ANNALES
POLONICI MATHEMATICI
LXIX.1 (1998)

Hammerstein equations
with an integral over a noncompact domain

by ROBERT STANCzY (L6d%)

Abstract. The existence of solutions of Hammerstein equations in the space of
bounded and continuous functions is proved. It is obtained by the Schauder fixed point
theorem using a compactness theorem. The result is applied to Wiener—-Hopf equations
and to ODE’s.

1. Introduction. In 1929 Hammerstein published paper [4] concerning
nonlinear integral equations with integral operators of the form

(1) Sz(t) = | G(t,s)r(z(s), s) ds.

T
If the domain of integration is compact and the functions G and r are con-
tinuous, then equation (1) can be considered in the space C(T") of continuous
functions. It can also be considered in the space LP(T') of integrable func-
tions (where T" has a finite or an infinite measure).

In this paper, a noncompact domain of integration is considered. We
work in the space of bounded and continuous functions. Therefore, to apply
the Schauder theorem, we need sufficient conditions for compactness in this
space. Some of them are presented in [1]. In our paper, however, necessary
and sufficient conditions are stated. The main theorem gives conditions for
the complete continuity of the Hammerstein operator. It is the extension of
the results of [5] where T' = (—00,00). Some applications to the Wiener—
Hopf equation on a half-line or on a half-space are given. The theorem can
also be applied to ODE’s of second order with boundedness as a boundary
condition since the Green function is continuous.

2. Preliminaries and auxiliary lemmas. Let X be a Banach space
with norm || - || and let 7" be a locally compact metric space countable at
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50 R. Stanczy

infinity, i.e. T = J;o, K; where (K;);en are compact and satisfy K; C
int(K; 1) for any i € N.

For V C X let conv V' denote the smallest convex, closed set of X con-
taining V. We write K € T if K C T is compact.

We shall also use the following function spaces:

e L(X) — the space of bounded linear operators from X to X,

e BC(T, X) — the space of bounded continuous functions from 7" to X
with sup norm || - [|so,

e C(K,X) (where K € T') — the space of continuous functions with sup
norm denoted as above,

e C'C(X, X)—the space of completely continuous functions from X to
X, i.e. continuous and compact (mapping bounded subsets of X into
relatively compact ones), with metric

= n SUDjg<a 1f(2) — g(@)||
W9 = 2 2 Ty e 17 — g

The space CC(X, X) thus defined is a Fréchet space, i.e. locally convex
and completely metrizable. The convergence in this space is the uniform
convergence on bounded subsets of X.

For y € X and x € BC(T, X)), we write lim; . z(t) = y if

VesodxerViernx  |2(t) —yll <e
or one can understand it in terms of the Alexander compactification of the
space T' with the point co.
We shall also use the Bochner integral over the domain T'. Let u denote
a measure on B(T") (the o-algebra of Borel subsets of T'), finite on compact
subsets of T'. For the Bochner integral of vector-valued functions see [3, pp.
44-52] or [6, pp. 132-136].
Let us recall a property of the Bochner integral to be used in the sequel.
THEOREM 1. Let x : T — X be a Bochner integrable function. Then, for
each set K C T of finite measure, we have
S x(t) dt € p(K)conv(z(K)).
K
Proof. See [3, Corollary 8, p. 48].

Now, we prove some auxiliary lemmas concerning the Nemytskii opera-
tor. Let r : X xT — X.

LEMMA 1. Suppose that the mapping T >t — r(-,t) € CC(X, X) is well
defined and continuous. Then r : X x T — X is continuous.

Proof. Fix t; €T, x1 € X and € > 0. There exist §,v > 0 such that
d(t,t;) < ¢ implies d(r(-,t),r(-,t1)) < €/2, whence ||r(z,t1) — r(x1,t1)]]
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< g/2 for any ||z — z1]| <. Then, for ||z — 21| < and d(t,t1) < J, we get
[r(2,t) = r(zy, )| < [lr(z, ) — (e, t)]| + ez, 1) — (e, 2]
<e/24+¢e/2=c¢.
LEMMA 2. Suppose v : X x T — X is continuous. Let K € T, © €

C(K,X) and € > 0. Then there exists § > 0 such that, for any t € Kand
y € C(K, E) satisfying ||y(t)—z(t)|| <, we have ||r(y(t),t)—r(z(t),t)|| < e.

