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Application of complex analysis to
second order equations of mixed type

by Guo CHUN WEN (Beijing)

Abstract. This paper deals with an application of complex analysis to second or-
der equations of mixed type. We mainly discuss the discontinuous Poincaré boundary
value problem for a second order linear equation of mixed (elliptic-hyperbolic) type, i.e.
the generalized Lavrent’ev—Bitsadze equation with weak conditions, using the methods
of complex analysis. We first give a representation of solutions for the above boundary
value problem, and then give solvability conditions via the Fredholm theorem for integral
equations. In [1], [2], the Dirichlet problem (Tricomi problem) for the mixed equation of
second order ugze + sgnyuyy = 0 was investigated. In [3], the Tricomi problem for the
generalized Lavrent’ev-Bitsadze equation ugzz + sgny uyy + Auz + Buy + Cu = 0, ie.
Ugy + aug + buny + cu = 0 with the conditions: a > 0, ag + ab—c >0, ¢ > 0 was discussed
in the hyperbolic domain. In the present paper, we remove the above assumption of [3]
and obtain a solvability result for the discontinuous Poincaré problem, which includes the
corresponding results in [1]-[3] as special cases.

I. Formulation of the discontinuous Poincaré problem for
mixed equations of second order. Let D be a simply connected bounded
domain D in the complex plane C with boundary D = I' U L, where
r(c{y >0}) € C2 (0 < p < 1) with end points z' = 0, 2> = 2
and L=L1ULy, Ly ={z=-y, 0<a <1} Lo={x=y+2, 1 <z <2}
and define Dy = DN{y > 0}, Do = DN{y < 0} and 2% = 1 — i,
Using a conformal mapping, we may assume that I' = {|z — 1] = 1,
y > 0}.

We consider the second order linear equation of mixed type

(1.1) Ugg +SENY Uyy = Auy + Buy +eCu+E  in D,

where A, B,C, E are functions of z (€ D) and ¢ is a real parameter. Its
complex form is the following equation of second order:
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Re[A4(2)u,] + eAs(2)u + As(z), =z € Dy,
Re[A1(2)u.] + eAs(2)u + As(2), 2z € Do,

<

N

N
Il

(1.2)

where

z=x+1iy, u, = %[ux —iuy], uz = %[ur—l—iuy], Uyz = i[um+uyy],
(1.3) Uzx = %[um +iuy] = Uz, Uusze = %[(Uf)x —i(uz)y] = %[um — Uyy),

_ J(A+iB)/2 in Dy, B - ‘
Al_{(A—iB)/Q in Do, Ay =C/4, Az3=FE/4 inD.

Suppose that the equation (1.2) satisfies the following conditions:

ConpITioN C. A;(z) (j = 1,2,3) are measurable in z € D; and contin-
uous on Dy and their L, and a-Hélder norms satisfy

LP[Aj751] < k07 j = 1727 L;D[A?)yDl] < kl,

(1.4) _ _
Ca[Aj7D2] ék(]) j:1727 Ca[A37D2] ékl)

where p (> 2),a (0 < a < 1), kg, k; are nonnegative constants. m

In order to introduce the discontinuous Poincaré boundary value problem
for the equation (1.2), let functions a(z),b(z) have discontinuities of the
first kind at m + 2 distinct points zg = 2,21,...,2m, 2m+1 = 0 € I', where
Z ={z0,21,--.,2m+1} is arranged according to the positive direction of I’
and m is a positive integer, and let ¢(2) = O(|z—z;|777) in the neighborhood
of zj (j =0,1,...,m+ 1) on I', where 3; (j = 0,1,...,m + 1) are small
positive numbers. Define A(z) = a(x)+ib(x) and suppose |a(z)|+|b(z)| # 0;
there is no harm in assuming that |A(z)| =1 for z € I'* = I\ Z. Suppose
that \(z), ¢(z) satisfy the conditions

(1.5)  Az) € Cu(Iy), |z—2z|%c(z) € Cu(Ty), 7=0,1,....,m+1,
where I is the open arc from z; to z;4; on I', with z,,, = 2, and «

(0 < @ < 1) is a constant.

