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On the local meromorphic extension
of CR meromorphic mappings

by JOEL MERKER (Marseille) and EGMONT PORTEN (Berlin)

Abstract. Let M be a generic CR submanifold in C™" m = CRdimM > 1,
n=codimM > 1,d =dim M = 2m + n. A CR meromorphic mapping (in the sense of
Harvey-Lawson) is a triple (f, Dy, [I'f]), where: 1) f: Dy — Y is a C'-smooth mapping
defined over a dense open subset Dy of M with values in a projective manifold Y; 2) the

closure I'y of its graph in C™*t™ x Y defines an oriented scarred C'-smooth CR manifold

of CR dimension m (i.e. CR outside a closed thin set) and 3) d[I'y] = 0 in the sense of
currents. We prove that (f, Dy, [Ff]) extends meromorphically to a wedge attached to M

if M is everywhere minimal and C* (real-analytic) or if M is a €% globally minimal
hypersurface.

Since the works of Trépreau, Tumanov and Joéricke, extendability prop-
erties of CR functions on a smooth CR manifold M became fairly well
understood. In a natural way, 1) M is seen to be a disjoint union of CR
bricks, called CR orbits, each of which being an immersed CR, submanifold
of M with the same CR dimension as M ([21]); 2) a continuous CR function
f on M is CR if and only if its restriction f|o., is CR on each CR orbit
Ocr (]9], [17], [16]); 3) for each CR orbit Ocg, there exists an analytic
wedge W2 attached to O¢g, i.e. a conic complex manifold with edge O¢r
and with dim¢ W*" = dimg(O¢r) — CRdim M, such that each continuous
CR function on O¢ i admits a holomorphic extension to W2" ([21], [9], [22],
[14]). The technique of FBI transforms ([21]) or deformations of analytic
discs ([22], [8], [14]) brings up the construction of the analytic wedges in a
semi-local way.

This paper is devoted to the question of meromorphic extension to
wedges of CR meromorphic functions in the sense of Harvey and Lawson
([5], see also [19]).
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The classical theorem of Hartogs—Levi states that, if a meromorphic func-
tion is given on a neighborhood V(b{2) of the boundary of a bounded domain
2 € C™*t, m+1 > 2, then it extends meromorphically inside 2. Using the
solution of the complex Plateau problem, i.e. attaching holomorphic chains
to maximally complex cycles in the complex euclidean space, Harvey and
Lawson proved the following Hartogs—Bochner theorem for meromorphic
maps: If m+1 > 3, then any CR mapping bf2 — Y, with values in a projec-
tive manifold Y, extends meromorphically to {2. The method allows inde-
terminacies: a CR meromorphic mapping is defined by Harvey and Lawson
as a triple (f, Dy, [I'f]), where f: Dy — Y is a C'-smooth mapping defined
over a dense open subset Dy C M = bf2 with values in a projective manifold
Y'; the closure I' of its graph in C™ ! x Y defines a scarred C'-smooth CR
manifold of CR dimension m (i.e. CR outside a closed thin set) and such
that d[I'y] = 0 in the sense of currents. The case m = 1 was open until Dol-
beault and Henkin gave a positive answer for C> CR mappings f using their
solution of the boundary problem in P"(C), n > 2 ([4]). For continuous f
with values in a compact Kéhler manifold the second-named author devised
a different proof, relying on the fact that bf2 is a single CR orbit and that
the envelope of holomorphy of V(bf2) contains {2 ([18], see Section 4).

Recently, Sarkis obtained the analog of the Hartogs—Bochner theorem for
meromorphic maps, allowing indeterminacies ([19], see Section 4). The main
idea is to see that the set X'y of indeterminacies of (f, Dy, [[f]) is a closed
subset with empty interior of some C'-scarred submanifold A ¢ M = bf2,
with codimy; A = 2, and that f defines an order zero CR distribution on
M\ X¢. Then the question of CR meromorphic extension is reduced to the
local removable singularities theorems in the spirit of Joricke ([7], [8], [9]).
We would like to mention that these removability results were originally
impulsed by Joricke in [7] and in [9].

The goal of this article is to push forward meromorphic extension on CR
manifolds of arbitrary codimension, the analogs of domains being wedges
over CR manifolds. It seems natural to use the theory of Trépreau—Tumanov
in this context. Knowing thinness of X'; (Sarkis) and using wedge removable
singularities theorems ([15], [16], [17]), we prove in this paper that a CR
meromorphic mapping (f, Dy, [I'f]) extends meromorphically to a wedge
attached to M if the CR generic manifold M is everywhere minimal in the
sense of Tumanov and real-analytic, C¥-smooth. We also prove that such CR
meromorphic mappings extend meromorphically to a wedge if M is a C%°-
smooth (0 < a < 1) hypersurface in C™*! that is only globally minimal and
we prove the meromorphic extension in any codimension if M is everywhere
minimal and if the scar set Sc(Xy) (in fact Sc(A)) of the indeterminacy set
Y is of (d — 3)-dimensional Hausdorff measure zero, d = 2m +n = dim M.
These results are parallel to the meromorphic extension theorem obtained
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by Dinh and Sarkis for manifolds M with nondegenerate vector-valued Levi-
form ([3]).

We refer the reader to Section 4 which plays the role of a detailed intro-
duction.

Acknowledgements. We are grateful to Professor Henkin who raised
the question. We also wish to address special thanks to Frederic Sarkis.
He has communicated to us the reduction of meromorphic extension of CR
meromorphic mappings to a removable singularity property and we had
several interesting conversations with him.

1. Currents and scarred manifolds. In this section, we follow Harvey
and Lawson for a preliminary exposition of currents in the CR category. This
material is known, and is recalled here for clarity. Let &/ C C™*™ be an open
set. We denote by DF (1) the space of all complex-valued C*> exterior k-forms
on U with the usual topology. The dual space to D*(U) will be denoted by
D). (U). We adopt the dual notation D}, (U) = D>(m+™)=F(lf) and say that
elements of this space are currents of dimension k and degree 2(m +n) —k
on U. In fact, every k-dimensional current can be naturally represented as
an exterior (2(m + n) — k)-form on U with coefficients in D3, o, (U).

We let d : D*(U) — D*1(U) denote the exterior differentiation op-
erator and also denote by d : D) ,(U) — D;(U) the adjoint map (i.e.
d: D/Q(m+n)—k—1(u) N D/Q(m+")_k(U)).

In the following, H?, ¢ € R, 0 < ¢ < 2m + 2n, will denote the Hausdorff
g-dimensional measure on C™*". The notation H{ (E) < oo for a set EC
C™*" means that, for all compact subsets K € E, H4(K) < oo (we refer
the reader to the paragraph before Proposition 5.7 for a presentation of
Hausdorff measures).

We have the Dolbeault decomposition D*(U) = @, ,_, D™*(U) and
its dual decomposition Dy (U) = B, ,_; D, (U) (or DM =Ry =
D,y D'TIRS(UY). A current in Dy (U) = D' (1Y)
is said to have bidimension (r,s) and bidegree (m +mn — r,m 4+ n — s).
Given a current T' € D} (U), we denote the components of T in the space
D, [(U) = D'mIn=rmAn=s(f) by T, s or T~ +1=5: the subscripts re-
fer to bidimension and the superscripts to bidegree. Thus

DU ST =Y To= Y Tminrmines
r+s==k r4+s=k

Let M be an oriented d-dimensional manifold of class C! in U with
H (M) < co. Then M defines a current [M] € D/ (U), called the current
of integration on M, by [M](p) = §,, ¢ for all ¢ € DI(U). Furthermore,
d[M] = 0 if bM = ( by Stokes’ formula, in particular if M is a closed
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submanifold of /. An obvious remark is that [M] = [M \ o] for all closed sets
o C U with H%(o) = 0. For example, pure d-dimensional real or complex
analytic sets ¥ C U have a geometric decomposition into a regular and a
singular part, ¥ = Reg(¥) U Sing(¥), with Reg(¥) N Sing(¥) = 0. Reg(¥)
is a closed d-dimensional submanifold of M \Sing(¥) and H¢(Sing(¥)) = 0,
so one can define [¥] = [¥ \ Sing(¥)] = [Reg(¥)]. In the smooth category, it
is convenient to set up the following definition. Let » > 1 and work in the
C" category, r > 1.

1.1. DEFINITION ([5], [19]). A closed set M in a real manifold X is called
a C"-scarred manifold of dimension d if there exists a closed set ¢ C M
with H{ (¢) = 0 such that M \ o is an oriented C"-smooth d-dimensional

loc

submanifold of X \ o with H{ (M \ o) < oc.

The smallest set 0 C M with the above properties is called the scarred
set of M. We adopt the notation o = Sc(M) and Reg(M) = M \Sc(M).
Nonetheless, if M is C"-smooth, then d[M] = 0 of course does not imply
that d[M \ o] = 0 for a set 0 C M with H (o) = 0.

Let M be a C"-scarred manifold of dimension d. It follows from Stokes’
formula that, if H_!(Sc(M)) = 0, then the current [M] has no boundary,
i.e. d[M] =0, in particular if M is a comples-analytic set. The current [M]
given by integration over M \Sc(M) is well defined, but to retain the local
behavior of a smooth current of integration, one must add the condition that
d[M] = 0 locally, or globally, to have a globally closed object, for example
to solve a boundary problem.

When M is noncompact, the condition d[M] = 0 will mean the following:
d([M]NU) = 0 for each open set U € X with IntU = U. One says that
d[M] = 0 locally.

1.2. DEFINITION. M is called a C"-scarred cycle if, moreover, d[M] = 0
locally.

This condition is geometric in nature and is rather independent of the
measure-theoretic largeness expressed by H{ (Sc(M)) = 0. It corrects the

loc

singularities globally (think of dim M = 1).