Proof. Suppose that, on the contrary, there exist zo € C(K, X), g9 > 0,
t, € K and y,, € C(K, X) such that ||y, (t,) — zo(t,)] < 1/n and

|7 (Y (tn)s tn) — 7(x(tn), tn)ll > o

From the sequence ¢, € K we can extract a convergent subsequence

tn, — to, whence zq(ty, ) — xo(to) and ||yn, (tn,) — z(tn,)|| < 1/nk. Hence
Yny, (tny) — Tol(to). Thus r(yn, (tny)stny,) — 7(To(tn, ), tn,) — 0, which con-
tradicts our assumption.

LEMMA 3. Let the mapping T >t — r(-,t) € CC(X,X) be continuous.
Then, for any M > 0 and any K € T, the set {r(z,t): ||z|| < M, t € K}
1s relatively compact.

Proof. Fix M > 0. By the complete continuity of r(-,¢) for any t € K,
we can choose an e/2-net (r(zt,t))% | of the set {r(z,t) : [|z|| < M} . Define
7: T — CC(X,X) by 7(t) = r(-,t). Since 7|K is uniformly continuous,
we may choose 0 > 0 such that d(s,s’) < ¢ implies d(7(s),7(s")) < €/2.

Let s1,...,s, be a 6-net of K. Then (r(x;’,s;));2} _, is an e-net of the set
{r(z,t) : ||z|| < M, t € K}. Indeed, for any s € K and ||z|| < M, we may
choose s; such that d(s,s;) < § and z;° such that

(27, 55) — (@, 55)[| < /2.
Then
(27, 85) = r(x,8)|| < |lr(@7, 85) = r(z,s5)[| + (2, 85) = r(z,5)]|
<eg/24¢/2=¢.

LEMMA 4. Let M > 0. Suppose that the mapping T > t — r(-,t) €
CC(X, X) is continuous, and that there exists b € BC(T, X) such that

lim sup ||r(z,t) —b(t)]| =0.
o0zl <M

Then r(B(0, M) xT) is bounded in X (B(0, M) is the closed ball with centre
0 and radius M > 0).

Proof. Fix ¢ > 0 and choose K € T such that ||z|| < M, t ¢ K imply
(2, 8) = b()]| < ellr(z, )] < e+ bl
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By Lemma 3, Tk amr = Sup|, < ek [7(2,1)]| < 0o, whence

[l (2, )| < max{e + [bl| o, Tk ar}-

3. Main results

THEOREM 2. Let T be a metric, locally compact space countable at oo
and let X be a Banach space. Then the relative compactness of the set
F ¢ BC(T, X) is equivalent to the conjunction of three conditions:

1° The set {x(t) : x € F'} is relatively compact in X for each t € T'.

2° For each K € T the functions in Fx = {z|K : © € F'} are equicon-
tinuous.

3° For each € > 0, there exist § > 0 and K € T such that, for any
z,y € F,if |2|K —y|K|oo <6, then ||z — y||oo <e.

Proof. Necessity. If FF C BC(T,X) is relatively compact then the
Ascoli-Arzela theorem implies 1° and 2°. If 3° were not satisfied, there
would be g9 > 0 and sequences (), (yn), (K,) such that

1
|Zn] K — Yn|Knlloo < n and ||z — Ynlloo > €0-
We may extract a convergent subsequence x,, — y,, — = —y. But then
z|K,, = y|K,, for each n € N, which contradicts ||z — y||s > €o.