PRrROBLEM P. Find a continuously differentiable solution u(z) of (1.2) in
D*=D\Z (Z={z+ty=2, y<0}U{z1,...,2mp1} or Z = {20, ..., 2Zm} U
{r +y = 0,y < 0}), which is continuous in D and satisfies the boundary
conditions

(1.6) %% + e0(2)u = Re[A(2)u.] + eo(2)u
=r(z)+Y(2)h(z), ze€I, u(0)=co,
(1.7) L Ou = Re[A(2)usz] = r(2), z€ Ly or Ly, Im[A(2)uz]|,—.0 = bo,
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where v is a vector at every point on I'UL; (j = 1 or 2), cp, by are real
constants, \(z) = a(z)+ib(z) = cos(v, z)—icos(v,y) for z € I, \(z) = a(z)+
ib(x) = cos(v,z) +icos(v,y) for z € L; (j =1 or 2), and A(2), r(2), co, bo
satisfy the conditions

C’a[/\(z),f’] < kOv Ca[O'(Z),F] < kOv CQ[T‘(Z),F] < k27 |CU|7 |b0| < kQa

(18) CQ[A(Z),LJ‘] S kg, CQ[O'(Z),LJ‘] S kg, CQ[T(Z),Lj] S kQ, j =1or 2,

max ———— < kg or max —— < ko,

zely Ja(z) — b(z)] = 0 zeLs |a(z) + b(z)| =

where a (1/2 < a < 1), ko and ko are nonnegative constants. Moreover, the
functions Y'(2), h(z) are as follows:

m+41
Y =n [[ -zl -al, zel

(1.9) J=0
hey = [0 2ET K > -1/2,
ki), zeI7, K <—1/2,

where IV (j = 0,1,...,m) are arcs on I'* = '\ Z and IV N Tk = ),
jAE kR b eJ(J=0iK>-1/2 J={l,... 2K —1}if K < -1/

K' = [|K| + 1/2]) are unknown real constants to be determined; h; = 0,
I =1if 2K is odd, 2 (¢ Z) € I'* is any fixed point, and [ = 0 if 2K is
even; [V (j =1,...,2K’' — 1) are non-degenerate, mutually disjoint arcs on

I'yand I"NZ =0 for j = 1,...,2K’ — 1; n;(2) is a positive continuous
function on the interior of I/ such that n;(z) =0 on I'\ I'/ and

(1.10) Calni(2), T <ko, j=1,...,2K —1;

andn=1or —lonl; (0<j<m+1, I,41 =(0,2)) as in [4], [6].

The above discontinuous Poincaré boundary value problem for (1.2) is
called Problem P. Problem P for (1.2) with A3(z) =0 for z € D, 7(2) = 0
for z€e 'ULj (j =1 or 2) and ¢y = by = 0 will be called Problem Py.

Denote by A(z; — 0) and A(z; 4+ 0) the left and right limits of A(2) as
z—2; (j=0,1,...,m+1) on I'U Ly, and

emzwj iji.ln Alz; —0) :ﬁ—Kj,
(111) A(zj +0) i A(zj +0) T
Kj:[ﬂ}—l-(]j, Jij=0or1l, 75=0,1,...,m+1;
T

here 2,11 =0, 20 = 2, A\(2) = e"™/* on Lo = (0,2) and A(20—0) = AM(2pm11+0)
= exp(im/4), or A(z) = e ™/* on Ly and A(zg — 0) = A(zm41 +0) =
exp(—im/4); and 0 < 7v; < 1 when J; =0 and —1 < J; < 0 when J; = 1,
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0 < j <m+ 1. The quantity

2 2

1 m+1 ¢ ) ~
(1.12) K:—(K0+K2+...+Km+1)zz(—”——”)

2 =
is called the index of Problem P and Problem Pgy. If A(z) is continuous on
I'U Ly, then K = Apyp,I"arg A\(z)/(27) is a unique integer. If A(z) is not
continuous on I'U Ly, we may choose J; = 0 or 1, hence the index K is not
unique.

