = 1A, be defined by
Inp=1{aj|plaj, 1 <j<n}
LEMMA 2.2 (Szekely). Let A = {a;}32, be a sequence of positive integers.
Fori1<a<p-1,let
Gla,p)= [ (1—eme/p).
a;&In,p

Define ng = |I, ,|. Then there is an o such that
|G (e, p)| = pnmo)/ D),

‘ oo

Proof. Note that

—1
15 4
max |G(« > — 1 — e?miasa/p
o G 5 T | |
p—1
> |1 _ eQﬂ'z’a‘ja/p|1/(p—1)
a=1 ajgfnyp
p—1
= 11— e2ﬂim/p‘1/(pfl).
a;j@ln p m=1

Since the inside product is

. 1—2aP
1m =
rz—1 1 — T p

We now give a demonstration of the fact that given a positive integer k,
the maximum value of the product HT:1 |1 — a:jk|, as x takes on values
on the unit circle, grows at an exponential rate with respect to m, as m
grows large. From this fact, it follows in a straightforward manner that the
maximal coefficient of this product (when considered as a polynomial in
x) grows at an exponential rate with respect to m. It is known that the

the lemma follows.
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product being considered grows at an exponential rate with respect to m,
when k =1 (see Sudler [16] and Wright [17], [18]). Thus we will restrict our
attention to the case when k is an integer that is at least two. In order to
obtain the desired results, we will have to appeal to some results from basic
group theory and introduce some notation as well.

First, note that if k is an integer that is greater than or equal to 2, and
p is a prime with p = 1 (mod k), then the set {j* + pZ | 0 < j < p} forms
a subgroup of (Z/pZ)* of index k. We denote this group by Ry, as it is the
subgroup of kth power residues. Note that if ¢ : (Z/pZ)* — Ry, is given by
the assignment j + pZ — j* + pZ, then ¢ is a group homomorphism, and
hence Card(¢~1({j* + pZ})) = k. Also note that if (p — 1)/k is even, then
—14pZ is an element of Ry. We now proceed to prove the result mentioned
earlier.

LEMMA 2.3. Suppose k € N, and p = 1+ 2kM 1is prime. Then there is
an integer q such that

p—1 k
H |1 _ eQWiskq/p| > p ]
—\k
s=1
Proof. Choose integers 31, ..., B such that 81 + pZ, ..., Bx + pZ gives

a complete set of representatives of the k cosets of Ry in (Z/pZ)*. As
(p—1)/k is even, it follows that we can choose integers aj, ..., ays such that
a1 +pZ, —a1+pZ, . .., an+pZ, —ap +pZ forms the complete set of elements
of Rj. Thus we have

p—1
() [T e = (
s=1

(|1 o 627rioejq/p‘ . ’1 - e—27riajq/p’)>k

=

<.
Il
—

=

— 62Tfiajq/17)(1 _ e*QijQ/p))k'

I
/

<.
I
i

Now let R(z) € Z[x,z~ '] be given by H 1 (1 —2%)(1 —27%). It follows
easily from () that R(e*™/P) > 0 if 1 < ¢ < p — 1, and that R(1) = 0.
Moreover, it is easily shown that for any Laurent polynomial L over Z and
any prime p, one has the fact that Z?;é L(e?*™/P) is an integral multiple

. p—1 2mij/p\
of p. Hence from our previous remarks we have 3 7_; R(e /P) = ps for
some positive 1nteger s. Notice

(**) ZR 27T’Lﬁ]/p k ZR 27ms/p ksp

- - 1'
Also note that ijl R(e*7%5i/P) is an algebraic integer. From (xx), we see

that this sum is also rational. Thus this sum is in fact an integer, and so
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(p—1)/k must divide s. It follows that Z?Zl R(e*7%83/P) > p. In particular,

there exists some [ with 1 <1 < k such that R(e?"*/P) > p/k. And so from
(*) we see that

p—1 k
H |1 _ 627Tiqjk/p‘ > <p)

, k
j=1

for some integer ¢, as required.