2. Geometry of M and CR currents. Our purpose in this section is to
study the meaning of the notion of a CR meromorphic mapping (f, Dy, [I'f])
in the sense of Harvey and Lawson, in particular the implications of the fact
that [I'y] defines a C"-scarred manifold. Following [5], we begin by estab-
lishing various useful equivalent formulations of the notion of CR functions.
These definitions take place in the category of CR objects and CR mani-
folds. Any locally embeddable CR, manifold being embeddable as a piece of
a generic submanifold in C™*", i.e. with CRdim M = m and codim M = n,
we set up these concepts for M generic.
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Let M be a C"-scarred CR manifold of type (m,n) in C™*", ie. of
dimension 2m + n, of CR dimension m and of codimension n. Denote by
t € C™*" the coordinates on C™*™. Near a point pg € Reg(M), M can be
defined by cartesian equations g;(t) = 0, 1 < j < n, where do1 A ... A Do,
does not vanish on M. We then have

TSM = T,M N JT,M = {X € T,M : 80;(X) =0, j=1,...,n},

where J denotes the usual complex structure on TC™*". Then J can be
extended to the complexification 7,7 M ®g C with eigenvalues +i. Let T/M ®
C =TY"9MaT%' M denote the decomposition into the eigenspaces for i and
—i respectively. Then there is a natural C-linear isomorphism from 77 M to
T pl’OM given by the correspondence X — Z = %(X —iJX). Moreover, the
operation of complex conjugation is well-defined on T7M ®g C and we have

TYOM =T,' M.

Suppose now that f : M — C is a function of class C!. f is called a CR
function if Lf = 0, for every section L of T% M, i.e. f is annihilated by
the antiholomorphic vectors tangent to M. Equivalently, the differential df
is complex-linear at each point p € M, df(JX) = idf (X) for all X € TyM.
The first definition still makes sense for the wider class of CR distributions
on M.

To check a generalized definition in the distributional sense, let U C
M be a small open set, let ly,...,l, € I'(U,T°M) and let A\y,..., A\, €
I'U,TM) with Iy, Jly, ... Iy, Jlm, A1, ..., Ay linearly independent.

These vector fields determine splittings TU = T°U @ Ay and T*U =
T°U* @ Aj; of the tangent bundle and the cotangent bundle 7™M restricted
to U. The two spaces T°M, called the complex tangent bundle, and H'M =
(T°M)*, the annihilator of T°M in T*M, called the characteristic bundle
of M, are canonical; the other two depend on the choice of a splitting.
Let {3, JU5, ..., 0, U AT, ..., Ay, be the dual covector fields. Naturally, if

r'm? m?

f €CY(U,C) then
df =D (N1 + TL(HT5) + 3 M)A
j=1 k=1
Then one can define an induced @ operator on M by
our(f) =D Li(H)L;,
j=1

where L; = 1(I; +4Jl;) and f/; = (I —iJI7) for j =1,...,m. Clearly, the
kernel of 9y is the ring CR(M) of CR functions on M, and the definition of

O is independent of the choice of local vector fields. However, the operator
does depend on the choice of the splitting of T'M.
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_ Note that if we extend the local vector fields used in the definition of
O above to a neighborhood U of U in C™ 1", then we have

Af) =D LiHL;+ > Al(f) 4,
j=1 k=1

where Ay = 2(A\p +iJAg) and Af = (A} —iJA;) for k = 1,...,n. If,
furthermore, M = {1 = ... = 0, = 0} as above, then along M we can
assume that \j = Joi, = doy, + 1d°oy.

2.1. PROPOSITION. Let M be a piece of a C'-smooth manifold with dim M
= 2m +n, closed in an open set U C C™ ™. Then the following conditions
are equivalent.

(i) dime T,M N JT,M = m for all p € M,

(ii) §,, @ = 0 for all (r,s)-forms o on U with v + s = 2m + n and
|r — s| > n;

(iil) [M] = [M]mman + [M]mt1min—1+ - + [M]minm, where [M]; s
are the components of the current of integration [M| with respect to the
Dolbeault decomposition;

(iv) M is locally given by n scalar equations x; = hj(y,w), j =1,...,n,
in holomorphic coordinates t = (w,z), w € C™, z = x + iy € C", with

The proof is omitted. When M is C'-scarred, it is natural to allow sin-
gularities also for maps defined over M. The precise formulation is due to
Harvey and Lawson ([5], II) and favors the graph viewpoint. We transpose
it in the CR category.

2.2. DEFINITION ([5]). Let M be a C"-scarred submanifold of C™*".
Then a C"-scarred mapping of M into a complex manifold Y is a C"-smooth
map f: Dy — Y defined on an open dense subset Dy C Reg(M) such that
the closure I'y of the graph {(p, f(p)) € Dy x Y} in C"™*™ x Y defines a
C"-scarred cycle in C™*" x Y, i.e. d[I'f] = 0.

C"-scarred mappings will constantly be denoted by (f, Dy, [I'f]), to re-
mind precisely that they are not set-theoretic maps.

2.3. DEFINITION ([5], [19]). (f, Dy, [If]) is called a C"-scarred CR map-
ping if, moreover, [I'f] is a C"-scarred CR cycle of C"*" x Y of CR dimen-
sion m.

One can go a step further in generalization. Indeed, Harvey and Lawson
have introduced the notion of maximally complex currents. Accordingly,
CR currents arise as generalized currents of integration on CR manifolds as
follows.
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2.4. DEFINITION. Let M be a d = (2m + n)-dimensional current with
compact support on an (m + n)-dimensional complex manifold X. M is
called a generic current of type (m,n) if its Dolbeault components satisfy

M, s=0, r+s=2m+n, for |r—s|>n,
ie. M(a) =0 for all (r, s)-forms o on X with |r — s| > n.

Let M be a closed generic current of type (m,n) in an open set U C
Cm™tn. Then M = M%" + ... + M™? and dM = 0 yield oM = 0,
since [dM]% L = 9MO " simply for bidegree reasons. Using this remark
yields four equivalent definitions for a C'-smooth function to be CR. [I'f]
denotes the current of integration over the closure of the graph of f. Since
d[I'y] = 0, 9[I'1]>™ = 0. The variable ( is used to denote a coordinate on C,
and f: M — C. Property (iv) below can be used as a new definition. Let
7 denote the projection C™*" x C — C™*™,

2.5. PROPOSITION ([5]). Let M be an oriented real CR manifold of class
C! in an open set U C C™T™. Then, for any f € C*(M), the following
statements are equivalent:

(i) f is a CR function on M;

(i) Om(f) = 0; B
(iif) O(f[M]%™) =0, i.e. §,,n 0, fOP =0 for all p € DT HY);
(iV) a(ﬂ'*(g[rf]m+n,m)) = W*(Ca[rf]om) =0.

Proof. Equivalence of (i) and (ii) is obvious. To prove that (ii) implies
(iii), it results from 9ps(f) = 0 that fOp = d(f¢) = d(f¢), since d(fp) = 0
by bidegree considerations, hence by Stokes’ formula, | v fop = { wd(fe)
= 0. The converse is obtained by choosing suitable forms ¢. To prove that
(iii) is equivalent to (iv), notice that obviously ( f[M]%™)=(.(CI[LF]*™)).

The proof of Proposition 2.5 is complete.

3. CR meromorphic mappings. The natural generalization of mero-
morphy to CR category must include the appearance of indeterminacy
points, not only being smooth CR from M generic to P*(C) or to a projec-
tive algebraic manifold Y. The following definition was devised by Harvey
and Lawson and appears to be adequately large, but sufficiently stringent
to maintain the possibility of filling a scarred maximally complex cycle with
a holomorphic chain.

3.1. DEFINITION ([5], [19]). Let M be a C"-scarred generic submanifold
of C™*", Then a CR meromorphic mapping is a C"-scarred CR mapping
(f, Dy, [I']) with values in a projective manifold Y.

By definition, a CR meromorphic mapping takes values in a projective
algebraic manifold. In particular, if Y =P!(C), the closure I' of the graph of
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f over Dy defines a C"-scarred CR manifold of type (m,n) in C™*" x P!(C)
satisfying d[I'y] = 0. Since any projective P*(C) is birationally equivalent to
a product of k copies of P}(C) ([5]), we can set Y = P(C) without loss of
generality.

REMARK. We mention that a map defined on a dense open set i/ C C™*"
with values in P*(C) is meromorphic over U if and only if the closure I’y of
its graph {(p, f(p)) € U x P*(C)} defines a C"-scarred complex submanifold
of U x P!(C). This justifies in a certain sense the above definition.

Let (t1,. . tmin, [Co : C1]) = (¢,¢) denote coordinates on C™*+" x P1(C)
and let m : C™*t" x P1(C) — C™*" denote the projection onto the first
factor.

3.2. DEFINITION ([19]). A point p € M is called an indeterminacy point
if {p} x PY(C) C I'y. Denote by Xy = {p € M : {p} x P}(C) C I'}} the
indeterminacy locus of f.

The following two propositions are due to Sarkis [19]. The first one is a
clever remark about thinness of the indeterminacy set X'y. We present his
proof for completeness.

3.3. PROPOSITION (Sarkis [19]). Let M be a C'-scarred CR manifold of
type (m,n) in C™*™ and let (f, Dy, [I'f]) be a CR meromorphic mapping on
M. Then:

(i) For almost all a € PY(C), the level set A, = 7({¢ =a}NT}) isa
Ct-scarred 2-codimensional submanifold of M;

(ii) For every such a, the indeterminacy set Xy is a closed subset of Aq
with empty interior.

