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Abstract. This note gives a complete description of the cohomology algebra of any orientable
Seifert manifold with Z/p coefficients, for an arbitrary prime p. As an application, the existence of
a degree one map from an orientable Seifert manifold onto a lens space is completely determined.
A second application shows that the Lusternik–Schnirelmann category for a large class of Seifert
manifolds is equal to 3, which in turn is used to verify the Ganea conjecture for these Seifert
manifolds.

1. Introduction. Throughout this paper M will denote an orientable Seifert fibred

manifold and M̃ its universal cover. Furthermore, Π will denote the fundamental group

π1(M) of M and R = ZΠ is its integral group ring. Then using the standard notation

introduced in 1932 by Seifert [17], [18], either M ∼= (O, o, g | e : (a1, b1) , . . . , (am, bm)) or

M ∼= (O,n, g | e : (a1, b1) , . . . , (am, bm)). In the first case M is orientable with orientable

orbit surface Vg of genus g ≥ 0, while in the second case M is orientable with non-

orientable orbit surface Wg (a 2-sphere with g cross caps), g ≥ 1. In both cases e is

the Euler number, m is the number of singular fibres and, for each i, (ai, bi) is a pair

of relatively prime integers that characterize the twisting of the i-th singular fibre. For

other references on Seifert manifolds see [8], [12], [13], [16].

The cohomology algebra of the orientable Seifert manifolds with orbit surface S2 and

Z/2 coefficients is described in [1]. The present paper provides a two-fold generalization

of these results to the cohomology algebra of any orientable Seifert manifold with Z/p
coefficients, for any prime p. The techniques used are similar to those formulated in

[1] and [2]. We proceed by identifying the cohomology of the Seifert manifold with the
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group cohomology of its fundamental group, Π, which is assumed to be infinite. This can

be done because such Seifert manifolds (apart from the two exceptions RP3#RP3 and

S1 × S2) are Eilenberg–MacLane spaces of type K(Π, 1). This reduces the problem to a

purely algebraic computation in group cohomology. The equivariant chain complex of the

universal cover, M̃ , of M can then be used to compute H∗(Π;Z/p). The calculation of

the cup products can then be carried out from their definition by constructing a diagonal

approximation for the equivariant chain complex. The assumption that |Π| = ∞ is not

restrictive since there are relatively few Seifert manifolds with finite fundamental group

and these are all well known. The construction of the equivariant chain complex, and the

diagonal approximation, are stated in §2.

In §3, the diagonal approximation is used to calculate the Z/p cup products and the

Z/p Bockstein maps. These results are then used in §4 to determine when an orientable

Seifert manifold admits a degree one map onto a lens space L(p, q), for a given prime p.

The formulae and theorems in §2 and §3 are, for the most part, stated without proof.

The complete details of the proofs of all of these theorems, which are somewhat lengthy

and algebraically technical, will be given in [3].

The application to the Lusternik–Schnirelmann category (see Theorem 4.5) follows

directly from the calculation of the cup products for the orientable Seifert manifolds and

the well known result relating the cup product length to the Lusternik–Schnirelmann cat-

egory. This theorem is proved in §4. The result on cup product length and the Künneth

Theorem enable us to resolve the corresponding cases of the Ganea conjecture (cf. The-

orem 4.6).

While §2 gives all the basic formulae necessary for the calculation of the cup products

in §3 and the applications in §4, these formulae are algebraically complex. The reader,

after looking at the notation and conventions in §2, may prefer to pass directly to the

last two sections without examining the formulae (Ri.j), (R∗i.j) and ∆ (Theorem 2.1) in

detail, at least on first reading.

2. The equivariant chain complex and the diagonal approximation. In [2],

the equivariant chain complex for the the universal cover M̃ was constructed in the genus

zero case where the associated orbit surface is S2, using results from [5] and [14]. In the

general case, where the Seifert manifold is orientable and can have any orbit surface,

this chain complex is modified using the same techniques given in [1] §2, [2] §4, and the

resulting equivariant chain complex is now described in all possible cases.

(Oo): The Seifert manifold and the associated orbit surface are both orientable. Here

Π = 〈s1, . . . , sm, v1, w1, . . . , vg, wg, h |
[sj , h], s

aj

j h
bj , [vj , h], [wj , h], s1 . . . sm[v1, w1] . . . [vg, wg]h−e〉.

Note that h is a central element in Π.

The equivariant chain complex C for the universal cover M̃ is formed from the free

R-modules in dimensions 0,1,2,3 with free generators

0 : σ0
0 , . . . , σ

0
m;(G0)

1 : σ1
1 , . . . , σ

1
m; ρ1

0, . . . , ρ
1
m; ν1

1 , ω
1
1 , . . . , ν

1
g , ω

1
g ; η1

0 , . . . , η
1
m;(G1)
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2 : σ2
1 , . . . , σ

2
m; ρ2

0, . . . , ρ
2
m; ν2

1 , ω
2
1 , . . . , ν

2
g , ω

2
g ;µ2

0, . . . , µ
2
m; δ2;(G2)

3 : σ3
0 , . . . , σ

3
m; δ3;(G3)

The definition of the boundary map, ∂, of the chain complex C, requires the following

conventions and definitions in the group ring R. First of all, in addition to the list of

generators given in (G1), (G2) adopt the notation σ1
0 = 0, σ2

0 = 0 and set s0 = h−e.

