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On the method of lines for a non-linear
heat equation with functional dependence

by H. LESzczyNskI (Gdarisk)

Abstract. We consider a heat equation with a non-linear right-hand side which de-
pends on certain Volterra-type functionals. We study the problem of existence and con-
vergence for the method of lines by means of semi-discrete inverse formulae.

1. Introduction. Let a > 0, 79, 71,...,7, €R4 and [—7, 7| = [—71, 71| X
.. X [=Tn, Tn). Define E = [0,a] x R", Ey = [—79,0] x R", E* = (0,a] x R"
and B = [—70,0] X [-7,7]. fu: EgUE — R and (t,z) € E, then we define
the Hale-type functional u( ) : B — R by uq 4)(s,y) = u(t + s,z +y) for
(s,y) € B. Because we also take into account the functional dependence on
the gradient D, u = (D, u,..., D, u), we write
(Do) (t,e) = (Day Wty - -+ » (D W) (1,0))-
Denote by A the Laplacian, that is, A = Dy, 5, + ...+ Dy, 5, . Define
Q2 :=ExC(B,R) x C(B,R").

Given f: 2 — R and ¢ : £y — R, we consider the Cauchy problem
(1) Dyu(t,x) = Au(t,z) + f(t, 2, u@,2), (Datt) t,0))
(2) u(t, z) = ¢(t, x) for (t,x) € Ey.

Two specific examples of (1) are equations with Volterra integral and
delayed (deviated) dependence:

0
Dyu(t,x) = Au(t,z) + f(t, T, S u(t + s,z +y) dy ds, S Dyu(t + s, x) ds>

B To

(integral dependence),

Dyu(t,x) = Au(t,z) + f(t, T, u(%t, x),Dxu(t — T, T + 7‘)) (delays),
where f: E x R x R* — R.
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62 H. Leszczyniski

Define

f[u](tv ‘T) = f(t7 Ty Ut,x), (D:cu)(t,x))'

The following system of integral-functional equations is equivalent to the
differential-functional problem (1), (2):

(3) u(t,x) = Lo[ul(t, ),

(4) wu(t, ) = L'ul(t,2),

for (t,x) € Ey U E, where E’ (L1,...,Ly), and
EO[U](t7x) = S H(t7$_y)¢(07y) dy

Rn
t

+1 | H(t = 5,2 — y)flul(s,y) dy ds,
0O Rn
Liu)(t,z) := S H(t,z —y)Dy,(0,y) dy
Rn

+\ VDo H(E — 5,2 — y) flu)(s,y) dy ds,
OR™

for (t,x) € Et :=(0,a] x R" (i =1,...,n), where

1 ] )
H(t,z) = (2y/xt)" exp ( T T4t for (¢,z) € (0,00) x R™,
0 for (t,z) € (—00,0] x R™,

is the Green function H : R'*" — R, and

ﬁo[u](t,l‘) = ¢(t7$)7 ‘Cl[u](t7x) = Drqu(t’x) (Z = 1,...,11),
for (t,z) € Ey.

We intend to formulate a semi-discrete problem which corresponds to
(1), (2), and next to find a semi-discrete version of (3), (4). This seems to
be a new approach to the error analysis of the method of lines. We study
so-called C%1 solutions to (1), (2), that is, u € C(Ey U E,R) satisfying (2)
in Ey and (3) in E with the continuous gradient D,u. However, it will oc-
cur that consistency requirements lead to classical, even sufficiently regular,
solutions.

In [12] we obtained some existence results by means of the Banach con-
traction principle and discussed the question of their continuous differen-
tiability in the set Et, getting C%! and classical solutions to the Cauchy
problem. Fundamental notions, ideas and existence results in the theory of
parabolic equations can be found in [8, 10].

Theoretical search for some iterative methods, esp. monotone iterative
techniques (cf. [3, 9]), reveals certain advantages of Chaplygin’s method (see
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[2, 4]). This method can guarantee the second-order convergence under some
natural assumptions. However, one would like to avoid using it because of the
inevitable necessity to solve quasi-linear Cauchy problems with functional
dependence at each stage of the iterative method. There are well known and
frequently applied finite difference methods (FDM) (cf. [5, 6, 11, 13-16]).
Explicit FDMs for parabolic equations require a very specific condition on
the time and space steps, whereas there appear large non-linear systems at
each stage of any implicit FDM.

