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On weak minima of certain integral functionals

by GIOCONDA MOSCARIELLO (Salerno)

Abstract. We prove a regularity result for weak minima of integral functionals of the
form SQ F(z,Du) dx where F(z,£) is a Carathéodory function which grows as |£|P with
some p > 1.

1. Introduction. This paper is concerned with the variational function-
als of the form

(1.1) F(u) = S F(z,Du)dx
Q

where (2 is an open subset of R", n > 2, w : 2 — R™, m > 1, and
F: 2 xR™ — R is a Carathéodory function such that

(1.2) 6P < F(z,6) <aléP, p>1L.

The notion of the weak minimizer makes sense if F' satisfies the following
Lipschitz type condition:

(1.3) |F(x,€) — F(z,m)| < BIE —nl(|EP~ + € —nlP~")
for some constant (.

DEFINITION 1.1. A mapping u € Wll’r(Q,Rm), max{l,p—1} <r <p,

is called a weak minimizer of the integral (1.1) if

\[F(z, Du+ D&) — F(z, Du)]dz > 0
0
for all & € Wl”"/(”_p“)((z, R™) with compact support.

If we assume that F' is differentiable with respect to the variable £ € R™™,
we can write the Euler-Lagrange system for the functional (1.1). Then it
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38 G. Moscariello

turns out that any weak minimizer of (1.1) solves the equation

(1.4) | A(z, Du)D& dz: = 0
2

forall ®e W&’T/(r_pﬂ), where A(z,&) = D¢ F(z,€). Note that r/(r —p+1)
> p for r < p. For this reason we say that u is a very weak solution of the
Fuler-Lagrange system.

The theory of very weak solutions of equations of type (1.4) has been
initiated by T. Iwaniec and C. Sbordone. In [IS] they gave various results
concerning existence and regularity of such solutions. Among other things
they prove that if r is close to p, then every VVli’CT—solution is in fact a Wli’cp -
solution. These results rely on new estimates for the Hodge decomposition
which were introduced by T. Iwaniec in [Iw]. For related results see also
[GLS], [Mo].

Later, J. Lewis [Le| offered another approach to the same problem using
the theory of A,-weights of Muckenhoupt.

In this paper we study the regularity of weak minimizers of integrals of
type (1.1), under hypotheses (1.2) and (1.3). Special emphasis will be placed
on the integrands F'(z, &) which are not necessarily differentiable. The main
result is

THEOREM 1. There exists an exponent 1 = ri(m,n,p,«a,3) with
max{l,p — 1} < ry < p such that if u € VVé’I(Q,Rm), r < r <p,is
a weak minimizer of the integral (1.1), then u € WLP(02,R™).

loc

In the case r = p regularity results for minimizers of F(u) have been
established in [GG], [Gi]. To prove Theorem 1 we follow the technique intro-
duced by J. Lewis [Le]. Some results on the maximal functions and reverse
Holder inequalities will also be used.

2. Preliminaries. Let B(z,7) = {y € R" : |y — z| < r} and |B(z,r)|
denote its Lebesgue measure. For a measurable function f on R™ we set

for= § Wldy=—— | If@)ldy.

B(z,r) ‘B(x7 T)’ B(z,r)
Denote the Hardy—Littlewood maximal function of f by
Mf@)=sup § [f(y)ldy

r>0 B(x,r)

and set
M f(x) = M*Y(Mf)(z) for k> 2.
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DEFINITION 2.1. For 1 < p < oo, we say that a nonnegative measurable
function a € L{ _(R™) is in the Muckenhoupt class A,, or is an A,-weight iff

loc
p—1
Ap(a) = sup ( g a)( g ail/(p*1)> < 00.
zER™, r>0 B(z,r) B(z,r)
The following lemma can be proved (see [Le] and [Do)).
LEMMA 2.2. Let 1 < p < oo. There exists a positive constant ¢ = c(n,p)

such that for any 0 < 28 < p— 1, the function (M f)~° is an Ap-weight and
Ay (Mf)=5) <c for all f € L}R™), f #0.

Let us recall the fundamental result about A,-weights due to Mucken-
houpt (see [Mu]).

THEOREM 2.3. For 1 < p < o0 and a € A,, there exists a positive
constant ¢ = ¢(p,n, Ap(a)) such that

| a@)(Mf(2)P de < ¢ | alx)|f(2)|? do
R™ R™
for all f € LP(R",a).
If a(x) = 1 a.e., then the previous result is just the Hardy—-Littlewood

maximal theorem.
We shall need several lemmas.