Next, let rj = s0s1 . . . sj for −1 ≤ j ≤ m, (r−1 = 1) and rm+j := rm
∏j

k=1[vk, wk] for

1 ≤ j ≤ g. Observe that rm+g = 1. Given relatively prime integers aj > 0, bj > 0,

choose integers cj > 0, dj > 0 so that
∣∣aj bj
cj dj

∣∣ = 1 and let tj = s
cj
j h

dj . Then sj = t
−bj
j

and h = t
aj

j . When j = 0 set a0 = 1, b0 = e, giving s0 = h−e, as before. Now define the

Laurent polynomials

fl,j = 1 + tj + . . .+ tl−1
j , l ≥ 1; faj ,j = Fj =

t
aj

j − 1

tj − 1
,

gl,j = t−1
j + t−2

j + . . .+ t−lj , l ≥ 1; gbj ,j = Gj =
1− t−bjj

tj − 1
,

Pj = 1 + t
−bj
j + . . .+ t

−bj(cj−1)
j ,

Qj = 1 + t
aj

j + . . .+ t
aj(dj−1)
j .

In particular, F0 = 1 and G0 = (1− h−e)/(h− 1). Finally, define the chains:

π1
j := rj−1

(
σ1
j + ρ1

j

)
− rjσ1

j ,

π1
m+j := rm+j−1

(
1− vjwjv

−1
j

)
ν1
j + (rm+j−1vj − rm+j)ω

1
j ,

π2
j := −rj−1

(
σ2
j + ρ2

j

)
+ rjσ

2
j ,

π2
m+j := rm+j−1

(
vjwjv

−1
j − 1

)
ν2
j + (rm+j − rm+j−1vj)ω

2
j .

The free resolution C is given by the exact sequence

C : 0 −→ C3
∂3−→ C2

∂2−→ C1
∂1−→ C0

ε−→ Z −→ 0

and the differentials are defined by

∂σ1
j = σ0

j − σ0
0 , 1 ≤ j ≤ m,(R1,1)

∂ρ1
j = (sj − 1)σ0

j , 0 ≤ j ≤ m,(R1,2)

∂η1
j = (h− 1)σ0

j , 0 ≤ j ≤ m,(R1,3)

∂ν1
j = (vj − 1)σ0

0 , ∂ω1
j = (wj − 1)σ0

0 , 1 ≤ j ≤ g,(R1,4)

∂σ2
j = η1

0 − η1
j + (h− 1)σ1

j , 1 ≤ j ≤ m,(R2,1)

∂ρ2
j = (1− sj)η1

j + (h− 1)ρ1
j , 0 ≤ j ≤ m,(R2,2)

∂ν2
j = (1− vj)η1

0 + (h− 1)ν1
j , ∂ω2

j = (1− wj)η
1
0 + (h− 1)ω1

j , 1 ≤ j ≤ g,(R2,3)

∂δ2 =

m∑
j=0

π1
j +

g∑
j=1

π1
m+j ,(R2,4)

∂µ2
j = Fj · ρ1

j +Gj · η1
j , 0 ≤ j ≤ m,(R2,5)
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∂σ3
j = ρ2

j + (1− tj)µ2
j , 0 ≤ j ≤ m,(R3,1)

∂δ3 = (1− h)δ2 −
m∑
j=0

π2
j −

g∑
j=1

π2
m+j .(R3,2)

Remark 2.1. Observe that π1
0 = ρ1

0, π2
0 = −ρ2

0, and

∂π1
j = (rj − rj−1)σ0

0 , ∂π2
m+j = (rj − rj−1) η1

0 + (1− h)π1
m+j , 0 ≤ j ≤ m+ g.

(On): The Seifert manifold is orientable while the associated orbit surface is not

orientable. In this case the cell complex of M̃ does not include the cells ω1
j , ω2

j listed in

(G1) and (G2) but otherwise has the same generators as the (Oo) case. The fundamental

group has the following presentation:

Π = 〈s1, . . . , sm, v1, . . . , vg, h | [sj , h], s
aj

j h
bj , vjhv

−1
j h, s1 . . . smv

2
1 . . . v

2
gh
−e〉.

Define the chains:
π1
m+j := rm+j−1 (1 + vj) ν

1
j ,

π2
m+j := rm+j−1 (hvj − 1) ν2

j , where

rm+j := so . . . sm

j∏
k=1

v2
j .

Note that although h is not central here, as in the (O, o) case, it does commute with each

sj , v
2
i , and hence also with rk, 0 ≤ k ≤ m + g. The boundary relations (Ri,j) without

νj , ωj , vj , wj are the same as in the case of the orientable surface. One has to replace the

other (Ri,j) by the following (R∗i,j).

∂ν1
j = (vj − 1)σ0

0 , 1 ≤ j ≤ g,(R∗1,4)

∂ν2
j = (1 + hvj)η

1
0 + (h− 1)ν1

j , 1 ≤ j ≤ g.(R∗2,3).

The free resolution C, given above, suffices to find the additive structure of H∗(M ;A).