Enormous progress in parallel software has pointed to semi-discrete
methods such as the Rothe method and the method of lines. The latter gives
a large-scale structured system of non-linear ordinary differential equations
which can be solved by means of an effective Runge-Kutta method (see
[17]). Since the early sixties, the method of lines has become very attractive
for many mathematicians and engineers. We draw the reader’s attention
to some references on parabolic differential and differential-functional equa-
tions such as [7, 18, 19]. Because these papers develop a sort of maximum
principle as a main tool of their convergence proof, the present paper essen-
tially differs from them. Namely our method can be extended not only to
parabolic equations with functional dependence at spatial derivatives, but
also to strongly coupled systems of parabolic differential-functional equa-
tions. The assumptions in the present paper correspond to those in the
existence results.

Now, we introduce a natural mesh and a family of semi-discrete schemes.
First, we take the steps h = (hi,...,h,) € R7}. Define z? = hxf =
(h1B1, ..., hpfy) for € Z™. Let

Z, ={2" | pez"}.
Define some discrete sets associated with the sets Ey and E:
E? = [—To,O] X 4y, FEn= [O,CL] X Ly, Eh = EgUEh, E;l— = (O,CL] X Zp,.

3
If u: BgUE — R, then we write v (t) = u(t,z?) for (t,2°) € Ej,.

We also need some further notation. Let e; = (01,,...,0n,), where 6},
is the Kronecker symbol. Define the difference operators

Ay, :(Al,ha---,An,h)a A? :A%,h_‘_"'—i_Ai,hv
as follows:
Appu? () = (2h) M (WP () — uP (1)),
Alz,huﬁ(t) = th(u’B+el (t) — 2u’8(t) + P t) (=1,...,n),

for (t,2%) € Ej.
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Suppose that we are given the interpolation operators 1} : C (Eh,]R) —
C(EgUE,R) and T} = (T}, ..., T}") : C(Ep,R™) — C(Eo U E,R™), where

(Thu)(t,z) = Y u’(t)p)(x),
P ez,
(T, U)(t,2) = (Thuy)(t, @), -, (Thun)(t, @)
for (t,z) € EgUE and u € C(EyUE,R), U = (u1,...,uy) € C(EgUE,R"™),
where pf(t) € C(R™,R) for h € R} and § € Z".
We formulate the method of lines:

d
(5) Euﬁ(t) = A2uP(t) + f(t, 2%, (Thu) .0, (T} AU) .06))  on Bl
(6) WP (t) = ¢°(t) on Ep,

where ¢ : Eh — R is a discrete perturbed counterpart of the function ¢.

Finite difference schemes for parabolic problems were considered in [1,
11, 16]. The convergence theorems were proved there by means of difference
inequalities or a sort of maximum principle. In [13] we prove a convergence
theorem for finite difference schemes that approximate unbounded solutions
to parabolic problems with differential-functional dependence by means of
a comparison lemma, which was possible in absence of functionals acting
on partial derivatives. Nevertheless, there were some technical problems.
The present paper shows new ways to solve parabolic equations with more
complex functional dependence, such as delay and Volterra type integrals,
esp. acting also on partial derivatives.

Define the set ,7-"5 forp=1,2,... and § € Z" as follows:

06.7-"5 if o =(01,...,0p) and 01,...,0, € {£ex| k=1,...,n}.

Set
68 _ 1 fOI' ﬁ = O7 3 L, L B
Co,h_{() for 3 # 0, Con = Zhal...h% (p=1,2,...),
UG]—'E
and
[h]2 = Z h;2 for h € RY}.
7j=1

Define

7 /B o p ! - e
(7) Hg(t) _ C'nhexp( 2tn[hlo)t? /p! fort >0,p=0,1,...,
(8) 0 fort<0,p=0,1,...,

If w: Eh — IR satisfies the equation

d
(9) Euﬁ(t) = A5 (t) + g7 (1) on Eff,



Method of lines 65

where g : E;7 — R, then we can rewrite (9) as follows:

%(uﬁ (t) exp(2tnlh)2))

{Zh aPe )+t (1) + g7(1)  exp(2en[h])

and next integrating from 0 to ¢t we obtain

uP(t) = uP(0) exp(—2tn[h]z)

n

#I{ A @) 40776 + (0 e -20e = shalhl s,
0

or, in explicit form,

= Z Z HI=(t)u"(0) + Z SHIQB_"(t —$)g"(s)ds on Ej,
0

p=0nezZ"

P
where Hf(t) are defined by (7) (8).
i

If we take g% (t) := f(t,2°,...) in (9), then we get the following discrete
inverse formula for the scheme (5), (6):

=33 H(3(0)
p=0nezZm

o

+ZZ SH Tt — s)fu](s)ds  on Ep,

p=0n€EZ" 0O
where

FPLu)(t) = f(t, 2, (Thu) 4,00y, (ThAW) 1 26))-
Define the residual expression

(10) O°[us (1) = S-uP(t) — A% (1) — a1

for (t,2%) € E}f and u € C(Ep,R) differentiable with respect to . Observe
that f°[u](t) is a semi-discrete version of the Nemytskii’s operator.