Let B; +~; <1for j =0,1,...,m+1. We can require that the solution

u(z) satisfies the condition u, = O(|]z — z;|7%) in the neighborhood of z;
(j=0,1,...,m+1) on D*, where

o {5]‘-1-7' for v; > 0, and v; <0, 5; > |v;l,
/ |7,7| +7 for v < 0, ﬁ] < |/7]|7

5 = 275, j=0,m+1,
T T, j=1,...,m,

(1.13)

and 7,0 (< 7) are small positive numbers. To ensure that the solution u(z)
of Problem P is continuously differentiable in D*, we need to choose v; > 0
or 2 > 0 respectively.

II. The representation of solutions for the oblique derivative
problem for (1.2). Now we give the representation theorems for solutions
of the equation (1.2)

THEOREM 2.1. Let the equation (1.2) satisfy Condition C in Dy and
e =0, As(z) > 0 in Dy, and u(z) be a continuous solution of Problem P for
(1.2) in D1. Then u(z) can be expressed as

w(z) =U(2)¥(2) +¢(z) in Dy,
21) Uz) = 2Re§w(z) dz 4+ co, w(z) =P(2)e®®  in Dy,
0
where (z), U(2) are solutions of the equation (1.2) in Dy and of
(2.2) uyz — Re[Aju,] — Asu =0 in Dy,
respectively and satisfy the boundary conditions
(2.3) P(z) =0, ¥(z)=1 on I'ULy.
Furthermore, 1(z), ¥(2) satisfy the estimates
(2.4) Cile, D1 < My, |[¢llwz (py) < M,
(2.5) Cjw,Dy] < M, 1@l (D) < M2, ¥(2) > M3z >0, z€ D,
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where /6 (0 < 5 S Oé), Po (2 < Po S p)7 Mj :Mj(p07k7a7Dl) (,7:17273)
are nonnegative constants, and k= (ko, k1, kz). Moreover, U(z) is a solution
of the equation

(2.6) U, —Re[AU,] =0, A=—-(In¥);:+ A; in Dy,
with Im[p(2)] = 0 for z € Ly = (0,2) and
(27) Cﬁ[¢751] +Lp[¢2751] S M47

where B (0 < 8 < a) and My = My(p, «, ko, D) are nonnegative constants.
Furthermore, ®(z) is analytic in Dy, and w(z) satisfies the boundary condi-
tions

2.8 Re[A(z)w(2)] = r(2) — Re[A(2) (¢ + V.U (2))] on I
Re[A(z)w(z)] = s(z) — Re[A(x)(¢.(2) + ¥.(z)U(x))]  on Lo,
1+ or
(2.9) AMz) = { ) iz x € Ly=1(0,2), Cgls(x),Lo] < ks,

and the estimate
(2.10) C(; [U(Z), l_)l] + C(; [w(z)X(z), l_)l] S M5(l€1 + kg + kg);

here k3 is a nonnegative constant, s(x) is given in (2.19) below, X(z) =
H;:Bl |z — 2j|%,6; (j =0,1,...,m+1) are as stated in (1.13), and M5 =
M5(p, 0, ko, D1) is a nonnegative constant.

Proof. According to the method of proof in Chapter 3 of [6], the equa-

tions (1.2) and (2.2) have solutions v¥(z), ¥(z) respectively which satisfy the
boundary condition (2.3) and the estimates (2.4) and (2.5). Setting

(2.11) U(z) = [u(z) = ¥(2)]/¥(2),

it can be derived that U(z) is a solution of (2.6) and can be expressed by
the second formula in (2.1), where ¢(z) satisfies the estimate (2.7), @(z)
is an analytic function in Dy, and u(z), w(z) = U, satisfy the boundary
conditions (2.8), (2.9) and the estimate (2.10). If s(x) in (2.9) is a known
function, then by the result in Chapter 4 of [6], the boundary value problem
(2.8), (2.9) has a unique solution w(z) as stated in (2.1).