Proof. We begin by asserting that for almost all complex (m + n)-dim-
ensional linear subspaces H of C™*" x P!(C), we have: 1) H42(I'y N H)
< oo and 2) FJ{{ = I't N H is a C'-scarred (2 + n)-codimensional real
submanifold of H. This follows by known facts from geometric measure
theory (see [5]). After a small linear change of coordinates in C™*" x P1(C),
this holds for almost every a € P!(C) with H = H, = {¢ = a}. Write
I't = H,N I'y. Obviously, I't C M x {a} is a C'-scarred submanifold in H,
if and only if I} is a C'-scarred 2-codimensional submanifold of M. This
gives (i).

Assume by contradiction that Xy contains a nonempty open set £ C
Reg(A,), so L x PY(C) C I'y. For dimensional reasons, £ x P!(C) = I
there. Indeed, dimg (£ x P}(C)) = 2+ dimg £ = dimg I'y. Let py € £. That
I'y is vertical over £ near Reg(A,) is impossible, since I'f|p, is a C'-smooth
graph over the dense open set Dy C M whose closure contains py.

The proof of Proposition 3.3 is complete.
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REMARK. The small linear change of coordinates above was necessary,
since all the H, can be contained in the thin set of H where neither 1) nor
2) holds.

A classical observation is that with each pair consisting of a volume
form d\p; on an oriented C"-scarred CR manifold M and an integrable
function on M there is associated a distribution T in a natural way by
(Ty, ) :SU feodAyr. However, Ty depends on d)y;. The transpose operator
"L of a CR vector field L € I'(U, T%'M) with respect to d\ys is defined
by §,, eL()dAn = §,, L)y dAp for all functions ¢, ¢ with compact
support. Then Ty is CR if and only if (Ty,"L(p)) = 0 if and only if f is
CR. A distribution 7" on M is called a CR distribution if (T,"L(¢)) = 0 for
all ¢ € D(M). Although "L depends on the choice of d\js, this annihilating
condition is independent. Indeed, given d\}, and d\3,, there always exists
a function a € C>®(M,C*) with d\3, = ad)\},, so TL(p) = a ' " L(ay),
whence the equivalence by linearity of distributions.

The statement below and its proof are known if Sc(M) = 0, ie. f is
C*; here, the condition d[I’ ¢] helps in an essential way to keep it true in the
Cl-scarred category.

3.4. PROPOSITION (Sarkis [19]). Let M be a C'-scarred CR manifold of
type (m,n) in C™t" let (f, Dy, [I'f]) be a CR meromorphic mapping on M
and let Xy = {p € M : {p} x P}(C) C I'y}. Then there exists an order
zero CR distribution Ty on M\ Xy such that Tf|p, = f. In a chart (U,C)
of M x PY(C) with (U x {oc}) N I'f|ly = 0, given a volume form dAp on
M \Sc(M), Ty is defined by

[Tf)(Cma(pdnr)) = | ¢n*(pdAar)  for all @ € C(U).
I’y

Proof. As before, 7 : U x C — U denotes (z,() — z. By assumption,
U C M\ ZXy. Since U x {oo} N I't[y = 0, one has sup¢ep,, [¢| < co. Let

V € U be open with V compact and let ¢ € C>°(V). Then

[Ty, )| = [Tf)(Cm (pdAar))| < Sup STy 0 (V x PHO) el oo (1)
Elylu

(d = dim M), which proves that T is a distribution of order zero over U
(Trlo € Lige(M)).
Ty is clearly equal to the distribution associated with f on the open

dense set Dy C M where f is C'. Indeed,

VoeC®WU), (Tre)= | ¢ (pdrn) =\ fodiu =(f o).
FfﬂTr*l(U) U
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Let now L € I'(U, 7' M) and complete the pair (L*,L*) to a basis
(L*, L*, L5 L5, ..., LY LY N5, ...,\%) of T*M, so that, furthermore,
dh\yg = (i/2)"L* NL* NLYALSA .. NLE ANLE AN A oA NE.

By Stokes’ formula, ©L(Y)d\py = — $or L(g)h d\ys for all @, € C(U),

so that the transpose "L equals —L in the above chosen frame. One must

prove that (T,"L(¢)) = 0 for all ¢ € C°(U). To do so, notice that by

introducing the (2m +n — 1)-form duys = (i/2)"L* NLEANLS N ... AN XS,

one has B _ _
L(p)dAn = On(pdpnr) = O(pdpnr)

on M, since 0y = Z;ﬂ:l L;(-)L; and 8|5 = dps. Therefore,

(Ty, L)) = [[1(¢m* ((wdunr))) = [T (¢ (wdpar))) = 0,
by the above-noticed fact that 9[I'/]"™ = 0 and since 9((7*(¢dunr)) is an
(m +n,m)-form on U x C.
The proof of Proposition 3.4 is complete.

REMARK. In fact, f induces an intrinsic CR current [Cf] on M \ Xy by
[Cy](o) = [I¥]({m* ) in a chart as above. CR distributions will be more
concrete for the properties of extendability.

4. Local extension of CR meromorphic mappings. Let {2 be a
bounded domain with connected C' boundary in C" where n > 3, and
let Y be a projective manifold. Harvey and Lawson proved that any C!-
scarred mapping f : bf2 — Y which satisfies the tangential Cauchy—Riemann
equations at the regular points of f and such that d[I'y] = 0 in the sense
of currents extends to a meromorphic map F': {2 — Y. By considering the
graph of f over bf2, it is a corollary of the following extension theorem.

THEOREM (Harvey-Lawson [5]). Let (V,bV') be a compact, complez, p-
dimensional subvariety with boundary in P™(C) \ P*"~4(C), where bV is a
scarred C-cycle whose reqular points form a connected open set. If p > 2q,
then every scarred CR map of class C* carrying bV into a projective manifold
Y extends to a meromorphic map F :V — Y.

The case dimg (b2) = 3 and b§2 C? follows from the work of Dolbeault—
Henkin [4].
THEOREM (Dolbeault-Henkin [4]). Let £2 be a bounded domain in C? with

b2 of class C2. Then every C*-smooth CR mapping b2 — PY(C) admits a
meromorphic extension to {2.

In a forthcoming paper, Sarkis generalizes the above result allowing inde-
terminacies for f CR meromorphic and a holomorphically convex compact
set K, in the spirit of Lupacciolu ([12]).
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THEOREM (Sarkis [19]). Let £2 be a relatively compact domain in a Stein
manifold M, dimM > 2, let K = IA(H(M) be a holomorphically convex
compact set and assume that b2\ K is a connected C'-scarred hypersurface
in M\ K. Then any CR meromorphic mapping (f,Dy,[I¢]) on b2\ K
admits a unique meromorphic extension to 2\ K.

We mention that the above theorem is known for f CR C! or CR mero-
morphic C! without indeterminacies, by other methods ([18]); see Theo-
rem 4.2 below.

Global and local extension theorems. A general feature of global extension
of CR functions is that in many cases two independent steps must be made:

I. Prove that CR(M) extends holomorphically (meromorphically) to a
one-sided neighborhood V?(M) (here, M is a C'-scarred hypersurface);

II. Prove that the envelope of holomorphy (meromorphy) of V*(M) con-
tains a large open set, e.g. 2 if M = bSf2.

Step II is known to be equivalent in both cases: the envelope of holomor-
phy and the envelope of meromorphy of an open set coincide.

THEOREM (Ivashkovich [6]). Let Y be a compact Kihler manifold and f
a meromorphic map from a domain §2 in some Stein manifold into Y. Then
f extends to a meromorphic map from the envelope of holomorphy {2 of {2
nto Y.

Thus, every positive global extension theorem about CR functions ex-
tends to a result about meromorphic CR mappings, provided one can prove
by local techniques that they extend meromorphically to open sets V(M)

attached to real submanifolds M C C™T!. Indeed, the size of V*(M) can be
studied by means of global techniques, e.g. integral formulas. In most cases,
including special results in partially convex-concave manifolds, the disc en-
velope of such M will contain some attached open one-sided neighborhoods
VO(M) or wedges W with edge M.

In this direction, a classical result is the Hartogs—Levi theorem: Let 2 €
C™, n > 2, be a bounded domain and let V(bf2) be an open neighborhood of
its boundary. Then holomorphic (meromorphic) functions on V(bf2) extend
holomorphically (meromorphically) to (2.

Therefore, it is of great importance to answer the question of Henkin and
Sarkis (which was not raised by Harvey and Lawson in 1977): Is there a local
version of the meromorphic extension phenomenon? (e.g. a Lewy extension
phenomenon). If the CR meromorphic mapping (f, Dy, [If]) does not have
indeterminacies, then it is locally CR, so the answer is positive. We mention,
however, that the most natural notion of CR meromorphic maps is the one
where indeterminacies really occur (see Definitions 3.1 and 3.2).
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Thus, a satisfactory understanding of CR meromorphy involves local
extension theory and various removable singularities theorems ([8], [11], [15],
[17], [16]). This paper is devoted to delineating some.

CR meromorphy and removable singularities. Let M be a piece of a
generic submanifold of C™*". The local holomorphic extension phenomenon
for CR(M) and Dgr (M) as well arises at most points of M, according to
the theory of Trépreau and Tumanov.

By a wedge of edge M at py € M, we mean an open set in C"™ " of the
form

W={z+n:2€U, neC}
for some open neighborhood U of py in M and some convex truncated open
cone C' in T,,,C™*™ i.e. the intersection of a convex open cone with a ball
centered at 0.
M is called minimal at pq if the following property is satisfied.

THEOREM (Trépreau, n = 1; Tumanov, n > 2). Assume M C C™*t™
is generic, C>% (0 < a < 1), CRdAimM = m > 1, codimM = n > 1
and let p € M. Then there exists a wedge VW, of edge M at p such that
CR(M), Liy. cr(M), LS, cr(M), Dgr(M) extend holomorphically to W,
if and only if there does not exist a CR manifold S C M with S > p and
CRdim S = CRdim M.