However, to find the ring structure (i.e. the cup products), make C ⊗ C into an R-chain

complex by setting ∂(x ⊗ y) = ∂x ⊗ y + (−1)deg(x)x ⊗ ∂y, and (nu + mv)(x ⊗ y) =

n(ux ⊗ uy) + m(vx ⊗ vy) for m, n ∈ Z, u, v ∈ Π, x, y ∈ C. Then seek a diagonal

approximation ∆ : C → C ⊗ C such that

(a) ∆ is an R-chain map,

(b) ∆ preserves augmentation, that is, there is a commutative diagram:

C ∆−→ C ⊗ C
ε

y yε⊗ε

Z ≈−→ Z⊗ Z.
Such a diagonal map ∆ must exist by the theorem of acyclic models (cf. Steenrod and

Epstein [21] Chapter 5), but it must be found explicitly. One of the main difficulties in

the construction of this diagonal map is that there are a variety of choices at each stage

of the construction. Of course, by (a), it suffices to define ∆ on the (free) generators of

the complex C.
Before stating the central result, we introduce the 1-chain τ1

j = Pjρ
1
j + t

−bjcj
j Qjη

1
j .

Also, for convenience let m = m− 1.
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Diagonal Approximation Theorem 2.2. The diagonal approximation of the equiv-

ariant chain complex C is defined on the generators of C as follows:

(Oo): M ∼= (O, o; g | e : (a1, b1) , . . . , (am, bm)).