2. Existence and convergence results. We use the symbol Cp to
indicate classes of bounded continuous functions. Write

X[¢] :={(u,U) € Cp(Ey U E,R") x Cp(EyU E,R") |
u(t,x) = ¢(t,x), U(t,z) = Dyo(t,z) for (t,z) € Eg}.

Denote by || - ||o the supremum norm.
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ASSUMPTION 1. Suppose that:
1) ¢75 € OB(E07R)7 Dﬂc¢7 Drae OB(E07R)7 f(7 '7070) € CB(E7R)
2) There are L1, Ly € R such that
[f(t, 2,0, W) = f(t,2,@,W)| < Lillw —@llo + Lal|[W = Wljo
for (t,x,w, W), (t,z,w, W) € §2 (recall that 2 = E x C(B,R) x C(B,R")).

AssSuMPTION 2. For every step h and for all % € Z;, we have p’g €
C(R™ R), and there are A > 1 and M € R, such that

pf(:n) =0 for ||z —z°|jo > h),
Z pf(m) =1 and pr(m)”o <M onR"

P ez,

ASSUMPTION 3. Suppose that v € Cg(EyUE,R) is a classical solution to
the problem (1), (2) such that (v, Dyv) € X[¢] and D,,,,v € Cp(EyUE,R)
fori =1,...,n. Assume that the function D,v is uniformly continuous with
respect to x in Ey U E, and D, ,,v is uniformly continuous with respect
to x; for i = 1,...,n. Denote their moduli of continuity by o, and 0.,
respectively.

First, we formulate a lemma on global estimates for a system of integral
equations.
LEMMA 1. Suppose that g, €1, P, Q, L, L', Q;, S;, S; € Ry for
j=1....,n. If
S; S
/ — J
L'S<1 for §S:= HllaXn<Q +2Q§’>
and Wo, W; € C([0, al, R+) where

(11) —6o+S{P+LW0 )+ L'Wi(s)} ds,
0
(12) =g + S { e~ Qt—s) + S/( )26—Qj(t—5)}

X {P—i—LWO( Y+ L'Wi(s)tds (j=1,...,n),
then

z tL
W < — - | =
O(t)_EO+L{eXp<1—L’S> 1}’

exp (%) — exp(—Qt) 2S’- exp (%) }
(1-L'S)Q+ L (Q]

W;(t) < e +§{Sj 3

L/S)
(j=1,...,n),
where € = P + Leg + L'e;.
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Proof. Define
W(t) =P+ LWy(t) + L' max Wy(t) (¢ € [0,a]).
Jj=1,...,n

Then W satisfies the integral inequality

t
W(t) <&+ max { [ W (){L + L'(S;e7 Q0 4 Si(t — 5)2 @ =9))) ds}

Jj=1,..,

max { SW(t)L’(Sje*Q(tfs) + S5 (t — 5)2eQit=9)) ds}
0

j:17"'y
tN . [e’e] S [e’e] S(

<&+ \W(s)Lds+W(t)L' max { | Zetag+ | 5% dg}.
0 =t g Q o @

Hence (by the Gronwall lemma) we get

— g tL
< .
(13) Wi(t) < TS exp<1_L/S>

From (11)—(13), we get the assertions of our lemma. =

LEMmMA 2 (Existence). If Assumptions 1-2 are satisfied, then there exists
a unique bounded and continuous solution to (5), (6).

Proof. The right-hand side of the system satisfies the Lipschitz condi-
tion in the Banach space of all bounded continuous functions. Apply the
Banach contraction principle. =

We say that a particular method of lines (e.g. (5)) is stable if small per-
turbations of its right-hand side and initial data result in a correspondingly
small variation of its solutions. The method (5) will be called consistent
with the differential equation if, given a regular solution v to (1), we get

[P ](8) = fl(ta”) < G
for all (¢t,2°) € E;f, where Ry 5 Cj, — 0 as [|h][p — 0.
Given K € Ry and h € R"}, define

LEMMA 3 (Stability). Suppose that u,v € CB(E'h,R) and there are
Ch,Ch, P, € Ry such that