THEOREM 2.2. Suppose that the equation (1.2) satisfies Condition C and
e =1, Ay > 0 in Dy. Then any solution of Problem P for (1.2) can be
expressed as
(2.12) u(z) = 2Re§w(z) dz +co, w(z) =wpe(z) + W(2),
0
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where wy(z) is a solution of the following Problem A:

(2.13) {g;}zo m{gQ}

with the boundary conditions (1.6), (1.7) (o(z) = 0, wo(2) = ug,), and W(z)
has the form

W(z) = w(z) —wo(z), W(z) = (2)e’® + (z),

5(2) = 50(2) +Tg = 50(2) - % “ LOZ do¢, {/;(z) =Tf in Dy,
D

(2.14) G-

W(z)=d(z)+¥(2), &T/(z):S ()duel—ks 2(2)dpes, z€ Do;

here ey = (14+1)/2, ea=(1—-14)/2, p=xz+y, v=x—y, and

o = [ A2+ AW/ (2w), w(z) #0,
9(2) {07 w(?) 0.

f(2) = Re[A1¢.] + Asu+ Az in Dy,

91(2) = A&+ Bn+Cu+ D, gy(z) = A&+ Bn+Cu+ D in Dy,
A= (Red; +ImA,)/2,

B=(ReA; —ImA,)/2, C=A,, D=A;s,

(2.15)

where £ = Rew + Imw, n = Rew — Imw; moreover, 50(2) is an analytic
function in Dy such that Im[g(z)] = 0 on Ly = (0,2), and (z),d(z) are
solutions of (2.13) in Dy, Do respectively satisfying the boundary conditions
(@)e?®d(2)] = r(2) — o(2)u(z) — ReMZ)W(2)], z€ I,
(@)($(2)e”@ + 9 (x))] = s(z),  w € Lo,

(2)®(2)] = —Re[A(@)¥(2)], =z € Lo,

(2)®(2)] = —Re[A(2)¥(2)], 2z € Ly or Lo,

AG0)P(2°)] = —ImA(0) @ (2°)].

Re

=]

>

€
(216)  Re

€

=
?

Im

—

Moreover, the solution wq(z) of Problem A for (2.13) satisfies

(217)  Cs[uo(2), D] 4 Cs[wo(2)X (2), D] + Clwg (2) X *(2), D]
< Mg(k1 + k2)

(see [4]), where X(2),d are as stated in (2.10), Mg = Mg(0,ko, D) is a
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nonnegative constant,
B 2
wy (2) = Rewo(2) FImwo(2), X*(2) = [[lo £y 1"
j=1

and

(2.18) uo(z) = 2Re S wo(z)dz + co.
0
Proof. Let u(z) be a solution of Problem P for (1.2), and w(z) = u,,
u(z) be substituted in place of w,u in (2.15). Thus the functions g(z), f(2),
91(2), g2(2), and ¥(2),$(z) in Dy and ¥(z) in Dy in (2.14), (2.15) can be
determined. Moreover, we can find the solution @(z) in D; and &(z) in Do
of (2.13) with the boundary conditions (2.16), where

_ Jr(xz/2)/la(z/2) — b(x/2)] or
(219) (@)= {r(w/Q Y1) /a(@/2+1) 4 bz/2 + 1), ©E Lo

Thus
?,U(Z) — {5(2)¢(z) + J(Z) in Dl,
wo(z) + W(z) = wo(z) + P(2) +¥(2) in Dy,
is the solution of Problem A for the complex equation
_ D
(2.20) {EZ_ } = Re[A1w] + Aou+ A3 in {Dl },
z* 2

which can be expressed by the last formula in (2.12), and u(z) is a solution
of Problem P for (1.2) given by the first formula in (2.12).