∆(σ0
j ) = σ0

j ⊗ σ0
j , ∆(σ1

j ) = σ1
j ⊗ σ0

j + σ0
0 ⊗ σ1

j ,

∆(ρ1
j ) = sjσ

0
j ⊗ ρ1

j + ρ1
j ⊗ σ0

j , ∆(η1
j ) = hσ0

j ⊗ η1
j + η1

j ⊗ σ0
j ,

∆(ν1
j ) = ν1

j ⊗ σ0
0 + vjσ

0
0 ⊗ ν1

j , ∆(ω1
j ) = ω1

j ⊗ σ0
0 + wjσ

0
0 ⊗ ω1

j ,

∆(σ2
j ) = hσ0

0 ⊗ σ2
j − hσ1

j ⊗ η1
j + σ2

j ⊗ σ0
j + η1

0 ⊗ σ1
j ,

∆(ρ2
j ) = ρ2

j ⊗ σ0
j + sjη

1
j ⊗ ρ1

j − hρ1
j ⊗ η1

j + hsjσ
0
j ⊗ ρ2

j ,

∆(ν2
j ) = ν2

j ⊗ σ0
0 + vjη

1
0 ⊗ ν1

j − hν1
j ⊗ η1

0 + hvjσ
0
0 ⊗ ν2

j ,

∆(ω2
j ) = ω2

j ⊗ σ0
0 + wjη

1
0 ⊗ ω1

j − hω1
j ⊗ η1

0 + hwjσ
0
0 ⊗ ω2

j ,

∆(µ2
j ) = µ2

j ⊗ t
−bj
j σ0

j + t
aj−bj
j σ0

j ⊗ µ2
j −

aj−1∑
k=0

k−1∑
l=−bj

tkj ρ
1
j ⊗ tljτ1

j −
aj−1∑
l=0

aj−bj−1∑
k=l−bj

tkj τ
1
j ⊗ tljρ1

j

−
−1∑

k=1−bj

k−1∑
l=−bj

tkj η
1
j ⊗ tljτ1

j +

−1∑
l=1−bj

aj+l−1∑
k=aj−bj

tkj τ
1
j ⊗ tljη1

j −Gj

aj−1∑
r=1

trjτ
1
j ⊗ fr,jτ1

j

− Fj

bj∑
r=1

t−rj τ1
j ⊗ gr,jτ1

j ,

∆(δ2) = A+B,

where

A = δ2 ⊗ s0σ
0
0 + rm−1σ

0
0 ⊗ δ2 + π1

m ⊗ π1
m + ρ1

0 ⊗ ρ1
0 + π1

m ⊗ ρ1
0

−
m−1∑
j=2

j−1∑
i=1

π1
j ⊗ π1

i −
m∑
j=1

π1
j ⊗ rj−1σ

1
j +

m∑
j=1

rjσ
1
j ⊗ rj−1ρ

1
j ,

and

B =

g∑
j=1

π1
m+j ⊗ ρ1

0 +

g∑
j=1

j−1∑
k=0

π1
m+k ⊗ π1

m+j +

g∑
j=1

rm+jν
1
j ⊗ π1

m+j

+

g∑
j=1

rm+jvjω
1
j ⊗ π1

m+j −
g∑

j=1

rm+jvjω
1
j ⊗ rm+jν

1
j

+

g∑
j=1

rm+jvjwjv
−1
j ν1

j ⊗ rm+jω
1
j ,

∆(σ3
j ) = σ3

j ⊗ σ0
j + t

aj−bj
j σ0

j ⊗ σ3
j − tjµ2 ⊗ t−bjj τ1

j − t
aj−bj
j τ1

j ⊗ tjµ2
j + tjµ

2
j ⊗Gjτ

1
j

− µ2
j ⊗Gjτ

1
j − t

−bj
j Pjµ

2
j ⊗ (ρ1

j +Gjτ
1
j )− taj

j (ρ1
j +Gjτ

1
j )⊗ Pjµ

2
j ,
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∆(δ3) = A′ +B′,

where

A′ = δ3 ⊗ s0σ
0
0 + hrm−1σ

0
0 ⊗ δ3 − hδ2 ⊗ s0η

1
0 − rm−1η

1
0 ⊗ δ2 − ρ2

0 ⊗ ρ1
0 + hρ1

0 ⊗ ρ2
0

+ π2
m ⊗ π1

m − hπ1
m ⊗ π2

m + π2
m ⊗ ρ1

0 + hπ1
m ⊗ ρ2

0 −
m−1∑
j=2

j−1∑
i=1

π2
j ⊗ π1

i

+

m−1∑
j=2

j−1∑
i=1

hπ1
j ⊗ π2

i −
m∑
j=1

π2
j ⊗ rj−1σ

1
j −

m∑
j=1

hπ1
j ⊗ rj−1σ

2
j

−
m∑
j=1

rjσ
2
j ⊗ rj−1ρ

1
j +

m∑
j=1

hrjσ
1
j ⊗ rj−1ρ

2
j ,

and

B′ =

g∑
j=1

π2
m+j ⊗ ρ1

0 +

g∑
j=1

j−1∑
k=0

π2
m+k ⊗ π1

m+j −
g∑

j=1

j−1∑
k=0

hπ1
m+k ⊗ π2

m+j

−
g∑

j=1

rm+jν
2
j ⊗ π1

m+j −
g∑

j=1

hrm+jν
1
j ⊗ π2

m+j −
g∑

j=1

hrm+jvjω
1
j ⊗ π2

m+j

−
g∑

j=1

hrm+jvjω
1
j ⊗ rm+jν

2
j +

g∑
j=1

rm+jvjω
2
j ⊗ rm+jν

1
j −

g∑
j=1

rm+jvjω
2
j ⊗ π1

m+j

−
g∑

j=1

rm+jvjwjv
−1
j ν2

j ⊗ rm+jω
1
j +

g∑
j=1

hrm+jvjwjv
−1
j ν1

j ⊗ rm+jω
2
j

+

g∑
j=1

hπ1
m+j ⊗ ρ2

0.

This completes the construction of the diagonal approximation for the case when both

the Seifert manifold and the orbit surface are orientable.

(On): M ∼= (O,n; g | e : (a1, b1) , . . . , (am, bm)). In this case the diagonal on the equiv-

ariant chain complex C is defined as in the (Oo) case, except on the generators ω1
j , ω2

j ,

which do not occur in this case, and on the generators ν2
j , δ2, δ3. On these generators,

the diagonal is given by :

∆(ν2
j ) = ν2

j ⊗ σ0
0 − hvjη1

0 ⊗ ν1
j − hν1

j ⊗ η1
0 + hvjσ

0
0 ⊗ ν2

j + hvjη
1
0 ⊗ hvjη1

0 ,

∆(δ2) = A+B,

where

A = δ2 ⊗ s0σ
0
0 + rm−1σ

0
0 ⊗ δ2 + π1

m ⊗ π1
m + ρ1

0 ⊗ ρ1
0 + π1

m ⊗ ρ1
0

−
m−1∑
j=2

j−1∑
i=1

π1
j ⊗ π1

i −
m∑
j=1

π1
j ⊗ rj−1σ

1
j +

m∑
j=1

rjσ
1
j ⊗ rj−1ρ

1
j ,
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and

B =

g∑
j=1

π1
m+j ⊗ ρ1

0 +

g∑
j=1

j−1∑
k=0

π1
m+k ⊗ π1

m+j +

g∑
j=1

rm+jν
1
j ⊗ π1

m+j

+

g∑
j=1

rm+jvjν
1
j ⊗ rm+jvjν

1
j ,

∆(δ3) = A′ +B′,

where

A′ = δ3 ⊗ s0σ
0
0 + hrm−1σ

0
0 ⊗ δ3 − hδ2 ⊗ s0η

1
0 − rm−1η

1
0 ⊗ δ2 − ρ2

0 ⊗ ρ1
0 + hρ1

0 ⊗ ρ2
0

+ π2
m ⊗ π1

m − hπ1
m ⊗ π2

m + π2
m ⊗ ρ1

0 + hπ1
m ⊗ ρ2

0 −
m−1∑
j=2

j−1∑
i=1

π2
j ⊗ π1

i

+

m−1∑
j=2

j−1∑
i=1

hπ1
j ⊗ π2

i −
m∑
j=1

π2
j ⊗ rj−1σ

1
j −

m∑
j=1

hπ1
j ⊗ rj−1σ

2
j

−
m∑
j=1

rjσ
2
j ⊗ rj−1ρ

1
j +

m∑
j=1

hrjσ
1
j ⊗ rj−1ρ

2
j ,

and

B′ =

g∑
j=1

π2
m+j ⊗ ρ1

0 +

g∑
j=1

j−1∑
k=0

π2
m+k ⊗ π1

m+j −
g∑

j=1

j−1∑
k=0

hπ1
m+k ⊗ π2

m+j

−
g∑

j=1

rm+jν
2
j ⊗ π1

m+j −
g∑

j=1

hrm+jν
1
j ⊗ π2

m+j +

g∑
j=1

hrm+jvjν
2
j ⊗ rm+jvjν

1
j

−
g∑

j=1

hrm+jvjν
1
j ⊗ hrm+jvjν

2
j +

g∑
j=1

hrm+jvjν
2
j ⊗ hrm+jvjη

1
0

+

g∑
j=1

rm+jη
1
0 ⊗ hrm+jvjν

2
j +

g∑
j=1

hπ1
m+j ⊗ ρ2

0.