[P (t) —uP ()| < Cp —0  on EY,

|ARP (t) — ApuP ()]0 < Ch — 0 on EP,
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OF[u; h)(t) =0, |O°[v;R](t)] < P, — 0 on E;.
If Assumptions 1-2 are satisfied and K > 1, h € R?, then

sup (v —uP, Ap(v —w)P)|o — 0 as ||hllo — 0, h € Ix(h).
G n

Proof. Set w?(t) := v°(t) — u”(t). Then
|©°[v; h](t)| < P, on E;,
W) < Ch, AR (B0 < Ch on Ej,

and
(14) Wty =>" D" H(t)w(0)
p=0neznr
oo t
+ Z Z SH;,B Tt —s)
p=0n€eZn 0

X A [vl(s) = f7ul(s)) + ©"[vs h(s)} ds,
(15) Al (8) = D Ay (#)w"(0)

p=0nezn

+ZZS th’B "t — s)

p=0neZm™ 0
X {(fv](s) = ful(s)) + O"[v; hl(s)} ds
for (t,#%) € Ej and j = 1,...,n. Observe that

(16) > HI"t)=1 on Ef,
p=0nezm
a7 33 1A )
p=0nezn
e tP
< h; ZGXP(—%[hb);!
p=0

x {2 ([2)” + p(p — D@0 — By 22 ny - i it}

I=1,1#j

— hj—l{2”*1exp(—t[h]2) + 2 eXp(—thj_z)‘hj_4 — Z h;“(}
1=1,1#£]
on Ef (j=1,...,n).
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Define My = M (2\+ 1)" and

o) = sup  |7"(s)llo  for v € Cp(En, R").

s<t,xnelp

It follows from Assumption 2 that
1(Thw) ooy llo = sup  [(Thw)(s + t,y + 27)|

(s,y)eB
< Z WP (s)] |p] (s + t,y + 27)|
xPez,
< MQERA+1D)" sup |[w"(s)| = My||wllo(t).

s, xMeZy,
Hence
[(ThAjpw)taeyllo < Mal[Apwllo(t) (G =1,...,n),

for (t,2°) € Ej. Taking supremum on both sides of (14), (15) and applying
(16), (18), we obtain the integral estimates

lwllo(t) < Cn + \{Pu + MLy |wllo(s) + MxLa|[Anwllo(s)} ds,

14 nwllo(t) < Ch + \ by { Py + MyLy||wllo(s) + MxLa | Apwllo(s)}

Oc,ﬁﬁ. O ey

x {27 exp(~(t - )[h]2)

+t2exp(—(t—s)hj_2)‘hj_4— Z hl_4‘}ds
=1, I#j
(j=1,...,n),
for 0 <t < a. Take Wy, W; (j =1,...,n) given by (11), (12) with
L=M\L,, L' =MLy, Q= Ih]s,
P=P, e =Ch & =0Ch,
Qj=h;? S;=ht2"""

Sj =ity - i it G=1m).

I=1,1#j

There exists h’ € I (h) such that

hf12n71
- J 5(7,—4 —4
Or (h) := M) Lo n%axn{wwhj ht— 3k
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for each h € I (h), h < k. In view of Lemma 1, there is a global estimate
for the comparison problem, thus we have the estimates

(18) ollo(t) < Wa(t) < Co + 375={ o (37 e ) ~ 1.

1 — MyLoOg
(19) [ 4jnwllo(?)

exp (171\21\/[3;9}({)) — exp(—t[h]2)

(1 — M)\LoOk (h))[h]e + MyLy

<W;(t) < Ch+ 5h{hj12”1
2h;1 exp ( tMy Ly

n

17M)\L29K(h)) —4 —4 .

(h’2—|— VL )3 ‘hj - E h, ‘} (j=1,...,n),
j 1—My L20k () 1=1,1#j

for h € Ix(h'), where
(20) Ch = Py + L1Cp, + LoCh.

It is clear that |W;|o — 0 as ||hllo — 0, h € Ix(R') (j = 0,...,n), which
completes the proof. m

LEMMA 4 (Consistency). If Assumptions 1-3 are satisfied, then the
scheme (5) is consistent with the differential-functional problem.

Proof. Take v as in Assumption 3. Suppose that o, and o,, are the
moduli of continuity for D,v and D,,,,v respectively. Let (t,2°) € E; and
(s,y) € B. Then we can use the Taylor expansion at x = z” + y to derive

(Thv) (4,08 (8, y) — v(t + s,7)
= Y Pl@)@"(t+s) — vt +s,7))

FAURSYAN

1

= Z p}(z) SDIU(t +5,(x" + (1 = {)x) o (2" — z) dC,

TN E€Zp, 0

where z o Z denotes the scalar product in R”, and
(ThAjn0)(1,08)(8,y) — Dajv(t + s, )
= > P@{[(Aj00)"(t +5) = Dyyo(t +5,2")

WAy AN

+ [ij’l)(t + s, xﬁ) - ij?](t + s, 1’)]}

= Y Bl@{[De,elt + 5,27 — Dyyv(t + 5,2)]

WY AN
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1
4+ —

o, (1- C)[ijxjv(t + 5,27+ Chjej)h?