LEMMA 2.4. Let M > 2 and let p =1 (mod k) be prime. Then, given
q€Z,q#0 (mod p), we have

p—1 i/ (pM)
‘1 —¢ /(e ‘ —km M
II <1 N |1 — e2mias™/p| > (pe/2)(Tkmloa2)/M
s=1

Proof. Notice that
|1 — emi/(PM)) |1 — e™i/(2p)) B 1

—_

|1 — e2miash/p| = |1 —e2mi/p| |14 emi/(2P) 4 emi/p 4 37i/(2p)] < 9

for 1 < s < p — 1. Furthermore, it is easy to see that 1 — x > 47% for
0 <z <1/2. Thus

p—1 i _

o 11 <1 a !|1 — /-(p’i\j)‘!) o g-[=em A (el 1 2miat
1 — e2migs®/p -

s=1

> 4= (n/(PM))(ED [2sin(mas” /p)| )
Now let 31, ..., O be integers such that 81 4+pZ, . . ., Bx+pZ forms a complete

family of representatives of the k cosets of Ry in (Z/pZ)*. Then there is some

3 with 1 <7 < k such that
A
2sin (Wﬂzs >‘ .
b

p—1 k
2sin <7qu )
-1 p

S

1 p-1
s=1

Hence
p—l k) -1
Z 2sin <7qu )
s=1 p
p—l k —1 p—lp—l -k —1
. (TB;s k . [(7js
< 281n<J>‘ = — 2sm< >‘

-1

2 sin (m)
p

(by changing the order of summation)

p—1
3
m=1
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1)/

(p—1)/2 am\\ " (p
=k Z (sin <>> Z (by Schwarz’s inequality)
p m=

()25 e (3)

By Schwarz’s inequality we mean the inequality /2 < sinz < z for 0 < z
< /2.
Thus, by (1), we have

p—1 T M
I (1 ~ ”—e/“’”) S 4=/ (M) (pk Tog(ep/2)/2) _ (ep

|1 627T'quk/p| 2

> (—kmlog2)/M
s=1
as required.

THEOREM 2.6. If k is an integer greater than or equal to two then there
exists a constant ¢ > 1 such that

ﬁ(l—l’nk)‘ > ™

n=1

max
zeSt

for all m sufficiently large.

Proof. Choose a prime p with p = 1 (mod 2k) and p > & (k3e*/8)F.
By Lemma 2.3, we can choose an integer q € Z such that

p—1 . D k
1 — e2miai™/p) > (£
IIn-e 2 (k)
j=1
Let ey = 1/(7Tp(pN)*) and Oy = q/p + n for all N € N. Notice that

Np

. k

(1) I | ’1 _627r2@Nn ’
n=1

N— - N
| | | | 627rz(pj+m) 8N627rzqm /p| | | |1 _ eZm.EN(ps) ‘

s=1
Now
N
H |1 o e27ri€N(ps)k‘
s=1
T2,
= H |2 sin(7e n (ps)* H Zonen(ps)®  (by Schwarz’s inequality)
T
s=1 s=1
= (4p") > (by Stirling’s approximation).

7NpN (pN)kN - 7NpN€kN
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Thus, by (1), we have

Np N N—-1 p—1
H |1 QTerNn | > (7 k) H ‘1 2mm q/p62msN(pJ+m)k|'
i be

7j=0 m=1

Now
’1 o e?wimkq/p€27ri61v(pj+m)k’

> ’1 o e27rimkq/p’ - ’eQWiqu/p‘ . |€27Tiqu/p€27risN(pj+m)k|

|1 _ e?wis;x;(pj«km)’“’
|1 _ 6271’1'17”L"’q/p|

_ ’1 o e27r7l'mkq/p’ (1 .

|1 o e27ri/(7p)’ >

> _ _2mimPq/p
- ’]‘ € ’(1 |1_627”'mkq/p|

for0<j<N-land1<m<p-—1andso

N—-1p—1

H H |1 o e?ﬂimkq/peQTrz’eN(pj+m)k|
j=0 m=1
N— - N-1 p—l 27.”'/(727)
27rimkq/p - |1 —€ |

kN (—kNwlog2)/7
> (Z) (2p> (by Lemma 2.4).