LEMMA 24. Let 1 < p < o0, g € R", r > 0 and B = B(xg,r). If
f € WYP(B) then there exists ¢ = c(n,p) such that for any z € B,

|f(@) = faor| < erM(IDf|xB)(z)
where x g 1s the characteristic function of B.
For the proof see Lemma 2.1 of [Le].

LEMMA 2.5. Let A > 0, 1 < g < o0, g € R"™ and r > 0. Suppose

f e Wha(R™), supp f C B(wg,7) and
FQA) ={z: M(IDf])(x) <A} N B(zo,2r) # 0.

Then fip(n) has an extension to R™, denoted by v = v(-,\), such that

(i) v=f on F(X),

(ii) suppv C B(zo,2r),

(iii) v € Wh(R™) with ||v]s < cAr and ||Dvlloo < e

This is a slight modification of a lemma due to J. Lewis (see [Le] and
also [AF] and [Do)).

Finally, we shall need an amended form of a theorem of Gehring [G]
quoted in [Gi] and [Gu].
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THEOREM 2.6. Let R >0, ¢ > 1 and g € LY(B(zo, R)) be such that

q
§oolglray<c( § loldy) 49§ lgldy
B(z,r/8) B(z,r) B(z,r)

for 0 < ¥ <1 and x € B(xg,R/2), 0 < r < R/8. Then there exist ¢’ =
d(n,¥,¢,q) andn=mn(n,d,¢c,q) >0 such that if 7= q(l+n) then

1/7 1/q
folgray) < lelray)
B(z,R/4) B(z,R/2)

3. Proof of Theorem 1. Assume that F': 2 x R™" — R is a Cara-
théodory function satisfying (1.2) and (1.3).

In the following we denote by ¢ a constant that depends only on n, m,
«, 3, p but may change from line to line.

Let B = B(xo, R) C 2 for some R < 1. For fixed yo € B(zo, R/2) and
0 < o < R/8, let B, = B(yo,0) and ¢ € C5°(Bs,) such that ¢ = 1 on
B,, 0 < <1on By, and |[Dg| < cp™t. Set

Ugp = S u(x) dx
Bi,
and u = (u — ugp)p, E(N\) = {z € R" : M(|Du|) < A} and F\ = E) N By,.
Since suppu C Ba,, for € R™ — B3, we observe that

(3.1) M(|Diif)(z) < co™™ | |Dii|(y) dy = Xo.
Ba,
Therefore F'()\) is not empty for A > )¢ and we may apply Lemma 2.5 with
f =wuand r = 2p to extend up(y) to R". The extended function, denoted
by v, will satisfy conditions (i)—(iii).
We use v as a test function in Definition 1.1. Then from Lemma 2.5 and
condition (1.2) we get

S [F(z, Du) — F(x, Du — Du)] dx
F(\)
< S [F(x, Du — Dv) — F(x, Du)| dz

Byo,—F(X)

<8 | [Do|(|Dul"~" + |Dv|P~ ") da
Byo,—F(X)

<ecA S |DulP~t + ¢ S |Dvl|?) dz.
B497F(>‘) B497F(>‘)
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We multiply both sides of this inequality by A~(1*%) where § = p —r will be
chosen at the end of the proof, and integrate from A\g to oc:

(3.2) S A9 g\ S [F(z, Du) — F(x, Du — Du)|Xx{a( Daj)<r} dx
Ao By,
<c\a?dx | Duptde+ [ ATVdx | |DufPda
Ao B497F(>\) Ao B497F(>‘)

After interchanging the order of integration, the left hand side of (3.2) be-
comes

(3.3) | [F(z,Du) - F(z,Du—D)ldz | A"TDdx
Bie=BC) M(|Dal)
+ [ A0 ax | [F(z, Du) — F(x, Du — D) dx
Ao E(Xo)
-3 | [F(z, Du) — F(x, Du— Du)|M(|Dii|)~° da
Bips—E(Xo)
Ap° N
+ 2 | [F(z.Du) ~ F(z, Du— D)) da
E(Xo)
1 Ap°
= gjl + %Jg

Since suppu C B, and By, — E(A\g) = Ba, — F/(\o), we obtain

(3.4) le( |- | )[F(:E,Du)—F($,Du—Dﬂ)]M(|Dﬂ|)_5d:p

Big  F(Xo)
=( 1=V )IF@ D = P, Du— DR)M (D) da
B2o  F(Xo)

Now, using the fact that @ = v on B, and F(z,0) = 0, from the previous
relation we get