Sufficiency. Take € > 0 and choose K € T from condition 3°. By the
Ascoli-Arzela theorem the set {z|K} has a finite d-net: {z1|K,..., x| K}.
Then, from 3° we see that {x1,...,z;} is an e-net for F.

REMARK 1. The above theorem, with a similar proof, can be extended
to the case of X being a complete, metric space.

REMARK 2. For T' = [0, 00), some sufficient conditions for compactness
in BC([0,00) are stated in [1] with the use of measures of noncompactness.

REMARK 3. Condition 3° is satisfied if, for any x,y € F,
Jim [lo(8) ~ y(t)] = 0.
—00

EXAMPLE. Let T = X =R, F = {sin(z),cos(x)}. Then F' is compact
in BC(T, X) though the condition of Remark 3 is not satisfied.

THEOREM 3. Let T be a metric, locally compact space countable at oo
and let X be a Banach space. Suppose T is equipped with a measure on the
o-algebra of Borel subsets of T, finite on compact sets. Define an integral
operator S on BC(T,X) by

Sz(t) = | G(t,s)r(=(s), s) ds.
T
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Assume that

(i) G: T xT — L(X) is continuous,
(il) supser §1 [IG(t, 5)| ds < oo,
(iil) Yrer lim; oo §, |G (2, 5)| ds = 0,
(iV) ve>0v]’}@TaK@Tvt€f€ ST\K HG(t7 S)H ds < &€,
(v) the map t — r(-,t) € CC(X, X) is continuous,
(vi) there exists a function b € BC(T, X) such that, for each M > 0,

lim sup ||r(z,t) —b(t)]| =0.
o0zl <M

Then S maps BC(T, X) into BC(T, X) and is completely continuous.

Proof. Define L = sup,cr |, [|G(t,5)||ds. By (ii), L < oo. The as-
sumptions on r imply its boundedness. Hence we get the existence of the
integral |, G(t, s)r(z(s), s) ds and the boundedness of the operator S on any
bounded set.

To get the continuity of Sz, we divide T into a compact set K and apply
the continuity of the function G there, and the noncompact set 7'\ K where
we use (iv). Similarly, using (vi) on the noncompact set and (v) on the
compact one, we estimate the norm [|Sz(t) — Sy(t)||. Taking into account
(ii) we get the continuity of the operator S.

Now, we show that S is compact, i.e. for each M > 0, the set S(B(0, M))
is relatively compact. In order to use the compactness criterion in BC(T', X),
we have to show that conditions 1°-3° are satisfied.

1° Fix tg € T and € > 0. We shall find a finite e-net for A := {Sxz(to) :
|z|| < M}. Choose K & T such that ||r(z,t) —b(t)|| <e/(2L) for ||z|| < M
and t € T\ K. Set zg = ST\K G(to, s)b(s) ds. Consider

B = {}(G(tg,s)r(:n(s),s) ds : ||7]|oe < M}.

From Lemma 3 we see that the set Z;, := {G(to,s)r(z,s) : s € K, ||z|| < M}
is relatively compact in X. But the integrals in B belong to the convex
hull p(K)conv Zy,, so by the Mazur theorem, there exists a finite €/2-net
Z1,...,%p of B. We have thus obtained an e-net xo + z1,...,29 + x, of A.
Indeed,