3. The cohomology algebra. The cohomology groups of the Seifert manifolds

M ∼= (O, o; g | e : (a1, b1), . . . , (am, bm)) and M ∼= (O,n; g | e : (a1, b1), . . . , (am, bm))

are well known and can be determined by first calculating their homology from a CW-

decomposition (or by abelianizing π1(M)) and then applying Poincaré duality. For our

purposes it is most convenient to calculate them directly from the cochain complex

HomR (C,Z/p), where Z/p is the trivial R-module. Specifically,

H∗ (HomR (C,Z/p)) ∼= H∗ (Π;Z/p) ∼= H∗ (M ;Z/p) ,

since M is a K (Π, 1) space (cf. [11] Theorem 11.5). Any description of the cohomology

algebra of a space, such as Theorems 3.1-3.7 below, is imprecise unless the generators

of the various classes involved are also specified. The description of these generators
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is given in the Appendix in terms of specific cocycles in HomR (C,Z/p), and can be

referred to when necessary. The proofs of all the results in this section are actually quite

straightforward and follow directly from the results in §2. They are, however, omitted

here (full details are given in [3]).

In order to describe the cohomology of these manifolds the following notational con-

ventions are made. For any prime p, assume without loss of generality that a1, . . . , anp
≡ 0

(mod p) and anp+1, . . . , am 6≡0 (mod p). In this case there exist integers a′1, . . . , a
′
np

, such

that a1 = pa′1, . . . , anp
= pa′np

. Choose integers ci, di so that aidi − bici = 1. Then,

for 1 ≤ i ≤ np, bi, ci 6≡ 0 (mod p). When np = 0, that is when ai 6≡ 0 (mod p) for

all 1 ≤ i ≤ m, let b1, . . . , br ≡ 0 (mod p), br+1, . . . , bm 6≡ 0 (mod p). Then there ex-

ist b′1, . . . , b
′
r such that b1 = pb′1, . . . , br = pb′r. Let A =

∏m
i=1 ai, Ai = a−1

i A ∈ Z and

C=
∑
biAi. Observe that A 6≡0 (mod p). Finally note that the same symbol will be used

to denote an integer s and its mod p reduction. The context will remove any ambiguity.

The calculation of these cohomology groups gives the following results:

For M ∼= (O, o; g | e : (a1, b1), . . . , (am, bm)),

(i) If np > 0 then H1(M ;Z/p) ≈ H2(M ;Z/p) ≈ (Z/p)2g+np−1.

(ii) If np = 0, then

(a) H1(M ;Z/p) ≈ H2(M ;Z/p) ≈ (Z/p)2g, if Ae+ C 6≡ 0 (mod p) and

(b) H1(M ;Z/p) ≈ H2(M ;Z/p) ≈ (Z/p)2g+1, if Ae+ C ≡ 0 (mod p).

In the case when M ∼= (O,n; g | e : (a1, b1), . . . , (am, bm)) then similarly

(i) If np > 0 then H1(M ;Z/p) ≈ H2(M ;Z/p) ≈ (Z/p)g+np−1.

(ii) If np = 0, then

(a) H1(M ;Z/p) ≈ H2(M ;Z/p) ≈ (Z/p)g, if Ae+ C 6≡ 0 (mod p) and

(b) H1(M ;Z/p) ≈ H2(M ;Z/p) ≈ (Z/p)g+1, if Ae+ C ≡ 0 (mod p).

The remainder of this section will be devoted to the description of the cup products.

Again we remind the reader that the generating classes in cohomology are described in

the Appendix.

Theorem 3.1. Let M ∼= (O, o; g | e : (a1, b1), . . . , (am, bm)) and let δjk denote the

Kronecker delta.

If np > 0, then as a graded vector space,

H∗(M ;Z/p) = Z/p {1, αi, θl, θ
′
l, βi, ϕl, ϕ

′
l, γ | 2 ≤ i ≤ np, 1 ≤ l ≤ g} .

with αi, θl, θ
′
l in degree 1, βi, ϕl, ϕ

′
l in degree 2, and γ in degree 3. Now set β1 =

−
∑n

i=2 βi. Then, the non-trivial cup products in H∗(M ;Z/p) are given by :

(i) For p = 2, let 2 ≤ i, j ≤ n2. Then

αi · αj =

(
a1

2

)
β1 + δij

(
ai
2

)
βi.

Furthermore, if 2 ≤ k ≤ n2 as well , then

αi · αj · αk =

(
a1

2

)
γ if i 6= j or j 6= k, α3

i =

[(
a1

2

)
+

(
ai
2

)]
γ.
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(ii) For any prime p, let 2 ≤ i ≤ np and 1 ≤ l ≤ g. Then,

αi · βi = −γ, θl · ϕ′l = θ′l · ϕl = γ.

Additionally , the mod p Bockstein, Bp, on H1(M ;Z/p) is given by

Bp(αi) = −a′iciβi + a1
′c1β1 ∈ H2(M ;Z/p),

Bp(θl) = Bp(θ′l) = 0.

Remarks 3.2. (i) For p = 2, B2(αi) = Sq1(αi) = α2
i . Thus the formula given in (i)

for α2
i agrees with the formula for B2(αi) given in (ii).

(ii) In case np = 1, there are no αi or βi classes. Furthermore, if g = 0 there are no

θl, θ
′
l, φl, or φ′l classes.

(iii) Since np > 0 only when there exists an ai that is divisible by p, it follows that

np = 0 for all but a finite number of primes p.