ITI. The solvability conditions for the discontinuous Poincaré
problem for (1.2). Set w = w, and consider the equivalent boundary
value problem (Problem Q) for the mixed complex equation

ws — Re[A1(2)w] = eAy(2)u+ As(2), 2z € Dy,
3.1) Wy — Re[Alz(z)w] = A3(z), z€ Dy,
u(z) =2Re S w(z)dz + ¢,
0

with the boundary conditions
(32) Re[A(z)w] = r(z) —eo(z)u+ Y (2)h(z), z€T,
7 ReD\@)uz] =r(z), zel;(j=1or2), ImA(Z)uz]l.—0 = bo,

where cg, by are real constants. By the result of [4], we can find the general
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solution of the following Problem Q; for the mixed complex equation:
wz — Re[A1(2)w] = As(z), =z € Dy,
Wz — Re[A1(2)w] = As(2), 2z € Do,

with the boundary conditions

ReA(z)w(z)] = 7(2) + Y (2)h(z), ze€lT,

(3.3)

Re[A(z)w(z)]=r(2), z€L;(j=1or2), ImA(z)w(z)]|.=-0 =bo,
which can be expressed as
2K +1

(3.5) w(z) = wo(z) + Z CRWh(2)
k=1

where wy(z) is a special solution of Problem Q; and wy(z) (k=1,...,2K+1)
is the complete system of linearly independent solutions for the homoge-
neous problem corresponding to Problem Q. Moreover, denote by Hsu the
solution of the following Problem Qg for the complex equation:

ws — Re[A1(z)w] = As(2)u, z € Dy,
Wy — Re[A1(2)w] = Az(2)u, z € Do,

with the boundary conditions

(3.7) Re[A(2)w(2)] = —o(2)u + Y (2)h(2), z€T,
Re[A(2)w(2)] =0, z€L; (j=1or2), ImM\(z)w(2)]|,—0 =0,

and the point conditions

(3.6)

L2K 4+ 1}, K >0,
K <0,

where a; € I'\ Z are distinct points. It is easy to see that Hj is a bounded
operator mapping a function u(z) € C*(D) (ie. C(u,D)+C(X(2)uz, D1)+
C(X(2)uf,Ds) < 00) tow(z) € Cs(D) (i.e. Cs(u, D)+Cs(X (2)w(2), D1)+

Cs(X (2)w*(2), D3) < o0); here X(z), X (z) are as stated in Theorem 2.2.
Furthermore, set

(38)  ImAajw(e;)] =0, jeJ= {él .

z
(3.9) u(z) = Hyw+co = 2Re S w(z)dz + ¢
0
where ¢y is an arbitrary real constant. It is clear that H; is a bounded
operator mapping w(z) € Cs(D) to u(z) € C1(D). By Theorem 2.2, the
function w(z) can be expressed as an integral. From (3.9) and w(z) =
w(z) + eHau, we can obtain a nonhomogeneous integral equation (K > 0):
2K +1
(3.10) u—eHyHyu = Hyw(z) + ¢o + Z e Hywg(2).
k=1
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Since HyHs is a completely continuous operator in C (D), we can use the
Fredholm theorem for the integral equation (3.10). Let

(3.11) g (G=1,2,..), 0<le|<|ea <...,
be the discrete eigenvalues for the homogeneous integral equation
(312) u— €H1H2’LL = 0.

Note that Problem Q for the complex equation (1.2) with € = 0 is solvable,
hence |e1] > 0.

We first discuss the case of K > 0. If ¢ # ¢; (j = 1,2,...), then the
nonhomogeneous integral equation (3.10) has a solution u(z) and the gen-
eral solution of Problem Q involves 2K + 2 arbitrary real constants. If € is
an eigenvalue of rank ¢ as in (3.11), then applying the Fredholm theorem,
we obtain solvability conditions for the nonhomogeneous integral equation
(3.10), which are a system of g algebraic equations for 2K + 2 arbitrary real
constants. Letting s be the rank of the corresponding coefficient matrix and
s < min(q,2K + 2), we can determine s equalities in the ¢ algebraic equa-
tions, hence Problem Q for (1.2) has g— s solvability conditions. When these
conditions hold, then the general solution of Problem Q involves 2K +2+¢q—s
arbitrary real constants.