1Sz (to) — (xo + ;)| < H S G(to, s)r(z(s),s)ds — xJH

+ | 1G o, 9)ll - [Ir(2(s), 5) — b(s)|| ds
T\K
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2° Let ¢ > 0 and K € T. Choose, by (iv) and (vi), K € T such that
(2, 8) = b(s)|| < [bloo,
whence
(2, s)]| < 2][bl]oo
and ~
S |G(t,s)]|ds <e/(8]|b]loc) foranyte K.
T\K
Moreover, using the uniform continuity of G on KxK , we can choose some
d > 0 such that, for any ¢,t; € K with d(¢,t1) < ¢ we have |G(t,s) —
G(t1,s)| <e/(2u(K)T). Then
1S (t) — Sw(t)]]
< VGt 5) = Gltr,9)l| - | ((s), 9)|| ds
K
+ Gt s) = Gt )| - [Ir(a(s), )] ds
T\K
< ((W(K) - 8)/ 2uE)T)) - T+ (22/(8][blloc ) - 2[blloc = &
3° Let e>0. From (vi), we can choose K €T such that, for any s € T\ K
and ||z|| < M we have ||r(x,s) — b(s)|| < e/(4L). Moreover, from (iii) we
can choose K € T such that {,. ||G(t,s)||ds < e/(4T) for t € T'\ K. Then,
for those t and ||z]|oc < M, ||y|lcc < M, we get
152(t) = Sy(®)||
< VUG, )] - lIr(2(s), 8) = r(y(s), )] ds
K

+ § G ) (lr(e(s), s) = b(s)ll + llr(y(s), s) — b(s)ll) ds

T\K
< (¢/(AT)) - 2T + 2L - (¢/(AL)) = ¢.

THEOREM 4. Let G and r satisfy the assumptions of the previous theo-
rem. Moreover, suppose that

(2) RzlimsupsupM <1/L

[|z|| =00 teT ||$H
where L = sup;er {1 |G(t,5)|| ds. Then the integral equation Sz = x has a
solution in the space BC(T, X).

Proof. By assumption (2), for e = 1/L — R > 0, choose M > 0 such
that [|r(x,t)||/||z|| < R+¢e = 1/L for any t € T and ||z|| > M. Define
T = sup|u<m, ter (@, ?)]|. Using Lemma 4, we get T < oco. Hence, for
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|]| oo < max{LT, M},

|Selloe < sup( § 1G] - lIr(as). s)]| ds

T silla(o) <M

+ b IGES) (s, )]l ds)
{s:lle(s)lI>M}

< Sup< S IG(t, s)|| max{T, M/L} ds
T silla (o)l <y

+§ UG sl (max{LT, M}/L) ds)
{s:lle(s)lI>M}

= sups |G(t, s)|| max{T, M/L} ds
teT 7,

< Lmax{T,M/L} = max{TL, M}.

Then S : B(0,max{T'L,M}) — B(0,max{TL,M}) and, by the Schauder
theorem, using Theorem 3, we obtain a fixed point for S.

COROLLARY. Let T be a closed cone in a Banach space and let r : X x
T — X satisfy conditions (v), (vi) of Theorem 3 and condition (2). Let
G:TxT — L(X) be of the form G(t,s) = H(t — s) for any t,s € T,
where H : T —T — L(X) (— stands for algebraic difference here) is a given
continuous function such that the integral . .| H(t)|| dt is finite. Then the
integral equation Sx = x has a solution in the space BC(T, X).

4. Applications to Wiener—Hopf equations. The last corollary from
the previous section can be easily applied to nonlinear Wiener—-Hopf equa-
tions on a half-line (T = [0,00)) or on a closed half-space (T = RF~! x
[0,00)), which will be illustrated by the following theorems.

THEOREM 5. Consider the equation

(3) S H(t— s)r(z(s),s)ds = x(t)

0
where H : R — R is continuous and integrable, and r : R x [0,00) — R is
continuous. Moreover, if r satisfies (vi) of Theorem 3 and

o0

t 1
limsup sup Ir(z, )| < — where L= S |H ()| dt,
|z|—oo0 t€[0,00) |$| L

—00
then equation (3) has a bounded and continuous solution x.

REMARK. The conditions imposed on r are, in particular, satisfied if
r(x,t) = f(x)e(t)+b(t) where f : R — Rand ¢,b : [0,00) — R are continuous
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and satisfy lim; .o [|c(t)|| = 0 and limz)— ||f(2)/[|2] = 0.
THEOREM 6. Let RY = {t = (t1,...,t;) € RF : tj, > 0}. Consider the

equation
(4) | H(t = s)r(a(s), s) ds = x(t)

k
RY

where T : R X R’i — R and H : R¥ — R are continuous. Moreover, if r
satisfies (vi) of Theorem 3 and

lim su Ir(z,t)]
p sup
|z|—o0 t€[0,00) ‘Z” L

where L = S |H(t)|dt < o0,
Rk

then equation (4) has a bounded and continuous solution x.