By Proposition 3.4, all components of CR meromorphic mappings
(f, Dy, [I'f]) on M behave locally like a CR distribution outside the thin
set X'y of their indeterminacies, therefore extendability properties hold ev-
erywhere outside X' if M is minimal at every point. Thus, to extend f along
steps I and II, one is naturally led to the problem of propagating holomor-
phic extension up to wedges over Y. It appears that X'y has size small
enough to be coverable by wedges. Namely, in the hypersurface case, which
has been intensively studied, all the necessary results are already known: A
wedge attached to M \ @, & C M closed, codim M = 1, is simply an open
set V¥ (b = =£) containing at each point of M \ @ a one-sided neighborhood
of M such that Int V® = Vb, An open connected set W is called a wedge
attached to M \ & if there exists a continuous section 7 : M — Ty, C™*" of
the normal bundle to M and W, contains a wedge W, of edge M at (p,n(p))
for every p € M. A closed set & C M is called W-removable (V°-removable
if n = 1) if, given a wedge W), attached to M \ @, there exists a wedge W
attached to M with holomorphic functions in Wy extending holomorphically
to W.

Joricke in the C?-smooth case and then Chirka-Stout weakening the
smoothness assumption, using the profound solution by Shcherbina of the
three-dimensional Cauchy—Riemann Dirichlet problem with continuous
data, showed:
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THEOREM (Jéricke, C?, [8]; Chirka—Stout [2]). Let M be a locally Lip-
schitz graphed hypersurface in C™tY and let X C M be a closed subset with
empty interior of a C'-scarred two-codimensional submanifold A C M. Then
X is VP-removable.

In the greater codimensional case also, to prove local extension of CR
meromorphic mappings one has in a natural way to prove W-removability
of X'y. Denote by Sc(X) the scar set of a scarred manifold A which contains
the indeterminacy set by Section 3.

The main result of this paper is the following.

4.1. THEOREM. Let M be a smooth generic manifold in C™ ", CRdim M
=m > 1, codimM = n > 1, and assume that M is minimal at every
point of M. Then there exists a wedge Wy attached to M such that all CR
meromorphic mappings (f, Dy, [I'f]) extend meromorphically to Wy (X is
W-removable) under the following circumstances:

(i) n =1 (hypersurface case), M is C>* and (only) globally minimal:
(ii) M is C>* and HY3(Sc(X})) = 0;
(iii) M is C¥ (real-analytic).

REMARK. The wedge W), is universal: it does not depend on (f, Dy, [I'f]).

REMARK. The smoothness assumptions make Theorem 4.1 weaker in
the hypersurface case than the local meromorphic extension theorem that
follows from the theorem of Joricke-Chirka—Stout or than the global the-
orem of Sarkis. Nonetheless, M need not be minimal at every point: see
Lemma 4.4 below.

Applications: global meromorphic extension. In the following results, it is
known that V?(M) for M = b2, M = b2\ K4 contain (2, {2\ K+ respectively
([11], [17]). In the meromorphic case they were proved by Sarkis ([19], see
also [12], [13], [9], [17]).

4.2. THEOREM. Let 2 € C™*™! be a C2?-bounded domain. Then any
CR meromorphic mapping (f, D¢, [I'f]) on b§2 with values in P*(C) extends
meromorphically to §2.

4.3. THEOREM. Let 2 € C? be a C?-bounded domain and let K C bf2 be
a compact set. Then any CR meromorphic mapping on b2 \ K with values
in P1(C) extends meromorphically to 2\ K¢, where K5 = {p € 2 : |f(2)] <

maxg |f| for all f € H(V(2))}.

REMARK. In the above two theorems, the hypersurface M = bf2 need
not be everywhere minimal: CR(M) automatically extend holomorphically
to some V?(M), since M is known to be a single CR orbit ([9]). To explain
the phenomenon, we need some definitions.
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Let M be a C%-smooth CR manifold. The CR orbit of a point p € M
is the set of all endpoints of piecewise smooth integral curves of T°M with
origin p. The CR orbits partition M. Sussmann (see [21], [11]) showed that
each CR orbit Ocg has the structure of a smooth C' manifold making the
inclusion Ocr — M an injective C' immersion. By construction, each Ocg
is a CR manifold with CRdim Ocr = CRdim M. Each CR manifold as Ocr
is locally embeddable as a generic submanifold of some CV, N < m + n.
A CR manifold M is called globally minimal if M consists of a single CR
orbit.

The relevance of CR orbits to the extendability properties of CR func-
tions is due to Trépreau and yields the following finest possible extension
theorem:

THEOREM ([21], [22], [9], [14], [17]). If M is a globally minimal locally
embeddable generic C*“-smooth (0 < a < 1) manifold, then there exists
a wedge Wy attached to M such that CR(M), L. cg(M), L or(M),
Dig (M) all extend holomorphically to Wy. 7 7

Proof of Theorems 4.2 and 4.3. In the hypersurface case, thin sets such
as Xy do not perturb CR orbits:

4.4. LEMMA. Let M be a C? hypersurface in C™t! and let X be a closed
subset with nonempty interior of some C'-scarred two-codimensional sub-
manifold A C M. Then, for all CR orbits Ocg C M, Ocr \ (Ocr N X) is
a single CR orbit of M \ X.

Proof. The real dimension of an Ocgr is > 2m and < 2m+n =2m+1
if n =1. So X is too small to make obstruction to an orbit. However, the
lemma can fail in codimension > 2.

Thus, Theorems 4.2 and 4.3 rely on the following properties.

PROPOSITION. Let M = bf2 or b2\ K¢, codim M = 1, M C2 and let
(f, Dy, [I'f]) be a CR meromorphic mapping on M. Then
(i) M is a single CR orbit ([10]);
(ii) M\ Xy is a single CR orbit, hence f extends meromorphically to
V(M \ Zp);
(iii) X; is Vb-removable, hence f extends meromorphically to V°(M).

One then deduces 4.2 and 4.3 with the Ivashkovich theorem.

W-removability. Theorem 4.1 is reduced to the W-removability of Y.
By Proposition 3.3, X'y is a closed subset with empty interior of some Cl-
scarred two-codimensional submanifold A C M, X'y C Sc(A)UReg(A). Write
Yp=EU®, &=Reg(A)NXs, E=Sc(A)NXs, H2(E) = 0. & is already
known to be removable.
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THEOREM ([15], [16]). Let M be a C*“-smooth (0 < a < 1) generic
manifold in C™", minimal at every point, CRAimM = m > 1, and let
N C M be a connected C'-smooth submanifold with codimy; N = 2. Then
every proper closed subset ® C N is WW-remouvable.

The purpose of Section 5 is to establish:

4.5. THEOREM. Let M be a C*“-smooth generic manifold in C™+", glob-
ally minimal with CRAim M =m > 1. Then

(i) if n =1 or M is C*, then any closed E C M with H;"™" 2(E) =0
18 W-removable;

(ii) if M is minimal at every point, then any closed subset E C M with
HE3(E) = 0 is W-removable.

loc

REMARK. Dinh and Sarkis obtained Theorem 4.5 assuming that M is
of type one in the sense of Bloom—Graham, i.e. the first order Lie brack-
ets of vector fields in T°M generate TM, [T°M,T°M] = TM, for M C*-
smooth ([3]).

LP-removability. Let M be a locally embeddable CR manifold of class
C2. A closed subset @ of M is called LP-removable, p > 1, if each function
f € LY (M) which satisfies the Cauchy-Riemann equations Lf = 0 (in the

distribution sense) on M \ @ satisfies the equation Lf = 0 on the whole of
M, or, for short, if

L{)OC,CR(M \ dj) N Lp

loc(M) = L;IDOC,CR(M)’
The authors have proved in [16] that LP-removability holds if WW-removabil-

ity holds, for closed subsets & C M with H~?(¢) < co. Therefore:

loc

4.6. THEOREM. Theorems 4.5 and 5.1 are true for LP-removability, 1 <
p < 0.

5. Removable singularities. As pointed out in Section 4, the relation-
ships between extendability properties of CR functions and the geometry of
a CR manifold are adequately reflected by its CR orbits. It is thus natural
to state a removable singularities theorem in the most general context.

5.1. THEOREM. Let M be a smooth generic globally minimal manifold in
C™*" with CRAim M =m > 1, codim M =n > 1 and dim M = d = 2m+n.
Then every closed subset E of M such that M \ E is globally minimal is
W-removable under each of the following conditions:

(i) n=1, M is C>* and H'2(E) = 0;

(i) M is C>* and H?3(E) = 0;

(iii) M is C*.
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Proof. Following the scheme of proof devised in [15] and [16], we present
the development of the proof of (i), (ii) and (iii) in five essential steps. Let
E C M be closed with H4"2(E) = 0.

STEP 1: Reduction to the removal of a point. By assumption, M \ FE is
globally minimal. Then, according to the extension theorem, CR functions
are wedge extendable at every point of M \ E. However, the direction of the
wedges may have discontinuities. Fortunately, the edge of the wedge theorem
enables one to fill in larger wedges by means of attached analytic discs at
points of discontinuity. Therefore, there exists a wedge W, attached to M\ E
to which CR(M) holomorphically extends.

Using a C*“-smooth partition of unity on M \ E, we can deform M
inside Wy over M \ E into a C*“-smooth manifold M? (d here not to be
confused with dim M). Then, instead of a function f € CR(M \ E), we get
a function f, holomorphic in a neighborhood w (= W;) of M¢\ E in C™*".
The aim is now to prove that such holomorphic functions extend to a wedge
Wi attached to M?. The construction will depend smoothly on d, so that
letting d tend to zero, one obtains a wedge W, attached to M (for details,
see Section 5 of [15]).