O ey =

= Do olt 4 5,07 = Chye;)h3] dC }
for j =1,...,n. Thus, we get
||(Thv)(t7xﬁ) - ’U(t@B)HO < M)\HDI’UH(]TL)\HITHU,

(T} Anv) 1,25y — (Do) (1,080
1

(1= Qa2 hllo)l1Alo dC §-

0

< Mo (Mlhfo) +

N | —

Finally, we obtain
|FOR](8) — flol(t, 27

h
< M{ LalDvlonA bl + La a AlAllo) + 0w 211 02 ||

and
|A§,hvﬁ(t) - Dl’j$jv(t7xﬁ)| < er(hj) G=1,...,n).
These estimates complete the proof. m

THEOREM 1 (Convergenge result). Suppose that Assumptions 1-3 are
satisfied, and there are Ch, Cy, € Ry such that

10 (t) — @°(t)| < Cp, — 0 on EY,
“Ah(ﬁﬁ(t) — Ahaﬁ(t)”o <Cp—0 onE).
Let K > 1, h € Ix(h) and Ox(h) < 1. If u € Cp(Ex,R) is a solution to
(5), (6), then

(21) Bsuzp H(vﬁ — u'g,Ah(v — u)ﬁ)Ho —0 as ||hllo — 0, h € Ix(h).
6 n

Proof. The existence of bounded solutions to (5), (6) is a consequence
of Lemma 2. It is obvious that Cj, — 0 and C}, — 0 as ||hl|p — 0. In view
of Lemma 4, we can define

(22) az%mwm+M{hwﬂwwwm

h
Lo a Al + o o) |
Then P, and C, defined by (20), tend to 0 as ||h]jo — 0. Assertion (21)
follows immediately from estimates (18), (19) in the proof of Lemma 3 and
from the evident fact that |D,v — Apv|lo — 0 as ||hljo — 0. =
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The right-hand sides of estimates (18), (19), show that the convergence
rate depends on C},, C},, P,. We formulate a higher-order convergence state-
ment.

COROLLARY 1. Suppose that the assumptions of Theorem 1 are satisfied,
and

1) Cy/|Ih)|3 and Cr/||h||2 are uniformly bounded.
2) For every x € R™ and for every h € R" | we have

> p@)a’ ) =0
zheZ,
3) There are bounded and continuous derivatives D ,,.v in Eg U E and
Dyjzja;e;v in B (j=1,...,n).
Then the second-order convergence of the method of lines holds true.

Proof. We verify the estimates of the two terms which appear in the
proof of Lemma, 4, that is,

> pl@){ Dy v(t+5,2") — Dy vt +5,2)}

TN EZp
= |Dajav(t +5,2) 0 (7 — )

1
+ S (Dy,ev(t + 5,2 4+ (27 — x)) — Dyjpv(t + 5,2)) o (27 — x) dC
0

< M)\||Dxrxv||0()‘”h”0)27

where z o z is the scalar product of the vectors z and x, and

h? )
]ijv(t,xﬁ) — Aj,hvﬁ(t)\ < EJHD%%%vﬂo (j=1,...,n).

The second-order approximation of the Laplacian by its difference counter-
part is standard. These estimates are crucial for getting the second-order
consistency statement, hence the same convergence rate. m

REMARK 1. The stability and convergence results of the present paper
extend, in a non-trivial way, to strongly coupled systems of differential-
functional equations

Dyuy(t,z) = Z aglf)ijmluk(t,m)
ji=1
+ f(k)(t,a;,u(t,a;),u(m),Dmu(t,a:), (D2),2)) (B=1,...,m),
uk(t7$) :¢k(t7$) on EO (k:17"'7m)7
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and their further generalization:

Dyuy(t,z) = Z ag?)DIjrluk(t,aﬁ)
ji=1

+ f(k) (t7 xz, u(t7 33‘), ‘/Y(t,x)uy Dﬂcu(tv $)7 Vv(t,r) (Dru))
(k=1,...,m),
ug(t,x) = ¢ (t,x) on Ey (k=1,...,m),

where u = (u1,...,up) : EgUE — R™, ¢ : Ey — R and the real coeffi-

cients aélf) are such that the matrices A*) = [ag.]lc)] ji=1,...n are positive and

symmetric. The functionals V; ,yu are some generalizations of the Hale-type
functionals w4
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