Theorem 3.3. Let M ∼= (O, o; g | e : (a1, b1), . . . , (am, bm)) and suppose that for some

prime p ≥ 2, np = 0. In case Ae+C 6≡ 0 (mod p) H∗(M ;Z/p) has generators θl, θ
′
l, ϕl,

ϕ′l, 1 ≤ l ≤ g. If Ae+ C ≡ 0 (mod p), then

H∗(M ;Z/p) = Z/p {1, α, θl, θ′l, β, ϕl, ϕ
′
l, γ | 1 ≤ l ≤ g} ,

where deg (α) = 1 and deg (β) = 2.

The non-trivial cup products are given by :

(i) For p = 2, if Ae+ C ≡ 0 (mod 2)

α2 =

[
q +

1

2
(Ae+ C)

]
β,

where q is defined to be the number of bi, 1 ≤ i ≤ r, which are congruent to 2

(mod 4).

(ii) If Ae+ C ≡ 0 (mod p), for any p, then for 1 ≤ l ≤ g,

α · θl = ϕl, α · θ′l = ϕ′l,

θl · θ′l = β, α · β = −γ.

(iii) In either case, for 1 ≤ m ≤ g (and for any p),

θl · ϕ′l = θ′l · ϕl = γ.

Furthermore, the mod p Bockstein on H1(M ;Z/p) is given by :

Bp(α) = −A−1

[
r∑

i=1

b′iAi +
Ae+ C

p

]
β ∈ H2(M ;Z/p),

Bp(θl) = Bp(θ′l) = 0.

In the case when the Seifert manifold has a non-orientable orbit surface homeomorphic

to Vg = RP2# . . .#RP2, the cohomology algebra is now given.

Theorem 3.4. Let M ∼= (O,n; g | e : (a1, b1), . . . , (am, bm)). If for any prime p,

np > 0, then as a graded vector space,

H∗(M ;Z/p) = Z/p {1, αi, θl, βi, ϕl, γ | 2 ≤ i ≤ n, 1 ≤ l ≤ g} .
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In this case let β1 = −
∑n

i=2 βi−2
∑g

l=1 ϕl. The non-trivial cup products in H∗(M ;Z/p)
are given by :

(i) For p = 2 and 2 ≤ i, j ≤ n2,

αi · αj =

(
a1

2

)
β1 + δij

(
ai
2

)
βi.

Moreover , if 2 ≤ k ≤ n2 as well , then

αi · αj · αk =

(
a1

2

)
γ if i 6= j or j 6= k, α3

i =

[(
a1

2

)
+

(
ai
2

)]
γ.

(ii) For any prime p, let 2 ≤ i, j ≤ np and 1 ≤ l ≤ g. Then,

αj · βj = −γ and θl · ϕl = −γ.

In addition, the mod p Bockstein on H1(M,Z/p) is given by :

Bp(αj) = −a′jcjβj + a′1c1β1,

Bp(θl) = −2a′1c1β1.

Remark 3.5. (i) When p = 2, Bp(αi) = α2
i as in Remark 3.2 (i) and the formulas

given in Theorem 3.4 (i) and (ii) agree.

(ii) When np = 1, there are no αi or βi classes.

(iii) Note that in the (On) case g ≥ 1 always holds.

Theorem 3.6. Let M ∼= (O,n; g | e : (a1, b1), . . . , (am, bm)). Suppose, for some p > 2,

np = 0. Then as a graded vector space

H∗(M ;Z/p) = Z/p {1, θl, ϕl, γ | 1 ≤ l ≤ g} .

In this case

θl · ϕl = −γ, for 1 ≤ l ≤ g, Bp(θl) = 0,

while all other cup products are zero.

Theorem 3.7. Let M ∼= (O,n; g | e : (a1, b1), . . . , (am, bm)). Suppose that p = 2

and n2 = 0. If Ae + C 6≡ 0 (mod 2), then H1(M ;Z/2) is generated by the elements

θ1, . . . , θg, and H2(M ;Z/2) has generators ϕ1, . . . , ϕg. In case Ae+C ≡ 0(mod 2) there

are two additional generators α ∈ H1(M ;Z/2) and β ∈ H2(M ;Z/2). The non-trivial

cup products are:

(i) θl · ϕl = γ.

(ii) If Ae+ C ≡ 0(mod 2), then

α2 =

[
q +

1

2
(Ae+ C)

]
β, θ2

l = β, α · θl = ϕl,

α3 =

[
q +

1

2
(Ae+ C)

]
γ, α · β = γ.

4. Applications to degree one maps and Lusternik–Schnirelmann category.

By [7] Theorem 2.2, for given p, a degree one map from an orientable 3-manifold M onto a

lens space L(p, q) exists, for some q, if and only if there exists an element x ∈ H1(M ;Z/p)
such that the linking number x�x = 〈x·Bp(x), [M ]〉 6= 0. The following result determines
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all possible non-zero values for x · Bp(x) in any orientable Seifert manifold M , and is a

direct corollary of the previous results. Observe that when p = 2, L(2, q) = L(2, 1) = RP3

and x·Bp(x) = x3 so that the description of degree one maps given in Corollary 4.2 agrees

with the description in Theorem 4.14 [2], which is restated in Corollary 4.3. It is worth

noting that in the cases where a degree one map M → L(p, q) exists, the value of q is not

arbitrary. By [7] Theorem 2.2, if the linking number x � x = [r/p] ∈ Q/Z, then qr ≡ 1

(mod p).