The case of K < 0 can be similarly discussed. Thus we can state the
following theorem.

THEOREM 3.1. Suppose that the linear mized equation (1.2) satisfies Con-
dition C. Suppose € # ¢; (j = 1,2,...), where ; (j = 1,2,...) are the
eigenvalues of the homogeneous integral equation (3.12).

(1) If K > 0, then Problem P for (1.2) is solvable, and the general
solution involves 2K + 2 arbitrary real constants.

(2) If K < 0, then Problem P for (1.2) has —2K — 1 — s solvability
conditions and s < 1.

Suppose now that € is an eigenvalue of the homogeneous integral equation
(3.12) with rank q.

(3) If K > 0, then Problem P for (1.2) has q — s solvability conditions
and s < q.

(4) If K < 0, then Problem P for (1.2) has —2K — 1+ q — s solvability
conditions and s < min(—2K — 1+ ¢,1 + q).

Note that the Dirichlet problem (Problem D) for (1.2) with the boundary
conditions

(3.13) w(z) =¢(2) onI'UL; (j=1or2)

is a special case of Problem P with index K'=—1/2. In fact, set w = u, in D.
Then Problem D for the mixed equation (1.2) is equivalent to Problem A for
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the mixed equation (3.1) with the boundary condition (3.2) and the relation

(3.14)

where

(3.15)

u(z) = 2Re§w(z) dz+cy, z€D,
0

i(z—1), § =arg(z—1) onlI,
Mz)=atib={ 1—i 1+

—— on Ly, or ——
V2 ' V2

R on I,
rz) = {%/\/5 on Ly or ¢,/v/2 on Lo,

on LQ,

by = Im [1\7;115(20)] = ¢x\;§¢m |,.—,0 =0, or
bp = Im [%uz(zo)] =0,
co = ¢(0);

herea=1/vV2#b=—1/y/2on Ly ora=1/y/2# —b=—1/v/2 on L.
The index K = —1/2 of Problem D on 0D; can be derived as follows:
According to (3.13), the boundary conditions of Problem D in D; are

Reli(z — Dw(z)] = r(2) = ¢p on I,
1= ¢'(2/2)
Re w(x)| = , z €|0,2], or
] -2 .
1414 "(x/24+1
Re [ +Zw(3:)] = s(x) = M, x € [0,2].
V2 V2
It is clear that the possible discontinuity points of A(z) on 0D; are t; = 2,
to = 0, and
3 m
= to —0) = —
At +0) ==, Alt2—0) = 3,
)\(tl — 0) = /\(752 + 0) = €7ri/4, or )\(tl — 0) = /\(752 + 0) = 677Ti/4,
At =0)  srija i Atz —0) _ TijA _ io
At +0) ¢ ¢ Nro O T
Al —0) _ e/t = gitn Alta —0) _ o—BTi/A _ idn
A(ty +0) Atz +0)
In order to insure the uniqueness of solutions of Problem D, we choose
5 1 1
—1<’71:ﬂ—K1:———(—1):—— <0, Oﬁvgzﬁ—ng— <1, or
s 4 4 s 4
1 5} 1
0§’71 %—K1:Z<1, 1<’72—¢——K2:—Z—(—1):—Z<0,
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thus
K1: —1, KQZO, K:(K1 —|—K2)/2:—1/2, or
K =0, Ky= -1, K=(K +K)/2=-1/2.

The unique solution w(z) is continuous in Dy \ {0, 2}. For the second case,
w(z) is bounded in the neighbourhood of t; = 2, and the integral of w(z) is
bounded in the neighbourhood of t5 = 0; for the first case, the integral of
w(z) is bounded in the neighbourhood of ¢; = 2, and w(z) is bounded in the
neighbourhood of ¢3 = 0. If we require that the solution w(z) is bounded in
D \ {0,2}, then it suffices to choose the index K = —1; in this case there
is one solvability condition.
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