Thus, by (2), we have

ﬁ |1_627ri9Nnk| N 4 N pl—(mlog2)/7 kN 2 (kNwlog2)/7
oot — \ pek k e
AN psz/3 9\ kN/3 4p1/3 9\ k/3\ 1/p PN
e e (o) =[5 0) ) ]
4p1/3 92 k/3\ 1/p
=(EE) )
Note that C' > 1 as p > ;(k%¢*/8)F. Now let € > 0. Choose ¢ satisfying

C > ¢ > 1. Then notice that given m € N, we can find a positive integer N
such that (N —1)p < m < Np. Then

m Np Np
H o eQwi@Njk’ _ (H - e27ri8Njk‘)/< H - ezm@m’“D
j=1 j=1

Now let

j=m+1
> NP oNP=m > 97PC™ > ™ (for sufficiently large m).
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We now consider sequences {m;} in which m; = aj* + bj + ¢ for all
Jj € N, where a, b, and c are elements of Q such that m; € N for all j € N.
We show that for such sequences, the maximum obtained by []/_, [1 — 2"
on the unit circle of the complex plane grows at an exponential rate with
respect to n, as n tends to infinity. Note that it is no loss of generality to
assume that {m;} forms an increasing sequence of natural numbers, as our
sequence must be eventually increasing.

LEMMA 2.5. Let p =61 (mod 120) and let k be a quadratic non-residue
modulo p and let € > 0. Then

p—1
H |1 . e27ri(k82+2)/p’ > €p1/275

s=0
ks?#—2 (mod p)
for all sufficiently large primes p.

Proof. Asp=61 (mod 120), it follows that +1, £3, £4, +5 are quadra-
tic residues mod p. Thus if ks? # +2 (mod p), then

.2 .
’1 _ 627rzk:s /p| > |1 o 6127”/p|,

and so

|1 _ 627Ti(ks2+2)/p| |1 _ 647'ri/p| 1
|1 — e2miks?/p| = < N 11 _6127Ti/p’> =z 9’

Recall that 1 —x > 47% for 0 < 2 < 1/2, and so we have

p—1 ey,
|]' —e p| —(47/p) P21 [2sin(wks? /p)|~*
(*) 1:[1 <1 o ’1 _ 627rik32/p’ >4 = :
st;‘é:I:Z_(modp)
Notice that given an integer j, as s runs through the values 1,...,p, the

congruence ks? = j (mod p) has at most 2 solutions. We may use this fact
and equation (%), to obtain

p—1 ey
1 —em/P]
(+%) l;[1 (1 ~ 1= czeen]

ks?#42 (mod p)

> 4 (/o) DY (sin( /)| Hsin( =i /p)| )

> 4~ (n/p) S0 0/ (24) (by Schwarz’s inequality)
> 4~ 4m(log(p/2)+1)

_ (pe —4mlog4
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Notice that the congruences ks> = 0 (mod p) and ks? = 2 (mod p) have
respectively 1 solution and 2 solutions mod p. Thus
p—1

(.I.) H |1 o 6271'1’(1@52-4-2)/19‘

ks? $j2:(0mod
p)

2 4\ |
> [2sin <7T> - |2sin (77)
p p

p—1 47i/p
_2miks?/p _ ’1 —€ ’
X H ‘1 € (1 |1_627m'k52/p|

5 s=1
ks“#+2 (mod p)

— o —1
|2sin(27/p)| - |2sin(dn/p)|2 [pe) *TIEh omiks?/
> _ 2miks®/p
= |2sin(2r/p) 22 sin(—27/p)? \ 2 [[11-e | (by (+))

—4rlo -1
. <p> 1TRE(8/p)(16/p)? ( T 2sn (m))
A\ 2 (47 /p)*(dm/p)* \ & p ’
(2)=-1
where the last step again follows by the Schwarz inequality.

Let L(s,xp) denote the sum 77, (l) j° for s > 1. It is known from
the work of Dirichlet (see Davenport [ ]) that for p=1 (mod 4),

0 (I s(2)/ (1] 20 (5) oo

(&=

We also note the classical identity:

-1
H 2sin (m) = /peVPELX2)/2 for p =1 (mod 4).
p

Moreover, Siegel [15] was able to show that given € > 0, we have L(1, x,) >
p~¢ for all primes p sufficiently large. Combining these two facts with (1)
gives the result.

THEOREM 2.7. Let f(x) = az? 4 bx + ¢ be a quadratic polynomial such
that {f(n)}nen forms a non-decreasing sequence of positive integers. Then
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there exists some ¢ > 1 such that

n
(R

for all n sufficiently large.

Proof. As the restriction of f to Z gives a map from the integers into
itself, it follows that 2a,2b, and ¢ must all be integers. In light of the
previous theorem, we may assume that b?> — 4ac # 0. Notice also that
lim, o f(z)/2% = a > 0, and as f(n) > 0 for all n € N, it follows that
there exists some positive constants C;, Cy such that Con? > f(n) > Cyn?
for all n € N.