Theorem 4.1. For any prime p, and any orientable Seifert manifold M let x be an

element of H1(M ;Z/p). Then all possible non-zero values of x ·Bp(x) are given by :

(i) For the Seifert manifold M ∼= (O, o, g | e : (a1, b1), . . . , (am, bm)), when p ≥ 2 and

np ≥ 2,

αi ·Bp(αi) = (a′ici + a′1c1)γ, 2 ≤ i ≤ np.

(ii) For M ∼= (O, o; g | e : (a1, b1), . . . , (am, bm)), with np = 0 and Ae+C ≡ 0(mod p),

α ·Bp(α) = A−1

(
r∑

i=1

b′iAi +

(
Ae+ C

p

))
γ.

(iii) For M ∼= (O,n; g | e : (a1, b1), . . . , (am, bm)), when p > 2 and np > 0,

αi ·Bp(αi) = (a′ici + a′1c1)γ, 2 ≤ i ≤ np,
θl ·Bp(θl) = −4a′1c1γ.

(iv) For M ∼= (O,n; g | e : (a1, b1), . . . , (am, bm)), when p = 2, n2 = 0, and Ae+C ≡ 0

(mod 2),

α3 = α ·B2(α) =

(
q +

Ae+ C

2

)
γ,

where q is defined in Theorem 3.3 (i).

Corollary 4.2. Let p > 2 be a fixed prime. Then any orientable Seifert manifold

M admits a degree one map to L(p, q), for some q, precisely in the following cases.

(i) M = (O, o; g | e : (a1, b1), ..., (am, bm)), np ≥ 3, and a1, ..., anp
not all divisible by

p2,

(ii) M as in (a) with np = 2, and p−1(a1c1 + a2c2) 6≡ 0 (mod p),

(iii) M as in (a) with np = 0, Ae+C ≡ 0 (mod p), and p−1(
∑r

i=1 biAi +Ae+C) 6≡ 0

(mod p),

(iv) M = (O,n; g | e : (a1, b1), ...(am, bm)), np ≥ 1, and a1, ..., anp not all divisible by

p2.

Outline of proof. The proofs of (ii), (iii), and (iv) are self evident from Theorem 4.1.

To prove (i), suppose there is no degree one map M → L(p, q), that is, x ·Bp(x) = 0, for

all x ∈ H1 (X;Z/p). First consider x = αi for 2 ≤ i ≤ p and secondly let x = αj −αi for

2 ≤ i < j ≤ np (this choice is possible because np ≥ 3). A short calculation then shows

that 0 = a′ici ∈ Z/p, for 1 ≤ i ≤ np and this implies that a′i ≡ 0 (mod p) (since ci 6≡ 0

(mod p)). Thus ai ≡ 0 (mod p2). Taking the contrapositive gives the result.
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Corollary 4.3. For p = 2 and M an orientable Seifert manifold as above (of type

(O,o) or (O,n)), M admits a degree one map to RP 3 in precisely the following cases.

(i) n2 ≥ 2, and
(ai+aj)

2 ≡ 1 (mod 2) for some i, j, 1 ≤ i, j ≤ m,

(ii) n2 = 0, Ae+ C ≡ 0 (mod 2), and q + (Ae+C)
2 ≡ 1 (mod 2).

This corollary is also of interest in relativity theory (cf. [19]).

Consider the set, L, of all open coverings of a space X in which each open set of

the covering C ∈ L is contractible in X. Let |C| be the cardinality of the covering

C∈L. The Lusternik–Schnirelmann category of X is defined to be min {|C| :C∈L}. Let

cat (X) denote the normalized Lusternik–Schnirelmann category, which is defined to be

one less than the category defined above. Thus if X is contractible, cat (X) = 0. For a

comprehensive review of this subject, see James’ survey article [10]. It should be remarked

though, that James does not use the normalized version of category. For further references

on this subject see Fox [6], Eilenberg and Ganea [4], and Rudyak [15]. A second application

of the results presented in §3 determines the normalized Lusternik–Schnirelmann category

of a class of Seifert manifolds, by finding the cup product length of the Seifert manifold

M (that is, the longest sequence of elements u1, . . . , uk in cohomology of positive degree

such that u1 ^ u2 ^ . . . ^ uk 6= 0).

Remark 4.4.

(i) Let X be a CW-complex of dimension k. Then cat (X) ≤ k (cf. [6], [10]).

(ii) Let X be a topological space with cat (X) ≤ k and let u1, . . . , uk+1 be any k + 1

cohomology classes of X. Then u1 ^ u2 ^ . . . ^ uk+1 = 0 (cf. [21] Lemma 2.2

and [20] p. 279).

(iii) cat (X × Y ) ≤ cat (X) + cat (Y ) (cf. [10]).

It follows immediately from Remark 4.4 (ii) that if X has cup product length k, then

cat (X) ≥ k. Henceforth the cup product length of a space X will be denoted by cup (X).

The next theorem is obtained by simply applying Remark 4.4 to each case. The

notation is that used in §3.

Theorem 4.5. (i) Let M ∼= (O, o; g | e : (a1, b1), . . . , (am, bm)). If n2 ≥ 2 and ai ≡ 2

(mod 4) for some i, 1 ≤ i ≤ n2, or if np = 0 and Ae+C ≡ 0 (mod p), then cat (M) = 3.

(ii) Let M ∼= (O,n; g | e : (a1, b1), . . . , (am, bm)). If n2 ≥ 2 and ai ≡ 2 (mod 4) for

some i, 1 ≤ i ≤ n, or if n2 = 0 and Ae+ C ≡ 0 (mod 2), then cat (M) = 3.