The first key point is that the continuity principle along analytic discs
with boundaries in w can now be exploited to show that the envelope of
holomorphy of w contains a wedge W{ attached to M?.

Let A denote the unit disc in C and bA its boundary, the unit circle. An
embedded analytic disc A attached to M is said to be analytically isotopic to
a point in M if there exists a C'-smooth mapping (s,¢) — A44(¢), 0 < s < 1,
¢ € A, such that Ay = A, each A, is an embedded analytic disc attached
to M for 0 < s < 1 and A; is a constant mapping A — {pt} € M. Using
Cauchy estimates and controlling connectedness, it is possible to prove (the
embedding condition yields monodromy, [15], Proposition 3.2):

5.2. PROPOSITION. Let M be generic, C*%, let ® be a proper closed subset
of M and let w be a neighborhood of M\ ® in C™*™. If an embedded disc A
attached to M\ P is analytically isotopic to a point in M\ P, then there exists
a neighborhood V(A(A)) in C™+™ such that, for each function f € H(w),
there exists a function F € H(V(A(A))) such that F = f in a neighborhood
of A(bA).

Call a point p € E W-remowvable if there exists a wedge W, of edge Mé
at p with H(w) extending holomorphically to W,,.
Define

A={¥ C E closed : M \ ¥ is globally minimal and
M\ ¥ is W-removable in M \ ¥}
and define Ey, = (¢ 4 ¥, the nonremovable part of E. Then M\ Ey, is also
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globally minimal. By deforming M¢ into a manifold (M?)% over E \ E,,,
we can assume that we must remove Ey, for H(V((M%)% \ E,,)) instead of
E. But E,, is the smallest nonremovable subset of E keeping (M "l)”l1 \ Eur
globally minimal. Assuming that E,, # ), we now reach a contradiction by
showing that a point p; € E,, is WW-removable. We write E and M instead
of (M4)%. Thus, to prove Theorem 5.1, it is sufficient to prove that the new
FE is removable near one of its points.

According to Lemma 2.3 of [16], the fact that M \ E is globally minimal
and the existence of chains of infinitesimally small analytic discs approxi-
mating integral curves of T°M insure the existence of a generic manifold M;
of codimension one in M through a point p; € E such that T}, My 2 T; M
and E' C M, , the closed negative side of M; in M, near p;. Let us quote
this (elementary) differential geometric statement as: Let M be a C? mani-
fold, let K C TM be a C' subbundle, let E C M be a closed nonempty set
and assume that M and M\ E are both single K -orbits. Then there exists a
point p1 € E and a C* hypersurface My C M with py € My, T, My 8 K(p1)
and £ C M, near p;.

Finally, by the definition of A, and by disposition of My, E C M, , it
suffices to show that p; is W-removable. Indeed, for a small neighborhood
V(p1) of p1 in M, (M \ E) UV(p1) is globally minimal, as T, M1 2 T M.
Thus, to prove Theorem 5.1, it is sufficient to prove that a neighborhood of
p1 € F is W-removable.

STEP 2: FEuxistence of a disc. Let py € E be as above and choose holo-
morphic coordinates (w,2) = (w1, ..., W, 21,---,2n), 2 = & + iy on C™*T"
such that p; =0, ToM = {x =0}, T{M = {z = 0}, M is given by n scalar
equations x = h(y,w), in vectorial notation, h(0) = 0, dh(0) = 0 and M;
is given in M by the supplementary equation uy = k(vi,wa, ..., wn,y),
for a C%-smooth k with k(0) = dk(0) = 0. We denote M; = {u; <
k(vla W2, ..y W, y)}

Our first construction of analytic discs attached to M proceeds as follows.

5.3. LEMMA ([16], Lemma 2.4). There exists an embedded analytic disc
A € C*P(A) with A(1) = p1, A(bA)\ {1} € M\ M; and L|o—oA(e?) =
Vo € T;D1 M.

It suffices to take, for small o; > 0, the disc A(¢) with W, (¢) =
(01(1 = ¢),0,...,0) and with Y-component satisfying Bishop’s equation
Y,, = Tih(Y,,,W,,) on bA (here, Ty denotes the Hilbert transform L?(bA)
— L2(bA) vanishing at 1, (T1u)(1) = 0).

Therefore, removability of p; will be a consequence of Proposition 5.4,
proved below, and of Theorem 5.10 below. This is the main technical part
of the article. This proposition provides extension outside a thin set &g,
which is studied below and which lives in an open (wedge) set W of C™*".
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5.4. PROPOSITION. Let M be generic, C**-smooth, let py € M, let E C
M be a closed subset with Hﬁ;CQ(E) = 0, let p1 € E, assume that there
exists a one-codimensional generic C?-smooth manifold My C M such that
E C M; and let w be a neighborhood of M \ E in C™*". Let A € C*P(A)
be a sufficiently small embedded analytic disc attached to M, A(1) = p1,
d%|9:0A(ei9) = vy € T, My, with A(bA\ {1}) C M \ M; . Then for each
e > 0, there exist voo € Tp, My with vy — vo| < €, voo & Ty, M, a wedge
W of edge M at (p1,Jve) and a closed set Ep,, which is C*% foliated by
complex curves with H*™+2"=1(E4 ) = 0 such that for every holomorphic
function f € H(w) there exists a function F € H(wU W\ &g, )) with F = f
in the intersection of W\ Eg, with a neighborhood of M \ E in C™*™,

REMARK. For any e > 2, we obtain statement 5.4 above for H¢=¢(E) = 0
with H2m+2n—etl(gy ) = 0 (HY2(F) = 0 is crucial for isotopies, see 5.8
below).

STEP 3: Mazimal families of analytic discs. This step consists in includ-
ing the above analytic disc in a very large parameterized family of analytic
discs obtained by varying the W-component, and its approximate radius,
the base point A(1) = p in a small neighborhood of 0, and the point A(—1)
in w ([15], [16]).

Let = u(y,w) be a C*°, R-valued function with support near the point
(y(—1),w(—1)) that equals 1 there and let x : R™ — R™ be a C* function
with £(0) = 0 and £’(0) = Id. We can assume that the supports of  and k
are sufficiently concentrated in order that every manifold M; with equation

(1) T = H(?Jv w, t) = h(y7 w) + ’%(t)u(yv w)
is contained in w and the deformation is localized in a small neighborhood
of A(—1) in C™*". Let x = x(¢) be a smooth function on the unit circle
supported in a small neighborhood of { = —1.

We consider the disc with W-component

WT,a,g,p(O = (eiT(Ql —0¢) + w?v (1—¢)aio/01 + wg, RN
(1= Qam-10/01 +wy,),
where a € C™~! runs through a small neighborhood A of 0, 0 < o < o4,
w® € C™, p € M runs over a neighborhood of 0 and is represented by its
coordinates (w°,y°), and with Y-component Y; ;. ,, which is the solution
of Bishop’s equation with parameters
Yiraop =T1H(Y: r0.0p ¢ (01 — 0C) +wl, (1 — Q)aro/or +w), ...,

(1 = Qam-10/01 + wp,, tx) +3°,
which exists and depends in a C?#-smooth fashion on (t, 7, a, o, p, ¢), for all
0<p <o Then Ay ;4,p(1) =p. When 7 =0,a=0, p=p; and p =0,
we simply denote A .0,0,,0 by At.
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Let us recall that the normal deformations of A near A(—1) in w can be
chosen in such a way that the inner tangential direction —0A4;/9¢(1) will
describe a whole open cone in the normal bundle to M at A(1) = 0.

Let IT denote the canonical bundle epimorphism IT : TC™ |, —
TC™*7 |y /TM and consider the C''# mapping

0A:
(2) D:R">tw— H<—8—C(1)> € ToC™ " /ToM ~ R".

We refer to [16] for a proof of the following.
5.5. LEMMA (Tumanov [22]). x can be chosen such that rk D'(0) = n.

This statement is more or less equivalent to the fact that the union of
the discs describes a wedge of edge M at 0. We also have:

5.6. LEMMA ([16]). x can be chosen such that the following holds: there
exist 79 > 0, a neighborhood T of 0 in R™ and a neighborhood A of 0 in
C™= 1 such that the set

dAt 7010
ng{s%N(l):s>0, teT, 7€l aGA}

is a (2m + n)-dimensional open connected cone with vertex 0 in ToM.

For convenience, we shall allow ourselves to shrink any open neighbor-
hoods arising in the next constructions without explicit mention. By reasons
of rank, the geometric meaning will be clear for sufficiently small parameters.

STEP 4: Isotopies. The main hypothesis so far is H4"2(E) = 0. The
boundaries of the analytic discs Ay q.,(bA) are embedded C*P-smooth
copies of S! in M, so one expects naturally that A; ., ,,(bA)NE =
() generically. Furthermore, an isotopy property is required as stated in
Proposition 5.2, in order to ensure that H(w) extends holomorphically to
V(Atragp(2)).

To prove an isotopy lemma, we recall briefly some facts concerning Haus-
dorff measures, taken from the very clear exposition of Chirka [1].

Let E be an arbitrary subset of a metric topological space. For § > 0,
define

r?: E is covered by U Bj, B; a ball of radius r; < 5}.
J Jj=1

Clearly, H3(E) < Hj/(E) for 6" < 4, so the limit H*(E) = lims_.o H;(E)

exists in [0,00] and is called the s-dimensional Hausdorff measure of E.