By Lemma 2.5 we may choose a prime p = 61 (mod 120) such that

p

H |1 _ eQﬂi(ak2+2)/p| > 6%

ak2$—2_(modp)
whenever « is a quadratic non-residue mod p. We also insist that

2 3 —mlog2
and
p # a,b® — 4ac (mod p).

Let a* be the multiplicative inverse of a mod p. Then

an® +bn+c= a(n + ba™ (1);_1>>2 + (T)an* + ¢ (mod p).
It follows that there is some integer d, with ptd, such that the sets

{d,a+d,4a+d,9a+d,...,(p—1)%a+d}
and
{£(0), f(1), f(2),-.., Flp = 1)}

are just permutations of one another when considered mod p. Now, notice
that if (%) = —1, then f(z) has no roots mod p, and so by appealing to
Lemma 2.2 we can see that the result will hold. Thus we may assume that
(M) = +1. Now choose ¢ such that gd =2 (mod p). Note

O-EE)-@-0-

Let ex = 1/(4Cop3N?) and On = q/p + en. Then
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Np
(1) H |1 _ eQﬂ'i@Nf(s)|
s=1

Np

H |1 _eQWiSNf(j)|

j=1
f(3)=0 (mod p)

v

Np omif(k)en
_ omigf)/py (4 L€ |
% k:l:[1 1—e ’(1 11— e2miaf (W)/p|
F(k)#0 (mod p)
Np

H 12sin(m f(j)en)|
=1
£(7)=0 (mod p)

p _ o2miC2(Np)2en N

__2mig(ak®+d)/p _ ’1 € ’

X < kl:Il |1 € ’(1 |1 _ e27riq(ak2+d)/p|
ak27‘é—¢i_(modp)

v

Np

> I  @rGen)
=1
F(5)=0 (mod p)

P o 2#ng(Np)2sN N

__2mi(qak®+2)/p _ ’1 € ’

X < kl:[l 1—e ’(1 |1 — e2milaak?+2)/p|
qakr‘)yéfg(modp)

Np p 2miCa(Np)2en |\ \ Y
1 — e#m&2 P |
. e N
I1 (4 Ghen) (o 11 (- = ) )
F()=0 (mod p) qak? %22 (mod p)

where the penultimate step follows from Schwarz’s inequality. Now notice
that

Y

‘1 _ eQWiCQ(Np)QEN‘ ’1 _ €7ri/(217)‘ 1

|1 — e2mi(qak®+2)/p| = |1 — e27i/p| = 2°

And so we may again appeal to the fact that 1—x > 477 for 0 < x < 1/2 and
the fact that for any given integer 7, the congruence gak? + 2 = r (mod p)
has at most two solutions mod p, and use the same type of argument that
was employed in deriving (**) in Lemma 2.5, to obtain

p _ 2miCo(Np)2en —mlog2

1 *e2
2 1 (-R=c s s ()
] ’1 — e2mi(gak +2)/p’ 2
qakz?éfg(mod p)
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Substituting the information from (2) into (1), we obtain

Np Np e —mlog2\ N
® IIn-ewoor= 1w (< (5) )
s=1 j=1

f(3)=0 (mod p)
Finally, notice that f(x) has at mod 2 roots mod p, and so
Np

(4) I[I  @riew)

7=0
f(3)=0 (mod p)
N-—1
> (4en)®™ T (C2(1+pn)?)?
n=0
4

> (4C1en)M (pPNTY ] (om)

=

m=1

p4NN4N
> (4C1en)*N (p 2N <64N> (Stirling’s formula)

N N
— 012 p_2N_4 > 012
C3p2et — \16C3p3et )
where the last step follows from the inequalities p=2 > p~2 and 2V > N.
We define
o 0126% ZE —mlog2\ 1/p
16C3p3e* \ 2 '

Notice p has been chosen so that C' > 1. Choose some c satisfying C' > ¢ > 1.
We now combine (3) with (4) to obtain

ﬁ’l_ 27ri@Nf(S)| > % pe TrioRE\ P pN_CPN
o] ¢ — \\16C3p3e* \ 2 B ‘

Let m be a given positive integer. Just as in Theorem 2.7, it is easily shown
that

m
a 1— /)| >9-pom > om
9 (ERLEE Ry

for all m sufficiently large, as required.
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