P r o o f. (i) By Theorem 3.1 (i) cup (M) = 3 when ai ≡ 2 (mod 4), for some i,

1 ≤ i ≤ n2. Furthermore, Theorem 3.3 (ii) shows that when np = 0 and Ae + C ≡ 0

(mod p), θl · θ′l = β and α · β = γ. Thus cup (M) = 3 in this case as well.

(ii) As in (i), Theorem 3.4 (i) shows that cup (M) = 3 when ai ≡ 2 (mod 4), for some

i, 1 ≤ i ≤ n2. Finally when n2 = 0 and Ae + C ≡ 0 (mod 2), it follows from Theorem

3.7 (ii) that θ2
l = β and α · β = γ. So again cup (M) = 3.

It should be noted that Theorem 4.5 can also be deduced from the results of Eilenberg

and Ganea [4], who considered Eilenberg–MacLane spaces in general.
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Recall that for every finite CW-complex and every integer m > 0 the Ganea conjecture

states that cat (X × Sm) = cat (X) + 1. This conjecture has recently been disproved in

general by Iwase [9]. However, the next result describes a new class of spaces for which

the Ganea conjecture is true.

Theorem 4.6. Let M be an orientable Seifert manifold satisfying either of the con-

ditions in Theorem 4.5 (i) or (ii). Then,

cat (M × Sm1 × . . .× Smk) = cat (M) + k = 3 + k.

P r o o f. By Remark 4.4 (i) cat (M) ≤ dim (M) = 3. By Theorem 4.5 and Re-

mark 4.4 (ii) cup (M) ≥ cat (M) = 3. Thus cup (M) = cat (M) (for the appropriate

coefficients described in Theorem 4.5). Furthermore observe that for any coefficients,

cup (Sm1 × . . .× Smk) = k. Thus (for the appropriate coefficients) the Künneth formula

and Remark 4.4 (ii), (iii) give:

3 + k ≤ cup (M × Sm1 × . . .× Smk)

≤ cat (M × Sm1 × . . .× Smk)

≤ cat (M) + cat (Sm1 × . . .× Smk) ≤ 3 + k.

Therefore cat (M × Sm1 × . . .× Smk) = 3 + k.

Observe that the proof of 4.6 is valid for any n-manifold Mn such that cup (M) = n.

If M is a connected PL manifold that satisfies dim M ≤ 2 catM − 3 then by [15]

Theorem G, cat (M × Sm1 × . . .× Smk) = cat (M) + k. Since any 3-manifold is a PL

manifold (cf. [8]), Theorem 4.6 can also be deduced from [15] Theorem G and Theorem

4.5, by noting that dim M ≤ 2 catM − 3 = 3.

Appendix. Consider the equivariant chain complex C:={Ci} of §2. For any generator

α of Ci, let α̂ denote the dual generator of HomR(Ci;Z/p); that is, α̂(α) = 1, α̂(β) = 0

for any other generator β of Ci, for i = 0, 1, 2, 3.

Theorem A.1. Let M = (O, o; g | e : (a1, b1) , . . . , (am, bm)). Then its Z/p cohomol-

ogy groups have the following generators:

Case (1): Let a1, . . . , anp
≡ 0(mod p), 1 ≤ np ≤ m, and anp+1, . . . , am ≡ 1 (mod p).

Then

1 =
[ m∑
j=0

σ̂0
j

]
, degree 0,

αj :=
[
ρ̂1
j − ρ̂1

1

]
, θk :=

[
ν̂1
k

]
, θ′k :=

[
ω̂1
k

]
, 2 ≤ j ≤ np, 1 ≤ k ≤ g, degree 1,

βj :=
[
σ̂2
j

]
=
[
bjµ̂

2
j

]
, ϕk :=

[
ν̂2
k

]
, ϕ′k :=

[
ω̂2
k

]
, 2 ≤ j ≤ np, 1 ≤ k ≤ g, degree 2,

γ := [δ̂3] =
[
−σ̂3

0

]
= . . . = [−σ̂3

m], degree 3.

Case (2): Assume that np = 0, bi ≡ 0(mod p) for 1 ≤ i ≤ r, bi 6≡ 0 (mod p) for

r + 1 ≤ i ≤ m. Then
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1 =
[ m∑
j=0

σ̂0
j

]
, degree 0,

θk :=
[
ν̂1
k

]
, θ′k :=

[
ω̂1
k

]
, 1 ≤ k ≤ g, degree 1,

ϕk :=
[
ν̂2
k

]
, ϕ′k :=

[
ω̂2
k

]
, 1 ≤ k ≤ g, degree 2,

α :=
[ m∑
j=0

η̂1
j −

m∑
j=r+1

bja
−1
j ρ̂1

j − eρ̂1
0

]
, θk, θ

′
k,1 ≤ k ≤ g, Ae+ C ≡ 0 (mod p), degree 1,

β := [δ̂2] = [µ̂2
0] = . . . = [µ̂2

m], ϕk, ϕ
′
k, 1 ≤ k ≤ g, Ae+ C ≡ 0 (mod p), degree 2,

γ := [δ̂3] =
[
−σ̂3

0

]
= . . . =

[
−σ̂3

m

]
, degree 3.

Theorem A.2. Let M = (O,n; g | e : (a1, b1) , . . . , (am, bm)). Then the Z/p cohomol-

ogy groups have the same generators that are given in Theorem A.1 , in both cases, except

that the classes θ′k and φ′k are deleted.
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