The important property is that there exists a critical v > 0, the so-called

Hausdorff dimension of E, such that H*(E) = oo for all s < v and H*(E) =

0 for all s > ~, and the value of H?(FE), if in (0, 00), is not important.

i

I
—

H3(E) = inf{

IN
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This notion of dimension especially applies in the category of C' mani-
folds. Let M and N be connected real Riemannian manifolds, of class C!,
dimM =d > 1 and let E C M be closed.

5.7. PROPOSITION ([1], pp. 346-352). (i) H°(F) = Card(E);

(ii) H? coincides with the outer Lebesgue measure on M;

(iii) if HY1(E) = 0, then M \ E is locally connected,;

(iv) let 7 : M — N be a Ct-smooth map and let E C M be such that
H(E) = 0 for some s > e = dimN. Then H*"¢(E N7 1(y)) = 0 for
dAn-almost all y € N.

Properties (i), (iii) and (iv) are naturally involved in the proof of the
following.

5.8. LEMMA. Let E C M be a closed set with Hﬁ;CQ(E) = 0. Then for
all small (t,7,a,0,p), each disc with Ay rq,0p(bA) N E = 0 is analytically
isotopic to a point in M \ E.

Proof. During this proof ¢, 7, a and w{ are fixed. Then there exist
0 < 01, Ip, = (0, 01), a neighborhood V* of 0 in Cmol wt = (wa, ..., wy)
and a neighborhood 7" of 0 in R™ such that the mapping (note that p is
parameterized by (w{, w%*, y°))

SxbA =1, xV*xbA > (0,w”,y°, () At rap(C) €M
is an embedding. Indeed, this follows by differentiating Bishop’s equation,
noting first that 0Y5,0,0,0,0/0y° = Id, W 0,0,0/0w"* = 1d, that I, x bA >
(0,¢) — 01 — o¢ € C is an embedding and recognizing that A; ; , ,,(C) is
C%# with respect to all variables. This exhibits a foliation of an open set in
M by C%P real discs Dy r.ap = Dy raud,sr 8= (w®*,4%), where

Dy rawh,s = {At ra,0p(0) €M :0<p< 02, (€DbA}.
Now, since H%~2(E) = 0, the set
S\Spirauw ={SE€S: HO(Dt,T,a,w?,s NE) =0}
is a full measure (d — 2)-dimensional subset of S = I,, x V* x J ~ R4~2

by Proposition 5.7(iv). This shows that D ; , .0, N E = () for d\s-almost
s = (w,y°) € S, where t,7,a and w{ are fixed. Clearly, the mapping

IQ2 U {0} X A_ 2 (97 () = At,r,a,g,p(g) S (CNLJrn

yields an analytic isotopy of the analytic discs A¢ ;q,0(¢) for all 0 < p <
01, provided s € S\ Sg 4 ;400 It remains to show that discs such that
At7T7a7g7p(bA) m E = @ bUt

Dt,ﬂ-,a,w?,s nE 7£ @
are also analytically isotopic to a point in M \ E. But Hd*2(SE7t7T7a7w5)) =0.
Therefore, it suffices to shift slightly the parameter s of A 0o, to a

thvavnglvs
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, .
nearby parameter s’, which makes A4; ., , 0, and A

each other, so that D, ., 0 o N E = 0.
The proof of Lemma 5.8 is complete.

t,ma,0,w?,s’ 1S0tOPIC tO

STEP 5: Holomorphic extension. Let vog € ToM; with vog & T§M and
|[vo — voo| < €, and let C' be an n-dimensional proper linear cone in the
(2m+n)-dimensional space To M which is contained in Iy such that vy € C,
the projection ToC' — ToM/TEM is surjective and C N T§M = {0}. Fix
p = p1 and set first p = 0. Note that A; ;4 0,,0(1) = 0. Let Pc denote the
set of parameters

Po = {(t,T, a) €T x I, x A: d%At,T,a(l) € 0}7

which is a C'-smooth (n — 1)-dimensional submanifold of 7 x I, x A. We
choose a nearby piece of a manifold, still denoted by Pc, with the same
tangent space at 0 which is C?-smooth.

Let K C M be a germ of a C'-smooth one-codimensional submanifold of
M with 0 € K and TOKEBR%A(D =TyM. Let K be a small neighborhood
of 0 in K. We denote by A; a small neighborhood of 1 in A and AcA
its interior.

One observes that a consequence of the isotopy property 5.2 and of the
fact that the mapping

Po x {01} x K x Ay 3 (t,7,a,01,0,C) = At rapp(C) € CH\ M

is a smooth embedding is that H(w) extends holomorphically into the open
wedge set

WPC = {At,T,a,QhP(C) : (t77—7 CL) € PCv JAAS ]Ca C € Aol}
minus the set
Ep.
={At r0,0p(C): (t,7,0) € P, p € KND, At r4,0, p(DA)NE #0, ¢ € Ay}
Indeed, since the mapping remains injective on P x {01} x K minus the

set @y C P x {01} X K of (t,7,a, g1, () such that the boundary disc meets
FE at one or more points, we can set unambiguously

F(z) = 2@% S M dn

bA K
as a value at points z = A 7.4,0,p(¢) for an extension of f|yn g, for such
(t,7,a,01,p) € Pox{o1}xK\Pg. Since f extends holomorphically to the in-
terior of these discs, we get a continuous extension F' on each Ay 7 4, 0,.p(A1),
(t,7,a,01,p) € Pc x {01} x K\ @g. Thus, the extension F' of f|y\ g also
becomes continuous on
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(WPC \€¢E) U (M \ E)?
where £g,, is the proper closed subset of Wp_ defined by

g@E == {At,T,a,QLZD(C) : (t,T,CL, Qlap) S GZSE'7 C S Aol}

Since f|a\ g extends analytically to a neighborhood of Ay a0, »(4), F is
holomorphic in (Wp, \ €s). Indeed, fix a point (t,7,a,01,D0) € Po X
{01} x (K\ @) and let P x {01} x K be a neighborhood of (t T,a,01,Po)
in Pe x {01} x (K \ @) such that for each (£,7,a,01,p) € P x {01} x K,
At r.a,01,p(4) is contained in some neighborhood & of Az ; , = 5 (A) in C™*"
such that there exists a holomorphlc function f € H(w) equal to f near
A7 7 0150 (0A). Let (el andz= Ama,m,po(g)

To check that the previously defined function F' is holomorphic in a
nelghborhood of Z, we notice that for z = At Ta’p(C), (t,7,a,01,p) € P X

{01} X K, ¢ in some neighborhood A, ofC in Ay, f( ) is given by the Cauchy
integral formula

7 1 S fo At r,a,01,0(0) _ i S foAtra0 .01

f(z) = — dn - dn = F(z).
(2) 2z7rbA n—_ 2z7rbA n—C_ (2)
As a consequence, f(z) = F(z) for z in a small neighborhood of Z in C™*",

since the mapping (¢, 7,a 1P56) = At ra,e0,p(C) from P x K x Ay to CmHn
has rank 2n at (¢,7,d pg,()

This proves that F' is holomorphic in Wp_ \ €s,,.

By shrinking w near 0, which does not modify the possible disc deforma-
tions, we can ensure that w N Wp,, is connected, since C N T§M = {0}. By
Lemma 5.9 below the same is true for w N Wp_ \ £,,. Indeed, the fact that
&g, 1s of zero (2m+ 2n — 1)-dimensional Hausdorff measure implies the con-
nectedness. Therefore f € H(w) and F € H(Wp, \ €s,,) stick together into
a single holomorphic function in wU (Wp, \ €s, ), since both are continuous
up to M \ E, which is a uniqueness set, and coincide there.

5.9. LEMMA. The set £p, is a union of complex curves and
H2m+2n—1(5¢E) =0.
Proof. Namely, near the origin,

5¢E = U At,T,a,th(Aol)'

(t,7,a,01,p)EPE
Fix t € C, 7 and a, and consider the sets

Myra={At 10,000 pEK, (€AY,

depending on t. Then Wp, is foliated near 0 by the manifolds M; ; ,,
dim M; o = 1 + dim M, that contain M in their boundaries near 0 and
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M is foliated by the arcs Ay ; q,0,,p(A1 NDA). Notice that Ay ;4 0, p(bA) N
E = At r40,p(bAN A;) N E by the choice of A = Ay with A(1) € M,
A(BAN\{1}) € M;"\ My, by E C M; and by continuity. A direct applica-
tion of Proposition 5.7(iv) entails that, for all fixed (¢,7,a), the set

Ketra={peK: At 40 ,(bANA)NE #0} CK,
contained in the (d — 1)-dimensional manifold K, satisfies
Hd_Q(ICE,t,T,a) =0.

Therefore, H¢(M E.t,r,a) = 0tooin M, - , and since Wy, is regularly foliated
by the Mt,r,m

H2m+2nfl(g¢E) — H2m+2ﬂ*1( U ME,t,T,a) =0.

(t,7,0)EPc
The proof of Lemma 5.9 is complete.

REMARK. By Proposition 5.7(iii), the set X\ Kg ¢, o is connected. This
provides another proof of the isotopy property of Lemma 5.8.

A closed set £ contained in an open set YW C C™*" with H2m+2n—1(£)
= 0 not being automatically removable, we must study the structure of £g,,
with respect to the local complex structure of W.

The hypersurface case. Let us first give a proof for removing £g,, in the
case m = n = 1. To begin the variations on this theme, recall that £z,
would be removable if H?m+27=2(€5 ) = 0, which completes the proof of
Theorem 5.1(ii).

THEOREM (see [1]). Let £ be a closed subset of an open set U C C™*",
m+n > 1, with H*m+2"=2(£) = 0. Then, for every function f € H(U \ &),
there exists a function F € H(U) such that F = f inU \ E.