REMARK. The conditions imposed on r are satisfied if, in particular,
r(z,t) = f(z)e(t) + b(t) where f: R — R and b,c: R¥ — R are continuous
and satisfy lim;_o |c(t)] = 0 and lim ;|0 [ f(2)[/]2] = 0.

5. Applications to ODE’s. Let T'= R and let X be a Banach space.
Assume that 7 : X x R — X is continuous and A € L(X) is such that
Sp(A)N{a € R : o < 0} = 0. Consider the following boundary value
problem in X:

(5)

The boundedness of solutions plays here the role of a boundary condition.
Under some additional assumptions on 7, problem (5) will be transformed
to an integral equation of Hammerstein type and, for the latter, Theorem 4
will be applied to obtain the existence of solutions.
First, let us recall the notion of the Green function for problem (5).
The Green function for (5) is a function G : R x R — L(X) satisfying the
following conditions:

2 = Az + r(x,t),

z bounded on R.

(i) For any s € R, G(, s) satisfies the linear equation, i.e. ‘?Tg(t, s) =
AG(t,s) for any t # s,
(i) limy - 29 (¢, s) — lim,_,+ &2 (t,s) = I for any t € R,
(iii) G(-, s) satisfies the boundary condition for any s € R (i.e. is bounded
on R).

If we have such a function it is easy to see that any solution of the integral
equation

(6) v(t) = | G(t,s)r(x(s),s)ds
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satisfies the boundary value problem (5).
Indeed, integrating and using the properties of the Green function, we
obtain

2(t) = %( | %—f(t, s)r(z(s), s)ds + %( | %—f(t, s)r(z(s), s) ds))

T 0%2G
= S W(t,s)r(z(s),s)ds
. 0G . 0G
* (JLI?- o (he) = Jim o SW“W)

= Az(t) + r(x(t),t).

The Green function for (5) will now be constructed. Using the Dunford
operational calculus from [6, pp. 225-228], we can define the operators

1
12 _ L oy—1/204 —1
ATY2 = 2m,§>\ (A= XD)"ta\,
r
—A12 = L A2 (A Aty

211
r
1 _
exp(—AY?) = —5 [ exp(=A2)(A — A1)~ d),
r

where I" is a Jordan curve around Sp(A) with counterclockwise orientation.
Now, we define

G(t,s) = —%A71/2 exp(—AY2|t — s]).

From [6, Corollary 3, pp. 245-246] one gets
0*G 1
W(t’ s) = —§A1/2 exp(—AY2(t — s)) = AG(t,s) for t # s.
Since Sp(—A'/?) c {a € C : Rea < 0}, from [2, Theorem 4.1, pp. 42-43]
we get
(7) IG(t,s)|| < Ne~vl*=*
for some constants INV,v > 0. This implies the boundedness of the function

G(-,s) for any s € T. Finally, from [6, Theorem, p. 226] and [6, Corollary 3,
pp. 245-246] we obtain

lim %(t,s)— lim %(t,s) = lim %(—%Ail/QeXp(—Alm(t—s)))

s—t— Ot s—tt Ot s—t—

— lim 2(—%A‘l/zexp(—Al/2(3—t)))
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= lim Lexp(—AY%(t—s))— lim —Lexp(—AY2%(s —1))
s—t— 2 s—tt 2

=1I+ir=1
We have thus shown that G is the Green function for problem (5) and any

solution of the integral equation (6) satisfies the boundary value problem
(5). Now, we are ready to formulate the existence theorem for (5).