(3.5)  Ji= \ F(z,Du)M(|Du|)~° dx
BQ
+ | [F(z, Du) — F(z, Du — Dw)|M(|Du|) = d
By,—B,
— | [F(z,Du) - F(z, Du— Du)|]M(|Du|)~° da.
F(Xo)
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Then from (3.2), (3.3) and (3.5),

| F(a, Du)M(|Dii|)~° do
B,

S| =

< % \ [F(z,Du) - F(z, Du — Du)]M(|Du|)~° dz

F(Xo)
1
+5 | [F(z, Du— D) — F(z, Du)]M(|Dii|)~° da
Bs,—B,
)\—5
+ % | [F(z,Du— Du)— F(x, Du)] da
E()\Q)QBQQ
T -4 p—1 T p—1—46
+e A%y | [DuPtdztc | A |By, — F(N)| d.
Ao Byo,—F(X\) Ao

Let us use (1.2) to estimate the left hand side from below, and the
Lipschitz condition (1.3) to estimate the integrals on the right hand side.
Since A\g® < M(|D|)~% on E()\g) we obtain

\ [DuPM(DU)Pde<c | [Du(|Duf" + |DufP~)M(|Di|)~° da
B, E(Xo)NBa,

+e | |DU(Duf! + [DuP)M(|Di|) "’ da

B2,—B,
+ed { AN | [DulP T xparpapsay de
Ao By,
+ed | W By, — F(A)|d A
Ao
We write this as
(36) IO § C[Il + IQ] + C(S[Ig + 14]

To estimate I;, 1 =0,1,...,4, we remark that by Lemma 2.4,
lu(z) —ug,| < co[M(|Dulxp,,)] for any x € By,;

therefore,

(3.7) |Du| < [Dul + ¢[M(|Dulxs,,)]-
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To simplify the presentation we have collected the estimates of I;, i =
1,2,3,4, in the Appendix at the end of the paper.

By those estimates, (3.6) becomes

(3.8) Iy < c<n1—5 + 0170 4 %) | [DufP~? da
By,

(p—0)/t
+ ¢(nt/=P) —I—nl_p)Q”( § |Du|tdx) ’

Bu,
+co? S |Du|P~0 da

B2,—B,

where (p —0), <t <p-—190, ¢ =c(m,n,p,a,B) and n is a constant to be
chosen at the end. Since u = u on B,, by (3.7) we see that at = € B, /2,

M(1Diil) < M(|Dulxz,) +¢ § |Diildz
By,

< M(|Dulxs,) + ¢ § M(|Dulxg,),)dx.
By,
Let
G = {;L« € By : M(|Dulxp,)(z) = ¢ § M(Dulxg,,) dy}.
By,

Then M(|Du|) < c¢M(|Du|xp,) on G and so, by Lemma 2.2 and Theo-
rem 2.3, if 0 < 26 < p — 1 then

(3.9 Ip>c | M(Du)"°M(|Dulxp,)" do

> c '\ M(|Dulxp,)"° dx

= Cil

Qe— W

| M(IDulxp,)" " de— | M(Dulxs,)"" dz|
BQ/2 BQ/Q_G

>t | (Dup de - co( § M(Dulys,,)dr)"
By2 By,

(p—0)/t
>t S |Du|P~° dx — cg”( S | Du* da:)

B2 Buao

where (p—§). <t <p—20.
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From (3.8) and (3.9) we conclude that

o
(310) S ’Du‘pié dx < C<7715 + (5175 + m) S ’D’U,‘pié dx
BQ/2 B4Q

(p—9)/t
+e(ntP + nl/(l_p))g"( { D/ da:)
Ba,
+co° S |Du|P~° dz.
Bay—By)»

Now, we apply the “hole filling” method. Adding ¢5—° § B, s | Du|P~° da

to both sides of (3.10) we get
)
DulP=0dy < — & (=6 L g1=0 L 5= O DulP—?
§ | D dm_c5_5+1<77 +07°4+96 +1_5 §| ulP™° dz
By2 By,
(p—0)/t
_— (pl-p 1/(1—p) t
+C+1(77 +7 )( S | D d:z:) )

Bap

Notice that there exists 0 < d; < 1 such that if 0 < § < §; then

c ) c
————— (' 570 :
c5—5+1< L g <c+1/2
Obviously d; depends on ¢ and therefore on «, 8, p, m,n.
If we choose 0 < 1 < 1 such that

cn c
¥ wh —<iv<1
cr1 Vo ovhere T s v s b
from the estimates above we have for 0 < § < 4§y,
(p—0)/t
(3.11) [ 1Dup~de <o § |Dup~ da +5( [ [Duft dx)
By/2 Buao B,

where ¢ depends on «, 3, m,n,p but not on d. The result follows from The-
orem 2.6 with an argument similar to the one of [GLS].

4. Appendix. We now proceed to the estimates of I;, i =1,2,3,4.
Estimate of I;. We have
n< o § DaPM(DE) dr
E()\O)OBQQ

+ | IDuP M D)) da,
E(Xo)NBa,
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If x € E(\g), then M(|Dul) < Ao and so at = we find

(4.1) |DulP M (D)~ < M(|Dal)P~* < Ap~°.