Proof. We can, by localization, assume that &/ = P is the unit polydisc
A™T" and that 0 € €. Let G(k,m +n), 0 < k < m + n, denote the
grassmannian of k-dimensional complex planes passing through the origin
in C™mtn,

PROPOSITION ([1]). Let & be a closed subset in A™ ™ such that H**T1(&)
= 0 for some integer k < m+n. Then H*(ENL) = 0 for almost every plane
LeGm+n—Fkm+n).

Choose therefore a complex line L through 0 € & such that H'(L N
AT E) = 0 and an orthogonal (m+n —1)-dimensional complex space H,
H@® L=C™*". By Proposition 5.7(iv), for almost all he H, {h} x LNE=0.
Write Ay, = LN A™*" choose a point p € Ay NE (e.g. 0) and draw a small
complex disc Ar(p, 7o) of radius ro > 0 and center p with A (p,rg) C Ap.
For almost all r < ro, bAL(p,r) NE = 0, still thanks to Proposition 5.7(iv).
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Furthermore, A (p,r)+h C A™T™\ & for arbitrarily small h € H. Therefore,
such a disc yields removability of p for H(A™*™\£) along an obvious isotopy.
The proof is complete.

PROPOSITION. Let J and K be closed subsets of A with H'(J) = H*(K)
=0 and set £ = (Jx A)N(AxK) C A2. Then & is removable for H(A?\E).

Proof. Fix f € H(A%\E). For all {; € A\ K, one has Ax {(} C A%\E.
For (» € K,

(Ax{GHNE =(Ax{GH NI xA)=Jx{¢},

so HY((A x {¢2}) N E) = 0 and f is holomorphic near each point ({1,(2) €
A x {¢2} \ €. There exists Ao € C arbitrarily small with A x {{o + A2} C
A?\ €. Applying Proposition 5.7(iv), we have H°(rbA x {2} NE) = 0
for almost all 0 < r < 1. In other words, rbANE = (. For such r, the
continuity principle along the family (s,() — (r{, (1—$)Aa+{2), 0 <s <1,
yields an extension of f in a neighborhood V(rA x {¢3}) C A2%. Notice that
V(rA x {¢a}) N A%\ € is connected, since A%\ (A x K) and A%\ (J x A)
are connected, by Proposition 5.7(iii), so uniqueness is guaranteed.
The proof is complete.

REMARK. The argument above relies upon two facts: 1) almost all com-
plex discs lay in A2\ &; 2) every disc touching € satisfies H(ANE) = 0.

These preliminaries provide us with a proof of Theorem 5.1 in the case
where M C C? is a C*>® hypersurface. Indeed, here A = () and we can
choose small (¢1,71) and (t2,72) so that v; and vy are linearly independent,
v1 = (0/00) A4, 71 01,0(1) and vy = (0/00) A, 75,0,,0(1) so that v; and v,
point to the same side of Tif M relative to ToM and vy,vy € T§M. This is
clearly possible, by Lemma 5.6. Denote these two families simply by A; ,,(¢)
and As ,(¢). Then, since the normal bundle to M is of rank one and since
Jvy, Jvs point to the same side of M in C?, the following two wedges (same
one-sided neighborhood) with edge M at 0:

Wi ={A1,(A):pek}y, Wo={A4y,(A):pek}

contain a side W of boundary M at 0. As above, one can construct two
holomorphic extensions F and Fy of f to Wy \ &1 and Ws \ & respectively,
where £; and & denote the sets corresponding to the discs touching E:

& ={A1,(Q):peK, Ce Ay, AL,(bANA)NE 0}

and similarly for &. By Proposition 5.7(iv), the one-dimensional Hausdorff
measure of &; = {p € K: A; ,(bA)NE # 0}, j = 1,2, is zero. Indeed, recall
that A(bA)NE = A(bAN Ay) N E for such discs with p very close to 0 (in
comparison with the size of A;) and that {4, ,(bANA;) :p € K} foliate a
neighborhood of 0 in M.
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Let z € W C W; N W, be such that z € & or z € &, say z € &y,
z = A1, . (C1,2) and z = Ay, ((2,.). Notice first that there are points
p € K arbitrarily close to p; , such that A; ,(bA) C M \ E. Second, since
Aip, . and Ay, . are transversal in C? at z (by the choice of (vq,v2)),
for all points p varying in a neighborhood V(p;.) C K, the discs Ay p, .
and A, intersect transversally in a single point z(p) such that z(ps .) = 2
and V(p1) 3 p — 2(p) € Az,(A;) is a local C! diffeomorphism. But only
for p € & is the disc Ay, not analytically isotopic to a point in M \ E
and ‘H3(E;) = 0. Thus, this shows that F is already holomorphic at each
point of V(z) N Alvple(Aol) outside a thin closed subset e; C Ay, | (Ay)
with H'(e;) = 0. Now, there exists a small circle contained in this disc
not meeting e; and the isotopy used in the proof above can be applied
once again in this analogous context to prove that z is removable for F' €

HW\ (&1 N &)).

REMARK. A general proof in the hypersurface case (i.e. for m >1) follows
along the same lines as above or by reduction to C? by slicing and using
a separate analyticity theorem like, for example, Shiffman’s theorem below
(see Chirka and Stout [2], Section 4, for related reductions). This completes
the proof of Theorem 5.1(3).

End of proof of Theorem 5.1. By construction, there exists F' € H(w U
Wpe \ €s,,)) extending f. Let A be a disc in the family generating Wp_,
and assume that A(bANA;)NE # (. We shall remove A(A;). Notice that,
by construction, A(bAN A;) ¢ E.

There always exists a point p = A((,), (p € Ay, such that p € bw N Eo -
For simplicity, write W = Wp, and € = Wp, \ (wU Wp, \ Es,)), F €
HOW\ E).

By imitating the first step reduction, we can assume (see the explanation
below) that, after perhaps changing p, there is a germ of a one-codimensional
manifold M7 such that p € My and the remaining part of £ to be removed
is contained in a half-space M .

Indeed, a neighborhood U of p in W is foliated by discs of the family
generating the wedge W (= Wp, ) and these analytic discs are integral real
surfaces of a subbundle, say K, of TV, which they span. In this neighbor-
hood, one half of each disc lies in w N, the other half is outside w and all
discs are transversal to bw (assuming, from the beginning, that bw \ M is
smooth after shrinking w).

Furthermore, since A(bA N A;) ¢ E for each disc of the family (hence
A(AD) Nw # D), setting £ = Wp,, \ (WU Wp, \ €, )), one sees that W and
W\ € are K-minimal, i.e. both are a single K-orbit.

This is a key geometric fact (cf. [11], [15], [17], [16] and 5.1 here).
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Then after introducing a set A as in Step 1, and after making use of
the differential geometric lemma quoted in Step 1, we remove a point p =
A((p) € bw and the other ones are removed similarly.

To complete the proof of Theorem 5.1(iii), recall that if M is real-
analytic, it is known by works of Bloom—Graham or Baouendi—Rothschild
that there exists a real-analytically parameterized family of analytic discs
attached to M as A; ;4. filling a wedge at the base point so that the

o

foliation of W by pieces of A(A;) is a real-analytic foliation. Furthermore,
in contrast to the globally minimal case, it is superfluous to deform M step
by step after removing points of E, since 1) M is already minimal at ev-
ery point and 2) the isotopy Lemma 5.8 holds without assuming that E is
contained in a half-space M, .

5.10. THEOREM. Let U C C™*™ be a domain (connected) equipped with
a C¥ foliation by complez-analytic curves and let € C U be a closed sub-
set which is a union of leaves, with H*™T?"~1(&) = 0. Then a function
F e HU\E) extends holomorphically to a neighborhood of a whole leaf A
whenever F' extends holomorphically through a single point of A.

REMARK. When m = n = 1, we provide a proof that £ is removable for
a C>? foliation in Theorem 5.13 below.

Proof. After the above reduction, the geometric assumption is: there
exists a neighborhood U of p which is foliated by complex-analytic curves,
U = Upep Ao, D C R2m+2n=2 5 small open set, there exists a closed set
G C D with H*™+2"=3(G) = 0 (corresponding in the proof of Theorem 5.1
to the discs attached to M which meet E) and the set £ to be removed (in
U = W near p) is a union of half discs, £ = Jycg Ay , where Ay = AgN M.

5.11. PROPOSITION. Let Y C C™T™ be a small open set C¥-foliated by
complex curves Ag, U = Jgep Ao, 0 €U, D C R2m+2n=2 open. 0 € D, let
G C D be a closed set with H*"+27=3(G) = 0, let My be a C' hypersurface
through 0 in U with ToMy + Ty Ag = ToC™ ™ and set £ = (Uyeg Ag) N M .
Then there exists a neighborhood V of 0 such that for every function f €
HU N\ E), there exists a function f € H(V) with F = f in V\ E.

Proof. It is mot true that the foliation of W by discs of the foliation is
a complex-analytic foliation, i.e. locally equivalent to C x C™*"~! after a
biholomorphism (neither in 5.10 nor in 5.11).

Nevertheless, let us first investigate geometrically this case.

The case of a holomorphic foliation. Here, the geometric situation is
that there exists a smooth hypersurface M; through 0 and a closed set
G C Amtn=l with H2mT2n=3(G) = 0 such that & = M N (A x G) near 0.
Indeed, one just straightens the holomorphic foliation.
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Notice that by Proposition 5.7(iv), for almost all two-dimensional affine
complex planes L = C x C, LN (C x G) = C x G, € C x C for a closed
set Gr, C C with H'(G,) = 0. Hence we are in the following situation (a
particular case of Proposition 5.11).

5.12. LEMMA. Let U be a connected open set in (C%U’Z, OelU,let My CU
be a closed hypersurface, 0 € My, ToM; ® R, = ToC?, v = Rew, and let
E = (Cy x BE)NUNM; be closed, where E C C, is closed and HL (E) = 0.
Then there exists a neighborhood V of 0 such that for every function f €

HU\ E), there exists a function F € H(V) with F = f in V\ €.