THEOREM 7. Assume that A € L(X) is such that Sp(A) N{a € R :
a <0} =0 and r(z,t) = c(t)f(z) + b(t) where ¢ : R — R is continuous,
limy o0 e(t)] = 0, b: R — X is continuous and bounded, and f : X — X
is completely continuous. Then BVP (5) has at least one solution provided

- 1f (@) v
(8) lim sup .
lz]l—oo Il 2Nlclls

Proof. To prove the existence of solutions for the integral equation (6),
we have to show that the integral operator S defined by the right-hand side
of (6) satisfies the assumptions of Theorem 4.

First, we show that the assumptions of Theorem 3, implying the complete
continuity of S, are satisfied.

From inequality (7) it follows that conditions (ii)—(iv) of Theorem 3
are satisfied. Assumption (v) is also satisfied since the functions b, ¢ are
continuous and f maps bounded subsets of X into relatively compact ones.
The last assumption (vi) is satisfied since

lim sup |r(z,t) =b(t)| = lim sup |[lc(t)f(z)]]

E=00 |zl <M b=00 ||z <M
< sup Hf(rc)Htlim |e(t)] = 0.
||| <M =0

Now, we show that condition (2) of Theorem 4 is satisfied. From inequal-
ity (7) we get

[e'e] t [e’e]
2N
L = sup S |G(t, s)||ds < N sup ( S e ) ds + S e v ds) ==,
teR oo teR —00 t v
Then
. l[e()f(z) +b(D)]] — f@l v 1
lim su <lelloo  lim < ——==—.
e S ] R 7 T

From Theorem 4 we get the assertion.

Analogously we obtain the existence of a solution of the boundary value
problem on a half-line.

Let T = [tg,00) and let X be a Banach space. Assume that r : X X
[to,00) — X is continuous and A € L(X) satisfies Sp(4) N {a € R :
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a < 0} = 0. Consider the boundary value problem
= Az + r(z,1),
(9) x(to) = 0,
x bounded on [tg, 00).
Define
G(t,s) = LATY2((exp(—A'?(s + t — 2t)) — exp(—A'/?|t — ).
From [2, Theorem 4.1, pp. 42-43] we get
(10) |G(t,s)|| < Nye v(tFs=2t) 4 Nye—wlt=sl

for some constants Ny, No,v,w > 0. As in the previous case, one can verify
that G is the Green function for problem (9), so any solution of the integral
equation

o0
(11) 2(t) = | G(t,s)r(x(s), ) ds

to

satisfies the boundary value problem (9). Now, we can state

THEOREM 8. Assume that A € L(X) is such that Sp(A) N{a € R :
a <0} =0 and r(x,t) = c(t)f(x)+b(t) where c: [ty,00) — R is continuous,
limy oo [le(t)]| = 0, b : [tg,00) — X is continuous and bounded, and f :
X — X is completely continuous. Then BVP (9) has at least one solution
provided
[1f ()l vw

(12) lim sup < .
lz|—oo NI llefloo (N1 w + Nov)

Proof. From inequality (10) we see that assumptions (ii)—(iv) of The-
orem 3 are satisfied. As in the previous theorem assumptions (v), (vi) are
satisfied, so the operator S defined by the right-hand side of (11) is com-
pletely continuous.

Now, we show that it satisfies condition (2) of Theorem 4. By inequality
(10),

oo
L= sup G(t,s)]|ds < sup S(Nle—v(t-‘rs_Qto) + Noe~vIt=5) ds
tE€[to,00 t€[to,00) 4,

Nl fv(tJrs 2t0)’3 N2 fw(t S)‘s . N2 fw(s t)’ )
=to 0
w

= sup
t€[to,00)

)

o0
= Sup <
te[to,oo)
Nl *U(t to) 4+ = No _ &e*w(t*tO) + & — & + &
v w w w v w
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whence, by (12),
1/ ()] vw 1

t b(t
lim sup sup le(®)f(z) +5(®)] < ¢/l oo lim sup < < —.
]| —oo teT [B4| lzl—oo 11Tl Niw + Nov L

Then from Theorem 4 we obtain the assertion.
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