Now suppose 0 < 1 < 1/2 and |Du| > n71\g. Then at = € E()\o),
M(|Dul) < Ao < [Duln

and so

(4.2) |DulP~ M (|Da|) =% < n*~°| DulP~°.
On the other hand, if z € E()\g) and |Du| < =1\ we get
(4.3) |DuP~* M (| D)) =0 < nt=PALC

Then from (4.1)-(4.3), at € E(\g) N By,
(4.4)  |DuPM(|Du|)~° + |DulP~ M (| D7)t ?
< (' PAE0 + '8 Dufp0).

Using the definition of Ag given in (3.1) and relation (3.7), we remark
that

ntPAR < cnlfp( § M(‘D“’XB@)CZ”:)I)

By,

<en'*( § M(Dulxs,)" do)
By,

(p—0)/t

where (p—§). <t <p—20.
Finally, by (4.4) and the previuos remark, applying the Hardy-Little-
wood theorem we get

I <ent™? S |Du|P=° dx + cnlf”g”< § |Dul d:p) o
Ba, Bu,
where ¢ = ¢(3,m, n,p).
Estimate of Is. From the definition of ,
(4.5) ILy<e | |Dul-|[Duf~ M(|Dul)™ da
B2o—B,

—u \P
+c | |Dql <M> M(|Da|)~° dz
B2,—B, e
=c(I +1II).
Let Dy be the set of all x € By, — Bp such that
M(|Dul)(x) < 0M(|Dulxp,,)(x)
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and set Dy = (Bg, — B,) — D;. Then

1< \ Dl |DufP~' M(|Dii]) = da

Dy
+ | lol - |1DuP M(|Dt|)~° da

Do

C p—1 ~1\—08
5 | 1t — wap| - | DulP~ M(|Dii|) = da.

D,
Next, from the definition of D and the Hardy—Littlewood maximal theorem,
we get
\ D] - | Dulr~' M(|Du)) " de < | M(|Dul)' | DufP~" da
D1 Dl
< ct? S | Du[P~° da.
B,
On the other hand, since M (|Du|xp,,)(x) > (|Du|xs,,)(z), we get
Vol - [DuPM(IDU) P de < 67° | [DuffPdz <67° | |Dufr™’ da.
Do Do Ba,—B,
Finally, by Young’s inequality,

| [ = Yaoly o1 nr( D)) di
Do 0

<67 | M‘Du’pﬂf& da
Do
b s |u — uy,| e
<6 < S |DulP™° dx + S <7g> d:z:>
DQ B4g Q
(p—0)/t
<679 S |Du|p_5d:n+cg”< g |Du|td:1:> ’
Bso—B, Bu,
where (p—§). <t <p—0.

By the above estimates we can conclude that

(4.6) I<cest™® S |Du|P~ da 4 c6° S |Du|P~° dx
Buao B2,—B,

—I—cg"( S |Du|tdx)(p_5)/t.
Bu,
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To estimate 11 we remark that

_ p—1
< | M(|Dﬂ|)1_5<w> dz.
B2,—B, e

Then by relation (3.7) and Young’s inequality we get

<y | M(|Du)’ds
B2,—B,

p—04
o =D | M<M> i
B2,—B, 0
<en'™ | [M*(|Dulxs,,)""° dx
B2,—B,

2 (p—0)/t
+en~ (179 /(p_l)g"( S ]Du\tdx)
Ba,

where 0 <n < 1/2and (p—9). <t <p-—20.
Finally, from the Hardy—Littlewood maximal theorem we deduce that

(p—9)/t
(4.7) IT < cent=® S |Du|P~% da +cg"771/(1_p)( g ]Du\tdx) .

B4g B4g
Then from (4.5)—(4.7),

(4.8) I < (6% +n0) S |DulP=0 dz + co"nt/ (1P
Bu,

(p—8)/t
X ( S | Du* dx) +co° S |Du|P~° dx.
Ba, Bao—By)a

Estimate of I3 and I,. By using (3.7) and the Hardy-Littlewood maxi-
mal theorem, we get
M(|Dal)
(4.9) Iy= | [Dup~tde | A 7%dx
By, Ao
1
1-6

Cc

IN

| |Dulr=' M (D))~ da
By,

IN
—

5 S |Du|P~° da.
Bu,
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On the other hand, also by (3.7),

(4.10)

I, = ¢ S |DUP=° da < _c S | Du[P=° dx
p—9 B, p—9 B,
& p—>6
< T3 S |DulP~° dx.
By,
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