Proof. Notice that H3(€) = 0. Define B,,(¢) = (w,7¢), |w| small and
r > 0. Since H'(E) = 0, for almost all » > 0 the boundary of the disc
(7 does not meet E. Hence also B,,(bA)NE =  for such r > 0, because
& Cc C, x E. Fix such an r. Then all B,, for different w are analytically
isotopic to each other in U \ €, By(0) = 0 and, moreover, B, is analytically
isotopic to the point (u,0) in U \ € if u > 0. Therefore 0 is removable.

The proof of Lemma 5.12 is complete.

For general m 4+ n > 2, the above constructed isotopies lie inside a fixed
complex plane L, so that the continuity principle in C™*" applies, giving
holomorphic extension at 0.

REMARK. The C?® (even C') foliated version of Theorem 5.10 admits a
proof in C? that we give below.

5.13. THEOREM. Let U C C? be a domain equipped with a C' foliation
F by complex-analytic curves. Further let £ be a closed union of leaves with
H3(E) = 0. If a function f € H(D \ €) admits a holomorphic extension
to a neighborhood of some point p € &, then it extends analytically to a
neighborhood of the leaf L containing p.

Proof. Let L' be the set of all points z € L such that f extends holo-
morphically to a neighborhood of z. As all such extensions obviously fit
together, it is enough to show L’ = L.

Assume L' # L. Clearly L’ is an open subset of L with respect to the leaf
topology. Fix a point ¢ on the relative boundary of L’. In a neighborhood
U of ¢ we choose a holomorphic function z with z(q) = 0, dz(q) # 0,
such that the curve {z = 0} intersects the leaf L transversally in q. Hence
HY(E N {z = 0}) = 0 (after contraction of U), and we may draw a simple
closed curve vy C {z = 0} surrounding ¢ and avoiding £ N {z = 0}.

If we choose v in a small neighborhood of ¢, we get a family of contours
ve C {z = (}\E, [¢] < e, by moving v, along the foliation. By hypothesis, for
an open set of parameters (, the restriction of f to {z = (} is holomorphic
near the closure of the domain G¢ surrounded by 7¢. As f is holomorphic
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near U| ¢l<e VS it extends by the continuity principle to a neighborhood of

U\C|<e G, contrary to the choice of g.
The proof of Theorem 5.13 is complete.

REMARK. However, the reduction to C? is impossible for a general C%*
foliation, since there need not be families of complex surfaces foliated by
complex curves of the foliation. Therefore, 5.13 in C? does not provide 5.13
for any C™*",

The case of a real-analytic foliation. Here, we use a separate analyticity
theorem due to Shiffman. A subset Q of a polydisc A™*+"~1 is said to be a
full subset of A™T"=1if DN Q is a set of full measure in D for almost every
coordinate disc D c Am+n—1,

THEOREM (Shiffman [20]). Let A™T"~1 @ C™ "1 be a polydisc and let
Q C A™=L be q full subset of A™t"=1 Then a function F : Q — C
has a holomorphic extension to A™T"=1 if and only if, for almost every
coordinate disc D C A™T" =1 F|png extends holomorphically to D.

First, p = 0 in coordinates (w,z) € C x C™*"~1 w = v + v, with
C x {0} =TpAp and ToM; = {u =0}, ToM; = {u < 0}. There are, in the
whole grassmannian of affine complex lines passing near 0 in U, the lines
a+h(Lg), a € {0} x C™*"~1 close to 0, with h € GL(m + n, C) close to Id
and Ly = C,, x 0, which are cut by M; in two pieces. Draw a small enough
analytic disc B(¢) = (¢(¢ — 1) — b,0), ¢ € A, inside Ly, with ¢ > 0 small
and fixed throughout, with b > 0, b < ¢, and define B, 1,(¢) := a+ h o B(()
so that B, p(A) C a+ h(Lp). Notice that for small |a| < ¢, ||h —Id|| < ¢,
then B, 5 (bA) N M; C By n(bAN Ay), for fixed Ay = {|¢ — 1] < a1} N A,
with ¢; = ¢/5 say. (In other words, the boundaries B, ,(bA) can meet £
only along a fixed part of them.) And notice that for fixed h, ¢, |J, Ba,n(A)
is a holomorphic foliation by complex discs with the origin point in its
interior. Varying h, to apply Shiffman’s theorem, it suffices to show that for
almost all @ € C™™~! close to 0, a fixed function F' € H(U \ £) extends
holomorphically to B, ;(A).

Clearly, if ¢ is small, then B, 5, (bA)NM; C By n(bAN{|¢—1| < 5b}) for
all a, h, so that B, ;(bAN A1) is much longer than its intersection with M, .

Let ¥y =, Ba,n(bAN A;). The hypersurface X is transversal to the
real foliation, hence H?™2"~2(3; N €) = 0. Hence by Proposition 5.7(iv),
Ban(bANA)NE = () for almost all a (by the property H! (B, 1 (bANA)) =
0). In other words, B, ,(bA)NE = ) for almost all a. To complete the proof
of Theorem 5.10, the remaining point is to isotope the boundaries B, ,(bA)
analytically to a point inside U \ &.

By the foliation assumption, there exist some real-analytic coordinates
(u,v,7) so that U = R?  x R2m+27=2 (here, (u,v) are real coordinates

u,v
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in general distinct from (Rew,Imw)) such that the sets R , x {const}
correspond to discs of the foliation and € = M x (RZ , xG). We can assume
that the Jacobian matrix of the change from the holomorphic coordinates
(w,z) to (u,v,z) is the identity at the origin (so that v and v are close to
Rew and Imw).

Define yp := By (bAN A;) and set
Yorn={p+uecl:peyp, —5b<u<bb}

in these real-analytic coordinates and come back to the original holomorphic
coordinates.

Then X, j, is a piece of a C¥-smooth surface near 0 with X, , N € = 0.
However, Y, ; is not immediately seen to be a union of boundaries of ana-
lytic discs as in the case of a holomorphic foliation.

Therefore, we shall apply a complexification argument.

From the beginning, we can assume that b < ¢, |a] < ¢, |a] &~ b and
also |h — Id|| < |al, since the set of such h still contains an open set
in GL(m + n,C), which is sufficient to apply separate analyticity locally.
Therefore, for all p € X, 5, the tangent space T), X, j, (considered as a linear
subspace of TyR?™+2") is close to TyLo = C,, x {0}. Therefore, X, is a
graph over a domain D, j;, contained in the w-space. Since the transformation
from (w,2) to (u,v,z) is close to the identity in the C! norm and since
|h — 1d|| and |a| are very small, this domain D, ; C C,, is approximately
the domain

D:={c((—1)—b+uyeCy:¢e€bA, |(—1| <c/b, —bb< ug< 5b}.

Anyway, by taking Y, ; a little bit larger, D, ; will contain D for all small
laf, |h —1d].

Hence there exist C* functions s; : D — C, 1 < j < m+n—1, such that
XYo.n s given by the equations z; = s1(u,v), ..., Zmtn—1 = Sm4n—1(u,v) as
a graph over D.

Notice that the domain D is foliated by the real-analytic arcs =, :
bAN Ay BCHC(C—l)—b—FUO eD.

We write them as [—d, d] 3 0 — (uy,(0), vy, (0)), with ¢ = € and ¢/5 =
le’d — 1|. Notice that by the disposition of My, if 7, : C™*t" — C,, denotes
the projection, then 7, (M; ) N vy, ([—d,d]) = 0 for 2b < uy < 5b. Hence
Ya,n is foliated by the analytic arcs Iy, : 6 — (Yu, (0), 51(tu, (6), 04, (0)), - . .
ooy Smgn—1(Uyy (0), vy, (6))) and for ug > 2, these arcs are far from M, .

Now, we complexify 6 to a complex variable © € [—d, d] + i[—5b,5b] =: T
such that Re© = 0. Since u,,, v,, and the s; are analytic, such a complex-
ification exists and ,,(©) yields a biholomorphism from this strip 7" to a
strip neighborhood of 7y, ([—d,d]) in D which contains, say, {7, (0) + v :
0 € [—d,d], —3b < u < 3b} =: D,,,. The domains of definition of the com-



192 J. Merker and E. Porten

plexification are uniform since the piece Y, ; comes from a real-analytic
foliation, which can be supposed to be given by converging series in a fixed
neighborhood of 0. By the implicit function theorem over D,,,, we can re-
place I',, () by a parameterizing variable w = I',,(0) so that I, (T') will
be a complex manifold of dimension one given by a graph D,, > w +—
(w,01(w), ..., Emin—1(w)) € C™*™ and which we will denote by E,,,. No-
tice that E,, € U. Therefore, for all ug with 0 < wug < 5b, E,,, intersects M;
transversally and I, ([—d, d]) N M, C I, ([—5b,5b]).

Now, inside the complex curve F,,, we can close up the analytic arc
Iy, ([—d,d]) outside M, , making the boundary of an analytic disc B, pa-
rameterized by wg, a part of its boundary being given by 7,,([—d,d]) and
the other part living in M;"\ M;.

Notice that, by construction, all the B,,, for 0 < ug < 2b are analytically
isotopic to each other and that all their boundaries are contained in U \ £.
But Ih(D) is a piece of the disc B, j(A) (recall that yp is contained in
Ya.n), so that By is analytically isotopic to B, in U \ € (isotope their
boundaries inside a + h(Lg) \ M; ). And By, is analytically isotopic to a
point in ]\41+ \ M;. This yields the desired isotopy.

The proofs of Theorems 5.10 and 5.1 are complete.
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